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Abstract: To increase the acceptance of direct metal laser sintered Ti6Al4V(Extra Low Interstitial—ELI)
in industry, analytical models that can quantitatively describe the interrelationships between the
microstructural features, field variables, such as temperature and strain rate, and the mechanical prop-
erties are necessary. In the present study, a physical model that articulates the critical microstructural
features of grain sizes and dislocation densities for use in predicting the mechanical properties of
additively manufactured Ti6Al4V(ELI) was developed. The flow stress curves of different microstruc-
tures of the alloy were used to obtain and refine the parameters of the physical model. The average
grain size of a microstructure was shown to influence the athermal part of yield stress, while the
initial dislocation density in a microstructure was seen to affect the shape of the flow stress curve.
The viscous drag effect was also shown to play a critical role in explaining the upturn of flow stress
at high strain rates. The microstructure-based constitutive model developed and validated in this
article using experimental data showed good capacity to predict the high strain rate flow properties
of additively manufactured Ti6Al4V(ELI) alloy.

Keywords: DMLS; Ti6Al4V(ELI); constitutive model; flow stress; grain size; dislocation density;
validation; yield stress; strain hardening

1. Introduction

Over the past few years, additive manufacturing (AM) technology has matured from
initial usage in production of prototypes to production of full functional components for
use in biomedical and aerospace industries [1,2]. The use of AM in the medical industry
is highly motivated by the ability of the technology to fabricate highly demanded, so-
phisticated, and customized biomedical implants for use in patients with certain special
needs [3]. Besides the ability of the technology to produce complex and topology optimised
parts for use in the aircraft, it also improves the buy-to-fly ratio. This is generally the ratio
between the mass of raw material needed for production of a given component to the final
mass of the manufactured part. The use of traditional manufacturing processes such as
machining and forging in manufacturing of large aircraft parts could result to a buy-to-fly
ratio in the range of 12:1–25:1, while for AM it is 2:1 [4,5]. Therefore, the use of AM results
in comparatively much higher efficiency in the utilization of material that saves the overall
cost of production. A wide range of materials are currently being produced by different
AM technologies such as metals and their alloys, polymers, ceramics, and composites [3].

Ti6Al4V is the most widely used alloy of titanium in aerospace industry and big
players in this industry such as Boeing, General Electrics, Airbus, and Roll Royce have
shifted focus towards manufacturing of parts made from this alloy using various AM
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technologies [1]. The mechanical properties of as-built Ti6Al4V(Extra Low Interstitial—ELI)
produced by the direct metal laser sintered (DMLS) process, one of the AM technologies, are
not sufficient for use in aircraft structures. For instance, the impact toughness of the as-built
DMLS Ti6Al4V(ELI) parts is approximately 48% lower than the value specified in America
Society of Metals for use in aircraft structures [6,7]. The as-built DMLS Ti6Al4V(ELI) is
essentially almost free from pores with densification measuring approximately 100% [8].
This high densification suggests the lack of a need to subject the DMLS parts to hot isostatic
pressing treatment. The DMLS process also results in relatively rough surfaces, like that of
sand casting, which is typically in the range Ra ≈ 9–12 µm [9]. Consequently, the rough
surfaces of these parts act as sites for initiation of microcracks, thus lowering the fracture
strength of parts [9,10]. Acid etching, surface polishing, and machining can all be used
to effectively improve the surface roughness and, therefore, the fracture strength of these
AM parts.

The microstructure of the as-built DMLS Ti6Al4V(ELI) normally comprises columnar
prior β grains with their interior filled with needle shaped α’-martensitic microstructure.
This microstructure is formed during rapid solidification and a high cooling rate, resulting
from steep thermal gradients associated with the DMLS process. The steep thermal gradi-
ents also induce residual stresses in as-built parts, which negatively affects the toughness
of the parts or even leads to geometric distortions and failure at low loads. Due to the
high residual stresses and α’-martensitic microstructure, the as-built DMLS Ti6Al4V(ELI)
parts are characterised by high yield strength, low ductility, poor fracture toughness, and
low impact toughness [11,12]. To improve the mechanical properties, and therefore the
reliability of the DMLS parts, there is a need to expose them to post process heat treat-
ment to remove the residual stresses and achieve desirable microstructures with suitable
mechanical properties.

Generally, the microstructure of Ti6Al4V(ELI) is greatly affected by heat treatment,
and various heat treatment cycles will result in various forms of the alloy with distinct me-
chanical properties [13,14]. Either of these microstructures also contains multiple variables,
which compete and/or synergistically enhance the mechanical properties of the alloy [15].
For instance, according to the Hall–Petch relationship [16], decreasing the grain size will
increase the yield strength of a material if other variables are not a design consideration;
however, this comes at a cost of decrease in ductility and toughness. A review of literature
has shown that the average grain size and dislocation density of any given microstructure
of Ti6Al4V play a critical role in determining the point of yield and plastic flow of the
alloy [17,18]. There are other external factors such as prevailing level of strain rate and
temperature that affect the yield stress and subsequent plastic flow of metals and alloys.
High strain rate increases the generation and interaction of dislocations causing a higher
instantaneous strain hardening and increased subsequent flow stress [17,19]. On the other
hand, at elevated temperatures, the generation of dislocations is countered by their annihi-
lation, a phenomenon commonly referred to as thermal softening, leading to a decrease of
flow stress [17–19].

There is a need to fast track the acceptance and increase the utility of DMLS Ti6Al4V(ELI)
for use as a structural material in aircraft turbo engines and landing gear beams. To this
end, constitutive models can be used to predict the mechanical properties of various
microstructures resulting from different heat treatment strategies applied to this alloy. Such
material models could also be useful in modelling and simulation tests, for instance, those
of landing gear dynamics and fan blade-off containment. This is very important since
simulation is the cornerstone of all aircraft load analysis. In the present study, an advanced
constitutive relationship is developed to provide a macroscopic description of the flow
properties of various microstructures of DMLS Ti6Al4V(ELI) at varying levels of strain rate
and temperature. The formulated constitutive model is sensitive to the microstructure in
that the effects of the average grain size and initial dislocation density on the deformation
behaviour of DMLS Ti6Al4V(ELI) are explicitly articulated. The model is validated using
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the experimental flow stress curves of various forms of DMLS Ti6Al4V(ELI) from the
authors’ previous work published in [20].

2. Materials and Methods

To verify and validate microstructural-based constitutive laws that can accurately
predict the yield strength and subsequent flow stress of DMLS Ti6Al4V(ELI) over a wide
range of field variables, some experimental tests were designed and based on the tests
analysed and published in [20,21]. Generally, the tests were subdivided into three main
areas that include the following:
� Production of test samples and generation of various microstructures of the alloys by

heat treatment.
� Microstructural characterization quantifying critical microstructural features.
� Design of mechanical tests that were used to generate stress–strain curves for a wide

range of the field-state variables of strain rate and temperature.

2.1. Production and Heat Treatment of Test Specimens

All the test specimens were produced using gas-atomised spherical Ti6Al4V(ELI)
(ASTM grade 23) alloy powder, through the DMLS process. The alloy powder was supplied
by TLS Technik GmbH (Bitterfeld-Wolfen, Germany) with the chemical composition (wt.%)
determined in [22] as the following: Al 6.34, V 3.944, Fe 0.25, O 0.082, C 0.006, N 0.006,
H 0.00, and the balance Ti. The alloy powder had an average diameter of <40 µm (D10, D50,
D90). The EOSINT M 280 DMLS machine (EOS GmbH, Munich, Germany), with process
parameters set as shown in Table 1, was used to fabricate samples for this study.

Table 1. EOSINT M280 DMLS processing parameters.

Processing Variable Value

Laser diameter 80 µm
Layer thickness 30 µm
Hatch spacing 100 µm

Scanning speed 1400 m/s
Laser power setting 175 W

A total of 24 cylindrical rods, each with a diameter and length of 6 mm and 80 mm,
respectively, were fabricated for use in the present research. All the manufactured samples
were first stress relieved in a vacuum chamber at 650 ◦C, with a residence time of 3 h, and
then furnace cooled to room temperature. They were later subdivided into three groups
designated as samples C, D, and E for exposure to different heat treatment cycles in a
SuperSeriesTM vacuum furnace system Model SS12-24/13MX (T-M Vacuum Products, Inc.,
Cinnaminson, NJ, USA) with a horizontal vacuum chamber. Samples designated C were
heat treated at 800 ◦C for 2.5 h and then furnace-cooled to room temperature. Samples
designated D were duplex annealed at 940 ◦C for 2 h then furnace cooled, followed by heat
treatment at 750 ◦C for 2 h, and then finally furnace cooling. Samples designated E were
heat treated above the β-transformation temperature at 1020 ◦C for 2.5 h and then furnace
cooled to room temperature. The criteria for selection of these heat treatment cycles and
the microstructure obtained can be found in [21].

2.2. Microstructural Characterisation and Quantification of Critical Microstructure Features

The critical microstructural features of the heat-treated DMLS Ti6Al4V(ELI) samples,
which influence the flow properties of the alloy, were determined. These included the aver-
age α-lath thickness and the density of dislocations in microstructures obtained from every
heat treatment cycle. Optical and scanning electron microscope were used to determine
the average thicknesses of α-laths, while the dislocation densities in these microstructures
were obtained by way of X-ray diffraction (XRD). The results obtained this way can be
found in [21].
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2.3. Experimental Tests to Obtain Stress-Strain Curves at Various Strain Rates and Temperatures

The compression Split Hopkinson Pressure Bar (SHPB) test was used to obtain the flow
stress curves of various forms of DMLS Ti6Al4V(ELI) for a wide range of strain rates and
temperatures. The SHPB compression test specimens were cut from heat-treated samples
C, D, and E. The specimens were cylindrical in geometry with a diameter and a height of
6 mm. The tests were conducted at three different strain rates of 750 s−1, 1500 s−1, and
2450 s−1. The tests at each strain rate were conducted at three different temperatures of
25 ◦C, 200 ◦C, and 500 ◦C. At least three sets of specimens were loaded at each strain rate
and temperature. The flow stress curves obtained from these tests were reported in [20].

3. A Constitutive Model for DMLS Ti6Al4V(ELI)

A good constitutive model to account for microstructural variables should be of such
a nature as to provide a bridge between sub-microscale phenomena and macroscale contin-
uum mechanics. The model should connect the morphological aspects of microstructure to
the stress–strain relationships of the material as a function of the prevailing magnitudes of
field variables (strain, strain rate, and temperature). The logical flow of such a model is
shown in Figure 1.
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Figure 1. Microstructural variable-based constitutive model flow diagram for yield strength and flow stress.

The envisaged microstructural variable-based model can be classified into three parts
for the following: (a) prediction of yield strength, (b) subsequent prediction of strain
hardening, and (c) prediction of viscous drag stress at high strain rate. The total stress is
then obtained from the summation of these three components of stress.

3.1. Prediction of the Yield Stress

The Hall–Petch equation [16] was used to determine the yield stress (σy) of the various
forms of DMLS Ti6Al4V(ELI) as a function of grain size based on Equation (1):

σy = σi + KH−P/
√

d = σi + σa (1)

where the symbol σi stands for the lattice friction stress or critical resolved shear stress
to initiate slip along slip planes in grains/phases. The second term of Equation (1) is
independent of temperature and strain rate and is an athermal component of stress (σa).
The symbol KH−P is a material constant and d is the average grain size of the α-phase,
which is the average width across grains for equiaxed grains and the average thickness of
the α-laths in case of lamellar microstructure.

It is important to note that the strength of the α-phase is higher in comparison to that
of the β-phase [23]. Taking the α/β lamellar microstructure as an example, the β-phase
fills in the small gaps between α-lamellae. Consequently, during plastic deformation, these
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interfaces (β-phase) usually act as barriers to the motion of dislocations causing a pile-up
of dislocations and creation of stress concentration. In other words, plastic deformation
will initiate in the α-grains, and with subsequent strain hardening, plastic flow starts on the
adjacent α-grains upon transference of slip across the β-phase (interphase) [24,25]. Thus,
the characteristic Hall–Petch mechanisms are likely to occur in the α-phase rather than
the β-phase [25], and it may be speculated that the α/β interface and β layers themselves
are analogous to grain boundaries in a single-phase material. Therefore, the Hall–Petch
mechanism was assumed here to be controlled by the properties and thickness of the
α-laths/platelets, and the contribution of the β-phase to the Hall–Petch mechanism was
ignored [26].

The component σi in Equation (1) is sensitive to temperature and strain rate. In other
words, energy must be provided to initiate slip and for dislocations to overcome the
barriers (short-range obstacles) they encounter during slip [27]. The lattice friction stress (σi)
decreases with increase in temperature up to a critical temperature (Tc), above which there
is enough thermal energy to overcome barriers by thermal activation alone. Furthermore, a
rise in applied strain rate will increase the yield stress and shift the critical temperature
(Tc) to higher temperatures [28]. Therefore, the yield stress is dependent on strain rate and
temperature through the lattice friction stress and can be expressed as [29]:

σy
( .
ε, T
)
= σa + (Sσi)

µ(T)
µo

(2)

where the symbol S is the temperature and strain rate-dependent scaling factor of the yield
stress, µ(T) is the shear modulus dependence on temperature, and µo is the shear modulus
at absolute zero temperature (0 K). The thermal stress (σi), which is part of the yield stress,
can be expressed by combination of the existing relation between free energy and the
mechanical threshold stress (MTS) and the Arrhenius-type equation as follows [30,31]:

σi = σo

(
1−

((
kbT
∆G

)
ln

.
εo
.
ε

)1/q
)1/p

= σo

(
1−

((
kbT

g0iµb3

)
ln

.
εo
.
ε

)1/q
)1/p

(3)

where the symbol σo is the MTS, or value of the thermal stress at 0 K, ∆G is the activation
energy for deformation, kb is the Boltzmann’s constant (1.38 × 10−23 J/K), b is the Burgers
vector (taken as 2.95 × 10−10 m for Ti6Al4V) [14], and p, q, and

.
εo are the fitting constants,

respectively. The term goi in the equation is a material constant of proportionality for
∆G ∝ µb3 and is reported in [28], and it is generally the normalised activation energy for
dislocations to overcome the intrinsic barrier(s) or to unpin dislocations from impurities or
solutes [19]. From Equations (2) and (3), the strain rate–temperature scaling factor (S) can
be expressed as follows [28–30].

S =

(
1−

(
kbT

g0iµb3 ln
.
εo
.
ε

)1/q
)1/p

(4)

Thus, from Equations (1), (2), and (4), the function of yield stress dependent on strain
rate and temperature can be expressed as:

σy =

(
µ(T)

µ0

)
σo

(
1−

((
kbT

g0iµ(T)b3

)
ln

.
εo
.
ε

)1/q
)1/p

+
KH−P√

d
(5)

3.2. Strain Hardening and Prediction of Flow Stress

The proposed model for work hardening and flow stress starts from the point that
the flow stress is a function of the average dislocation density as expressed in the Taylor
model [32]. Inelastic deformation is controlled by shear stresses. The Taylor factor M,
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is used to relate the shear flow stress τ of a single crystal to the uniaxial flow stress σ of a
polycrystal; thus, the uniaxial form of the Taylor equation can be written as [33]:

σ = αµ(T)bM
√

ρ (6)

where the symbols α is a dimensionless parameter of magnitude ranging from 0.2 to 0.4 for
different materials [18]. The symbol µ stands for the shear modulus, which is dependent on
temperature (T), and ρ is the average dislocation density. At the onset of plastic flow and
for subsequent work hardening, the rate of strain hardening, dσ/dεp, for polycrystalline
material can be derived by differentiating Equation (6) and can be written as [30]:

dσ

dεp
= αµ(T)bM

d
dεp

√
ρ (7)

Thus, determination of the strain-hardening rate requires an expression for the term
d
√

ρ/dεp. During deformation of materials, the accumulation of dislocations is countered
by their annihilation or what is commonly known as dynamic recovery. The annihilation
of dislocations leads to a decrease in their density as part of what is termed as thermal
softening. At the saturation limit of flow stress, the accumulation and recovery terms are
assumed to be equal. The flow stress starts decreasing when the term for dynamic recovery
becomes greater than the term for accumulation (i.e., dρrecovery > dρaccumulation). Annihi-
lation is mainly a thermally activated process. However, during gliding of dislocations
at low temperature, dislocations annihilate mutually with dislocations of opposite sign
approaching on closely neighbouring glide planes [34].

From Equation (7), the following single differential equation with separate terms for
the generation (k1 factor) and annihilation (k2 factor) of dislocations can be used to define
the evolution of dislocation density with plastic strain, εp, as proposed in [30]:

dρ

dεp
= (k1

√
ρ− k2ρ) (8)

The expression of the flow stress with plastic strain, as represented by Equation (6),
requires an expression of the average dislocation-density rate, which is obtained from the
integration of Equation (8). The assumption in the present study is that the accumulation of
dislocations (strain-hardening rate) in Ti6Al4V alloy is mildly dependent on temperature
and strain rate, while the rate of annihilation of dislocations is strongly dependent on
both [35]. In other words, the term for production of dislocations, k1

√
ρ in Equation (8),

is associated with the athermal storage of moving dislocations, which are known to become
immobilised after having moved a length proportional to the mean spacing between the
dislocations. The length travelled by these dislocations is known as the mean free path of
dislocations (L).

Further assumptions are made here that the mean free path of dislocation is the space
between impenetrable obstacles (sinks of dislocation) such as grain boundaries. Thus,
one may reasonably argue that the mean free path of dislocations, L, is proportional to
a characteristic length, such as the average grain size for a material. Consequently, the
term describing the rate of accumulation of dislocations becomes constant, thus allowing
Equation (8) to be rewritten as [36,37]:

dρ

dεp
= (h− k2ρ) (9)

where the constant h = k1
√

ρ stands for the athermal work-hardening coefficient, while
the parameter k2 specifies the rate of annihilation of dislocations at a given temperature
and strain rate. The increase of dislocation density in a material with plastic strain requires
evaluation of the integral for Equation (9), which allows for the increase/decrease of flow
stress with plastic strain to be evaluated from Equation (6). Details of the integration of
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Equation (9) are presented in Appendix A [38], which culminates in the following equation
for the increase in flow stress with plastic strain:

σf = αµ(T)bM
(

h
k2

(
1− exp

(
−k2εp

))
+ ρoexp

(
−k2εp

)) 1
2

(10)

where the term ρo stands for the initial dislocation density of a given microstructure.

3.3. Prediction of Viscous Drag Stress

To increase the predictive capability of the model developed in this research, a viscous
drag component of stress is incorporated in the model to predict the deformation process of
Ti6Al4V(ELI) at high strain rates. This component is assumed to be additive to the athermal
component of yield stress since the viscous drag effect resists the flow of dislocations and,
therefore, increases the yield stress and subsequent flow stress. Generally, dislocation
drag springs from electrons and phonons in materials and has a retarding effect on the
moving dislocations as a Newtonian drag force [39,40]. Because of viscous drag, the kinetic
energy of dislocations is reduced, which otherwise would help overcome obstacles, and
more external force is thus required to keep the dislocations in motion. Therefore, by the
introduction of a viscous drag component to the model, the physical mechanism behind
the upturn of yield and flow stress at high strain rates can be accommodated. Other studies
have investigated the effects of viscous drag on the motion of dislocations in closed packed
structures and found that it has a profound influence [40–42].

The viscous drag stress as a function of strain rate can be expressed as [41,42]:

σdrag
( .
εp
)
= ζ.

(
1− exp

(
−χ.

.
εp
))

(11)

χ =

(
M2.µd

ρm.b2.σa

)
(12)

where the symbol χ represents the effective damping coefficient influencing the motion
of dislocations, while ζ is a material constant, both used as viscous drag curve-fitting
parameters. The symbols M, σa, µd, b, ρm represent the Taylor factor, athermal stress, the
drag coefficient, Burgers vector, and mobile dislocation density, respectively.

4. Results and Discussion
4.1. The Microstructures of Various Forms DMLS Ti6Al4V(ELI) Alloy

Figure 2 shows the microstructures of DMLS Ti6Al4V(ELI) alloy after being exposed
to different heat treatment cycles described in Section 2.1. The β-phase is seen in the
micrographs in Figure 2 as brighter regions that are rich in vanadium, while regions
that are low in vanadium content (α-phase) appear darker. The contrast of the α- and
β-phases in the secondary electron image (SEI) is associated with different crystallographic
orientations of these phases (hexagonal closed packed (hcp) structure for α-phase and body
centred crystal (bcc) structure for β-phase). The β-phase in the particle and lamellar-like
morphology in sample C, seen in Figure 2a, is uniformly distributed in the α-matrix. The
α-laths for sample C have an average width of about 2.5 µm. The shape of the α/β-grains
for sample D seen in Figure 2b is more lamellae-like compared to partial particle like
morphology in sample C. The α-laths in sample D have an average thickness of about
6 µm. Sample E, seen in Figure 2c, is characterised by typical Widmanstätten structure with
large α colonies. The thickness of the α-laths within these colonies ranged between 7 and
15 µm, while the average thickness of these laths was determined through the line-intercept
method as 9 µm. The volume fraction of β-phase in samples C, D, and E was determined as
3.6%, 6.4%, and 6.6%, respectively, by the method of X-ray diffraction [21]. Further details
of these microstructures presented in Figure 2 can be found in the authors’ previous work
in [20,21,43].
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4.2. Calibration and Refinement of the Model Parameters

This section presents the results of refinement and validation of the microstructural
variable-based constitutive model developed here, using the flow stress curves of DMLS
Ti6Al4V(ELI) at given strain rate and temperature reported in [20]. The total flow stress for
various forms of DMLS Ti6Al4V(ELI) for a wide range of strain rate and temperature is the
sum of yield stress and the stress due to strain hardening and viscous drag effects, thus:

σ =
(

µ(T)
µ0

)
σo
(

1−
((

kbT
g0iµ(T)b3

)
ln

.
εo.
ε

) 1
q
) 1

p

+ ζ.
(
1− exp

(
−χ .

.
εp
))

+ KH−P√
d

+αµ(T)bM
(

h
k2

(
1− exp

(
−k2εp

))
+ ρoexp

(
−k2εp

)) 1
2

(13)

This physical description of flow stress contains many adjustable parameters that
can easily be tuned to fit experimental curves. Some of the parameters are categorized as
“prescribed” and others as “fitted”. Among the prescribed parameters are those that were
obtained from metallographic analysis of samples C, D, and E, such as the average grain
size found in [20,21] and dislocation density found in [21], while others were obtained
from the literature.

4.2.1. Effects of the Average Grain Size

The grain size d determines the maximum distance that dislocations travel before en-
countering an obstacle, defined by the thickness of α laths of Ti6A4V. The Hall–Petch equa-
tion for Ti6Al4V(ELI) for a wide range of grain sizes, taking KH−P as 0.328 MPa.m1/2 [26],
is shown in Figure 3. Owing to the low volume fraction of β-phase recorded in the three
different sample types, C (3.6%), D (6.4%), and E (6.6%), of the DMLS Ti6Al4V(ELI) [21],
the contribution of the β-phase to athermal stress in this study was ignored. As noted in
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Section 3.1, it was assumed that the β layers themselves act like typical grain boundaries
in a single-phase material. The average thicknesses of the α-laths of samples C, D, and
E, as seen in Figure 2 and reported in [20,21], are 2.5 µm, 6.0 µm, and 9.0 µm, respec-
tively. As seen in the insert labels in Figure 3, the contribution of the athermal stress to the
yield strength for the three different microstructures of DMLS Ti6Al4V(ELI) is 207.45 MPa,
133.91 MPa, and 109.33 MPa for samples C, D, and E, respectively.
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Figure 3. Graphical description of the Hall–Petch relationship for DMLS Ti6Al4V(ELI).

4.2.2. Temperature-Dependent Shear Modulus

The empirical temperature-dependent shear modulus of materials is often of the
form [17,19]:

µ(T) = µo −
D

exp(
T0
T ) − 1

(GPa) (14)

where µo is the shear modulus at 0 K, and To and D are material constants. For Ti6Al4V,
these parameters have values of 49.02 GPa, 181 K, and 5.821, respectively [30]. From the fact
that the Ti6Al4V (grade 5) and Ti6Al4V(ELI) (grade 23) do not show a significant difference
in elastic properties [44], the constants used in Picu and Majorell [19] were adopted in the
present research. Thus, the formulation for the shear modulus of Ti6Al4V(ELI) becomes:

µ(t) = 49.02− 5.821

exp(
181
T ) − 1

(GPa) (15)

Figure 4 shows the shear modulus of Ti6Al4V(ELI) as a function of temperature.
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The values of shear moduli of this alloy on the curve in this figure, at the test tempera-
tures of 25 ◦C, 200 ◦C, and 500 ◦C, are shown in the insert labels of the figure.

4.2.3. Thermal Part of the Yield Stress

The thermal part of the yield stress can be expanded to a linear form from Equation (5) as:(
σy − σa

µ

)p
=

(
σo

µo

)p
−
(

σo

µo

)p
.
(

1
goi

)1/q( kbT
µb3

(
ln

.
εo
.
ε

))1/q

(16)

In this equation, the constant parameters
.
εo, p, and q for Ti6Al4V were determined

as 107s−1, 1, and 2, respectively, in [19,27,42]. The constant parameters involving the
Boltzmann constant (kb) and Burgers vector (b) for Ti6Al4V are kb = 1.38 × 10−23 J/K [30]
and b = 2.95 × 10−10 m [34], respectively, giving rise to the ratio kb/b3 as 0.5375 MPa/K.

It is of interest to note that, in this formulation, the viscous drag effect at high strain
rate discussed in Section 3.3 is not captured and its introduction in Equation (16) would
further lower the term

(
σy − σa

)
/µ. The viscous drag effects become significant for the high

strain rates above 103 s−1 [39,40] and is therefore assumed to be insignificant at a strain rate
of 750 s−1. With this assumption, the variation of the normalised thermal-activated part of
yield stress

((
σy − σa

)
/µ
)p with the coupled effect of the strain rate and temperature term((

kbT/µb3).ln( .
εo/

.
ε
))−q for samples C, D, and E, was plotted at a strain rate of 750 s−1,

giving rise to the graphs shown in Figure 5.
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The mechanical threshold stress (σo), which is the thermal-activated component of
yield stress at 0 K, and the average value of normalised activation energy (goi) are given
by the y-intercept and the gradient of the linear fitting curves shown in Figure 5, respec-
tively. The values of these model-fitting parameters for samples C, D, and E, obtained
from Figure 5, are presented in Table 2.

Table 2. Evaluated model-fitting parameters describing the thermal part of the yield stress of samples
C, D, and E.

Samples Mechanical Threshold Stress (σo) Normalised Activation Energy (goi)

C 1085.47 MPa 0.253
D 1064.39 MPa 0.251
E 1039.75 MPa 0.254
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In the present research, Peierls barriers and short-range obstacles in the material are
overcome by the motion of dislocations in a thermally activated manner during plastic
deformation. Peierls stress is related to the temperature sensitivity of the yield stress of a
material by the fact that temperature weakens the atomic bond strength of a unit cell and
therefore lowers the stress required to move a dislocation within the plane of atoms in a
unit cell.

Short-range obstacles to the motion of dislocations for Ti6Al4V(ELI) include alu-
minium and vanadium atoms and the clusters of low-percentage interstitial elements [19].
The β-phase in samples C, D, and E is limited in quantity [21], and thus can be assumed to
play a minor role during deformation. The effect of vanadium atoms on dislocations can
therefore be ignored. Thus, the total thermally activated stress can be expressed as a su-
perposition of three components: (a) due to activation of dislocations over Peierls barriers,
(b) the interaction of dislocations with aluminium, and lastly, (c) the interaction of disloca-
tions with interstitial elements. The three different alloys of DMLS Ti6Al4V(ELI) tested here
are of the same chemical composition [20,21] and only differ in microstructure. Following
the reasoning in this paragraph, it can be assumed that both the mechanical threshold
stress (σo) and the normalised activation energy (goi) for the three types of samples could
be the same. Therefore, the average values of 1063.2 ± 22.8 MPa and 0.25 ± 0.0015 for σo
and goi, respectively, obtained from Table 2 will be used to predict the flow stress of the
DMLS Ti6Al4V(ELI) alloy.

4.2.4. Calibration and Refinement of Strain Hardening

At high strain rates, Ti6Al4V(ELI) experiences instantaneous strain hardening, which
increases the yield stress of the material. The movement and storage of the dislocations
during strain hardening is related to different loading states of strain rate and temperature.
The model adopted in the present research assumes that the flow stress σf , due to the
motion of dislocations, is dependent on temperature, plastic strain

(
εp
)
, and the initial

density of dislocations (ρo) and is in the form shown in Equation (10). In this equation,
the dimensionless parameter α is taken as 0.2 [17]. The shear modulus µ varies with
temperature, as seen in Figure 4. For polycrystalline materials, the Taylor factor, M, varies
from grain to grain due to differences in texture with reference to the loading axis. For the
case where all grains of relatively random textured material undergo the same deformation
as the overall deformation, and based on the use of the von Mises compatibility conditions,
Taylor [32] obtained the average value for M as 3 for hcp crystal structures. This is the value
adopted in the present studies from the assumption that all grains undergo deformation.
This is further supported by the relatively random texture of the α-phase in samples C, D,
and E reported in [43].

The effects of temperature on strain hardening of Ti6Al4V were first investigated
using Equations (10) and (15) at temperatures ranging from −273 ◦C to 800 ◦C at a constant
initial dislocation density (ρo) and constant calibration parameters h and k2, as seen in
Figure 6.

The curves in this figure show that increase of temperature gives rise to a drop in
the flow stress. This is consistent with the physical reality that dictates an increase in the
recovery rate with increasing temperature. It is necessary to note that formulation of flow
stress in Equation (10) does not incorporate the failure criterion or damage growth of the
alloy. Thus, the decrease in ductility that is expected to occur as the temperature decreases
is not evident in Figure 6.

The effect of the initial dislocation density on the shape of the flow stress curve was
also investigated at constant temperature and calibration parameters h and k2, as seen
in Figure 7. The shape of the flow curves in this figure for very high initial dislocation
densities in the material is a pronounced peak followed by a drop in the flow stress or
strain softening of the material.
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Figure 6. Flow stress curves at different temperatures and constant parameters h and k2 and fixed initial dislocation
density (ρo).
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Figure 7. Effects of the initial dislocation density on the flow stress for fixed values of parameters h and k as well as temperature.

The peak stress decreases with the decrease in the initial dislocation density, through
to a case where no strain hardening occurs and cases where strain hardening occurs.
Obviously, a high density of dislocations in a material is known to cause an increase of its
yield strength (peak stress). In fact, dislocations in such materials will rapidly pile up at
barriers such as precipitates, grain boundaries, or even sessile dislocations. The leading
dislocation in the pile-up is acted on, not only by applied shear stress, but also by the
interaction stress with other dislocations in the pile-up. High stresses initiate yielding on
the other side of the barrier and can initiate cracks at the barriers [45], which could cause a
decrease of the stress with strain softening at the onset of plastic flow, as seen in Figure 7.

For dislocation densities below 8 × 1014 m−2, the flow curves are characterised by the
familiar strain hardening that decreases in magnitude with increasing plastic strain. This is
the common scenario for the Ti6Al4V(ELI) alloy, as previously reported in [20], and is the
characteristic for metals and metal alloys. Further decrease in the initial dislocation density,
according to the model, decreases the rate of instantaneous strain hardening and therefore
the material has significant post-yielding strain hardening before forming a plateau. This is
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consistent with the physical reality where materials with large grain sizes and therefore
low dislocation densities have significant post-yielding strain hardening [46].

The initial dislocation densities of the three different heat-treated microstructures of
DMLS Ti6Al4V(ELI) tested under a high strain rate, which were determined via the XRD
peak broadening analysis, are reported in [21] as shown in Table 3. It is evident that all
the values in this table are lower than the threshold of 8 × 1014 m−2 mentioned in the
preceding paragraph. Therefore, the three microstructures should all lead to stress flow
curves with strain hardening, beyond the yield.

Table 3. The initial density of dislocations for different microstructures of DMLS Ti6Al4V(ELI) [21].

Samples Type Dislocation Density (m−2)

C 5.73 × 1014

D 5.09 × 1014

E 7.00 × 1014

The constants h and k2 in Equation (10) are model calibration parameters that stand
for the athermal work-hardening coefficient and rate of annihilation of dislocations, respec-
tively, at given temperatures and strain rates. These parameters are determined from the
experimental flow curves. These are the only unknown parameters in the equation and
were determined for Ti6Al4V(ELI) specimens by a process of adjustment to fit the model to
experimental curves of true stress versus true strain for samples C, D, and E.

Figure 8 shows the flow stress curves of the three DMLS Ti6Al4V(ELI) specimen types
and those predicted by the model from fine-tuning the model parameters h and k2 to obtain
the best fits values of 8.3 × 1015 m−2 and 10, respectively. One common observation made
in Figure 8, for all three categories of samples, is that the deviation of the experimental
curves from the ones predicted by the model increases with increasing strain rates. This
suggests that it is critical to include the effects of viscous drag stress to the model to
accurately describe the upturn of flow stress at high strain rates. As was explained in
Section 3.3, the resistance to the flow of dislocations due to the drag mechanism at high
strain rates does explain the upturn of the yield and flow stresses.

4.2.5. Calibration of the Viscous Drag Stress Component of Flow Stress

A systematic approach was adopted to determine the viscous drag stress fitting param-
eters ζ and χ in Equation (11). In this approach, the difference between the experimental
flow stress and the one predicted by the model (without the viscous drag stress) at a strain
of 0.1 and at any given strain rate was first determined. This difference was then taken as a
viscous drag component of stress and, together with the corresponding strain rate, was
then used in conjunction with Equation (11) to evaluate the material constants ζ and χ.

Figure 9 shows the evolution of the viscous drag stress as a function of strain rate and
at different values of the curve-fitting parameters ζ and χ. It is evident in this figure that,
at low and moderate strain rates (

.
ε ≤ 100 s −1), the viscous drag component is small and

negligible at all values of ζ and χ . In such cases, the material strain rate sensitivity and
deformation are mainly controlled by obstacles. As the strain rate increases (

.
ε > 100 s −1),

the viscous drag becomes relevant and quickly rises with the deformation rate, as seen in
Figure 9.

The increase in the strain rate and the two curve-fitting parameters ζ and χ all lead
to an increase in viscous drag stress, though the effect of strain rate is clearly seen in
this figure to be more predominant. Equations (11) and (12) were then used together
with experimental data for samples C, D, and E to evaluate the values of the curve-fitting
parameters ζ and χ, as shown in Figure 10, with the results shown in Table 4.
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Table 4. Calibrated curve-fitting parameters for the viscous drag component of yield and flow stress
for DMLS Ti6Al4V(ELI) samples.

Samples Viscous Drag Stress Fitting Parameters

ζ (MPa) X

C 207 0.00020
D 210 0.00032
E 210 0.00030

4.3. Validation of Microstructural Variable-Based Constitutive Model

The physical constants, microstructural parameters, and fitting parameters of the
model developed from the literature, experimental data, and analytical modelling presented
in Section 4.2 are summarized in Table 5. The experimental and predicted flow stress curves
for various samples with the viscous drag effect included are presented in Figures 11–13.

Table 5. A summary of constitutive flow stress model parameters for DMLS Ti6Al4V(ELI).

Prescribed Parameters Value and Units Fitted Parameters Values and Units

Boltzmann constant (kb) 1.38 × 10−23 m2·kg·s−2. K−1 σo 1063.2 MPa
Shear modulus (µ) 49.02− 5.821

e
181
T −1

GPa g0i 0.25

Burgers vector (b) 2.95 × 10−10 m h 8.3 × 1015 m−2

Reference strain rate (
.
εo) 107 s−1 k2 10

Grain sizes (d) Measured value ζ

Sample C 2.5 µm Samples C 207 MPa
Sample D 6.0 µm Samples D 210 MPa
Sample E 9.0 µm Samples E 210 MPa

Initial dislocation density Measured values in (m2) χ

Sample C 5.73 × 1014 Samples C 0.00032
Sample D 5.09 × 1014 Samples D 0.00030
Sample E 7.00 × 1014 Samples E 0.00020

Hall Petch constant (KH−P) 0.328 MPa.m1/2

P 1
Q 2

Taylor factor (M) 3
α 0.2
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To evaluate the overall capability of the model to predict the yield stress, the statistical
measures of correction coefficient (R2) and the absolute average error (δ) were obtained.
This was done for the graphs comparing the experimental and predicted values from the
modified model in Figure 11d, Figure 12d, and Figure 13d. The correlation coefficient
(R2) in this case provides details on the strength of the linear relationship between the
experimental and predicted values. It is important to note that R2 may not necessarily
show better performance of the model, due to a tendency of the linear fit to be biased
towards lower or higher values. This suggests that R2 can be misleading if outlier values
are present. The absolute average error, on the other hand, is calculated through a term-
by-term comparison of the relative error and is thus an unbiased statistical parameter
for measuring the predictability of the model. These standard statistical performance
measures, the correlation coefficients (R2), and absolute average error (δ) are expressed by
the following respective equations:

R2 =
∑N

i=1
(
Ei − E

)2 (Pi − P
)2

∑N
i=1
(
Ei − E

)2
∑N

i=1
(

Pi − P
)2 (17)

δ =
1
N

N

∑
i=1
|Ei − Pi

Ei
| (18)

where the symbol N stands for the total number of data points employed in the analysis,
Ei and Pi represent the experimental and predicted yield/flow stress values, and E and P
are the mean values of Ei and Pi at the line of fit, respectively. Generally, when the R2 value
is close to 1 and the δ value is close to 0, the model has the desired capacity to yield values
close to the experimental values. Table 6 shows the statistical measures obtained from
Figure 11d, Figure 12d, and Figure 13d.
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Table 6. Absolute error (δ) and correlation coefficient (R2) for the correlation of experimental and
predicted values of yield stress for various forms of DMLS Ti6Al4V(ELI).

Samples Type
R2 δ

At Yielding At Strain of 0.2 At Yielding At Strain of 0.2

C 0.9949 0.9918 0.0571 0.0195
D 0.9937 0.9843 0.0477 0.0264
E 0.9862 0.9762 0.0236 0.0370

The values of correction coefficient (R2) are high and very close to 1, as seen in Table 6.
It is also evident in the table that the absolute percentage errors between the predicted
values of the proposed model and experimental values are all less than 6.0%, which is
an acceptable range. This is a good indication that the microstructural variable-based
constitutive model developed in the present study is reasonably good for use in predicting
the high strain rate mechanical flow stress properties of the additively manufactured
Ti6Al4V(ELI) alloy.

5. Conclusions

The development, calibration, and validation of a constitutive model that is sensitive
to microstructure was presented in this paper, for use in predicting the flow stress of various
forms of DMLS Ti6Al4V(ELI) at different strain rates and temperatures. The following
conclusions can be drawn from this work:

• The athermal part of yield stress for DMLS Ti6Al4V(ELI) is greatly affect by the
thicknesses of α-laths. The contribution of the athermal stress to the yield strength for
the three different microstructures of DMLS Ti6Al4V(ELI) with average thicknesses
of α-laths of 2.5 µm (sample C), 6.0 µm (sample D), and 9.0 µm (sample E) was
207.45 MPa, 133.91 MPa, and 109.33 MPa, respectively.

• The initial dislocation density in a microstructure was shown to influence the shape
of the flow stress curve. For very high initial dislocation densities, the shape of
flow stress curve was shown to be that of a pronounced peak and subsequent strain
softening. Low initial dislocation densities were shown to result in strain hardening
post yielding.

• To explain the upsurge of flow stress at high strain rates and, therefore, enhance the
predictive capacity of the model, it is critical to include the viscous drag stress that is
usually not captured in MTS formulation.

• The standard statistical performance measures of correlation coefficients (R2) and
absolute average errors (δ) obtained for the model and experimental values were
approximately 1 and less than 6%, which are a good indication of high accuracy of the
model to predict the high strain rate mechanical properties of DMLS Ti6Al4V(ELI).

• Future research should aim at implementing the microstructure-based model for
DMLS Ti6Al4V(ELI) as a material subroutine in finite element modelling (FEM) soft-
ware such as ABAQUS. This will be important in simulating dynamic processes in
aircraft industry where Ti6Al4V is used primarily to provide the required static and
dynamic strength.

• Future research should aim at extending the utility of the constitutive relations devel-
oped in this study to other forms of DMLS Ti6Al4V(ELI) and other metals and alloys,
such as steel and aluminium, which show wide ranges of microstructure for varying
heat treatment cycles.
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Appendix A

The rate of increase of dislocations with plastic strain can be expressed as:

dρ

dεp
= (h− k2ρ) (A1)

The change in plastic strain εp can be expressed from Equation (A1) as:

dεp =

(
dρ

h− k2ρ

)
(A2)

The plastic strain at an instance therefore can be expressed as:

εp =
∫ dρ

(h− k2ρ)
= − 1

k2
ln(h− k2ρ) + C (A3)

Equation (A3) can further be simplified as:

− k2
(
εp − C

)
= ln(h− k2ρ) (A4a)

exp
(
−k2εp + A

)
= h− k2ρ (A4b)

ρ =
h
k2
− C1

k2
exp
(
−k2εp

)
(A4c)

where C is integral constant, A is the product of k2 and C, and C1 is the solution for exp C.
At yielding condition, εp = 0 and the ρ = ρo, where ρo is the material initial dislocation
density. Thus, C1 can be expressed as h− ρok2. Equation (A4c) then becomes:

ρ =
h
k2
− (h− ρok2)

k2
exp
(
−k2εp

)
=

h
k2

(
1− exp

(
−k2εp

))
+ ρoexp

(
−k2εp

)
(A5)

The flow stress Equation (6) now becomes:

σ = αµ(T)bM
(

h
k2

(
1− exp

(
−k2εp

))
+ ρoexp

(
−k2εp

)) 1
2

(A6)

The important feature of this expression is that only two constant parameters (h and
k2) are required to adequately describe the evolution of dislocations.
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