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Abstract: In this paper, the statistical properties and fatigue life estimations of 0.44% carbon steel
at different tempering temperatures are presented. The specimens were austenized at 900 ◦C for
10 min, quenched in water, tempered at different temperatures, and then machined to the design
geometry and average surface roughness of Ra = 0.4 µm. The effect of tempering temperature on the
fatigue life of 0.44% carbon steel was investigated using 75 fatigue tests, divided into three groups at
temperatures 500 ◦C, 600 ◦C, and 700 ◦C. S–N and P–S–N curves were established. Two methods of
estimating the mean fatigue life are presented. One is based on dislocation dipole accumulation and
Paris’ law; another is based on the kriging model. Six more fatigue tests were carried out to validate
the presented methods. Test results showed that the first method is superior to the second in terms
of estimating accuracy from the validation datum. However, the second method could estimate the
mean fatigue life of quenched and tempered 0.44% carbon steel with an average surface roughness of
Ra = 0.4 µm when the tempering temperature was set to a value other than 500 ◦C, 600 ◦C, or 700 ◦C,
with no additional fatigue test needed.

Keywords: 0.44% carbon steel; quenching and tempering treatment; tempering temperature;
surface roughness; fatigue life

1. Introduction

Quenched and tempered constructional steel has a higher ratio of yield strength to tensile strength,
a higher elongation, a less reduction of area, and a greater impact strength than steel without any
heat treatment [1]. Steel quenching is defined as “cooling of steel workpieces at a rate faster than still
air” [2]. The cooling rate is so fast that austenite is mainly transformed into martensite and bainite [3].
Mei and Morris’ study [4] showed that due to the influence of martensite, the fatigue crack growth rate
of austenitic stainless steels 304 L was 10 times slower than that of 304 LN in the given condition. It has
been reported that microstructure and residual stress relief are affected by tempering temperature
in dual phase steels [5,6]. Moreover, the fatigue life of structures is mainly dependent on surface
roughness, residual stress, and microstructure [7]. Therefore, it is important to investigate the fatigue
property and life estimation of quenched and tempered steel at different tempering temperatures to
improve the safety and reliability of the carbon steel in service.

The fatigue properties of quenched and tempered steel have been investigated by some researchers.
Murakami et al. [8] investigated the effects of non-metallic inclusions on the fatigue properties of
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quenched and tempered 0.46% carbon steel in the range of super-high cycle fatigue life, and proposed
an endurance limit prediction method by the

√
area parameter model [9] with three parameters:

the Vickers hardness of the matrix, the square root of the projected area of inclusions, and residual
stress. Starke et al. [10,11] analyzed the fatigue behavior of quenched and tempered SAE (Society of
Automotive Engineers) 4140 steel using three types of data: Stress–strain hysteresis, temperature, and
electrical resistance. They proposed a fatigue life calculation method, PHYBAL, using data from only
three fatigue tests. Gauland and Duquette [12] observed significant reductions in the fatigue resistance
of quenched and tempered 4130 steel, with fretting cracks that deviated into the alloy becoming
initiated fatigue cracks when the specimen was simultaneously subjected to cyclic stress and fretting
of the surface.

The effects of tempering temperature on fatigue properties have been reported by some
researchers. It was observed by London et al. [13] that in cantilevered bending fatigue samples,
the growth rate of small surface cracks slowed slightly at the same cyclic stress intensity with an
increase of the tempering temperature from 200 ◦C to 700 ◦C. Moreover, at tempering temperatures of
200 ◦C and 400 ◦C, the threshold of cyclic stress intensity for small crack propagation was above that
for a long crack; at tempering temperatures of 550 ◦C and 700 ◦C, the threshold for small cracks was
below corresponding long crack thresholds, with cracks at 700 ◦C tempering showing the small crack
effect. Amirat et al. [14] showed that for W1.6753 (A high strength alloy steel Werkstoff 1.6753) steel
near the threshold of its stress intensity factor, lowering the tempering temperature (500 ◦C vs. 200 ◦C)
resulted in increased fatigue crack growth at 0.6 Hz and 78 Hz. Similar conclusions were also obtained
by Tsay et al. [15], with fatigue crack growth rates decreasing as the tempering temperature increased
from 400 ◦C to 600 ◦C for both D6AC steel plates and laser welds. They also showed that the endurance
limit was also affected by the tempering temperature.

Opposing conclusions were obtained by Sultan [16] for carburized steel, where fatigue resistance
was increased with an increase in tempering temperature: tested tempering temperatures were
200 ◦C, 300 ◦C, and 400 ◦C. Yu et al. [17] reported that the endurance limit of center-notched
specimens increased as the tempering temperature decreased, and notch sensitivity and absolute
notch fatigue strength were not significantly dependent on tempering temperature. Using uniaxial
tension–compression fatigue tests of high-strength steel tempered at different tempering temperatures
(433 K and 573 K), Oguma and Nakamura [18] found: (1) In the 104–105 cycle range, the endurance
limit for both tempering conditions was proportional to the Vickers hardness Se ≈ 1.6 Hv; (2) In
the 105–108 cycle range, the material tempered at a lower temperature showed a lower endurance
limit. In Reference [19], the results of fatigue tests of high-strength spring steel showed that the
highest endurance limit, ductility, and toughness were achieved when the tempering temperature
was 450 ◦C. For the experiment, the material was austenized at 900 ◦C for 40 min and quenched
in oil, and then tempered for 30 min at temperatures of 300 ◦C, 350 ◦C, 400 ◦C, 450 ◦C, and 500 ◦C.
Another report [20] found that material tempered at 250 ◦C exhibited superior fatigue properties in
short life regions when steel was heated up to 950 ◦C for 5 min and quenched using water. Tempering
treatments at temperatures of 100 ◦C, 250 ◦C, and 340 ◦C were performed for 30 min and followed
by air cooling. The effects of tempering temperature on 4300 sintered steel have been investigated
by Williams et al. [21], who found that an increase in tempering temperature of 54% resulted in a 2%
increase in the endurance limit when specimens were tempered for one hour in air at either 205 ◦C
or 315 ◦C. The experimental results of Siddiqui et al. [22] showed an initial increase in the number of
cycles to fail when tempering was changed from 100 ◦C to 200 ◦C for 30 min, but that further increase
in tempering time and temperature reduced the resistance to fatigue failure. It was also seen by
Anctil and Kula [23] that the crack growth rates of 4340 steel decreased as the tempering temperature
increased to 600 F, and then increased again with higher tempering temperatures.

For this work, the statistical properties of the fatigue life for quenched and tempered 0.44% carbon
steel are analyzed and the fatigue life is estimated. The specimens were austenized at 900 ◦C and
quenched in water, and subsequently tempered at different tempering temperatures. The chemical
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composition of the material, specimen geometry, and the testing machine are described, and the
mechanical properties of specimens tempered at different tempering temperatures are shown in
Section 2. S–N curves, P–S–N curves, and their estimated parameters are presented in Section 3.
In Section 4, two methods for estimating the mean fatigue life of quenched and tempered 0.44% carbon
steel are presented: One is based on dislocation dipole accumulation and Paris’ law, and the other is
based on the kriging model. Finally, conclusions are drawn.

2. Material and Fatigue Test Results

2.1. Material, Specimens, and Fatigue Tests

The chemical composition of the material investigated in this work is shown in Table 1. The raw
material was a hot rolled steel bar of 14 mm diameter. A total of 75 steel bars with lengths of 52 mm
were firstly turned to 10 mm. They were austenized at 900 ◦C for 10 min and quenched in water.
To investigate the effect of tempering temperature (T) on fatigue life, specimens were divided into
three groups of 25 specimens each. The 25 specimens of the first group were tempered at 500 ◦C for
60 min, the 25 specimens of the second group were tempered at 600 ◦C for 60 min, and the others
were tempered at 700 ◦C for 60 min. Subsequently, specimens were machined into an hourglass shape.
The geometry of the specimens is shown in Figure 1. The central part of the specimen was polished
to an average surface roughness (Ra) of 0.4 µm, and rotating bending fatigue tests were performed.
The testing machine is shown in Figure 2. The cycle frequency was 25 Hz. The cycle stress amplitudes
of the first group were 750, 730, 700, 680, and 650 MPa, respectively. Those of the second and third
group were 550, 500, 450, 430, and 400 MPa. A total of five fatigue tests were performed under each
stress amplitude. When the crack of the specimen grew to a length which resulted in the test machine
not rotating properly due to excessive bending deformation, or the specimen failed due to fracture,
the corresponding cycle number was defined as the fatigue life of the specimen. Table 2 lists the
tensile strength, yield strength, and elongation at break of specimens tempered at different tempering
temperatures. It can be observed that tensile and yield strength decreased, and the elongation at break
increased, as the tempering temperature increased from 500 ◦C to 700 ◦C.

Table 1. Chemical composition of the material.

Element C Cr Mo Si Mn S P Ni

Weight (%) 0.44 0.04 0.02 0.23 0.57 0.016 0.024 0.002

Table 2. Mechanical properties of the material with the different tempering temperature.

Case Tensile Strength (MPa) Yield Strength (MPa) Elongation at Break (%)

No heat treatment 710 490 19.17
T = 500 ◦C 875 693 16.26
T = 600 ◦C 698 538 20.54
T = 700 ◦C 620 510 25.69
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2.2. Fatigue Test Results

The scatter plot of fatigue test results is shown in Figure 3. It is shown that: (1) When the same
cycle stress amplitude was applied to the specimens, the fatigue life of the first group (tempering
temperature 500 ◦C) was much longer than that of the second (tempering temperature 600 ◦C) or third
groups (tempering temperature 700 ◦C); (2) The fatigue life of the second group was slightly greater
than that of the third group when cycle stress amplitude was 500 or 550 MPa; (3) The fatigue life of the
second group was significantly greater than that of the third group when cycle stress amplitude was
450, 430, or 400 MPa. These results might be due to the fact that fatigue crack growth rates increase
or fatigue life decreases when the tempering temperature is increased above a certain value [22,23].
The mean and standard deviations of fatigue life of the first, second, and third group are listed in
Tables 1–3, respectively. In Tables 3–5 and Figure 3, it is shown that fatigue life is dispersive, and the
dispersion is increasingly significant with a decrease of the applied cycle stress amplitude for three
kinds of tempering temperature. This could be because: (1) Fatigue life is rarely affected by the
stochastic surface groove of the specimen, due to the manufacturing process when the cycle stress
amplitude is large; (2) An opposite effect when the specimen is exposed to a relatively small cyclic
stress amplitude. Similar results have been observed in Reference [24].
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Table 3. Mean and standard deviations (Std. D) of fatigue life of the first group (tempering temperature
500 ◦C).

Cycle Stress Amplitude 750 MPa 730 MPa 700 MPa 680 MPa 650 MPa

Mean 16,899 35,511 53,961 83,271 192,109
Std. D 3024 4352 7254 7791 24,829

Table 4. Mean and standard deviations of fatigue life of the first group (tempering temperature 600 ◦C).

Cycle Stress Amplitude 550 MPa 500 MPa 450 MPa 430 MPa 400 MPa

Mean 9846 24,816 63,271 90,126 273,045
Std. D 2921 3061 9838 7556 71,309

Table 5. Mean and standard deviations of fatigue life of the first group (tempering temperature 700 ◦C).

Cycle Stress Amplitude 550 MPa 500 MPa 450 MPa 430 MPa 400 MPa

Mean 2490 6569 16,560 27,932 60,327
Std. D 449 600 1958 6885 10,217

3. S–N and P–S–N Curves

To obtain S–N curves for specimens from the first, second, and third group, the logarithm stress
amplitudes and means of the fatigue life with respect to base 10 were taken first, and then a simple
linear regression model was used, where the dependent variable and the independent variable were
the base 10 logarithm of means of the fatigue life and stress amplitudes, respectively. Material constants
(the base 10 logarithm of the parameters of the simple linear regression model) c and n were estimated
by the least square method, and are listed in Table 6. They satisfy the logarithmic Basquin equation:

lgN = lgc − nlgS, (1)

S and N are the cycle stress amplitude and fatigue life, respectively.

Table 6. Material constants at tempering temperatures 500 ◦C, 600 ◦C, and 700 ◦C.

Tempering Temperature (◦C) n c

500 15.928 1.17 × 1050

600 10.351 1.68 × 1032

700 9.800 3.02 × 1030

S–N curves at tempering temperatures of 500 ◦C, 600 ◦C, and 700 ◦C, and corresponding
experimental fatigue lives, are shown in Figure 4. As can be seen, the S–N curve agrees very well with
the experimental data for the three tempering temperatures. Similar conclusions to those described in
Section 2.2 can be observed: The decrease of the tempering temperature from 700 ◦C to 500 ◦C can
greatly result in increasing fatigue life for quenched and tempered 0.44% carbon steel with Ra = 0.4 µm.
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Using the Lilliefors test method, the fatigue lives of specimens from each group, for the same cycle
stress amplitude, were verified as following a normal distribution. The P–S–N curves at tempering
temperatures 500 ◦C, 600 ◦C, and 700 ◦C are shown in Figures 5–7, respectively. R is defined as survival
probability and γ is confidence level. In Figures 5–7, the blue triangle, pink inverted triangle, black
square, and red dot are the calculated data points of the confidence lower limit, and are calculated as
described in Reference [24]:

xRL = x + hσx, (2)

where x is the mean, σx is the standard deviation of experimental fatigue life, and h is the one-sided
tolerance factor. Next, the P–S–N curve is fitted using the similar logarithmic Basquin equation:
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Parameters a1 and a2 are estimated by the least square method, and a1 and a2 for the fatigue life
datum at tempering temperatures of 500 ◦C, 600 ◦C, and 700 ◦C are shown in Tables 7–9, respectively.

Table 7. Parameters of P–S–N curves at tempering temperature 500 ◦C.

γ (%)
R (%)

50 90 99 99.9 Parameters

95
55.4102 63.2524 70.7045 76.2902 a1
−17.8844 −20.7676 −23.5074 −25.5609 a2

99
56.4943 65.0440 73.5117 79.8967 a1
−18.2830 −21.4263 −24.5394 −26.8868 a2
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Table 8. Parameters of P–S–N at tempering temperature 600 ◦C.

γ (%)
R (%)

50 90 99 99.9 Parameters

95
32.0784 33.1431 34.1549 34.9133 a1
−10.3864 −10.9761 −11.5364 −11.9564 a2

99
32.2255 33.3864 34.5361 35.4030 a1
−10.4679 −11.1108 −11.7475 −12.2276 a2

Table 9. Parameters of P–S–N curves at tempering temperature 700 ◦C.

γ (%)
R (%)

50 90 99 99.9 Parameters

95
29.0706 26.8584 24.7561 23.1804 a1
−9.4609 −8.7961 −8.1645 −7.6910 a2

99
28.7648 26.3529 23.9642 22.1630 a1
−9.3690 −8.6443 −7.9265 −7.3853 a2

As shown in Figures 5–7 and Tables 7–9, for all P–S–N curves and their parameters a1 and a2,
there is no significant difference between confidence levels γ = 95% and γ = 99% when the survival
probability R is 50%, 90%, 99%, or 99.9%. This implies that the confidence lower limit in Equation (2)
is almost unaffected whether the confidence level is 95% or 99%. However, it is very clear that the
estimated P–S–N curve could not agree closely to the corresponding confidence lower limit when R
≥ 90%. That is, the relationship between lg

(
N f

)
and lgS is no longer proportional. This is because

the standard deviation of fatigue life is increasingly significant as the applied cycle stress amplitude
decreases for the three tempering temperatures described in Section 2.2, while the mean of lg

(
N f

)
is

proportional to the mean of lgS for a P–S–N curve or S–N curve with R = 50%.

4. Fatigue Life Estimation

4.1. Fatigue Life Estimation Based on Dislocation Dipole Accumulation Model and Paris’ Law

The fatigue life N is
N = Ni + Np, (4)

where Ni and Np are crack initiation life and crack propagation life, respectively. Ni has an analytic
formulation and was presented by Tanaka and Mura [25,26]. The formulation was based on the
dislocation dipole accumulation model. On this basis, Wang et al. [27] presented the formula of Ni for
a specimen with different surface roughness in References [25–28]:

Ni =
9∆K2

thG

E(S− Se)
2π(1− υ)a0

, (5)

where ∆Kth, G, E, and Se are the threshold of stress intensity factor, shear modulus, elastic modulus,
and endurance limit, respectively; υ is the Poisson’s ratio; and a0 is the equivalent initial micro-defect
size where a0 = 2.97Ra [24].

Np has also an analytic expression, obtained by integrating Paris’ law; asc is a threshold for
identifying long and short cracks; and af is defined as the crack size of final failure. Generally,
cycles from a0 to asc are much greater than cycles from asc to af. Then, Np can be taken as described in
Reference [29]:

Np =
a(1−

n
2 )

0

CSnβn
1π

n
2
( n

2 − 1
) , (6)
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where β1 = 0.5
√

π. The parameter C can be calculated by

C =
a(1 −

n
2 )

0

Cβn
1 π

n
2 ( n

2 − 1)
. (7)

The material constants n and c are listed in Table 6 in Section 3. The material constants C can be
calculated by solving Equation (7), and are listed in Table 10.

Table 10. Material constants C and n at tempering temperatures 500 ◦C, 600 ◦C, and 700 ◦C.

Tempering Temperature (◦C) n C

500 15.9280 2.7800 × 10−55

600 10.3150 6.6324 × 10−36

700 9.8840 4.9143 × 10−34

Using the material constants C and n, the mean fatigue life N of the quenched and tempered
0.44% carbon steel with different tempering temperatures and the average surface roughness of
Ra = 0.4 µm is:

N =


49895

(S − 530)2 + 1.1702 × 1050

S15.9280 , (T = 500 ◦C, Ra = 0.4 µm)

49895
(S − 300)2 + 1.4152 × 1032

S10.3150 , (T = 600 ◦C, Ra = 0.4 µm)

49895
(S − 255)2 + 3.0187 × 1030

S9.8840 , (T = 700 ◦C, Ra = 0.4 µm)

. (8)

4.2. Fatigue Life Estimation Based on the Kriging Model

If the tempering temperature T is set to a value other than 500 ◦C, 600 ◦C, or 700 ◦C, many fatigue
tests must be completed again to estimate the mean fatigue life N of the quenched and tempered 0.44%
carbon steel using Equation (8) when average surface roughness Ra is still 0.4 µm. Therefore, a new
fatigue life estimation method based on the kriging model is presented in this work. Kriging modeling
has become a popular method of approximating a deterministic computer model. It has been used in a
wide variety of applications, including conceptual design, structural optimization, multidisciplinary
design optimization, aerospace engineering, and mechanical engineering [30].

Given a set of m design sites S = [s1, · · · , sm]
T with si ∈ Rn and responses Y = [y1, · · · , ym]

T with
yi ∈ R, the kriging predictor at an untried point x is assumed as described in Reference [31]

ŷ(x) = CTY, (9)

with C = C(x) ∈ Rm. The corresponding true value can be written as

y(x) = F(β, x) + z(x), (10)

where F(β, x) and z(x) are the regression model and the approximation error, respectively. To keep
the predictor unbiased E[ŷ(x)− y(x)] = 0 and minimize the mean squared error of the predictor,
Lagrange multiplier λ and C are

λ = −2σ2
(

FTR−1F
)−1(

FTR−1r−F (β, x)
)

, (11)

C = R−1
(

r +
Fλ

2σ2

)
, (12)

where F = [F (β, s1), · · · ,F (β, sm)]
T, R is defined as the matrix of stochastic process correlations

between the approximation error z’s at design sites with Rij = R(θ, si, sj), i, j = 1, · · · , m,



Metals 2017, 7, 312 10 of 13

r =R(θ, s1, x), · · · ,R(θ, sm, x)T, and σ2 the variance of the response y. R is the correlation model
with parameter θ, and is expressed by

R(θ, ω, x) =
n

∏
j=1
Rj(θ, ωj− xj), (13)

In this work,Rj
(
θ, ωj− xj

)
= Exp

[
θ
(
ωj− xj

)2
]
. For the regression problem Fβ = Y, the generalized

least squares solution with respect to R is

β∗ =
(

FTR−1F
)−1

FTR−1Y. (14)

Then, the kriging predictor at an untried point x is

ŷ(x) = F(β, x)β∗+ rTR−1(Y− Fβ∗). (15)

The means of the fatigue life are defined as responses Y. Each design site is composed of the
tempering temperature and the stress amplitude.

Using the data in Tables 4–6, the predicted surface mean of fatigue life based on the kriging model
is shown in Figure 8. If the tempering temperature and stress amplitude are given, the corresponding
means of fatigue life should be estimated by the surface function. Therefore, if tempering temperature
T is set to a value other than 500 ◦C, 600 ◦C, or 700 ◦C, the mean fatigue life N of quenched and
tempered 0.44% carbon steel can be estimated by the surface function, and no additional fatigue test
needs to be done when the average surface roughness Ra is still 0.4 µm.
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Six other fatigue tests were carried out to validate the presented methods. They are composed of
two tests with T = 500 ◦C and S = 690 MPa, two tests with T = 600 ◦C and S = 470 MPa, and two tests
T = 700 ◦C and S = 420 MPa. The stress amplitudes were different from those of the previous fatigue
tests. The test results are shown in Table 11. It can be seen that the maximum estimation error of the
first method is 15.81% and that of the method based on the kriging model is 43.21%. It can be observed
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that the method based on the dislocation dipole accumulation model and Paris’ law is superior to the
method based on the kriging model for estimating accuracy from the validation datum.

Table 11. Method validation and error.

Tempering
Temperature

Stress
Amplitude

Estimated Fatigue Life Experimental
Fatigue Life

Mean of
Experimental
Fatigue Life

Error

Method in
Section 4.1

Method in
Section 4.2

Method in
Section 4.1

Method in
Section 4.2

500 ◦C 690 MPa 78,028 61,990
74,555

71,159 9.65% −12.88%67,762

600 ◦C 470 MPa 59,549 73,638
58,055

51,418 15.81% 43.21%44,780

700 ◦C 420 MPa 45,477 38,404
48,086

41,623 9.25% −7.73%35,159

5. Conclusions

For 0.44% carbon steel with an average surface roughness of 0.4 µm, austenized at 900 ◦C and
quenched in water, fatigue life observably decreased with increased tempering temperature from
500 ◦C to 700 ◦C when specimens were exposed to the same cycle stress amplitude. Fatigue life shows
dispersion, and this dispersion is increasingly significant as the applied cycle stress amplitude is
decreased, for tempering temperatures of 500 ◦C, 600 ◦C, and 700 ◦C. The P–S–N curves and their
parameters at tempering temperatures of 500 ◦C, 600 ◦C, or 700 ◦C showed no significant difference
between confidence levels of 95% and 99% when survival probability R was 50%, 90%, 99%, or 99.9%.
The method based on the dislocation dipole accumulation model and Paris’ law was superior to
the method based on the kriging model in terms of estimating accuracy from the validation datum.
However, the latter could estimate the mean fatigue life of the quenched and tempered 0.44% carbon
steel with average surface roughness of Ra = 0.4 µm when the tempering temperature was set to a
value other than 500 ◦C, 600 ◦C, or 700 ◦C, without conducting additional fatigue tests.
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