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Abstract: In this study, an analytical approach is introduced for predicting the bending behavior of a
timber–concrete composite (TCC) beam subjected to a mechanical load and a non-uniform tempera-
ture field, in which the orthotropy of timber as well as interfacial slip are taken into consideration.
The analytical model addresses the non-uniform temperature field using Fourier series expansion
based on the heat transport theory. The stresses and displacements of the TCC beam under the
thermo-mechanical condition are governed by the thermo-elasticity theory, and the corresponding
solution is derived analytically by solving a group of non-homogeneous partial differential equations.
The proposed solution is in good agreement with the finite element solution and exhibits higher
accuracy compared to the Euler–Bernoulli beam solution that relies on the assumption of transverse
shear deformation and isotropy. An extensive investigation is carried out to analyze how the bending
behavior of TCC beams is influenced by variations in interfacial shear stiffness and temperature field.

Keywords: timber–concrete composite beam; thermo-mechanical condition; orthotropy; non-uniform
temperature field; interface slip

1. Introduction

As one sustainable bio-based building material, the increased use of 1% timber to
replace building materials (i.e., steel, brick, concrete, etc.) in construction can reduce
greenhouse gas emissions by about 1.2% accordingly. With advantages such as environ-
mental friendliness, lightweight, sound insulation, ease of processing, and visual appeal,
timber–concrete composite (TCC) beams have wide application in the field of construction
engineering [1–3]. As a structural member, the TCC beam combines the advantages of
both timber and concrete. There are two key points for the design and application of TCC
beams. The first is that the biological and morphological characteristics of timber, including
cell direction, cell wall feature, and growth ring, lead to significantly different properties
along the longitudinal, radial, and tangential directions [4]. The other is that the interfacial
slip between timber and concrete occurs more or less because of the limited stiffness shear
connector [5]. In addition, the TCC beam is often subjected to both a mechanical load and
a temperature environment; meanwhile, the properties of heat conductivity and thermal
expansion are different between timber and concrete. Such a problem is important for the
design and application of TCC beams, and it deserves to be investigated in depth.

For the mechanical behaviors of TCC under thermo-mechanical conditions, several
studies have been reported. Fonseca et al. [6] introduced a numerical model to forecast the
impact of wood density on unshielded wood connections featuring an internal steel plate,
relative to those connections employing passive protection via gypsum plasterboard, under
fire exposure. By using ANSYS software version 2022R1, Carlos Gomes et al. [7] performed
thermodynamic numerical analysis on the connection between steel and wood. They
verified how wood density affects the transmission of heat via connections during fires
and introduced a thermodynamic composite model designed to address and analyze these
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specific issues. By conducting one environmental temperature short-term destructive test
and five full-scale fire tests on glulam–concrete composite beams, Du et al. [8] extensively
investigated the effects of the load ratio, presence of timber boards, and fire-resistant
gypsum boards on temperature distribution and fire resistance performance. Meena
et al. [9] provided an examination, both via experimentation and numerical analysis, of the
heat resistance properties of an innovative TCC setup with timber beams at the top and a
concrete layer at the bottom. Lange et al. [10] explored the effects of non-standard fires on
timber components and extended the simplified cross-section method used for structural
calculations to parametric fire exposures. Le et al. [11] conducted a practical assessment
of the fire resistance of timber–steel composites and expanded the knowledge associated
with this composite material during the destructive process. Liu et al. [12] conducted a
research study which presents temperature resistance test results of three large-scale TCC
floor specimens and the development of a finite element modeling methodology for TCC
floors under temperature-mechanical coupling effects. Zhang and Wang [13] proposed an
energy-based time equivalent method and validated its effectiveness via experiments. This
method can be used to evaluate the fire resistance of TCC structures under the improved
travelling fires methodology’s fire conditions. The one-way coupling method, utilizing
computational fluid dynamics and the finite element method, was employed by Matías
et al. [14] to study the thermo-mechanical response of steel–wood structures during a
heated environment. The use of on-site applied fire-retardant treatments was investigated
by Laranjeira et al. [15] to protect the existing timber roof structures from the impact of fire.
Qin et al. [16] conducted experiments to assess the fire behavior of wooden components
under various loads and proposed the impact mechanisms of load conditions on the fire
behavior of wood. Shi et al. [17] employed a three-dimensional nonlinear finite element
model to investigate the influence of various factors, including heating time, groove length,
groove beam width, groove depth, screw diameter, and screw penetration length, on the
shear behavior of grooved connectors in glulam–concrete composite beams subjected to
temperature conditions. Taking into account that the TCC concrete layer experiences
compressive forces during bending while the timber beams are subjected to tensile forces,
Hehl et al. [18] have conducted a study that incorporates thermal and fire protection
functionality into the connection system of a novel TCC setup, where timber beams are
positioned on the upper side and a concrete layer is located beneath. Djoubissie et al. [19]
conducted an experimental study on the mechanical behavior of timber–concrete shear
connections using threaded reinforcing bars and presented the experimental results of
push-out tests on simple timber–concrete connection systems. Focusing on current industry
practices, Siddika et al. [20] conducted a review of the existing guidelines for CLT-concrete
floor systems and provided details on the fundamental requirements regarding system
design, construction, and performance. Mirdad et al. [21] developed an analytical model
that takes into account the behavior of interlayer connectors under the elastic-plastic
range, as well as the acoustic layer between timber and concrete, to accurately predict the
load-carrying capacity and failure modes of mass timber panel–concrete composite floor
systems. Based on the “γ-method”, Shi et al. [22] summarized the experimental schemes
and theoretical analysis of the flexural behavior of prestressed and non-prestressed TCC
beams. Zhang et al. [23] established an empirical formula for determining the shear
stiffness of notched connections based on numerical simulations. They compared the
predicted flexural stiffness of the composite beam model, with discrete bonding, with the
experimental results to validate the accuracy of the proposed formula. Sebastian et al. [24]
quantified the effective flexural stiffness to capture the material nonlinearity induced by
the bending-slip effect in TCC sections. They utilized a B profile that satisfies equilibrium
and compatibility and is linked to the nonlinear constitutive behavior of the connection
for analysis.

In the aforementioned literature, the mechanical behavior of laminated beams in a
thermal environment was primarily investigated using experimental, numerical simulation,
and analytical approaches. The experimental method is widely regarded as the most reli-
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able means of conducting scientific research. However, it is time consuming and expensive,
particularly when conducting parameter studies involving multiple conditions. On the
other hand, numerical simulation, which relies on computing hardware and programming,
offers flexibility, applicability, and cost effectiveness compared to the experimental meth-
ods. It is commonly employed to address complex scientific and engineering problems.
Additionally, the analytical method, which is based on precise theories, is also crucial. It
serves as a benchmark to validate other simplified solutions and has inherent advantages
in revealing the physical mechanisms of the problem.

Various theories exist for the analysis of composite beams. The Euler–Bernoulli beam
theory, a classical approach to bending, is widely recognized as a fundamental method.
This theory, however, overlooks the impact of transverse shear deformation on bending
solutions [25]. Timoshenko pioneered the study of thick beams by considering transverse
shear deformation and assuming a constant transverse shear strain along the beam thick-
ness [26]. In pursuit of enhanced accuracy in predicting transverse shear deformation,
higher-order theories have been introduced. These advanced theories aim to account for
the complexities associated with transverse shear deformation [27–29].

This paper presents an analytical solution based on the thermo-elasticity theory to
investigate the thermo-mechanical bending behavior of TCC beams with considered in-
terfacial shear stiffness. Since the thermo-elasticity theory involves no assumption of
transverse shear deformation, it surpasses the accuracy of simplified theories such as the
Euler–Bernoulli beam theory, Timoshenko beam theory, and higher-order shear deforma-
tion theories. In the analytical process, the non-uniform temperature field is solved based
on the two-dimensional heat conduction theory by means of Fourier series expansion.
Then, the analytical solution of stresses and displacements is derived out by solving a
group of non-homogeneous partial differential equations. The proposed solution obtained
is compared with existing solutions. Furthermore, a comprehensive parameter study is
conducted on the impact of interfacial shear stiffness and temperature gradient on the
bending behavior of TCC beams. The analysis results serve as a valuable reference for
understanding the response of laminated beams to thermal-mechanical loads in practical
engineering applications.

2. Analytical Model

A TCC beam with length L and height H, composed of concrete flange and timber web
bonded via discontinuous steel shear connectors, is taken as the research object as shown
in Figure 1. The shear stiffness of any shear connector is k0 and the adjacent spacing is
l0. To predict the overall mechanical performance, the discontinuous shear connectors are
equivalent to a continuous interface with interfacial shear stiffness ks, in which ks = k0/l0.
The TCC beam is simply supported at two edges, subjected to a mechanical load q(x) on
the top surface and exposed to non-uniform thermal shock with Tt and Tb respectively
applied on the top and bottom surfaces, in which T means the relative temperature with
respect to the reference temperature T0. The width and the height of each constituent part
are bi and hi, respectively. The part index is denoted by i, and i = 1 or 2, which means the
concrete or timber. The elastic modulus, shear modulus, Poisson’s ratio, heat conductivity
coefficient, and thermal expansion coefficient are denoted by E, G, µ, λ and α, respectively.
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Figure 1. TCC beam under thermo-mechanical condition.

2.1. Assumptions and Applicable Conditions

The assumptions and applicable conditions of the proposed analytical model for the
TCC beam include:

(1) The mechanical property of the TCC beam is within the linear elastic range;
(2) The absolute temperature considered is less than 100 ◦C and only the thermal defor-

mation and stress are taken into account, while the ultra-high temperature, which
leads to fire or material property change, is out of the scope of the present study;

(3) The shear lag effect of the concrete flange is neglected.

2.2. Temperature Field

In order to study the stresses and displacements of the TCC beam under a thermo-
mechanical load, its temperature field is determined in this section. In the present study,
the temperature field is considered in steady state. Based on the two-dimensional heat
conduction theory [30], the temperature field and the heat flux for the ith (i = 1,2) component
should satisfy the following equations

(
∂2

∂x2 +
∂2

∂y2 )T
i = 0, Fi = −λi

∂Ti

∂y
, (1)

where Ti and Fi denote the temperature field and the heat flux of the ith component,
respectively. Such kind of partial differential equation can be solved via the separating
variable method. By separating the variable and then expanding the temperature field into
a Fourier series in the x direction, one obtains

Ti =
∞

∑
m=1

Ti
m(y) sin(βmx), (2)

where βm = mπx/L.
By substituting Equation (2) into (1), the general solutions for Ti and Fi are obtained as

Ti =
∞
∑

m=1
[cosh(βmy)Aim

1 + sinh(βmy)Aim
2 ] sin(βmx),

Fi =
∞
∑

m=1
[−λiβmsinh(βmy)Aim

1 − λiβm cosh(βmy)Aim
2 ] sin(βmx),

(3)

where Aim
1 and Aim

2 are undermined yet. Meanwhile, Ti and Fi are continuous at the
interface between adjacent components, i.e.,

Ti(di) = Ti+1(di), biFi(di) = bi+1Fi+1(di), (4)
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where di = ∑i
j=1 hj. The given temperature conditions on the beam surfaces are also

expanded into a Fourier series

T1(x, 0) = Tt =
∞

∑
m=1

[2Tt(1 − cos mπ)/mπ] sin(βmx),

T4(x, H) = Tb =
∞

∑
m=1

[2Tb(1 − cos mπ)/mπ] sin(βmx). (5)

There are four undetermined coefficients for each series item and four conditions,
including three interfacial conditions and one surficial condition; thus, Aim

1 and Aim
2 for

each component of the TCC beam can be solved uniquely. Substituting the results of Aim
1

and Aim
2 into Equation (3), the temperature field for each component in the TCC beam

is obtained.
It should be pointed out that the proposed analytical model can also be extended to

other imposed temperature conditions; for example, the convection and radiation [31]. For
such a transient problem, the governing equations of temperature are related with the time
variable, which can be tackled by using the technique of the separation of variables in
conjunction with the linearized approximation [32].

2.3. Stresses and Displacements under Thermo-Mechanical Load

After the temperature field is determined, the stresses and displacements in the TCC
beam under a thermo-mechanical load is then figured out in this section. On the basis
of the two-dimensional thermo-elasticity theory in the linear elastic framework [30], the
constitutive equation and the equilibrium equation for the ith (i = 1,2) component are
respectively given by

∂ui

∂x
= si

11σi
x + si

12σi
y + αiTi,

∂vi

∂y
= si

12σi
x + si

22σi
y + αiTi,

∂ui

∂y
+

∂vi

∂x
= si

66τi
xy, (6)

∂σi
x

∂x
+

∂τi
xy

∂y
= 0,

∂σi
y

∂y
+

∂τi
xy

∂x
= 0, (7)

where σ, τ, u and v denote normal stress, shear stress, and x- and y-direction displacements,
respectively, and

si
11 =

1
Ei

x
, si

12 = −
µi

xy

Ei
x

= −
µi

yx

Ei
y

, si
22 =

1
Ei

y
, si

66 =
1

Gi
xy

.

The simply supported boundary condition can be expressed by

σi
x = vi = 0, at x = 0, L. (8)

The stresses and displacements in the simply supported beam are expanded via a
Fourier series, as followsvi

σi
x

σi
y

 =
∞

∑
m=1

 vi
m(y)

σi
x,m(y)

σi
y,m(y)

 sin(βmx),
[

ui

τi
xy

]
=

∞

∑
m=1

[
ui

m(y)
τi

xy,m(y)

]
cos(βmx). (9)

By utilizing the expanded expressions and substituting Equation (6) into (7), two non-
homogeneous partial differential equations for the displacements are deduced as

−si
22βm

2

(si
12)

2 − si
11si

22

ui
m(y)−

[
si

12

(si
12)

2 − si
11si

22

+
1

si
66

]
βm

∂vi
m(y)
∂y

− 1
si

66

∂2ui
m(y)
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(si

22 − si
12)βm

(si
12)

2 − si
11si

22

αiTi
m,
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β2
m

si
66

vi
m(y) +

[
si

12

(si
12)

2 − si
11si

22

+
1

si
66

]
βm

∂ui
m(y)
∂y

+
si

11

(si
12)

2 − si
11si

22

∂2vi
m(y)

∂y2 =
si

11 − si
12

(si
12)

2 − si
11si

22

αi
∂Ti

m
∂y

. (10)

The solution for the displacements are determined as

ui =
∞

∑
m=1

[(
4

∑
k=1

Dim
1,k(y)Bim

k

)
− αi

βm
cosh(βmy)Aim

1 − αi
βm

sinh(βmy)Aim
2

]
cos(βmx),

vi =
∞

∑
m=1

[(
4

∑
k=1

Dim
2,k(y)Bim

k

)
+

αi
βm

sinh(βmy)Aim
1 +

αi
βm

cosh(βmy)Aim
2

]
sin(βmx), (11)

where the detail of Dim
∗,k(y) is given in Appendix A, and the coefficient Bim

k is unknown yet.
Substituting Equation (11) into (7) yields the solution for the stresses

σi
x =

∞

∑
m=1

4

∑
k=1

Sim
1,k(y)Bim

k sin(βmx), σi
y =

∞

∑
m=1

4

∑
k=1

Sim
2,k(y)Bim

k sin(βmx), τi
xy =

∞

∑
m=1

4

∑
k=1

Sim
3,k(y)Bim

k cos(βmx), (12)

where the detail of Sim
∗,k(y) is given in Appendix A.

At the interface, the forces at both sides of the interface, equal to the product of the
corresponding stresses and the width, satisfy the equilibrium condition. In addition, the
interfacial slip occurs because the shear connector can only provide finite stiffness. The
present study only considers the mechanical behavior in the linear elastic range, and the
interfacial slip and interfacial shear force are considered to meet Hooke’s law. Hence,
the stresses and displacements at the interface between adjacent components have the
following relationship:

b1σ1
y (x, d1)− b2σ2

y (x, d1) = 0, b1τ1
xy(x, d1)− b2τ2

xy(x, d1) = 0,

[u2(x, di)− u1(x, di)]/ks = b1τ1
xy(x, d1), v1(x, d1)− v2(x, d1) = 0. (13)

The stress condition at the top and the bottom of the beam is known as

σ1
y (x, d0) = q(x) =

2
L

[∫ L

0
q(x) sin(βmx)dx

]
sin(βmx),

τ1
xy(x, d0)= σ2

y (x, d2)= τ2
xy(x, d2) = 0. (14)

Since Aim
1 and Aim

2 are determined in Section 2.1, there are eight undetermined coeffi-
cients for each series item, i.e., Bim

k and eight conditions, including six interfacial conditions
and two surficial conditions, and thus, Bim

k for each component of the TCC beam can be
solved uniquely. In the end, the solution of stresses and displacements at any position in
the TCC beam under a thermo-mechanical load is obtained.

Although the proposed analytical model only gives a solution for a two-layer TCC
beam, it can also be extended to a multilayered case, such as glued laminated timber
beams, steel–concrete composite I-beams, etc. For this case, the present method to solve
the undetermined coefficients can be replaced by the transfer matrix method [33,34], an
efficient tool for multilayered composites.

3. Results and Discussion

In this section, the proposed solution is compared against the existing results, and the
bending behavior of simply-supported TCC beam in the thermo-mechanical condition is
analyzed through varying parameters. The default values of geometric and material param-
eters are L = 8000 mm, b1 = 400 mm, h1 = 80 mm, b2 = 120 mm, h2 = 300 mm, E1 = 34.5 GPa,
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µ1 = 0.2, λ1 = 1.28 W/(mK), α1 = 1.1 × 10−5/◦C, E2
x = 14.2 GPa, E2

y = 1.12 GPa, G2
xy = 0.895 GPa,

µ2 = 0.325, λ2 = 0.15 W/(mK), and α2 = 2 × 10−5/◦C [35,36], unless otherwise stated. The
top surface of the TCC beam is subjected to mechanical load q(x) = 0.01 N/mm2 and rela-
tive temperature Tt = 30 ◦C, Tb = 0 ◦C, with reference temperature T0 = 20 ◦C. The default
parameters are taken as above, unless otherwise specified.

3.1. Comparison Analysis

The proposed solution is validated by comparing it with both the finite element
(FE) solution obtained using ABAQUS software version 2022 and the analytical solution
based on the Euler–Bernoulli (EB) beam theory [37] for orthotropic materials. Since the EB
solution only gives the results under a mechanical load, for the sake of comparison, the
TCC beam considered here is subjected to a mechanical load. The geometric and material
parameters are taken as default values and ks = 105 MPa, while L is variable. The FE model
shown in Figure 2, the concrete and timber, are modeled via the C3D8R element, with
9200 elements used in total. The interfacial distributed shear connectors is described by a
Hookean spring and modeled via the Spring-2 element, in which each Spring-2 element
connects the adjacent mesh nodes of timber and concrete. Since the TCC beam is studied in
the linear elastic range, the contact friction problem of shear connectors is not considered.
The contact friction problem is obvious for nonlinear behavior of the TCC beam, e.g., the
case that the shear connector pulls out of the timber or concrete, and in this case, the
interface can be modeled using the surface-to-surface contact [38]. The simply-supported
boundary condition for the TCC beam is set the same as Equation (8), i.e., the y-direction
degree of freedom is restrained at the two edges of the TCC beam, and in addition, the
x-direction and z-direction degrees of freedoms are restrained at the origin point (x = 0,
y = 0) to avoid the rigid body displacement. For this linear elastic problem, the type of
analysis is set as a static general case. Table 1 presents the results of σx (L/2, 0), τxy (0,
h1 + 0.5h2) and v (L/2, H) from the proposed FE and EB solutions across different L/H
ratios. Observations reveal that the current solution aligns closely with the FE solution,
exhibiting errors consistently below 3% for all cases. The error is mainly caused by reason
that the shear lag effect is neglected in the proposed analytical solution. Furthermore,
the current solution corresponds to the EB solution for slender beams, but discrepancies
increase as L/H decreases. The errors of σx, τxy and v reach 10.6%, 21.6%, and 48.3%,
respectively, as L/H = 5. These errors predominantly stem from neglecting transverse shear
deformation and the orthotropy in the EB theory.
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Table 1. Results of σx (L/2, 0), τxy (0, h1 + 0.5h2) and v (L/2, H) from the proposed FE and EB solutions
with different L/H ratios.

L/H Solution Proposed FE EB Error of FE Error of
EB

20
σx [MPa] 13.56 13.80 13.27 1.77% 2.14%
τxy [MPa] −0.7418 −0.7564 −0.7720 1.97% 4.07%

v [mm] −21.94 −22.46 −22.41 2.38% 2.14%

15
σx [MPa] 7.669 7.781 7.465 1.46% 2.66%
τxy [MPa] −0.5478 −0.5599 −0.5790 2.20% 5.70%

v [mm] −7.316 −7.390 −7.092 1.01% 3.06%

10
σx [MPa] 3.459 3.499 3.318 1.16% 4.08%
τxy [MPa] −0.3533 −0.3631 −0.3860 2.78% 9.26%

v [mm] −1.654 −1.680 −1.401 1.57% 15.3%

5
σx [MPa] 0.928 0.9506 0.8294 2.44% 10.6%
τxy [MPa] −0.1587 −0.1623 −0.1930 2.26% 21.6%

v [mm] −0.1692 −0.1730 −0.08756 2.24% 48.3%

3.2. Parameter Analysis

Figure 3 demonstrates the variations in the stresses and displacements of the TCC
beam with respect to ks under pure mechanical (PM), pure thermal (PT), and thermo-
mechanical (MT) conditions, respectively. From Figure 3, it is evident that under the
PM condition, and when 10 < ks < 105 MPa, there is a sharp decline for σx, u, τxy and v,
whereas the stresses and displacements remain constant in the rest ranges. For the ranges of
ks < 10 MPa and ks > 105 MPa, it can be referred to as no connection and perfect connection.
Conversely, under PT condition, when 10 < ks < 105 MPa, the variations in the stresses and
displacements are opposite to those observed under the PM condition. As ks increases,
the corresponding manufacturing cost also increases, and Figure 3a–d indicates that the
optimum cost effectiveness is achieved when the ks is around 105 MPa. At the interface,
τxy tends to zero when 10−2 < ks < 10 MPa. And, with the increasing ks, the absolute
value of τxy under the PM and PT conditions both increase, but the stress directions are
opposite. Under the combined action of the PM and PT conditions, the behavior of σx, u,
τxy and v is consistent with the results of the mechanical-thermal coupling, adhering to the
superposition principle.

Figure 4 shows the y-direction distribution of stresses and displacements of the TCC
beam under the PM and PT conditions with different shear stiffnesses, respectively. From
Figure 4, it is found that the y-direction distributions of σx and u exhibit a zigzag pattern.
The slope of σx with respect to y in the concrete is larger than that in the timber because of
the difference of modulus, while the slopes of u are the same in the concrete and timber.
τxy shows a multi-peaked pattern and has large jump at the interface, while v is almost
unchanged in the y direction. In addition, the directions and change laws of stresses are
roughly the same in the concrete and the timber parts for the PM condition but totally
opposite for the PT condition. This is because for the PM condition, the concrete and the
timber parts resist the external mechanical load together, and as the combination effect, i.e.,
the interfacial shear stiffness ks, increases, the stresses decrease. On the contrary, for the
PT condition, the concrete and the timber parts resist each other because of the difference
in thermal deformation. As the interfacial shear stiffness ks increases, the resistance effect
becomes obvious and this leads to the stresses in the PT condition enlarging. The different
mechanisms of the TCC beam from the PM and PT conditions are important for practical
engineering. For a good design of the TCC beam under the thermo-mechanical condition,
the stresses and displacements respectively from the PM and PT conditions can be partly
offset in order to reduce the overall deflection or maximum stress.



Buildings 2023, 13, 3101 9 of 14

Buildings 2023, 13, x FOR PEER REVIEW 9 of 15 
 

PT conditions, the behavior of x , u, xy  and v  is consistent with the results of the me-

chanical-thermal coupling, adhering to the superposition principle. 

  

(a) x  (L/2, h1)  (b) xy  (0, h1 + 0.5h2) 

  
(c) u (0, 0) (d) v  (L/2, 0) 

Figure 3. Variations in stresses and displacements of TCC beam with respect to interfacial stiffness 

under PM, PT, and MT conditions, respectively. 

Figure 4 shows the y-direction distribution of stresses and displacements of the TCC 

beam under the PM and PT conditions with different shear stiffnesses, respectively. From 

Figure 4, it is found that the y-direction distributions of x  and u exhibit a zigzag 

pattern. The slope of x  with respect to y in the concrete is larger than that in the timber 

because of the difference of modulus, while the slopes of u are the same in the concrete 

and timber. xy  shows a multi-peaked pattern and has large jump at the interface, while 

v  is almost unchanged in the y direction. In addition, the directions and change laws of 

stresses are roughly the same in the concrete and the timber parts for the PM condition 

but totally opposite for the PT condition. This is because for the PM condition, the con-

crete and the timber parts resist the external mechanical load together, and as the com-

bination effect, i.e., the interfacial shear stiffness sk , increases, the stresses decrease. On 

the contrary, for the PT condition, the concrete and the timber parts resist each other be-

cause of the difference in thermal deformation. As the interfacial shear stiffness sk  in-

creases, the resistance effect becomes obvious and this leads to the stresses in the PT 

condition enlarging. The different mechanisms of the TCC beam from the PM and PT 

conditions are important for practical engineering. For a good design of the TCC beam 

under the thermo-mechanical condition, the stresses and displacements respectively 

Figure 3. Variations in stresses and displacements of TCC beam with respect to interfacial stiffness
under PM, PT, and MT conditions, respectively.

Buildings 2023, 13, x FOR PEER REVIEW 10 of 15 
 

from the PM and PT conditions can be partly offset in order to reduce the overall deflec-
tion or maximum stress. 

  
(a) xσ  at x = L/2 in PM (b) xσ  at x = L/2 in PT 

  
(c) xyτ  at x = 0 in PM (d) xyτ  at x = 0 in PT 

  
(e) u at x = 0 in PM (f) u at x = 0 in PT 

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

Figure 4. Cont.



Buildings 2023, 13, 3101 10 of 14
Buildings 2023, 13, x FOR PEER REVIEW  11  of  15 
 

   
(c)  xy   at x = 0 in PM  (d)  xy   at x = 0 in PT 

   
(e) u at x = 0 in PM  (f) u at x = 0 in PT 

   
(g)  v  at x = L/2 in PM  (h)  v  at x = L/2 in PT 

Figure 4. Distribution of stresses and displacements of TCC beam under PM and PT conditions 

with different interfacial stiffness, respectively. 

Figure 5 shows the y‐direction distribution of stresses and displacements of the TCC 

beam under  the PT  condition with  sk   =  1000 MPa  for different  surficial  temperature 

difference, i.e.,  bT   = 0 °C,  tT   = 10, 30, 50 °C, respectively. It can be found that  x , u,  xy  
and  v  all increase with rising the surficial temperature difference, primarily due to the 

difference of thermal expansion between the concrete and timber parts. The maximum 

values of  x   and  xy   occur at the interface between timber and concrete, attributable to 

the differences in the characteristics of the two materials. As  tT   increases, the tempera‐

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

y 
[m
m
]

Figure 4. Distribution of stresses and displacements of TCC beam under PM and PT conditions with
different interfacial stiffness, respectively.

Figure 5 shows the y-direction distribution of stresses and displacements of the TCC
beam under the PT condition with ks = 1000 MPa for different surficial temperature differ-
ence, i.e., Tb = 0 ◦C, Tt = 10, 30, 50 ◦C, respectively. It can be found that σx, u, τxy and v all
increase with rising the surficial temperature difference, primarily due to the difference of
thermal expansion between the concrete and timber parts. The maximum values of σx and
τxy occur at the interface between timber and concrete, attributable to the differences in
the characteristics of the two materials. As Tt increases, the temperature field in concrete
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increases more significantly than that in timber. Thus, u in concrete is larger than that in
timber, but the stresses in concrete are less than those in timber.
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4. Conclusions

Focusing on the bending of the TCC beam subjected to a mechanical load and a non-
uniform temperature field, an analytical solution is presented. This solution, rooted in
thermo-elasticity theory, considers the anisotropy of timber, shear deformation, as well
as interfacial slip. The primary conclusions derived from this study are summarized
as follows:

1. The proposed solution is in good agreement with the finite element result and offers
higher accuracy compared to the simplified Euler–Bernoulli theory-based solution,
which neglects the transverse shear deformation and the orthotropy of the TCC beam.

2. The stresses and displacements vary with interfacial shear stiffness only in a certain
range and remain constant in the rest ranges, which are actually no connection and
perfect connection limits. The variations in the stresses and displacements under the
pure thermal condition are opposite to those observed under pure mechanical loading.
At the interface, with the increasing interfacial shear stiffness, the shear stress under
pure mechanical and pure thermal conditions both increase, but the stress directions
are opposite. The superposition principle is suitable for the stresses and displacements
of the TCC beam under the thermo-mechanical condition.

3. The stresses decrease with interfacial shear stiffness for the pure mechanical condition
but have the opposite change law for the pure thermal condition. On the contrary,
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the displacements have the same change law. This is because for the TCC beam in
the PM condition, the concrete and the timber parts resist the external mechanical
load together, and as the combination effect increases, the stresses decrease. On the
contrary, for the PT condition, the concrete and the timber parts resist each other
because of the difference in thermal deformation. As the interfacial shear stiffness
increases, the resistance effect becomes obvious and this leads to the stresses in the
PT condition enlarging. The different mechanisms of the TCC beam from the PM
and PT conditions are important for practical engineering. For a good design of the
TCC beam under the thermo-mechanical condition, the stresses and displacements
respectively from the PM and PT conditions can be partly offset in order to reduce the
overall deflection or maximum stress.

4. The stress and displacement levels elevate as the surface temperature difference
increases, mainly because of the distinct thermal expansion rates between concrete
and timber. Additionally, the highest stress values manifest at the timber–concrete
interface due to disparities in the material characteristics.

As a future work, the proposed analytical model will be extended to consider the
coupling thermo-mechanical behavior of timber–concrete composite beams under high
temperature, which leads to temperature-dependent material property. In addition, this
can also be extended to the multilayered case, such as glued laminated timber beams,
steel–concrete composite I-beams, etc., via the transfer matrix method.
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Appendix A

The details of Dim
∗,k(y) and Sim

∗,k(y) in Equations (11) and (12) are given by
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