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Abstract: Tunnel excavation inevitably causes surface deformation. In urban areas, surface de-
formation could lead to the deformation of surrounding buildings, which may cause damage to
communities when accumulated to a certain extent. However, the current construction organization
and management mainly rely on on-site deformation measurements, and there is still a lack of
reliable prediction methods. Here, we proposed an effective evaluation method for frame building
deformation based on the stochastic medium theory and the equivalent beam theory. This method
could effectively evaluate the surface and building deformation after a horseshoe tunnel excavation
by considering the non-uniform convergence. Furthermore, its accuracy and practicability were
verified using the Nanyan Fourth Circuit Transmission Reconstruction located in Dalian, China. The
results show that the spatial distribution and characteristic values of the maximum tensile strains
were closely related to the ratio of Young’s modulus to the shear modulus (E/G), the building height
(h), the tunnel depth (H), the tangent of the tunnel influence angle (tan β) and the convergence radius
(∆R). These achievements can provide a theoretical basis and analytical ideas for investigating the
influence of shallow buried tunnel excavation on frame structure buildings in cities.

Keywords: stochastic medium theory; uniform convergence; ground deformation; building strain;
sensitivity analysis

1. Introduction

With the increasing demand for advanced urban transportation and pipe networks,
more and more cities in China are planning, building or updating municipal tunnels
and rail transit systems [1]. These tunnels will occupy an increasingly large volume of
urban underground space, and their structures are becoming more complex and denser.
Utilizing underground space, land and resources has become an inevitable choice for the
development of modern cities. However, tunnel excavation will cause a disturbance to
the surrounding rock and soil mass and destroy its original occurrence state [2,3]. Once
this disturbance is transmitted to the surface, it will result in nonuniform settlement of the
surface. Especially in developed cities with many buildings, tunnel excavation will not
only have a great impact on the road surface but may also significantly affect the existing
buildings [4,5].

Many researchers investigated the influence of tunnel excavation on surface defor-
mation from different aspects [6,7]. The Peck formula [8] is the most common empirical
method for surface settlement caused by tunnel construction. Studies showed that the
surface deformation and settlement trough approximately follow the Gaussian normal
distribution [9]. On this basis, OReilly and New [10] analyzed the measured data and
concluded that there was a linear relationship between the width of a settlement trough
and the buried depth of a tunnel. Mair et al. [11] proposed that the settlement trough in any
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plane below the surface above the tunnel could also be described by a normal distribution
curve. In terms of testing, the centrifugal loading method is adopted [12]. Regarding
theory, Litwiniszyn [13] proposed “stochastic medium theory”, which regards rock and soil
mass as a random medium to predict surface deformation. Sagaseta [14] used the “virtual
image technique” and gave an analytical solution for the surface deformation caused by
tunnel excavation. On the basis of Sagaseta’s research results, Verruijt and Booker [15]
gave full consideration to the influence of tunnel ellipticity and corrected the analytical
solution of stratum deformation caused by tunnel excavation. Regarding numerical simula-
tions, the finite element technique [16–18] was widely used to simulate the deformation
of geomaterials [19–21]. Meanwhile, in terms of the deformation of the ground surface
and building, numerical simulation methods were widely used [22–24]. Gong et al. [25]
simulated the effect of double-hole EPB tunneling on masonry construction in soft soil. The
calculated maximum tensile strain was 0.008%, and no significant cracks were found on
site. Fu et al. [26] modeled the influence of tunnel excavation on frame structure buildings,
and a tunnel–surface–building analysis system was established. It was considered that the
stiffness of the building, the relative position of the tunnel, the weight of the building and
other factors will affect the deformation of both the surface and the building.

However, model establishment and numerical calculation are generally time-consuming,
and specific engineering cases often need complex adjustments. For standard construction,
the theoretical analysis method is more effective. Burland and Wroth [27] proposed to judge
the degree of building deformation based on the maximum tensile strain and gave the
classification index of building deformation. On this basis, Camos and Molins [28] studied
the maximum tensile strain of building deformation under three-dimensional conditions.
These studies were based on the Peck formula. However, the Peck formula, as an empirical
method, is generally not applicable to tunnels with an irregular section. Han and Li [29]
made an in-depth comparison between the Peck formula and the stochastic medium theory
and concluded that the Peck formula was only a special case of the stochastic medium
theory and only applicable to deeply buried tunnels. However, many tunnels excavated
in urban areas are shallow or ultra-shallow buried tunnels. Therefore, a new method
is required to calculate the excavation influence of a shallow tunnel with an irregular
section on the surface and building deformations, which will have significant theoretical
significance and engineering application value.

In this study, a new theoretical method for calculating the maximum tensile strain of
buildings based on stochastic medium theory and equivalent beam theory was proposed.
First, the analytical solution of surface deformation caused by horseshoe tunnel excavation
under the condition of non-uniform convergence was deduced using a Gauss–Legendre
integral [30]. Then, the maximum tensile strain of buildings caused by surface deformation
was calculated by the equivalent beam theory. Furthermore, the proposed method was
applied to the Nanyan Fourth Circuit Transmission Reconstruction located in Dalian,
China, to verify its effectiveness. Finally, the influence of different parameters on building
deformation is discussed.

2. Materials and Methods
2.1. Horseshoe-Shaped Tunnel Deformation Based on the Stochastic Medium Theory

In 1957, the stochastic medium theory was proposed by the Polish professor Litwin-
iszyn to analyze the settlement of a coal bed caused by underground mining [13]. In this
theory, rock and soil mass is regarded as a stochastic medium, and the motion law of rock
and soil mass medium is described using statistics and probability. Specifically, the dis-
placement caused by the excavation process of rock and soil mass can be decomposed into
the displacement of infinitely small units. Thus, the displacement caused by excavation can
be obtained by superposition and summation of the displacement of all small units. Yang
et al. [31] introduced the stochastic medium theory into the field of tunnel deformation
analysis and verified it with the related data.
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According to the stochastic medium theory, the vertical settlement and horizontal
deformation caused by tunnel excavation can be obtained using the following formulas [13,
31]:

dW(X) =
tan β

η
e
[− π tan2 β

η2 (X−ε)2]
dεdη (1)

dU(X) =
(X− ε) tan β

η2 e
[− π tan2 β

η2 (X−ε)2]
dεdη (2)

In Equations (1) and (2), W(X) is the vertical settlement of the ground surface; U(X) is
the horizontal displacement of the ground surface; β represents the influence angle of the
tunnel, which can be determined by the excavation depth and the material properties of
the overlying strata [31]; and X is the horizontal distance from the measured point to the
central axis of the tunnel.

As shown in Figure 1, after completing a tunnel excavation, due to the ground loss,
the original excavation section Ω will shrink inward, forming a new section ω. Therefore,
the settlement deformation can be determined using the convergence difference between
the two regions [31]. Specifically, the vertical settlement and the horizontal displacement
can be expressed as

W(X) = WΩ(X)−Wω(X) =
x

Ω−ω

tan β

η
e
[− π tan2 β

η2 (X−ε)2]
dεdη (3)

U(X) = UΩ(X)−Uω(X) =
x

Ω−ω

(X− ε) tan β

η2 e
[− π tan2 β

η2 (X−ε)2]
dεdη (4)

where WΩ(X) represents the settlement caused by the original excavation section Ω, Wω(X)
represents the settlement caused by the original excavation section ω, UΩ(X) represents the
horizontal displacement caused by the original excavation section Ω and Uω(X) represents
the horizontal displacement caused by the original excavation section ω.

Buildings 2023, 13, x FOR PEER REVIEW 4 of 22 
 

 
Figure 1. Schematic diagram of the stochastic medium theory (Reprinted with permission from 
Ref. [32]. Copyright 2021 Springer Nature.). 

Han and Li [33] proposed that the cross-section convergence deformation caused by 
tunnel excavation is usually non-uniform. Therefore, considering the non-uniform con-
vergence will make the calculation result more accurate (as shown in Figure 2). 

  
(a) (b) 

Figure 2. Horseshoe section of a tunnel: (a) uniform convergence and (b) non-uniform convergence. 
(Reprinted with permission from Ref. [32]. Copyright 2021 Springer Nature.). 

For the horseshoe tunnel section, under the condition of uniform convergence, the 
uplift of the floor is zero, and the tunnel section will move down by ΔR compared with 
the uniform convergence. In fact, floor heave is inevitable during excavation because of 
the induced stress release. According to Han and Li [33], the cross-section of a horseshoe 
tunnel can be divided into a semi-elliptical cross-section and a rectangular cross-section, 
and its horizontal deformation can be obtained via superposition of the two as follows: 

( ) ( ) ( ) rrectangulaelliptical XUXUXU +=  (5)

where U(X)elliptical is the horizontal displacement caused by the ellipse part (given briefly as 
U(X)e); U(X)rectangular is the horizontal displacement caused by the rectangular part (given 
briefly as U(X)r). U(X)e can be calculated using the following equation: 

Figure 1. Schematic diagram of the stochastic medium theory (Reprinted with permission from
Ref. [32]. Copyright 2021 Springer Nature).

Han and Li [33] proposed that the cross-section convergence deformation caused
by tunnel excavation is usually non-uniform. Therefore, considering the non-uniform
convergence will make the calculation result more accurate (as shown in Figure 2).
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For the horseshoe tunnel section, under the condition of uniform convergence, the
uplift of the floor is zero, and the tunnel section will move down by ∆R compared with
the uniform convergence. In fact, floor heave is inevitable during excavation because of
the induced stress release. According to Han and Li [33], the cross-section of a horseshoe
tunnel can be divided into a semi-elliptical cross-section and a rectangular cross-section,
and its horizontal deformation can be obtained via superposition of the two as follows:

U(X) = U(X)elliptical + U(X)rectangular (5)

where U(X)elliptical is the horizontal displacement caused by the ellipse part (given briefly as
U(X)e); U(X)rectangular is the horizontal displacement caused by the rectangular part (given
briefly as U(X)r). U(X)e can be calculated using the following equation:

U(X)e =
∫ b

a

∫ d

c

(X− ε) tan β

η2 e
[− π tan2 β

η2 (X−ε)2]
dεdη −

∫ f

e

∫ h

g

(X− ε) tan β

η2 e
[− π tan2 β

η2 (X−ε)2]
dεdη (6)

In Equation (6), a = H – C − B, b = H − C, c = −A

√
1−

[
H−C−η

B

]2
, d = −c, e = H – C −

B + 2∆R, f = H − C + ∆R, g = −(A− ∆R)

√
1−

[
H−(C−∆R)−η

B−∆R

]2
and h = −g (as shown in

Figure 2b). Here, A is half the width of the floor (it equals the length of the semimajor axis);
B is the length of the semiminor axis; C is the height of the straight wall; and ∆R represents
the convergence radius of the tunnel, which can be determined using the construction
method, in situ stress state and stress–strain relationship [31].

Setting I =
∫ b

a

∫ d
c

(X−ε) tan β

η2 e
[− π tan2 β

η2 (X−ε)2]
dεdη, then I can be expressed using the fol-

lowing formula:

I =
∫ b

a

∫ d

c

(X− ε) tan β

η2 e
[− π tan2 β

η2 (X−ε)2]
dεdη =

∫ b

a

tan β

η2 dη
∫ d

c
(X− ε)e

[
−π tan2 β

η2 (X−ε)2]
dε (7)

According to the Gauss–Legendre integral [30], if it is assumed that

ε =
d− c

2
t2 +

d + c
2

= A

√
1−

(
H − C− η

B

)2
t2 (8)

then I can be further expressed using the following formula:

I =
∫ b

a

tan β

η2 ×

A

√
1−

(
H − C− η

B

)2
dη ×

∫ 1

−1
(X− A

√
1−

(
H − C− η

B

)2

t2)e
{− π tan2 β

η2 [X−A

√
1−( H−C−η

B )
2

t2 ]

2

}
dt2 (9)
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When n = 5, I can be represented using the following Gauss–Legendre integral trans-
formation:

I =
∫ b

a

tan β

η2 × A

√
1−

(
H − C− η

B

)2
dη × [A1 f (x1) + A2 f (x2) + A3 f (x3) + A4 f (x4) + A5 f (x5)] (10)

where xi represents the quadrature node and Ai stands for the Gaussian weighting coeffi-
cient. Both parameters can be obtained by checking Table A1 in Appendix A. Here, A1f(x1)
can be expressed as

A1 f (x1) = A1 ×

X− A

√
1−

(
H − C− η

B

)2
x1

× e
{− π tan2 β

η2 [X−A
√

1−( H−C−η
B )

2
x1]

2
}

(11)

If the first term in Equation (10) is set to I1 =
∫ b

a
tan β

η2 × A

√
1−

(
H−C−η

B

)2
dη ×

A1 f (x1), then I1 can be calculated as follows:

I1 = A1

∫ b

a

tan β

η2 × A

√
1−

(
H − C− η

B

)2

×

X− A

√
1−

(
H − C− η

B

)2

x1

× e
{− π tan2 β

η2 [X−A

√
1−( H−C−η

B )
2

x1 ]

2

}
dη (12)

Similarly, the Gauss–Legendre integral is used again. If it is assumed that

η =
b− a

2
t1 +

b + a
2

=
B
2

t1 +
2H − 2C− B

2
(13)

I1 can be expressed as

I1 = B
2 A1

∫ 1
−1

tan β

( B
2 t1+

2H−2C−B
2 )

2 × A

√
1−

(
H−C− B

2 t1− 2H−2C−B
2

B

)2

×

X− A

√
1−

(
H−C− B

2 t1− 2H−2C−B
2

B

)2
t1

× e
{− π tan2 β

( B
2 t1+

2H−2C−B
2 )

2 [X−A

√
1−( H−C− B

2 t1−
2H−2C−B

2
B )

2

t1]

2

}
dt1

= AB
2 A1[A1g(x1) + A2g(x2) + A3g(x3) + A4g(x4) + A5g(x5)]

(14)

Therefore, the final expression of Iij can be obtained using

Iij =
5

∑
i,j=1

Ai Aj AB× 2 tan β(
Bxj + 2H − 2C− B

)2

√
1−

(
xj − 1

2

)2

×

X− A

√
1−

(
xj − 1

2

)2

xi

× e

{− 4π tan2 β

(Bxj+2H−2C−B)2
[X−A

√
1−(

xj−1
2 )

2
xi ]

2

}

(15)

Similarly, in Equation (6), if I′ij =
∫ f

e

∫ h
g

tan β
η e

[− π tan2 β

η2 (X−ε)2]
dεdη, the expression for I′ij

will be

I′ij =
5
∑

i,j=1
Ai Aj(A− ∆R)(B− ∆R)× 2 tan β

(B−∆R)xj+2H−2C−B+3∆R

√
1−

( xj−1
2

)2

×
[

X− (A− ∆R)

√
1−

( xj−1
2

)2
xi

]
× e
{− 4π tan2 β

[(B−∆R)xj+2H−2C−B+3∆R]2
[X−(A−∆R)

√
1−(

xj−1
2 )

2
xi ]

2

}
(16)

Therefore, the horizontal displacement of the surface caused by the excavation of the
elliptical part can be calculated using the following formula:

U(X)e = Iij − I′ij (i, j = 1, 2, . . . , 5) (17)
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Similarly, the horizontal displacement of the surface caused by the excavation of the
rectangular part can be calculated using the following formula:

U(X)r = Jij − J′ij (i, j = 1, 2, . . . , 5) (18)

Jij =
5

∑
i,j=1

Ai Aj AC× tan β(
Cxj + 2H − C

)2 × (X− Axi)× e
[− 4π tan2 β

(Cxj+2H−C)2
(X−Axi)

2]

(19)

J′ij =
5
∑

i,j=1
Ai Aj(A− ∆R)(C− ∆R)× tan β

[(C−∆R)xj+2H−C+∆R]
2

×(X− (A− ∆R)xi)× e
{− 4π tan2 β

[(C−∆R)xj+2H−C+∆R]2
[X−(A−∆R)xi ]

2}
(20)

In summary, according to the stochastic medium theory, the horizontal displacement
of the surface caused by horseshoe tunnel excavation can be expressed as

U(X) = U(X)e + U(X)r = (Iij − I′ij) + (Jij − J′ij) (i, j = 1, 2, . . . , 5) (21)

In previous studies, the stochastic medium theory is only expressed in the form of an
integral, but this study further gives a more intuitive and convenient form for practical
application. For the ground surface settlement W(X), Li et al. [32] gave the calculated
results, which will not be repeated here.

2.2. Building Strain

As is already known to us, the strain distribution along the beam depends on the
deformation mode of the beam, which usually includes two kinds: bending deformation
and shear deformation. Therefore, we should determine the most critical forms in practical
projects, i.e., pure bending and pure shear deformations. The maximum tensile strain in a
beam due to pure bending (εbr) and pure shear (εdr) deformation can be given by elastic
beam theory as follows:

εbr = (εbmax + εh) (22)

εdr = εh(1−
E

4G
) +

√
εh

2

16
(

E
G
)

2
+ εdmax

2 (23)

where E/G is the ratio of Young’s modulus to the shear modulus of the building; εbmax
and εdmax are the deflection deformation of the beam under pure bending and pure shear
modes, respectively. εh is the horizontal strain of the ground on the beam foundation, which
depends on the shape of the settling trough of the beam and the relative position of the
reference point. The maximum tensile strain εmax is the maximum of εbr and εdr along the
beam direction.

According to Mair et al. [34], the settlement deformation under the building can be
divided into the zones of the building undergoing sagging deflection and the zones of the
building undergoing hogging deflection when the tunnel is excavated and penetrates the
geomaterial under the existing building, as shown in Figure 3.
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Figure 3. Schematic diagram of the ground surface settlement and building deformation after a
tunnel excavation.

The maximum strains of the beam under the pure bending (εbmax) and shear (εdmax)
deformation modes need to be calculated. They can be determined using the expressions
given by Burland and Wroth [27]:

εbmax =
∆
l

l
12t +

3I
2alh

E
G

(24)

εdmax =
∆
l

1 + hl2

18I
G
E

(25)

where h is the height of the beam (i.e., the height of the building); I is the inertia per unit
length, which is numerically equal to h3/12 in sagging zones and h3/4 in hogging zones;
and t is the location of the neutral axis. In sagging zones, the neutral axis is assumed to be
located at the middle height t = h/2. In the hogging zones, it is assumed that the neutral
axis is located at the top t = h, as shown in Figure 3. Moreover, a is the position where the
strain is calculated. If the strain is considered at the position of the neutral axis, we will
have a = t in both cases. ∆/l is the maximum deflection of the two circumstances, where l is
the horizontal distance between two reference points and ∆ is the deflection between the
two points. This relative deflection is given by the difference between the settlement curve
and the straight line connecting the building’s reference and inflection points.

The horizontal strain εh of the surface can be calculated using Equation (26), as
shown below:

εh =
∂U(X)

∂X
(26)

where U(X) is the horizontal displacement of the ground surface caused by tunnel excava-
tion. Therefore, the maximum strain can be obtained by the following formula:

εmax = max
{

ε
hog
br , ε

sag
br , ε

hog
dr , ε

sag
dr

}
(27)

where εmax is the maximum of ε
hog
br , ε

sag
br , ε

hog
dr and ε

sag
dr ; ε

sag
br is the pure bending strain in the

sagging zones; ε
hog
br is the pure bending strain in the hogging zones; ε

sag
dr is the pure shear

strain in the sagging zones; and ε
hog
dr is the pure shear strain in the hogging zones.

3. Engineering Background

The Nanyan Fourth Circuit Transmission Reconstruction is located in the eastern part
of Dalian City, Liaoning Province, China. The former No. 95 tower of Nanyan Fourth
Circuit started at the Zhongshan Road and the two sides of the Malan River, and finally
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reached the Yanshui Substation, with a total length of 1.71 km. Many streets were along
the tunnel. The buildings and underground networks were dense. Tunnel excavation led
to ground settlement, which had a certain influence on the safe use of the surrounding
pipelines and roads.

The tunnel excavation was conducted using drilling and blasting. The rock mass was
medium-weathered quartzite with a lot of joints and fissures, and the joint dip angle was
about 40◦~80◦. The core was fragmentary, columnar, medium-weathered and isogranular.
The degree of integrity was from relatively complete to relatively broken, and the basic
quality level of rock mass was class four (Figure 4). The other layers are shown in Figure 5.
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The targeted building shown below is a four-story frame structure residential building,
as shown in Figure 6. It is an old residential building built in 1987. The building adopted
an independent foundation under the column and the horizontal and vertical bearing
systems. The ground beam was set to enhance the stability of the overall bearing. The
main structure was made up of beams, columns and floors made of tertiary rebar and
C30 concrete. There were the Xinghai Convention and Exhibition Center subway station,
residential areas, streets, highways, light rail and other public infrastructure around the
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building. All of the public infrastructure was in operation. Therefore, it was necessary to
ensure the safety of existing structures during the tunnel excavation process.
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4. Data Analysis

Figure 7 shows the distribution of the surrounding buildings and monitoring points.
The blue color part represents the tunnel excavation. The measuring points were located
on the third floor of the building. The main reasons for choosing the targeted building
were as follows: (1) the tunnel excavation went under the targeted building, and the
building was approximately perpendicular to the central axis of tunnel excavation; (2)
the targeted building was a frame structure building, which conformed to the operating
conditions of the equivalent beam principle; (3) the building was not symmetrical to the
central axis of tunnel excavation, and the sagging and hogging zones were different, which
is representative to a certain extent.
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As mentioned above, the convergence radius of tunnels is mainly related to the
excavation method. According to Li et al. [32], the convergence radius of the tunnel in this
study was ∆R = 0.0042 m. The tangent value of the tunnel influence angle tan β is related to
the excavation depth and the material properties of the overlaying rock masses. Through
the parameter back analysis, tan β could be set to 0.70. The basic parameters of tunnel
excavation were A = 3.4 m, B = 2.1 m, C = 4.85 m and H = 30.52 m.

In Figure 7, DB is the monitoring point of surface subsidence, and the corresponding
surface subsidence curve is shown in Figure 8. It can be seen from the figure that the actual
monitored surface settlement was generally slightly less than the predicted value of the
stochastic medium theory, which also agrees with the conclusion of Burd [35]. In fact, the
interaction between the whole tunnel–surface–foundation system is very complex. The
dead weight of the building will increase the vertical displacement of the surface, while the
interaction between the building and the surface will slow the deformation trend of the
surface. In general, it is accepted that the self-weight of a building predominates.
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The settlement of the ground surface here is the difference in the monitored values
before and after the tunnel excavation. The Trimble DiNi03 electronic level was adopted to
measure the deformation of the ground surface, and the height measurement accuracy was
0.01 mm. The theoretical maximum settlement of the ground surface was 3.58 mm, and
the measured maximum was 3.89 mm. It can be considered that the curve was basically
consistent with the actual results. It also shows that the method derived in this study
could effectively predict the surface settlement caused by the tunnel excavation. The
deformation limit of the ground surface was 20 mm according to the Code for Design of
Railway Tunnel [36].

As shown in Figure 9, the measurement started on December 18. As the working face
was excavated, the settlement increased quickly (acceleration phase). About a month later,
the settlement continued to increase but with a relatively smaller increase rate (slow phase).
The settlement eventually increased up to 3.65 mm and stabilized about 2 months after the
construction was initiated.

In terms of the horizontal displacement of the surface, the measured values were
generally slightly larger than the theoretical values, shown in Figure 10. Although a build-
ing’s dead weight increases the horizontal displacement of the surrounding surface, the
interaction between the building foundation and the surface also weakens the horizontal
displacement of the surface. The calculated maximum value of surface horizontal displace-
ment was 1.21 mm, and the measured maximum value was 1.28 mm. The difference was
within the controllable range, and the theoretical value was in good agreement with the
measured value.
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Figure 10. Comparison of the horizontal displacement between the stochastic medium theory and
on-site monitoring.

In Figure 11, the curve is divided into two parts by the horizontal strain εh = 0. The
point of εh = 0 was the inflection point of the subsidence curve, which was also the dividing
point between the sagging zones and hogging zones. In the sagging zones, the horizontal
deformation of the surface was negative (εh < 0), resulting in compression strain. Hence, it
had a buffer effect on building deformation. In contrast, the surface horizontal deformation
in hogging zones was positive (εh > 0), resulting in tensile strain, and thus, promoting
building deformation. This also verifies the views of Burland [37] and Fu et al. [26].
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Figure 12 shows the strain in the sagging zones of the targeted building when E/G =
12.5. It can be seen from the figure that in sagging zones, the bending strain calculated using
Equation (23) may be relatively small, or even less than 0. Because εh < 0, compression
strain was generated. Camos and Molins [28] proposed that for the conservative estimation,
εh could be considered as zero, and the maximum bending strain εbmax could be considered
as the value of bending strain εb (i.e., the horizontal dashed line in Figure 12). In terms of
the shear strain, the maximum shear strain calculated theoretically was 0.0056%, which
occurred directly above the central axis of the tunnel. Meanwhile, due to the measurement
error, the measured value fluctuated between 0.005% and 0.008%. Furthermore, at the
boundary X = 14.96 m in the sagging zones, the shear strain was also relatively large, which
was 0.0055%. Therefore, during the process of tunnel excavation, attention should be paid
to the maximum tensile strain at the two places directly above the central axis of the tunnel
and the boundary in sagging zones.
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In addition, it can be seen that there was little difference between the bending strain
and shear strain in the sagging zones. This indicates that the building was subjected to
both bending and shear deformation in sagging zones. In fact, because the value of l/h
(1.96) in sagging zones was relatively large, even though the targeted building was a frame
building, the bending deformation was also a non-negligible factor.

Figure 13 shows the strain of the targeted building in hogging zones. Both the bending
strain and shear strain increased with the growth of the X-coordinate. Both maxima were
generated at the abscissa of 30.95 m, which was at the edge of the building. The maximum
bending strain calculated theoretically was 0.0069%, and the measured strain was 0.0067%.
The maximum shear strain calculated theoretically was 0.0108%, and the measured shear
strain was 0.0122%. Furthermore, the measured values of the bending strain and shear
strain basically matched the theoretical results. Hence, it can be considered that the formula
derived in this study could effectively predict the strain of the building. Additionally, it
can be seen that the shear strain was much greater than the bending strain in the hogging
zones. This was because of the small value of l/h (0.87) in the hogging zones.

Figure 13. Bending strain and shear strain in the hogging zones.

To sum up, the maximum strain of the building studied in this case was the shear
strain in the hogging zones, i.e., εmax = ε

hog
dr . Table 1 shows the building deformation and

failure classification according to Burland and Wroth [27]. The maximum tensile strain
of the target building was 0.0122%, which belongs to the category class zero with a tiny
deformation. Therefore, it can be considered that the building was in a safe and stable state
after the tunnel excavation.

Table 1. Classification of damage to buildings (Burland and Wroth [27]).

Category of Damage Normal Degree of Severity Tensile Strain εmax (%) εlim (%)

0 Negligible 0–0.050 0.050
1 Very slight 0.050–0.075 0.075
2 Slight 0.075–0.150 0.150
3 Moderate 0.150–0.300 0.300
4 Severe >0.300 -
5 Very severe - -
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In fact, the surrounding rock masses of the tunnel excavation were mainly moderately
weathered quartzite with relatively high strength and stiffness. Thus, the settlement and
deformation of the surface and the building caused by the excavation were relatively small.
Moreover, the building was a frame structure with a relatively large and stable length-
to-height ratio l/h. However, in many other urban areas, tunnel excavation is carried out
at a shallow depth and even in a shallow soil layer, resulting in a large settlement and
horizontal displacement. In particular, some tunnel excavations go under the masonry
structure of the building, which causes a large deformation of the building. Therefore, the
corresponding parameters were analyzed and are further discussed in the next section.

5. Sensitivity Analysis

As mentioned above, the maximum strain of the building based on the stochastic
medium theory was calculated. In this section, the results of the parameter sensitivity
analysis regarding the strain obtained by the formula are given, and then the detailed
influences of the main parameters on the maximum strain of the building are discussed.

5.1. Parameters of the Stochastic Medium Theory

In general, there are two main parameters of the stochastic medium theory, i.e., the
tangent of tunnel influence angle tan β and the convergence radius of tunnel ∆R. Simul-
taneously, this section will also discuss the influence of tunnel excavation depth H on
the results.

5.1.1. Depth of the Tunnel

There are many kinds of tunnels excavated in urban cities, such as municipal tunnels,
traffic tunnels and pipes. A large number of them are shallow or ultra-shallow tunnels. In
this section, the distance from the tunnel floor to the ground surface H mentioned above
was set to be 20 m, 25 m and 30 m to discuss the influence of the excavation depth on
building deformation.

It can be seen from Figure 14 that in sagging zones, with the growth of excavation
depth, the shear strain was greater than the bending strain, the maximum shear strain
was generated just above the central axis of the tunnel, and the range of the hogging
zones gradually increased. In the hogging zones, the shear strain was also greater than the
bending strain, and the maximum tensile strain gradually decreased with the increase in
depth, which indicated that the greater the excavation depth, the smaller the influence of
the tunnel on the surface and building deformation. In addition, it can be seen that with
the increase in excavation depth, the position of the maximum shear strain generation in
the hogging zones gradually moved from the middle to the edge of the building.
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5.1.2. Tangent of the Influence Angle tan β

Figure 15 shows the effect of the tangent of the tunnel influence angle on the maximum
tensile strain. It can be seen that the tunnel influence angle also affected the range of the
sagging and hogging zones. In the sagging zones, the shear strain was greater than the
bending strain. In the hogging zones, the maximum shear strain occurrence gradually
moved from the edge of the building to the middle.
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5.1.3. Radius of Tunnel Convergence ∆R

As can be seen from Figure 16, the convergence radius ∆R did not change the range of
sagging zones and hogging zones. Because the convergence radius of the tunnel reflects
the construction method, the stress state of the original rock and other conditions, a smaller
tunnel convergence indicated a better and more stable state of the surrounding rock and
soil. Moreover, it can also be seen from Figure 16 that the growth of ∆R increased both the
bending strain and shear strain in the sagging and hogging zones, but did not change the
deformation mode of the building.
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5.2. Parameters of the Equivalent Beam Theory
5.2.1. Height of the Building h

Usually, the height of a frame building is lower than 50 m because of the requirement
of seismic fortification. In order to give the research practical significance and engineering
reference, this study considered the deformation of a building when h was within the range
of 10–30 m. Meanwhile, ∆/l was set to 6.6 × 10−4 and 8.1 × 10−4 (relatively large) to
analyze the deformation mode of the building. It can be seen from Figure 17 that when the
deflection of the building was relatively large, the bending strain of the building gradually
decreased in the sagging zones, while the shear strain gradually increased. In the hogging
zones, the shear strain was almost the same, and the bending strain gradually decreased.
These results are in line with reality.
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5.2.2. Relative Position of the Measured Points l

The relative position l of a measured point can be decomposed into two parts, namely,
lsag in the sagging zones and lhog in the hogging zones, as shown in Figure 3. The sum of
these two values equals the total length of the building. In fact, the total length of a specific
building is fixed. The dividing point between sagging zones and hogging zones is the
inflection point (second derivative) of the settlement curve. Moreover, h/l is considered
a parameter. If the value of l is given, the growth of h will cause the growth of h/l, as
described above, which will not be repeated here.

5.2.3. Ratio of Young’s Modulus to Shear Modulus E/G

As mentioned above, the ratio of Young’s modulus to the shear modulus E/G varies
greatly for different building types. For masonry buildings, E/G is usually around 2.6 [27].
However, for frame buildings, E/G is usually around 12.5, as referenced by Burland and
Wroth. Because the shear stiffness of frame structures is relatively lower than the flexural
stiffness, most of them will mainly suffer shear deformation. However, for masonry
structure buildings, according to the different l/h, bending deformation may predominate.

It can be seen from Figure 18 that as the value of E/G increased, the bending strain
of the building in the sagging zones gradually decreased, while the shear strain slightly
increased. The maximum tensile strain gradually transitioned from bending strain to shear
strain. This also accords with the actual situation, where the masonry structure mainly
suffered bending deformation and the frame structure mainly suffered shear deformation.
In addition, it can be seen that the maximum bending strain occurred at the boundary
between the sagging and hogging zones, while the maximum shear strain occurred just
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above the central axis of the tunnel. In the hogging zones, the shear strain showed little
change, while the bending strain gradually decreased with the increase in E/G, and all of
them occurred at the edge of the building.
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It should be noted that the factors that affect surface deformation, including the
tunnel excavation depth, stratum conditions and tunnel convergence value, are not iso-
lated. Actually, they can interact and influence each other. Therefore, in the actual design
and construction, it is suggested to make a comprehensive analysis of multiple factors
to comprehensively consider the possible impact of tunnel excavation on the surface
and the building.

6. Discussion

Bruland and Wroth [27] suggested that the E/G of frame buildings should be 12.5.
It should be noted that in Equation (23), the first term is εh(1 − E/4G). If E/G = 12.5, the
result of this term is negative, indicating that the surface deformation will slow the shear
deformation of the building and make the shear strain smaller, which is obviously not
in line with reality. Mair et al. [34] suggested that the Poisson’s ratio of frame structure
buildings should be set to v = 0.3, and the following formula can be used to calculate the
shear deformation of buildings:

εdr = 0.35εh +

√
(0.65εh)

2 + εdmax
2 (28)

In this study, Equation (28) was used to avoid calculation errors. As is known, there is
reinforced concrete in frame buildings, which is more sensitive to shear and is not easily
influenced. The value of E/G is nearly impossible to measure. Therefore, an equivalent
parameter was adopted to analyze the shear deformation strain. As for the masonry
buildings, E/G was set to be 2.6 [27,28,34,37] and no such errors were generated.

7. Conclusions

(1) In this study, a new evaluation method for predicting the deformation character-
istics of buildings based on stochastic medium theory and equivalent beam model was
proposed. Compared with the conventional methods, this method can take into account
the influence of horseshoe-shaped tunnel excavation on surface deformation under the
condition of non-uniform convergence. Moreover, it has a clearer theoretical basis and
wider applicability.
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(2) The stochastic medium theory was successfully applied to predict the horizontal
and vertical displacement of the ground surface, and the results indicated that it can
effectively estimate the deformation trend and value of the ground surface.

(3) The ratio of building length to the height of the targeted building in the sagging
zones in the Nanyan Fourth Circuit Transmission Reconstruction was 1.96 under the effect
of both bending deformation and shear deformation. In the hogging zones, the ratio of
the building length to the height was 0.87, and the shear strain was much larger than
the bending strain. The maximum value of the building strain was 0.0108%, and the
measured value was 0.0122%. The small difference between the calculated value with the
measured data indicates that the proposed method can effectively predict and calculate the
deformation of buildings.

(4) The convergence radius, the height of the building and the ratio of Young’s modulus
to the shear modulus can only change the maximum tensile strain of the building. However,
the depth of the tunnel and the tangent of the tunnel influence angle will significantly
change the range of the sagging zones and the hogging zones.

(5) The maximum tensile strain value of the targeted building in the Nanyan Fourth
Circuit Transmission Reconstruction occurred at the edge of the building in the hogging
zones, and the damage degree was relatively slight. Therefore, the building can be consid-
ered to be in a relatively safe state.
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Appendix A

Table A1. Integration point (xi) and Gaussian weighting coefficient (Ai) of the Gauss–Legendre
integral. (Reprinted with permission from Ref. [32]. Copyright 2021 Springer Nature).

n Integration Point Gaussian Weighting Coefficient

2 ±0.5773502692 1.0

3
0.0 0.8888888889

±0.7745966692 0.5555555556

4
±0.33999810436 0.6521451549
±0.8611363116 0.3478548451

5
0.0 0.5688888889

±0.5384693101 0.4786286705
±0.9061798459 0.2369268851

6
±0.2386191861 0.4679139346
±0.6612093865 0.3607615731
±0.9324695142 0.1717244923
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