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Abstract: Titanium alloys with high stacking-fault energy show continuous dynamic recrystallization
(CDRX) instead of discontinuous dynamic recrystallization (DDRX) during high-temperature
deformation. During the CDRX mechanism, new recrystallized grains are generated by the
progressive increasing of the low-angle boundary misorientations. In the present work, the CDRX
phenomenon was modeled by using a cellular automaton (CA)-based method. The size of seeds
was determined based on a phenomenological approach, and then the number and distribution
of recrystallized grains as well as the topological changes were applied by utilizing the CA
approach. In order to verify the capacity of the proposed model for predicting the microstructural
characteristics, the experimental data of the hot-compressed TiNiFe alloy were used. Results showed
that the presented model can accurately estimate the fraction of the recrystallized area. Moreover,
the macroscopic flow curves of the alloy were well predicted by the present model.

Keywords: continuous dynamic recrystallization; cellular automaton; microstructural modeling;
phenomenological approach

1. Introduction

Hot deformation characteristics of metals and alloys are interesting subjects which have
been extensively investigated. One of the most important softening processes to achieve grain
refinement and thereby desired mechanical properties is the dynamic recrystallization (DRX) [1].
Therefore, understanding and modeling the DRX phenomenon can provide an accurate control of the
microstructure development during high-temperature deformation. The discrete mesoscale simulation
of microstructures in which both the kinetics and energies are locally traced is a promising tool for
estimating the microstructural features [2,3].

DRX coexists and competes with the dislocation storage process. This phenomenon can take
place slowly and continuously (CDRX) or fast and discontinuously (DDRX) [4]. In the case of CDRX,
the stored strain energy is released by the formation of subgrains with a progressive transformation
of low-angle grain boundaries into high-angle grain boundaries [5,6], while during DDRX, new
recrystallized grains are nucleated along the initial grain boundaries and grow towards the area with
higher dislocation density [7] to decrease the stored strain energy [8]. In other words, the new DRX
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nuclei are generated via the bulging mechanism [9] and grow by consuming the work-hardened
neighboring grains.

Various approaches exist for modeling the microstructural development of alloys, such as phase
field [10,11], Monte Carlo [12–14], boundary-dynamic model [15], phase field [16,17] and the vertex
model [18,19]. Among these approaches, the Cellular Automaton (CA) method is widely utilized
for understanding the nature of DRX behavior due to its advantages of determinacy and calibration
capacity in the time and length scales [20,21]. In fact, the CA approach has been introduced to combine
two models: a simple and scalable switching model, and a physical boundary dynamics model [2].

Transition rules of cell state defined by using arbitrary constitutive equations can be easily
implemented in a CA model, making it an adaptable tool for modeling various complicated
processes [22]. A CA model consists of algorithms executing the local probabilistic [23] or
deterministic [24] transformation rules in a grid of uniform cells. In the literature, there are numerous
CA-based studies focused on SRX and DDRX. Several works have assessed the ability of CA modeling
to predict the grain size and fraction of recrystallized area during the SRX phenomenon [25–28].
However, most of the published works in the field of DRX modeling by using CA are limited to
the alloys experiencing the DDRX softening mechanism. Jin et al. [29] have presented a CA model
based on the physical metallurgy and mathematical statistics theorem to estimate the microstructural
characteristics during DRX. They have used a dislocation-related nucleation method and metallurgical
principles for determining the nucleation kinetics and the growth kinetics of recrystallized grains,
respectively. It has been shown that CA-based models coupled with a geometry deformation
module are interesting tools to model DRX due to their capacity in tracing the changes in grain
morphology [30–32]. Jin et al. [33] also evaluated a modified CA model to predict the microstructure
during DRX for an oxygen-free high-conductivity copper. They implemented the input parameters
by using an adaptive response surface method. Recently, Haipeng et al. [34], Zhang et al. [35] and
Li et al. [36] have studied influences of the hot deformation variables on the microstructural features
of recrystallized grains via the CA approach, and proved the high precision of the simulated results.
Azarbarmas and Aghaie-Khafri [37] have lately presented a CA model coupled with a rate-dependent
model to simulate the DDRX phenomenon during the hot deformation of Inconel 718, and showed the
good ability of the CA model in coupling with other models.

In the existing literature, most of the DRX modeling works based on the CA method are limited
to the DDRX phenomenon, and there are limited works that model the microstructure during CDRX.
In this investigation, the microstructure of the TiNiFe alloy experiencing CDRX is modeled by using
the CA method coupled with the phenomenological approach. Results of the proposed model were
verified by using the experimental data existing in the literature.

2. Continuous Dynamic Recrystallization (CDRX)

It is now established that two main mechanisms of DRX are DDRX and CDRX [38]. DDRX
is assumed as a two-stage process comprising the nucleation and growth of recrystallized grains
with high-angle boundaries (HABs). This mechanism is the main restoration process during
high-temperature deformation of alloys with low stacking-fault energy [39]. On the other hand,
CDRX is known as a one-stage process, without a large-scale migration of HABs [40]. During the
CDRX mechanism, the progressive increasing of the misorientations between neighboring subgrains
leads to the development of new recrystallized grains with HABs [41,42].

Figure 1 shows the schematics of CDRX stages. At low strains, new dislocations are generated
due to the strain hardening, and the dislocation density is increased (Figure 1a). In the subsequent
deformation, dislocations are rearranged and self-annihilated, making cell boundaries. The resulting
structure consists of the subgrains with low-angle boundaries (LABs) (Figure 1b). Continuing the
deformation causes the strain hardening and dislocation density to increase inside the subgrains
(Figure 1c). Then, dislocations are rearranged and absorbed into the sub-boundaries. This gradually
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increases the misorientation between subgrains, thereby converting the boundaries of subgrains from
LABs to medium-angle boundaries (MABs) and finally to HABs (Figure 1d,f).
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Figure 1. The schematic presentation of the continuous dynamic recrystallization (CDRX)
phenomenon steps.

3. The CA Model Concept

In the present model, the initial structure, the plastic deformation and its effects on the
dislocation density as well as changes in the shape of grains were evaluated during the CDRX
phenomenon. The CA approach, which can model phenomena in a discrete form of the time
and space [20], is an interesting modeling method for scientists due to its calibration ability and
reasonable execution time [43]. A CA-based procedure comprises unit cells arrayed in one, two or
three dimensions. Typical neighborhoods in the CA modeling are the von Neumann neighborhood
and Moore neighborhood. To satisfy a microstructure with equiaxed grains, a neighborhood originated
from combining the von Neumann neighborhood and Moore neighborhood was utilized in this work,
see Figure 2c. It should be noted that the probability of cell i to grow into cell k is higher than into cell j,
Figure 2c. In fact, the probability for selection of a neighboring cell is according to its area being inside
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the red circle in Figure 2c. These areas for cell j and cell k are 0.54 and 0.97, respectively, by considering
the area of cell i equal to 1.

The state of a cell is dynamically updated and determined by considering the state of that cell and
its neighbors at the last time step.
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Figure 2. Various definitions of the neighborhood in the Cellular Automaton (CA) modeling: (a) the
Von Neumann neighborhood, (b) the Moore neighborhood and (c) the corrected Moore neighborhood
which was utilized in the present work.

3.1. Evolution of Dislocation Density

The density of dislocation in a microstructure is governed by the work hardening, dynamic
recovery and DRX, which take place simultaneously during the high-temperature plastic deformation.
Kocks and Mecking [44] showed that the flow stress can be estimated by using the average dislocation
density, see Equation (1).

σ = αµb
√

ρ, (1)

where α is a dislocation interaction parameter, which is assumed to be equal to 0.5−1 [33]; µ and b
indicate the shear modulus and Burger’s vector, respectively. Also, ρ denotes the average dislocation
density determined from Equation (2),

ρ =
1

Ntotal
∑Ntotal

1 ρi , (2)

where Ntotal is the total number of the defined cells. Dislocation density increments for each cell
can be obtained by using Equation (3), proposed by Kocks and Mecking, which is based on a
phenomenological method [44].

dρ

dε
= K1

√
ρ − K2ρ, (3)

where dε is the strain increment; K1 and K2 represent constants indicating the influences of the work
hardening and dynamic recovery, respectively; and K1 and K2 are obtained via Equation (4),

K1 = 2θ0/αµb, K2 = 2θ0/σP , (4)

where θ0 is the rate of work hardening (θ0 = ∂σ/∂ε) determined by considering the flow stress curves
of alloy, and σP is the peak stress.

3.2. Generation of Initial Microstructure

The initial microstructure was modeled by utilizing a normal grain growth algorithm with a
periodic boundary condition. This work is limited to 2D microstructures but one can extend it to 3D
microstructures. To create the initial microstructure, 12 cells were randomly selected and defined as
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nuclei. Then, each nucleus was grown by considering the neighborhood defined in Figure 2c until the
whole space was covered by these grains. The required state variables comprising the grain number,
the initial dislocation density (to evaluate the critical condition for the occurrence of DRX), initial
orientation (for distinguishing the grains and detecting the grain boundaries), the recrystallization
state (to determine the DRX fraction) and so on were defined for each cell. The modeled initial
microstructure contained 200 × 200 cells with the dimensions of 60 × 60 µm2.

3.3. Modeling of CDRX

As the stored strain energy arising from dislocation accumulation can overcome the critical
dislocation density, new nuclei initiate to recrystallize. The nucleation sites were randomly determined
from the cells belonging to the work-hardened grains. Also, the dislocation density of a nucleus was
considered as that of an annealed material. This dislocation density increases for each cell as the strain
increases according to Equation (3). At any time step, a certain number of DRX nuclei were generated.
This number was determined by considering the rate of nucleation per unit area of grain boundaries,
which is a function of the compression temperature and the strain rate, see Equation (5) [45],

.
n = C

.
ε exp

(
− Q

RT

)
, (5)

where
.
n indicates the rate of nucleation; Q denotes the activation energy obtained by using the

stress–strain curve; and C is a constant. It is clear that the nucleation rate increases as the strain rate
and temperature of deformation increase.

A two-dimensional microstructure is, in fact, a cross-sectional view of a corresponding
three-dimensional microstructure. In this 2D structure, the average size of DRX grains was determined
by considering an equivalent mean radius of grains via Equation (6):

D = 2

√
ncellAcell

π
, (6)

where Acell and ncell denote the area of one cell and the total number of cells belonging to the given
grain, respectively.

3.4. The Module of Geometry Changes

The deformation of grains results in grain morphology changes. In this investigation, an updatable
CA-based approach [30,46] was utilized in order to apply the effects of the hot deformation on the
grain morphology more precisely. The location of any point in a two-dimensional lattice can be
indicated by a vector. Accordingly, a new situation of a certain point may be defined by using a
new vector. On the other hand, it is possible to represent the deformation via a 2 × 2 deformation
matrix in a two-dimensional lattice. Thus, a uniform deformation matrix S transfers the original
vector u to a new vector v, as shown in Equation (7). In fact, the general deformation tensor can be
decomposed into the stretch tensor S and the rotation tensor R. It is possible to utilize the stretch tensor
for the uniaxial compression test, neglecting the rigid rotation of grains, as Chen et al. [31] and other
researchers [30,47,48] have done. It is clear that for a complicated deformation which experienced the
shearing and localized deformation, the rotation of grains and thereby the antidiagonal components of
the deformation tensor should be considered too:

v = Su→
[

vx

vy

]
=

[
Ix 0
0 Iy

][
ux

uy

]
, (7)

where Ii (i = x, y) indicates the principal deformation at a 2D network. So, εi = ln Ii is the true strain
along the principal directions of the plastic deformation. Because it is presumed that the volume is
constant throughout the plastic deformation, the determinant of matrix I should be equated to unit
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(IxIy = 1). To trace reliably influences of the plastic deformation, a module consisting of a cellular
coordinate system (CCS) and the material coordinate system (MCS) was utilized. Details on these
coordinate systems combination have been provided in [48]. The CCS contains lattice cells with a
constant size, while the lattice size of MCS can be changed during the simulation. In each strain step,
the elongated shape of grains is mapped from the MCS to CCS. Then, the work hardening (dislocation
density increments) and the recrystallization stage (if the dislocation density exceeds the critical value)
are applied at the CCS, and resulting changes are mapped to the MCS for tracking the next strain step.

4. Simulation Stages

In this investigation, the CA modeling was executed according to the following sequential steps,
which are illustrated in Figure 3. (1) Modeling the initial microstructure; (2) straining and running
the geometry module according to the deformation increment for determining the morphological
characteristics of grains; (3) calculating the increments of dislocation density; (4) comparing the
calculated dislocation density of the microstructure with the critical value; (5) mapping the elongated
grains and new DRX grains.

Sachs’s and Taylor’s models are two pioneering models proposed for polycrystal deformation.
Sachs’s model [49] considers only strain compatibility, while Taylor’s model [50] presumes just stress
equilibrium. Therefore, the complex interactions among crystals within a polycrystal can be simply
evaluated by using these models. The model presented here is based on Taylor’s theory [50] in the
case of an axisymmetric tension/compression. According to this theorem, it can be assumed that each
grain is subjected to a similar displacement field as the aggregate.
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Figure 3. The algorithm used for CA modeling of the CDRX phenomenon.

In the recrystallization stage, the number of recrystallized grains was determined by using
Equation (5). Then, these grains were distributed inside the grains with the dislocation density
exceeded from the critical value. In fact, these grains form as a result of the cell boundaries’
development. Against the DDRX mechanism, in the proposed model for CDRX, new recrystallized
grains were not placed only along the preexisting grain boundaries. The nucleation site inside a grain
(with the critical dislocation density) was randomly selected. However, some characteristics of the
CDRX mechanism were not considered in the present model. For example, tracking the generation
and movement of dislocations, and the effects of initial orientation and texture development, were not
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investigated. Nevertheless, the impact of lacking these features was limited by coupling the CA model
with a phenomenological model by which the actual subgrain size was implemented in the model.

CDRX is a one-step recrystallization process without a large-scale growth. So the size of
recrystallized grains formed via the CDRX phenomenon is similar to that of the subgrains. This can
be seen in Figure 4 in which the experimental data reported for the TiNiFe alloy by Yin et al. [51,52]
are presented. In the present model, a relationship for the size of recrystallized grains (resulting
from the subgrains) was proposed by using the phenomenological model. A phenomenological
approach provides a mathematical description of a phenomenon based on the experimental data [53].
As can be observed in Figure 5, there is a linear relationship between the subgrain size (Dsub) and
Zener–Hollomon parameter (Z). The obtained expression is demonstrated in Equation (8).
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Figure 5. The plot of CDRX grain size (Dsub) resulting from the subgrains of the TiNiFe alloy as a
function of Zener–Hollomon parameter (Z); showing the linear relationship between ln Dsub and ln Z.

ln Dsub = −0.28 ln Z + 7.384, Dsub = 1610 Z−0.28 (8)

In this study, new CDRX grains were defined in one stage with the size of subgrains estimated
by utilizing Equation (8), at each condition of the temperature and the strain rate. The nucleation
was performed by using the corrected Moore neighborhood (Figure 2c). In the presented model,
the recrystallized grains can be considered as nonrecrystallized grains because of the accumulation
of dislocations. This means that when the density of dislocation inside a recrystallized grain exceeds
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the critical value (due to the restrain hardening), this grain is subsequently replaced by the nucleated
DRX grains. Therefore, evaluating the increment of dislocation density and comparing it with the
critical value should be done for all cells independent of the recrystallization state of them. In this
model, the size of subgrains was determined based on the phenomenological procedure, and the
number and distribution of grains as well as the topological changes were applied by using the CA
approach. In fact, the CA part of the proposed model for simulating the CDRX phenomenon is similar
to models provided for DDRX in the literature, but it has transition rules accommodated to CDRX
conditions to limit the grain boundary migration and the heterogeneous nucleation along the primary
grain boundaries. Although the grain size for a 2D microstructure is less than that for a 3D, it should
be noted that the validity of the present model was evaluated with the real 2D microstructure (not
with the real 3D microstructure), so modeling the grains’ morphology, the nucleation, recrystallization
kinetics and so on for the 2D microstructure is reasonable.

5. Simulation Results and Discussion

One of the main advantages of this work is its simplicity compared with the similar works based
on the crystal plasticity approach, such as the model proposed by Svyetlichnyy et al. [54], who have
modeled the grain refinement of a microalloyed steel during the severe plastic deformation process
by using a frontal CA modeling. Their model involved two steps: the low-angle grain boundaries’
generation inside the original grains, and the rotation of grains. Figure 6 compares the real and
simulated microstructures of the initial samples before the hot-compression test. This figure depicts
that the simulated microstructure is well in line with the experimental microstructure. Both of the
images have an average grain size of 20 µm.
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The nucleation of new grains takes place as the dislocation density of the matrix exceeds the
critical dislocation density [55]. An identical initial dislocation density was implemented for the whole
initial matrix. The recrystallization started when the density of dislocation overcame the required
activation energy. Thereafter, the dislocation density of recrystallized grains decreased to a reference
value and rose again with further deformation. In the presented model, the CDRX was assumed as the
dominant recrystallization mechanism, which is a logical presumption in the case of the TiNiFe alloy
with high stacking-fault energy [51]. This is why newly nucleated DRX grains were distributed inside
the initial grains, not only along the grain boundaries.

Table 1 demonstrates the implemented input parameters in the proposed model. Results of
modeling can be assessed in Figure 7a–f in which the predicted microstructures of specimens
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compressed at the temperature of 850 ◦C and the strain rate of 0.1 s-1 are displayed. In this figure,
grains with the blue color are the initial grains, while regions with the red color show DRX grains.
It can be observed that original grains are compressed and elongated so as to be perpendicular to
the compression axis, while the recrystallized area consists of equiaxed grains. It is clear that DRX
grains are not distributed just along the initial grain boundaries, because according to the experimental
reports [56,57] it is concluded that CDRX is the dominant softening process of the TiNiFe alloy
through the high-temperature deformation. The most important limitation of the proposed model is
its inability to take into account the inhomogeneity of deformation. One can apply the deformation
heterogeneity by coupling the present model with the crystal plasticity models such as the work
proposed by Chuan et al. [58] by using a rate-dependent crystal plasticity model, or Beygelzimer and
Spuskanyuk [59] by utilizing a self-consistent model.

Table 1. Input parameters used in the proposed model.

Parameter Value

Melting point (Tm) 1275 ◦C [60]
Density of initial dislocations 1013 m-2 [61]

Room temperature shear modulus (µ0) 2.15 × 1010 Pa [62]
Activation energy of nucleation (Q) 429 kJ/mol [63]

Poisson’s ratio (v) 0.34 [61]
Burger’s vector (b) 2.86 × 10-10 m [64]
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The fraction of DRX area was calculated by utilizing the following equation:

fDRX =
NDRX

Ntotal
(9)
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where NDRX and Ntotal denote the number of cells belonging to DRX grains and the number of total
cells, respectively. The kinetics of the DRX phenomenon can be evaluated by considering the evolution
of recrystallization volume fraction with the deformation time. Figure 8 exhibits the modeling results
of the recrystallization kinetics for the sample deformed at the strain rate of 0.1/s. It is obvious that
the recrystallization takes place after an incubation time, which is attributed to the critical strain
necessary for the initiation of recrystallization. The decreased slope of the curve at the latest stages
of recrystallization is because of the interactions and impingement of growing grains, and the lower
volume fraction of the deformed matrix available for DRX occurrence.
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The stress–strain curves of samples hot-deformed at the strain rate of 0.1 s−1 and different
deformation temperatures are shown in Figure 9. The experimental data of this figure were extracted
from [52,63]. It is evident that at low strains, the true stress increases along with increasing the
strain. Afterwards, the flow stress slowly decreases owing to the concurrent reactions of the work
hardening and dynamic restoration processes. This behavior is known as a typical feature of the
DRX [38]. It is apparent from Figure 9 that the peak stress increases along with increasing the
deformation temperature. The increased mobility of DRX grain boundaries at higher deformation
temperatures promoting the recrystallization phenomenon can be ascribed for this behavior [65].
Characteristic stresses, such as the critical stress and the peak stress, were determined by using the
work hardening rate curves and were implemented in the model. The ability of a modeling approach to
simulate the hot deformation behavior may be assessed through comparing the predicted flow curves
with the experimental results [66]. As shown in Figure 9, the presented CA-based model estimates
successfully the flow stresses of samples hot-compressed at various temperatures. The average
root-mean-square error (RMSE) [67] was determined to be equal to 3.61 MPa, which approves the
rationality of the prediction.
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The fraction of recrystallized area (f DRX) extracted from the modeling and experimental results
is exhibited in Figure 10. This figure shows the results of samples hot-compressed at the strain rate
of 0.1 s-1 and various deformation temperatures. In the case of simulated results, f DRX was obtained
by using Equation (9). The results indicate that the proposed model can satisfactorily estimate the
microstructure developments. The fraction of recrystallized parts changed from 77% to 87% along
with increasing the temperature from 850 to 950 ◦C. This behavior is attributed to the rapid grain
growth and the decreased critical dislocation density necessary for the recrystallization initiation at
higher temperatures [38]. Because dislocations have higher mobility and the rate of the diffusion
rises at higher temperatures, recrystallized grains can grow more efficiently at higher deformation
temperatures. On the other hand, dislocations can more easily rearrange, so the critical strain for the
recrystallization onset is lower at higher compression temperatures [31,68]. Consequently, the observed
incubation period will be smaller at higher temperatures.
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6. Conclusions

In this study, a model based on the CA method coupled with a phenomenological approach has
been presented in order to model the microstructural developments during the hot plastic deformation
of the TiNiFe alloys that were experiencing the CDRX phenomenon. The main findings are highlighted
as follows:

- The recrystallization was considered as a one-step reaction without any large-scale growth, which
is the characteristic of the CDRX phenomenon.

- The size of CDRX grains was determined by using the subgrains’ size, which was formulated
based on the phenomenological approach.

- Volume fractions of the recrystallized area were well estimated by utilizing the proposed model.
- Flow stress curves of the TiNiFe alloy were accurately forecasted by the presented CA model.

Author Contributions: Conceptualization, M.A. and S.S.M.; Methodology, M.A., S.S.M. and A.G.; Software, M.A.,
S.S.M. and A.G.; Validation, M.A. and A.G.; Formal Analysis, M.A., S.S.M. and A.G.; Investigation, M.A., S.S.M.,
A.G. and A.M.H.; Resources, M.A.; Data Curation, M.A. and A.G.; Writing-Original Draft Preparation, M.A.;
Writing-Review & Editing, M.A., S.S.M. and A.M.H.; Visualization, M.A. and A.G.; Supervision, S.S.M., A.G. and
A.M.H.; Project Administration, M.A.; Funding Acquisition, A.M.H.

Acknowledgments: The publication of this article was funded by the Qatar National Library.
Seyed Sajad Mirjavadi also appreciate the help from Fidar Project Qaem Company (FPQ).

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design of the
study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, and in the decision to
publish the results.

Data Availability: The raw/processed data required to reproduce these findings cannot be shared at this time
due to technical or time limitations.

Nomenclature

Acell Area of one cell T Temperature
B Burger’s vector Tm Melting point

C A constant Ix, Iy
Nominal deformation at two
principal directions

Dsub Subgrain size u The vector in the deformed position
D Average size of DRX grains v The vector in the undeformed position
dε Strain increment S Deformation matrix
f DRX DRX fraction A Dislocation interaction term

K1
A constant showing the effect of
work hardening

θ0 Work hardening rate

K2 A constant showing the effect of softening µ Shear modulus
.
n Nucleation rate µ0 Shear modulus at room temperature

ncell
Number of cells belonging to the
given grain

Υ Poisson’s ratio

NDRX Total number of recrystallized cells ρ Dislocation density
Ntotal Total number of cells σ Flow stress
Q Nucleation activation energy Z Zener–Hollomon parameter
R Gas constant
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