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Abstract: A model for calculating the hysteretic friction force for a multilevel wavy surface sliding in
dry conditions over the surface of a viscoelastic foundation is suggested, taking into account adhesion
force acting in the direction normal to the contact surface. At each scale level, the contact problem
for a 3D periodic wavy indenter is solved by using the strip method to reduce the problem to 2D
formulation in a strip. Different regimes of contact and adhesion interaction are possible in each
strip, including partial and saturated contact. The friction force is calculated as a sum of two terms.
The first term is due to hysteretic losses occurring when asperities of this scale level cyclically deform
the viscoelastic foundation during sliding. The second term is the law of friction determined from
the solution of the contact problem at the inferior scale level. For the case of a two-level wavy surface,
the contribution of both levels into the total friction force is calculated and analyzed depending on
the sliding velocity and specific energy of adhesion of the contacting surfaces.

Keywords: viscoelasticity; hysteresis; adhesion; waviness; multiscale model; sliding friction;
dry friction

1. Introduction

The force of sliding friction between two solids is a sum of many influences and its value for
certain materials and contact conditions can be reliably identified only by experimental tests. However,
for some classes of materials and sliding regimes, theoretical models can be helpful in explaining basic
regularities and predicting the value of the coefficient of friction as a function of the normal load, sliding
velocity, material properties. In the present paper, the sliding friction of a viscoelastic (rubber-like)
solid over a wavy surface is considered in dry conditions, i.e., in the absence of lubricant. It is assumed
that in these conditions, the main effects contributing to the friction force are viscoelastic hysteresis
and adhesion. Other influences, e.g., temperature effects or surface fracture, are not considered.

Hysteretic friction force of viscoelastic bodies is caused by energy dissipation occurring due to
cyclic deformation of subsurface layers of material in sliding. Surface roughness plays an important
role in this process defining frequencies of the viscoelastic response [1,2]. Since the roughness of real
surfaces has a complicated and multiscale nature, modeling the hysteretic friction is a sophisticated
problem. Approximate theoretical approaches [3–6], as well as more robust numerical ones [7–10],
have been suggested to model viscoelastic sliding contact of surfaces possessing multiscale roughness.

A different approach to modeling hysteretic friction is to consider a rigid indenter of simple
periodical shape in sliding contact with a viscoelastic body. Such formulations can model real surfaces
with artificial waviness, as well as serve as qualitative models for understanding basic regularities of
hysteretic friction. Moreover, based on solutions for a sinusoidal profile, more complicated multiscale
solutions can be obtained [11]. Sliding of a periodic indenter was considered in 2D formulation for a
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viscoelastic layer [12,13] and viscoelastic half-space [14]. A 3D contact problem for a doubly periodic
wavy surface was solved in [15].

Friction of viscoelastic materials has not only a hysteretic, but also an adhesive component [1].
In modeling the sliding of a smooth indenter over a viscoelastic solid, this component can be taken into
account by a coefficient of friction in the Coulomb law of friction relating tangential to normal contact
stresses [16]. In this case, the total friction force includes both hysteretic and adhesive contributions,
but the value of the adhesive coefficient of friction is an input parameter of the model and should
be determined experimentally or from other considerations. In numerical multiscale modeling, the
coefficient of friction computed at a smaller scale level can be included in calculation of the superior
level [7].

An alternative approach to including adhesion forces into modeling the hysteretic friction is
considering attraction force acting in the gap between the surfaces in the direction normal to the
surface. The method of solution for such contact problems for a viscoelastic foundation in sliding
contact with a wavy surface indenter was suggested in [17] for the 2D case and in [18,19] for the 3D case.
The formulation of these problems implies only normal forces acting in the contact, the tangential force
(friction force) being calculated as a result of hysteretic response. The weakness of this formulation is
that adhesion forces acting in a normal direction cause no adhesive friction component, but they only
influence the hysteretic friction through the contact stress redistribution. Nevertheless, this model was
able to explain the difference in experimentally measured friction coefficients for rubber samples with
different adhesive properties [20].

In the present study, the sliding with constant velocity in dry conditions of a multilevel wavy
surface over the surface of a viscoelastic foundation is considered. At each scale level, the friction force
is calculated as a result of hysteretic losses at this level with the additional term defined by the friction
law obtained at the inferior scale level. This friction law accounts for the contribution of hysteresis and
adhesion at all smaller scale levels.

2. Basic Assumptions of the Model

The rigid indenter is characterized by waviness at several scale levels described by a set of heights
hi of asperities and distances li between them, where i = 1 . . . M, M is the number of the scale levels
taken into account. Asperities of the i-th level are imposed on the surface of asperities of the (i − 1)-th
level (Figure 1).

The rigid wavy surface slides over the surface of a viscoelastic foundation, the mechanical
properties of which are described by the linear 1D model with one relaxation time:

w + Tε
∂w
∂t

=
1
K

(
p + Tσ

∂p
∂t

)
, (1)

where p and w are the normal pressure and displacement at the boundary of the viscoelastic foundation,
K is the elastic compliance of the viscoelastic foundation, Tε and Tσ are its retardation and relaxation
times, respectively. The wavy surface slides with the constant velocity V.
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Figure 1. Scheme of contact of the multilevel wavy surface and a viscoelastic body at two levels. 
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At each scale level, the contact problem for a periodic wavy indenter is solved. The friction force 
is calculated as a sum of two terms. The first term is due to hysteresis occurring when asperities at 
this scale level cyclically deform the viscoelastic foundation during sliding. The second term is the 
friction law determined from the solution of the contact problem at the inferior scale level. This law 
specifies the dependence of the tangential stress on the normal pressure at each point, it does not 
imply proportionality or any other imposed functional dependence between tangential and normal 
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Figure 1. Scheme of contact of the multilevel wavy surface and a viscoelastic body at two levels.

Adhesion attraction acting between the surfaces is described by the Maugis-Dugdale model in
which the adhesive stress pa is related to the gap δ by the equation [21]:

pa(δ) =

{
p0, 0 < δ ≤ δ0

0, δ > δ0
, (2)

where δ0 is the radius of action of the adhesion attraction. The specific energy of adhesion is then
specified as:

γ =
∫ +∞

0
pa(δ)dδ = p0δ0. (3)

At each scale level, the contact problem for a periodic wavy indenter is solved. The friction force
is calculated as a sum of two terms. The first term is due to hysteresis occurring when asperities at
this scale level cyclically deform the viscoelastic foundation during sliding. The second term is the
friction law determined from the solution of the contact problem at the inferior scale level. This law
specifies the dependence of the tangential stress on the normal pressure at each point, it does not imply
proportionality or any other imposed functional dependence between tangential and normal stress.

3. Contact Problem Solution at an i-th Scale Level

At an i-th scale level, the waviness of the surface is described by a function that is periodic in two
directions (Figure 2a):

fi(x, y) = hi −
hi
4

(
cos
(

2πx
li

)
+ 1
)(

cos
(

2πy
li

)
+ 1
)

. (4)
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Figure 2. Schemes illustrating the formulation and solution of the problem at the i-th scale level: (a) 
Scheme of contact at the i-th level; (b) Scheme of using the strip method of solution. 
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Figure 2. Schemes illustrating the formulation and solution of the problem at the i-th scale level:
(a) Scheme of contact at the i-th level; (b) Scheme of using the strip method of solution.

Let us pass from the system of coordinates (x′, y′, z′) attached to the viscoelastic base to the system
of coordinates (x, y, z) moving with the wavy surface with the constant velocity V. In the moving
system, the stress and displacement do not depend explicitly on time, and Equation (1) for the i-th
scale level takes the form:

wi −VTε
∂wi
∂x

=
1
K

(
pi − TσV

∂pi
∂x

)
. (5)

In the moving system of coordinates, the boundary conditions for the stress and displacement of
the viscoelastic foundation are the following

wi(x, y) = fi(x, y) + Di, (x, y) ∈ Ωc
i

pi(x, y) = −p0, (x, y) ∈ Ωa
i

pi(x, y) = 0, (x, y) /∈ Ωc
i ∪Ωa

i

(6)

where Ωc
i and Ωa

i are the contact and adhesion regions, respectively, Di is the maximum penetration of
the wavy surface into the foundation at the i-th level. The equilibrium condition must be satisfied for
the nominal pressure pi:

pi =
1
l2
i

x

Ωi

pi(x, y)dxdy, (7)

where Ωi = Ωc
i ∪Ωa

i is the region of interaction at the i-th level.
The problem at the i-th scale level is solved by using the strip method. A cell of periodicity

x ∈ (−li/2, li/2), y ∈ (−li/2, li/2) is divided into 2N strips of a thickness ∆ parallel to the x-axis
(Figure 2b). Penetration of the indenter into the j-th strip at the i-th scale level Dj

i is given by the relation:

Dj
i =

hi
2

(
cos
(

2πyj

li

)
− 1
)
+ Di. (8)

Thus, the 3D contact problem is reduced to a 2D problem for each strip. The differential
Equation (5) with Conditions (6), where Dj

i defined by (8) is substituted instead of Di, is solved
analytically to obtain the closed form relation for the normal stress distribution. The regime of
interaction in the gap should be appropriately chosen for each strip depending on the value of
Dj

i —saturated contact, partial contact with saturated adhesion, partial contact with discrete regions
of adhesion, or absence of contact. Detailed description of the method of solution of the 2D contact
problem with different regimes of interaction is given in [17], and description of the strip method for
the problem in question is given in [18,19].
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As a result, the function of contact stress pi(x, yj) is constructed analytically for each strip.

The coordinates of the boundaries −aj
i , bj

i of the contact region and −cj
i , dj

i of the adhesion region are
calculated numerically in each strip. After this, the contact area can be calculated as:

Ai = 2∆
N

∑
j=1

(aj
i + bj

i). (9)

When the distribution of the normal stress pi(x, yj) is known for a j-th strip, the tangential stress
can be calculated in accordance with the relation:

τi(x, yj) = pi(x, yj)
∂ fi(x, yj)

∂x
. (10)

This stress is different from zero due to asymmetric distribution of the contact stress pi(x, y),
which is due to viscous hysteresis in the material. The tangential stress τi(x, y) calculated in accordance
with (10) is the hysteresis frictional stress. By averaging the obtained normal and tangential stresses
over the cell of periodicity, we can calculate the mean (nominal) normal and tangential stress at the i-th
scale level:

pi =
2∆
l2
i

N

∑
j=1

li/2∫
−li/2

pi(x, yj)dx, τi =
2∆
l2
i

N

∑
j=1

li/2∫
−li/2

τi(x, yj)dx. (11)

In Figure 3, examples of calculated results for an isolated scale level are presented. The ratio of the
contact area Ai to the full contact area Afull = l2

i as a function of nominal stress is shown in Figure 3a.
The mean frictional stress as a function of nominal stress is presented in Figure 3b.
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Figure 3. Results of the contact problem solution at a separate scale level: (a) Contact area ratio vs 
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Figure 3. Results of the contact problem solution at a separate scale level: (a) Contact area ratio vs.
nominal pressure; (b) Mean frictional stress vs. nominal pressure.

The following input numerical values are used for the calculation. The mechanical properties
of the viscoelastic foundation are taken: K = 1 GPa/m, Tε = 0.01 s, Tε/Tσ = 100. To clarify their
physical meaning, note that Equation (1) describes a linear 1D viscoelastic body, e.g., a rubber layer of
thickness H = 1 mm and elastic modulus E = 1 MPa lying on the rigid substrate, then its compliance
is K = E/H. The geometric characteristics of the waviness are li = 500 nm, hi = 100 nm. The adhesion
is described by the parameters γ = 2.5× 10−5 N/m, δ0 = 10 nm. The specific work of adhesion γ

corresponds to low-adhesive rubber, it is chosen so that to ensure both partial and full contact in the
considered range of loads and velocities. The results are presented for various values of the sliding
velocity V.
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The results presented in Figure 3 show that both the contact area and frictional stress attain a
constant value at some nominal pressure and remain constant when the pressure further increases.
It is accounted for by the saturation of contact when the contact becomes full and the gap is zero over
the entire contact surface. Taking into account adhesion attraction leads to the existence of contact
at negative nominal pressures, which is more pronounced at lower velocities. Please note that the
hysteresis friction force is positive (directed against the sliding direction) both for positive and for
negative nominal stress.

The graphs presented in Figure 3b indicate that the friction force nonmonotonically depends on
the velocity—it tends to zero at very high and very small velocities and attains maximum at some
value of V. This behavior of the friction force is characteristic of the hysteresis friction of viscoelastic
bodies [1–4]. Additionally, the graphs of the frictional stress versus nominal stress are ambiguous for
some values of the velocity, e.g., for V = 0.1 mm/s. This ambiguity is caused by the combined effect of
compliance and adhesion and it leads to a hysteresis in cyclic normal approach and separation of the
surfaces, which is also the case for purely elastic bodies [22,23].

The function of frictional stress versus nominal pressure τi = τi[pi] constructed for the i-th level
(examples of which are presented in Figure 3b) is used as a law of friction at the superior (i− 1)-th
scale level (see Figure 1). In the domain of ambiguity of the function τi = τi[pi], the upper part of the
curve is used for calculation, which corresponds to the stable solution at unloading.

4. Constructing the Solution for a Multilevel Surface

In the case of M scale levels, the solution is constructed as follows. At first, the Problem (5)–(7) is
solved at the smallest M-th scale. From this solution, the law of friction τM = τM[pM] is constructed
numerically by using Relations (10)–(11) for i = M. For the (M− 1)-th level, the tangential stress
is a sum two terms. The first term is due to hysteresis occurring when asperities of this scale level
cyclically deform the viscoelastic foundation during sliding. The second term follows from the friction
law determined at the M-th level, which is defined at each point by the normal stress pM−1(x, yj):

τM−1 = pM−1(x, yj)
∂

∂x
fM−1(x, yj) + τM

[
pM−1(x, yj)

]
. (12)

By averaging Equation (12) over the cell of periodicity x ∈ (−li/2, li/2), y ∈ (−li/2, li/2),
we calculate the mean frictional stress of the (M− 1)-th level:

τM−1 =
2∆

l2
M−1

N

∑
j=1

lM−1/2∫
−lM−1/2

pM−1(x, yj)
∂

∂x
fM−1(x, yj) dx +

2∆
l2
M−1

N

∑
j=1

lM−1/2∫
−lM−1/2

τM[pM−1(x, yj)] dx, (13)

whose dependence on the nominal pressure pM−1 will in turn serve as a law of friction for the
(M− 2)-th level: τM−1 = τM−1[pM−1].

By subsequently repeating this procedure, we finally calculate the total coefficient of friction for
the multilevel wavy surface:

µ =
τ1

p1
=

2∆
p1l2

1

N

∑
j=1

l1/2∫
−l1/2

p1(x, yj)
∂

∂x
f1(x, yj) dx +

2∆
p1l2

1

N

∑
j=1

l1/2∫
−l1/2

τ2[p1(x, yj)] dx. (14)

The first term of the right-hand side of Equation (14) is the contribution of the asperities of the
first (largest) scale level into the hysteresis friction force. The second term is the contribution of the
second and all the subsequent scale levels up to the M-th one.

In the general case, the solution of the multilevel problem requires the contact problem to be
subsequently solved at each scale level. The most difficult part of the solution is the determination of
the boundaries −aj

i , bj
i of the contact region and the boundaries −cj

i , dj
i of the adhesion region in a cell
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of periodicity for each scale level i and each number j of the strip, which includes the determination
of the regime of filling of the gap in each strip. These values are determined by numerically solving
a system of two to four algebraic equations by means of the Maple software (Maplesoft, Waterloo,
ON, Canada).

In the particular case, where the external load and adhesion are high enough so that the saturated
contact occurs at all scale levels, the solution is significantly simplified. The pressure distribution at
each scale level is then specified by a simple analytic relation in a cell of periodicity x ∈ (−li/2, li/2),
y ∈ (−li/2, li/2):

pi(x, yj) = K
2(l2

i +4π2T2
σV2)

[
hi
2

(
cos

2πyj
li

+ 1
)

×
{
(l2

i + 4π2TεTσV2) cos 2πx
li

+ 2πliV(Tε − Tσ) sin 2πx
li

}
+(4π2T2

σV2 + l2
i )
{

hi
2

(
cos

2πyj
li
− 3
)
+ 2D

}]
.

(15)

After substituting Relation (15) into Equations (10) and (11), the relation for the frictional stress τi
independent of the nominal pressure pi is obtained. Thus, the law of friction is reduced to a constant
value of the friction force which is calculated at each scale level independently from other levels.
This allows one to calculate the total friction force by direct summation of contributions of all scale
levels. As a result, the total coefficient of friction has the form:

µ =
π2KV(Tε − Tσ)

p1

N

∑
i=1

hi

4π2V2T2
σ + l2

i
. (16)

where p1 is the external nominal pressure which coincides with the nominal pressure at the first level.

5. Results of Calculation for a Two-Level Surface

Calculation is carried out for a two-level surface with the waviness parameters l1 = 10 µm, h1 = 1 µm,
l2 = 500 nm, h2 = 100 nm. The values are chosen so that the smaller scale has a “sharper” waviness,
and its contribution to the total friction force is larger. This can model a situation where the contact has
two distinct scales—e.g., some waviness at which smaller roughness is applied. The properties of the
viscoelastic foundation and adhesion parameters are the same as for the results presented in Figure 3.
The external nominal pressure is 0.1 kPa, the sliding velocity ranges from 0 to 0.1 m/s.

In Figure 4, the map of normal contact stress p1(x, y) is shown for the 1st scale level at the velocity
V = 0.005 m/s. The map is constructed in the cell of periodicity x ∈ (−l1/2, l1/2), y ∈ (−l1/2, l1/2).
The red spot corresponds to the highest normal stress, dark blue to the adhesion regions where the
pressure is negative. The distribution of the stress p1(x, y) is nonsymmetric with respect to the y-axis,
the maximum being shifted in the direction of sliding, which is due to the viscous properties of
the foundation.
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However, for lower values of the sliding velocity, the contribution of the 2nd scale level 
becomes more considerable. This can be seen in Figure 6 which depicts the total friction coefficient 
for the two-level surface as a function of the sliding velocity for two values of the specific energy of 
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Figure 4. Distribution of the normal stress in a cell of periodicity at the 1st level.

Figure 5 illustrates the contribution of the tangential stresses from two scale level, τ1(x, y) and
τ2(x, y) at the same velocity V = 0.005 m/s. The results are shown as functions of x ∈ (−l1/2, l1/2) in
the strips j = 0 and j = 63. The number of strips in a half-period is taken N = 100 for the calculation.
For j = 0, i.e., in the central section, the contact is partial and the adhesion acts in discrete intervals with
respect to x. There are regions in which τ1 = τ2 = 0. For j = 63, the contact is saturated. For this value
of velocity, the contribution of the 1st level is more significant than the contribution of the 2nd one.
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However, for lower values of the sliding velocity, the contribution of the 2nd scale level becomes
more considerable. This can be seen in Figure 6 which depicts the total friction coefficient for the
two-level surface as a function of the sliding velocity for two values of the specific energy of adhesion.
The right peak corresponds to the contribution of the first scale level, the left peak to the second level.
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sliding velocity.

6. Discussion

The results obtained show that depending on the values of waviness parameters, the coefficient of
friction as a function of sliding velocity can have several peaks, each being associated with hysteretic
losses at some scale level. It was first observed by Grosch that the master curve of rubber friction can
have more than one peak [1]. He concluded that in the general case, the master curve has two peaks
due to the two mechanisms of rubber friction—adhesion and hysteretic losses. Master curves with two
peaks were also experimentally obtained in [24,25] and by numerical modeling in [7]. The possibility
of observing several peaks corresponding to resonance frequencies due to different mechanisms of
energy loss was pointed out by Persson [26]. In the present study, a phenomenological law of friction
is obtained from considering the contribution of lower scale levels, including both hysteretic losses
and adhesion forces acting in the direction normal to the surface. In this case, it is impossible to say
that one peak is due to adhesion and the other is due to hysteresis, for both peaks in Figure 6 are due
to hysteretic resonance, and both are strongly influenced by adhesion.

The graphs shown in Figure 6 allow one to conclude that increasing the specific energy of adhesion
not only increases the coefficient of friction, but also shifts the peaks in the direction of higher velocities.

Please note that the model presented takes into account not only partial contact but also partial
regions of adhesion. When the contact is assumed to be complete at all scale levels, the calculation of
the friction force is significantly simplified (see Equation (16)). In Figure 7, the graph of the coefficient
of friction as a function of velocity is presented for the case where the external nominal pressure is
high enough to ensure saturated contact at all three scale levels that are taken into account. These scale
levels have the following geometrical characteristics: l1 = 10 µm, h1 = 1 µm, l2 = 500 nm, h2 = 100 nm,
l3 = 5 nm, h3 = 5 nm, . The nominal pressure is p1 = 5 MPa. All the remaining parameters coincide
with those used for calculating the results presented in Figure 6. Curves 1, 2, and 3 correspond to
contributions of the first, second, and third scale levels, respectively. Curve 4 corresponds to the total
coefficient of friction, which is, in this case, a direct sum of the three components.
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Figure 7. The coefficient of friction as a function of velocity for the case of full contact.

The results show that the peak associated with the largest (1st) scale level is the highest, whereas
the 2nd and 3rd levels give significantly smaller peaks. By comparing the results presented in Figure 6
with those of Figure 7, one can conclude that neglecting partial character of contact and adhesion
interaction can lead to substantial underestimation of the contribution of smaller scale levels into the
total friction force.

7. Conclusions

The sliding friction between a multilevel wavy surface and a viscoelastic foundation is theoretically
modeled in dry conditions. The method is suggested to calculate the friction force due to hysteretic
losses in the viscoelastic material and adhesion forces acting between the surfaces taking into account
the possibility of different contact regimes (partial contact with partial or full adhesion or full contact) at
each scale levels. The method is based on determining the law of friction at each scale from examination
the interaction at inferior scales. The calculation is performed for a two-level wavy surface. In the
particular case of full contact at all scale levels, the analytic solution is obtained. It is found that the
coefficient of friction as a function of sliding velocity can have more than one peaks, each associated
with a certain scale level.
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