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Abstract: Limited by the deficiency of the finite element method (FEM) to deal with infinite domain
problems, the traditional FEM rolling model is not suitable enough to study the effect of the complex
internal stress of the incoming strip on hot rolling deformation. To solve this problem, the finite
element and infinite element (FE-IE) coupling method is adopted, where the finite element is for the
rolling area of the strip and the infinite element is for the elastic constraint of the strip end. Based on
the improved rolls-strip coupling model, several internal stresses with typical distribution forms
are applied to the strip by a programmed user subroutine, and the effect of the internal stress of
the incoming strip on hot rolling deformation is evaluated. The results show that under the same
average stress, the various distribution forms of internal stress have little effect on the total roll force,
mainly because of the average effect. The uniform internal stress decreases the central thickness
and quadratic crown of the strip. Under the symmetric stress and asymmetric stress, the thickness
of each fiber along the strip width direction is closely related to the magnitude and distribution of
the stress deviation (subtract the average stress from the longitudinal stress). Under the quadratic
wave stress, the central thickness and quadratic crown vary almost linearly with the amplitude of
the stress deviation. The efficiency coefficients obtained can be treated as a theoretical basis for the
further development of an accurate prediction model of hot rolling.
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1. Introduction

Strip steel is an important industrial raw material. With the development of modern industry,
more and more attention has been paid to the accurate sizing of the strip [1–3]. As the core of size
control, the hot rolling deformation model has been developed in which the influence of the incoming
strip is naturally taken into account. In practical production, the aspect ratio (ratio of length to width)
of the strip is very large during hot strip finishing rolling and the strip ends along the length direction
can be regarded as an infinite region. Due to the uneven reduction and the transverse difference of
temperature and microstructure, non-uniform stress is produced by the inhomogeneous longitudinal
extension of each fiber along the strip width direction. With the restriction from the surrounding metal,
the internal stress will not be released and remains in the strip until, finally, a pre-stressed strip will
be formed and involved in the next rolling deformation, as shown in Figure 1. The plastic flow level
of each fiber will not be identical under the non-uniform internal stress, which will finally influence
the roll gap profile. Therefore, the effect of the internal stress of the incoming strip on hot rolling
deformation should not be ignored. However, the existing models have paid more attention to the
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effect of the geometric dimensions of the incoming strip on the roll gap profile [4–6], and the effect
of the internal stress of the incoming strip on hot rolling deformation is not fully emphasized, which
results in a distorted result and limits the further improvement of the accuracy of the prediction model.
Therefore, it is necessary to establish an effective rolling simulation model to study the effect of the
internal stress of the incoming strip on hot rolling deformation.
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Figure 1. Schematic illustration of the rolling process of a pre-stressed infinite-length strip.

Rolls-strip coupling models are widely used to simulate the rolling deformation. There are
two main modelling methods: one establishes the rolls and strip deformation models, respectively,
and builds up an iterative calculation between the two models according to the coordination
relationship until the pre-set convergence condition is achieved [7,8]. The computing speed of this
method is fast, but too many assumptions limit the accuracy of the calculation results. The other
modelling method establishes the rolls-strip coupling model based on finite element analysis
software, such as ABAQUS. The rolls are treated as elastic materials and the strip experiences
elastic-plastic deformation. The two parts are linked by contact management to realize the coupling of
the contact force and deformation [9–12]. This model can accurately describe the complex deformation
of the strip under three-dimensional stress, and simultaneously output the transverse distribution
of the roll force and roll gap profile. Thus, it is widely used for offline calculation of the strip gauge
and profile.

In the traditional finite element rolling model, the strip is always defined as a short one for low
computational cost. This is enough for the simulation of the rolling deformation of the strip without
internal stress, but it will encounter the problem of how to apply the desired internal stress for the strip.
In fact, the internal stress of the strip will be released at the beginning of rolling due to the free extension
of the end metal. To avoid this problem, extending the strip is one available method. According to
the Saint-Venant principle [13], if a large enough strip is truncated and the appropriate boundary
conditions are imposed on the truncation ends, it can be approximately equal to the constraint effect
of a nearly infinite domain. However, the disadvantages of this method are obvious: One is that the
“large enough” truncated strip will bring a significant increase of the computational cost. The other is
that the “appropriate boundary conditions” are difficult to determine.

The infinite element is proposed to make up the deficiency of the finite element in solving
infinite domain problems, which is often introduced into the traditional finite element models. The
finite element and infinite element (FE-IE) coupling model can not only consider the flexibility of
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the truncation boundary and the energy radiated into the infinite region, but also significantly
eliminate the errors caused by inappropriate truncation and save the computational cost. Thus,
it has already been widely used for “soil-structure interaction” analysis in earthquake engineering [14].
Yun et al. [15] developed dynamic infinite element formulations for soil-structure interaction analysis
both in frequency and in time. The wave propagation characteristics in the far-field soil medium were
represented. Zhang et al. [16] presented the coupling method of finite and infinite elements to simulate
the propagating waves in a semi-infinite medium. The given examples indicated the feasibility of the
model for analyzing the dynamic response of the foundation. Therefore, it is feasible to introduce the
infinite element into the finite element rolling model to simulate the hot rolling deformation of nearly
infinite-length strip with internal stress.

In this study, the improved rolls-strip coupling model based on the FE-IE coupling method is
established. Several internal stresses with typical distribution forms are applied to the strip by a
programmed user subroutine, which is used to evaluate the effect of the internal stress of the incoming
strip on hot rolling deformation. The new model proposed is able to make up for the deficiency of
the traditional finite element model and lay a theoretical foundation for further development of an
accurate prediction model in the hot rolling process.

2. Coupling Principle of the Finite Element and Infinite Element

When solving infinite domain problems by the FE-IE coupling method, the research object is
generally divided into two kinds of regions. The near-field region is modelled by the finite element,
while the far-field region is modeled by the infinite element, as shown in Figure 2. Then, according
to the equilibrium condition and consistency of the displacement on the interface between the finite
element and infinite element, the displacement and stress of the nodes in the computation domain
are calculated. The coupling calculation procedure is as follows:

(1) Establish the equilibrium equations respectively for the near-field region and far-field region:{
L1
({

C1},
{

F1}) = 0
L2
({

C2},
{

F2}) = 0
(1)

where
{

C1},
{

C2} are intermediate unknown variables;
{

F1},
{

F2} are the interaction force
between finite element and infinite element; and L1, L2 are respectively the solution of the finite
element region and infinite element region.

(2) Obtain the displacement expression for finite element and infinite element on the interface:{ {
U1} = f1

({
C1},

{
F1}){

U2} = f2
({

C2},
{

F2}) (2)

(3) Establish the continuous equations for the interface:{ {
U1} =

{
U2}{

F1}+ {F2} = {0}
(3)

(4)
{

C1},
{

C2} are calculated by simultaneously solving the above equations, and then backward
substituted to obtain the displacement and stress of the nodes.
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Figure 2. Finite element and infinite element (FE-IE) coupling model.

3. Application of the Finite Element and Infinite Element (FE-IE) Coupling Method in
Rolling Simulation

The FE-IE coupling model is established based on ABAQUS software (Dassault SIMULIA
Company, version 6.13, Johnston, RI, USA). In the process of modelling, the complex internal stress is
difficult to directly apply to the incoming strip in a dynamic explicit rolling model. In order to solve this
problem, a static implicit stress field model is firstly established based on the FE-IE coupling method,
and the programmed stress initialization subroutine SIGINI is adopted to realize the application of
complex internal stress for the strip. Then the calculated stress field result is taken into the improved
rolls-strip coupling model based on the FE-IE method to obtain the roll gap profiles under several
internal stresses with typical distribution forms. The simulation technique route is shown in Figure 3.
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3.1. Static Stress Field Model Based on FE-IE Coupling Method

In order to explain the advantage of the FE-IE coupling method in the rolling simulation, strips
with different aspect ratios were established based on the static implicit analysis. Non-uniform internal
stress was applied along the strip width by the programmed subroutine SIGINI at the initial time,
of which the distribution function is shown as Equation (4). σ was the magnitude of the internal
stress, MPa; B was the strip width, 1250 mm; and x was the position coordinate along the strip
width direction. The stress results at a stable time were compared under different modelling methods
and different aspect ratios to show the deficiency of the traditional FE method and the benefit of the
FE-IE coupling method.

σ(x) = 15 cos(2πx/B) (4)

In the finite element models, “continuum, three-dimensional, eight-node linear brick, incompatible
modes” element C3D8I (C means continuum, 3D means three-dimensional, 8 means eight-node
linear brick, I means incompatible modes) and a hex mesh grid were adopted. The internal stress
was applied to the strip by the programmed subroutine SIGINI. It can be seen from Figure 4a that
the longitudinal stress in the whole strip is almost completely released in the case of a small aspect
ratio (1:5). In the case of a medium aspect ratio (1:1), the longitudinal stress in nearly half of the
strip is released and the amplitude of the remaining stress in the middle section decreases from 15
to about 8 MPa, as shown in Figure 5a. Until the strip is extended to large aspect ratio (5:1), most of
the longitudinal stress is retained, except for the two ends, as shown in Figure 6a. It can be found
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that the traditional finite element model cannot realize the application of internal stress for the strip
with a small aspect ratio. Although a long enough strip is able to simulate the elastic boundary of the
surrounding metal and hold the internal stress, too long a strip means a significant increase in the
computational cost. Therefore, it is necessary to find a highly efficient method to apply stable internal
stress with a complex form to strips with a small aspect ratio.
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The FE-IE coupling method can be used to realize the accurate application of complex internal
stress under any aspect ratio, especially under a small aspect ratio. The schematic diagram of the
coupling method is shown in Figure 7. The strip was divided into a finite element region and an
infinite element region. In the central finite element region, “3D, eight nodes, incompatible element”
C3D8I and hex mesh grid were adopted. The strip was divided into four layers along the thickness
direction and the mesh size along the length direction and width direction were, respectively, 2.5 mm
and 4 mm. In the infinite element region at both strip ends, “3D, eight nodes, infinite element” CIN3D8
was adopted and a single-layer grid was meshed along the length direction. The internal stress was
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applied to the strip by the programmed subroutine SIGINI. The longitudinal stresses at stable time
under different aspect ratios are shown in Figures 4b, 5b and 6b. It can be seen that the infinite element
region is able to perfectly reflect the elastic boundary of the surrounding metal. The magnitude and
distribution of the internal stress are unchanged. Therefore, the FE-IE coupling method can be used to
realize the application of complex internal stress to the strip with a small aspect ratio.
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3.2. Modified Rolls-Strip Coupling Model Based on FE-IE Coupling Method

According to symmetry, the 1/2 improved rolls-strip coupling model was established based
on the FE-IE coupling method, as shown in Figure 8. The analysis type was “dynamic, explicit”.
The rollers were elastic, of which the element type was C3D8I. The strip was elastic-plastic, of which
the geometrical dimensions, mesh size, element type, and modelling method were the same as
for the previous static stress field model. The flow stress of the strip material was obtained by a
thermal compression experiment, in which the test specimen was non-oriented electrical steel 50W800,
the deformation temperature was 960 ◦C, and the strain rate was 10 s−1, which was close to the actual
hot rolling production, as shown in Figure 9. Then the flow stress obtained was written into the
elastic-plastic parameter table in the form of discrete points. The previous stress results calculated by
the static stress field model were transferred to the strip. The contact surfaces of the backup rolls and
work rolls, work rolls and strip were specially refined to improve the accuracy of the simulation results.
The discrete rigid sheets were created and tied to the roller ends to simulate the rotation of the rollers.
A smooth loading curve was adopted to make all the contacts steadily built. The main size and
mechanical parameters of the rolling mill investigated are shown in Table 1.
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Table 1. Size and mechanical parameters of the rolling mill investigated.

Type of Mill 4-High

Strip width/mm 1250
Entry strip thickness/mm 10.66
Exit strip thickness/mm 6.6

Body diameter of WR/BUR/mm 730/1372
Body length of WR/BUR/mm 2000/1800

Bending force/kN 1200
Looper tension/MPa 8–12

Friction coefficient between rolls 0.1
Friction coefficient between roll and strip 0.1

3.3. Typical Distribution Forms of Internal Stress

The internal stress, which may be imposed stress or residual stress in the incoming strip, is not
only related to the looper tension, but also dependent on the additional non-uniform stress caused
by uneven reduction or thermal expansion before the current rolling. Therefore, the internal stress
can be divided into two parts: One is the average stress, which is the mean value of the longitudinal
stress of the fibers and is equal to the looper tension. The other is stress deviation (subtract the average
stress from the longitudinal stress), which reflects the fluctuation of the longitudinal stress of each fiber
around the average stress. The sum of stress deviations is zero to meet the self-balance. The typical
distribution forms of the full-width internal stresses are as follows:

Uniform stress : σ(x) = σavg (5)

Symmetric stress : σ(x) = σavg ±A cos
(

kπx
B

)
(6)

Asymmetric stress : σ(x) = σavg ±A
x
B

(7)

where σavg is the average stress, which is derived from setting the value of the looper tension, defined
as 10 MPa; A is the amplitude of the stress deviation, defined as 5 MPa; B is the strip width; and k
is the stress coefficient. k = 1 represents the quadratic wave stress, and k = 2 represents the quartic
wave stress. Considering the similarity of the calculation results, only one case in “+” or “−” is chosen
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to be analyzed for the asymmetric stress. The magnitudes and distributions of typical internal stresses
are shown in Figure 10.
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4. Results and Discussion

4.1. Effect of Distribution Forms of Internal Stress on the Total Roll Force

It can be seen from Figure 11 that the looper tension reduces the total roll force. As the distribution
form of the internal stress varies, there is almost no change in the total roll force. This is because
the sum of the stress deviation is zero. Under the average effect, the various distribution forms of
internal stresses have little effect on the total roll force. Actually, the stress deviation only influences
the extension of each fiber along the strip width direction, and further changes the distribution of the
rolling force.
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Figure 11. Total roll force under internal stresses with various distribution forms.

4.2. Effect of Uniform Stress on Roll Gap Profile

According to Equation (5), the uniform stress and no stress are respectively taken into the rolling
model as the initial condition. It can be seen from Figure 12a that when uniform stress is applied to
the strip, the central thickness and quadratic crown are decreased by 0.052 mm and 10 µm compared
to the case of no stress. The reason is that tensile stress is helpful for metal flow along the rolling
direction, and the longitudinal strain is enhanced along the whole width, as shown in Figure 12b,
which results in the decrease of the roll force and central thickness. At the same time, the decrease of
roll deflection makes the transverse thickness deviation decrease, and finally leads to the decrease of
the quadratic crown.
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4.3. Effect of Symmetric Stress on the Roll Gap Profile

According to Equations (5) and (6), the uniform stress and the quadratic wave stress (including
the middle wave stress and the double-edge wave stress) are respectively taken into the rolling model
as the initial condition. It can be seen from Figure 13a that the roll gap profile is closely related to
the magnitude and distribution of the stress deviation. When the double-edge wave stress is applied
to the strip, the tensile stress of the central metal is greater than that of the edge. The metal in the
middle is more likely to convert the reduction into a longitudinal plastic flow. Compared to the
case of uniform stress, the central thickness of the strip is decreased by 0.006 mm. At the same time,
the compression deformation of the edge metal becomes difficult and the longitudinal strain at the
edge is suppressed, as shown in Figure 13b, which reduces the edge drop and makes the roll gap
profile smooth, and the quadratic crown is decreased by 10 µm. Instead, when the middle wave
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stress is applied to the strip, the central thickness and quadratic crown are increased by 0.008 mm and
14 µm, respectively.
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However, due to the asymmetry of the single-wave stress, the difficulty levels of metal flow on both 
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Figure 13. Effect of quadratic wave stress on the roll gap profile and longitudinal strain: (a) effect on
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According to Equations (5) and (6), the uniform stress and the quartic wave stress (including
the composite wave stress and the quarter wave stress) are respectively taken into the rolling model
as the initial condition. It can be seen from Figure 14a that, compared to the case of uniform stress,
the changes of the central thickness due to the composite wave stress and the quarter-wave stress are,
respectively, 0.008 and −0.006 mm. These two kinds of quartic wave stress have little influence on the
quadratic crown (respectively, 2 and 1 µm), but have a great effect on the quartic crown (respectively,
10 and −8 µm). It can also be seen from Figure 14b that the variation of longitudinal strain along the
width direction is in accordance with the distribution form of the stress.
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4.4. Effect of Asymmetric Stress on Roll Gap Profile

According to Equations (5) and (7), the uniform stress and the single-wave stress are respectively
taken into the rolling model as the initial condition. It can be seen from Figure 15a that, because the
stress values of the central fiber in the two cases are identical, the central thicknesses are the same.
However, due to the asymmetry of the single-wave stress, the difficulty levels of metal flow on both
sides are different, which leads to an obvious asymmetrical deformation. The thickness is smaller on
the side with the larger tensile stress. Due to the average effect, this inclined deformation has little
effect on the quadratic crown and quartic crown, but increases the wedge from 0 to 16 µm. At the same
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time, the longitudinal strain also appears asymmetrical, as shown in Figure 15b. The longitudinal
strain on the tensile-stress side is greater than that on the compressive-stress side.
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4.5. Efficacy Coefficients of Quadratic Wave Stress on the Central Thickness and Quadratic Crown

In order to quantify the effect of internal stress on the roll gap profile, for the most common
quadratic wave stress, the roll gap profiles under different amplitudes of stress deviation are calculated
to determine the efficacy coefficients of the quadratic wave stress on the central thickness and
quadratic crown.

In detail, the amplitudes of stress deviation were selected as 2.5, 5, and 7.5 MPa, and respectively
taken into the rolling model as the initial condition. The calculated results of the roll gap profiles
corresponding to the middle wave stress and the double-edge wave stress are shown in Figure 16.
The curves of the central thickness and quadratic crown varying with the amplitude of the stress
deviation are shown in Figure 17. It can be seen from Figure 17a that when the middle wave stress is
applied to the strip, the middle metal is subject to compressive stress compared to the edge. As the
amplitude of stress deviation increases, the plastic flow of the middle metal becomes more and more
difficult and the middle thickness is increased. The variation trend is almost linear and the efficacy
coefficient of the middle wave stress on the central thickness is 0.0014 mm/MPa by fitting. Similarly,
the efficacy coefficient of the double-edge wave stress on the central thickness is −0.0016 mm/MPa.
It can be seen from Figure 17b that the variation trend of the quadratic crown varying with the
amplitude of stress deviation is the same as the central thickness, and the efficacy coefficients of the
middle wave stress and the double-edge wave stress on the quadratic crown are, respectively, 1.8 and
−2.4 µm/MPa.
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5. Conclusions

(1) It is original to introduce the infinite element into the traditional finite element rolling model and
this provides a new method to simulate the hot rolling deformation of a nearly infinite-length
strip with complex internal stress.

(2) Due to the average effect, the various distribution forms of the internal stress only change the
distribution of the rolling force, but have little effect on the total roll force.

(3) The strip profile is closely related to the distribution form of internal stress. Compared to the
case of no stress, the central thickness and quadratic crown are decreased when uniform stress or
double-edge wave stress is applied to the strip. The middle wave stress has an opposite effect on
these two indicators. The quartic wave stress has little influence on the quadratic crown, but has
a great effect on the quartic crown. The single-edge wave stress has little effect on the quadratic
crown and the quartic crown, but increases the wedge.

(4) The central thickness and quadratic crown of the strip vary almost linearly with the amplitude of
the quadratic wave stress deviation, and the efficacy coefficients of the middle wave stress and
the edge wave stress on the central thickness and quadratic crown are obtained, respectively.
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