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Abstract: A reasonable material hysteretic constitutive model has a significant influence on the
seismic simulation results of structures. To better describe the hysteresis seismic performance of
fiber-reinforced polymer (FRP)-constrained concrete, a new modified hysteresis constitutive model
is proposed based on the existing model and with sufficient consideration of the drop section
of the skeleton curve. The validity of the proposed model is verified by comparing with quasi-
static experimental data of FRP-confined reinforced concrete (FRP-C RC) columns in the literature.
Subsequently, the compressive strength of concrete is selected as a major variable, and a quasi-Monte
Carlo method is utilized to generate random samples, which are substituted into the proposed
modified model and some comparison models. Finally, the hysteretic behavior of FRP-C RC columns
is analyzed from the perspective of the material strength variability. The results demonstrate that
(1) The proposed hysteretic constitutive model is able to provide rational predictions of the hysteretic
behavior of FRP-C RC columns, and the mean relative error of each specimen is less than 6%. It can
be applied to carbon FRPs (CFRPs) and glass FRPs (GFRPs), as well as different cross-sectional forms
such as cylindrical and square columns. (2) A large number of hysteretic behavior cases of FRP-C RC
columns can be successfully analyzed from the perspective of concrete material variability combined
with finite element software. The average and variation coefficient of the maximum horizontal force
of FRP-C reinforced C30 concrete columns are 76.77 kN and 0.0488, respectively, while the average
and variation coefficient of the maximum horizontal force of FRP-C reinforced C50 concrete columns
are 91.14 kN and 0.0454, respectively. (3) The average value and variation coefficient of the maximum
horizontal force and equivalent damping ratio of FRP-C RC columns are affected by the compressive
strength, axial compression ratio and reinforcement ratio, which show a certain regularity.

Keywords: FRP-confined concrete; hysteretic constitutive model; quasi-Monte Carlo method;
variability analysis

1. Introduction

Advanced composites, namely fiber-reinforced polymers (FRPs), provide engineers
with new opportunities to overcome several design problems that cannot be solved ade-
quately with conventional construction materials [1]. FRP composite materials have been
widely utilized for seismic reinforcement of concrete and steel structures due to their sig-
nificant advantages such as their light weight, high strength-to-weight ratio, corrosion
resistance and potentially high durability [2–8]. Traditional FRP bars include glass FRPs
(GFRPs), carbon FRPs (CFRPs) and aramid FRPs [9]. Currently, FRP rods are commonly
applied in engineering, including carbon-fiber-reinforced polymers (CFRPs) and glass-
fiber-reinforced polymers (GFRPs) according to fiber type [10]. However, GFRP bars are
the most commonly used because of their low cost, while the use of CFRP bars is still
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limited due to their exorbitant cost [11]. In recent years, the rapid development of CFRPs
mixed with lower-cost fibers has reduced the cost significantly [12]. This also indicates
that CFRPs and GFRPs will continue to be used on a large scale in the future. Due to the
different natures of CFRP and GFRP materials, there will be differences in their mechanical
properties, durability, etc., in different environments, so it is important to select the type of
FRP material that meets the requirements of the specific environment during use [10–12].

The stress–strain behaviors of FRP-confined concrete under monotonic and cyclic
compression are invariably research hotspots for the seismic performance and design of
concrete structures [13–15]. Up to now, numerous studies have been carried out based on
monotonic compressive loading [4,16–23] and cyclic compressive loading [24–31]. Only
a few cyclic constitutive models of FRP-confined concrete have been proposed [32–38].
Consistent with the assessment results calibrated with a database of 730 FRP-confined con-
crete cylinder tests, the Lam and Teng model [18] is one of the top performing models [20].
Additionally, among the above models, Lam and Teng models [15,18–20] based on test
databases are widely cited and revised typical models.

Meanwhile, numerical simulation analysis plays an important role in studying the
seismic performance of reinforced structures. The OpenSees platform is free, funded by the
National Science Foundation, led by the Pacific Earthquake Engineering Research Center,
and developed by the University of California, Berkeley. OpenSees (v2.5.0) is professional
software for seismic analysis of structures with a high compatibility, high simulation
accuracy, and easy collaborative development. To the best of the author’s knowledge,
although Liu et al. [39,40] first embedded a modified constitutive model for FRP-confined
concrete based on the Lam and Teng model [18] into the OpenSees development platform,
unified FRP-confined concrete hysteretic constitutive models are not available in the existing
OpenSees platform. Reviews such as the one conducted by Ziaadiny and Abbasnia [33]
have shown that Lam and Teng models [15,20] involve some deficiencies for the path of
reloading and unloading under cyclic loading that may reduce the accuracy of the model
results. In addition, for Lam and Teng models [15,18,20], the stress drop section after
the ultimate strain point of the compressive envelope curve and the tensile mechanical
properties of FRP-confined concrete are not considered. For these reasons, by improving
the Lam and Teng models [15,18,20] and modifying the corresponding compressive and
tensile hysteresis rules, in this paper, a new modified hysteretic constitutive model for
FRP-confined concrete has been presented and embeded into OpenSees for structural
analysis. The validity of the proposed model has been verified by comparing the results
with quasi-static experimental data in the literature.

On the other hand, existing research recognizes the critical role played by proper
determination of the concrete strength, which is essential for reliable modeling of the
structure [41,42]. As a composite material, the mechanical properties of concrete are
stochastic and variable, which results in inevitable variation in the stress–strain curve.
Although extensive research has been conducted on the influence of the variation in
concrete material properties on the static and dynamic performance analysis of concrete
structures [43–46], there is no independent study on the effect of concrete strength variability
on the hysteretic behavior of FRP-C RC columns.

Hence, in this paper, we locally improved the FRP-constrained concrete compression
skeleton curve proposed by Lam and Teng by adding a tension section and modified the
compression hysteretic rule. Based on the C++ programming language, the improved FRP-
constrained hybrid hysteretic constitutive model was integrated into OpenSees, providing
conditions for better analysis of FRP-reinforced RC columns. Additionally, in this paper,
the compressive strength of concrete was selected as a major variable, and a quasi-Monte
Carlo method was utilized to generate random samples which were substituted into the
proposed modified model. Further research on the influence of the variation in concrete
compressive strength on the hysteretic behavior and variability of FRP-C RC columns
was carried out. The average value of the maximum horizontal bearing capacity and its
coefficient of variation and the average value of equivalent viscous damping ratio and its



Buildings 2023, 13, 2396 3 of 18

coefficient of variation were compared under different compressive strengths and elastic
moduli, providing a new method for the comparison of hysteretic constitutive models of
concrete constrained by FRP.

2. Secondary Development of a Modified FRP-Confined Concrete Model
2.1. Uniaxial and Cyclic Constitutions of Lam and Teng

By collecting and analyzing approximately all axial compression test data and models
of FRP-confined concrete columns, which cover a variety of different concrete strengths,
types of FRP, parcel layers and section sizes, Lam and Teng proposed a uniaxial constitutive
model (named the Lam–Teng 2003 model) for FRP-confined concrete columns. For specific
mathematical expressions, the parameter values of the proposed model and the stress–strain
curve, please refer to references [18,20].

The stress–strain curve of the Lam–Teng 2003 model has a monotonically ascend-
ing bi-linear shape. Additionally, the FRP-confined concrete is said to be sufficiently
confined [18,20]. In practice, some researchers [47] have observed a stress drop section
after passing the ultimate stress point in the tests of FRP-C RC columns. The residual strain
and the drop section of the skeleton curve are neglected after the ultimate stress of the
Lam–Teng model [18,20] for FRP-confined concrete. The stress drop section will be taken
into account in the proposed modified model in this paper.

In 2009, Lam and Teng presented a stress–strain model (named the Lam–Teng 2009
model) for FRP-confined concrete under cyclic axial compression [15]. The following
three observations are highlighted: (a) the Lam–Teng 2003 model [18,20] is employed to
predict the envelope curve under cyclic compression; (b) the unloading path expressed
by a polynomial consists of an exponential function which is highly non-linear; (c) the
reloading path adopted in Mander et al.’s approach [48] is composed of a linear segment
and a parabolic portion.

The equation which describes the unloading paths of FRP-confined concrete has the
following form [15]:

σc = aε
η
c + bεc + c (1)

with

a =
σun − Eun,0(εun − εpl)

ε
η
un − ε

η
pl − ηε

η−1
pl (εun − εpl)

(2)

b = Eun,0 − ηε
η−1
pl a (3)

c = −aε
η
pl − bεpl (4)

η = 350εun + 3 (5)

Eun,0 = min


0.5 fc0

εun
σun

εun−εpl

(6)

and

εpl =


0

[1.4(0.87− 0.004 fc0)− 0.64](εun,env − 0.001)

(0.87− 0.004 fc0)εun,env − 0.0016

0 < εun,env ≤ 0.001

0.001 < εun,env ≤ 0.0035

0.0035 ≤ εun,env ≤ εcu

(7)

where Eun,0 is the slope of the unloading path at zero stress; εcn is the compressive ultimate
axial strain of FRP-confined concrete; σun and εun are the stress and the strain at the starting
point of unloading path, respectively; σun,env and εun,env are the stress and the strain at
the starting point of envelope unloading, respectively; f c0 is the compressive strength of
unconfined concrete; and εpl is the plastic strain data for envelope unloading.
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The reloading path consists of a linear portion and a parabolic portion, where the
specific expressions are given by:

σc = σre + Ere(εc − εre) εre ≤ εc ≤ εre f (8)

σc = Aε2
c + Bεc + C εre f ≤ εc ≤ εret,env (9)

with
Ere = (σnew − σre)/(εre f − εre) εre ≤ εc ≤ εre f (10)

B = Ere − 2Aεre f (11)

C = σnew − Aε2
re f − Bεre f (12)

where σre and εre are the stress and the strain at the starting point of reloading path,
respectively; Ere is the slope of the linear portion; and εret,env is the envelope returning
strain. The definitions and expressions of εref, σnew, εret,env, and A are illustrated in detail in
reference [15].

2.2. A New Modified Model of FRP-Confined Concrete

Based on the above Lam and Teng models [15,18,20], a new hysteretic constitutive
model for FPR-confined concrete under cyclic loading is proposed. The stress drop section
of the compressive skeleton curve and the tensile performance under cyclic stress are
taken into account and the corresponding hysteretic criterion is modified. For better
understanding, here are some detailed explanation as follows:

(1) The envelope curve under cyclic compression

A variety of concrete hysteretic constitutive models are integrated in OpenSees, while
Concrete01 and Concrete02 models are the most widely available [49]. The Kent–Scott–Park
model modified by Scott et al. [50] is adopted for the compression skeleton curves of
these two models. Referring to the expression of the compression skeleton curves in the
Concrete01 and Concrete02 models, the stress drop section after the overstress peak is
added to the Lam–Teng 2003 model in this paper. Moreover, the stress remains constant
when the stress drops to 20% of the ultimate stress. Hence, the compression skeleton curves
are described by the following equations:

σc =



Ecεc − (Ec−E2)
2

4 f0
ε2

c

f0 + E2εc

fcc − E3εc

0.2 fcc

εc ≤ ε′t

ε′t < εc ≤ εcc

εcc < εc ≤ ε′cu

εc > ε′cu

(13)

where the definitions of Ec, E2, ε′t, and fcc are found in the Lam–Teng 2003 model [15]; εcc is
the strain corresponding to the peak stress fcc; ε′cu is the starting strain when the stress drops
to 20% of the peak stress fcc; and E3 is the slope of the straight line of the stress descent
section after passing the peak stress fcc, which is determined by points A and B.

(2) Unloading and reloading paths under cyclic compression

An unloading path is defined as the stress–strain path that the concrete will trace as
the strain reduces, and this path is independent of its terminating point [15]. The unloading
path consists of two straight-line segments. After the first straight line unloads to a certain
extent, the second straight line unloads to the compression residual strain point; the slope
of the first line is the initial elastic modulus and the slope of the second line is a variable
parameter, a multiple of the slope of the reloading line. The two straight-line segments are
described by the following equations.
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For the first straight-line segment of unloading path:

σc = Ec(εc − εun) + σun (14)

where εun and σun are the unloading strain and unloading stress for envelope unloading [15].
For the second straight-line segment of unloading path:

σc = λ
σun

εun − εpl
(εc − εpl) 0 < λ ≤ 1 (15)

where εpl is the plastic strain data for envelope unloading, please refer to Equation (7). It is
worth noting that the value of λ in Equation (15) can be obtained by fitting the hysteretic
test data of FRP-confined concrete in reference [15].

A reloading path is defined as the stress–strain path the concrete will trace as its
strain increases from a starting point on an unloading path [15]. The reloading path is
a straight-line segment connecting the compression residual strain point (εpl, 0) and the
unloading point (εun, σun) of the compression envelope. Its expression is given by:

σc =
σun

εun − εpl
(εc − εpl) (16)

(3) Partial unloading and partial reloading under cyclic compression

For partial unloading cases, if unloading is carried out from the reloading path, it shall
first be conducted along the line with an initial slope (i.e., Ec) until it intersects with the
second straight-line segment of the unloading path, and then it shall be carried out along
the second straight-line segment of the unloading path until it reaches the residual strain
point under cyclic compression.

For partial reloading cases, if reloading is implemented on the second straight-line
segment of the unloading path, it should be carried out along a straight line with an initial
slope of Ec until it intersects with the reloading path, and then reloading is conducted along
the reloading path until the unloading point of the compression envelope. Alternatively, if
reloading is carried out from the first straight-line segment of the unloading path, the load
is implemented directly along the original unloading path until the unloading point of the
compression envelope.

(4) The envelope curve under cyclic tension

This paper adopts the tensile stress–strain model of unconfined concrete proposed
by Mohd-Yassin and Filippou [51] for a tensile envelope curve and hysteresis criterion,
regardless of the FRP constraint effect under tensile stress conditions. The stress–strain
model consists of two straight lines, and the expression is as follows:

σc =

{
Ecεc

ft − Et(εc − εt)

0 < εc ≤ εt

εt < εc ≤ εtu
(17)

where εt and ft are the peak tensile strain and tensile strength of unconfined concrete,
respectively; εtu corresponds to the strain when the stress drops to zero in the tensile
loading section; and Et is the slope of the tensile descent section.

(5) Unloading and reloading paths under cyclic tension

A hysteresis criterion under cyclic tension in the proposed model in this paper is
determined according to reference [51]. If unloading from the tensile envelope curve enters
the compression section through the origin, the unloading path and the reloading path are
both linear segments connecting the unloading point and the origin. If the unloading is from
the compression section to the tensile section, the unloading path and reloading path are
straight-line segments connecting the tensile unloading point and the compressive residual
strain point. Furthermore, the initial elastic modulus of the concrete from the compression
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section to the tension section for the first time during unloading and reloading is Ec,
regardless of whether the concrete enters the compression state before or after unloading.
Therefore, the elastic modulus of the concrete from the compression section to the tension
section is the slope of the last unloading point from the tension unloading point to the
compressive residual strain point.

The peak stress and strain of each cyclic load from the compression section into the
tensile section are expressed in the following equations: εn = εt + ∆εt

σn = ft

(
1 + Et

Ec

)
− Et∆εt

(18)

with

εtu = εt + ft

(
1
Et

+
1
Ec

)
(19)

where ∆εt is the D-value between the compressive residual strain and the tension unloading
strain in the last cycle.

2.3. OpenSees Program Realization of the Modified Model

The OpenSees platform comes with a complete secondary development interface
for user-defined material based on the C++ language. The inherent UniaxialMaterial
model in the OpenSees abstract category was selected for the proposed modified model
of FRP-confined concrete [39]. Moreover, the envelope curves of compression and tension
are constructed by the C_envelope and T_envelope functions, respectively. A flow chart
(i.e., Figure 1) demonstrates how to achieve hysteresis under cyclic loading by the set
TrailStrain function. This process is the most critical, and needs a strain value to determine
the stress, stiffness, loading state judgment, etc. Additionally, TStrain represents the
intermediate strain and CStrain represents the state variable. In order to ensure that the
value of the state variable will not change during each iteration step, the state variable
value should first be assigned to the intermediate variable, and the intermediate variable
should be used in the actual calculation. After the current iteration step converges, the
intermediate variable value should be updated to the state variable.

Buildings 2023, 13, x FOR PEER REVIEW 7 of 18 
 

 
Figure 1. The flow chart of hysteresis criteria of the proposed model achieved in OpenSees. 

3. Validation of the Modified FRP-Confined Concrete Model 
In order to verify the applicability of the modified FRP-confined concrete model, a 

numerical simulation of the hysteretic behavior of an FRP-C RC column under horizontal 
low cycle reciprocated loading was conducted in this section. Additionally, the numerical 
results were compared with the experimental data in the literature. It is worth noting that 
the OpenSees program provides a variety of constitutive models for rebar materials; the 
Steel02 model was adopted for modeling the FRP-confined RC columns in this paper. 

3.1. Basic Information of the FRP-C RC Column 
The basic information of the five FRP-C RC column specimens was obtained from the 

following references [52–55] for numerical simulations, while the geometric parameters 
and material parameters of each specimen are shown in Table 1 and Table 2, respectively. 
It is worth noting that only the C1H1C3N2 specimen is wrapped with FRP within 500 mm 
from the bottom of the column; the other four specimens are fully wrap with FRP. The 
C1H1C3N2 specimen is divided into two types of elements (i.e., a reinforced zone and an 
unreinforced zone) according to the FRP wrapped condition. The reinforced zone consists 
of FRP-confined concrete and steel bar material. The unreinforced zone consists of uncon-
fined concrete and steel bar materials. The new modified model proposed in this paper 
was used for FRP-confined concrete. 

Table 1. Geometric parameters of FRP-C RC column specimens. 

Specimen FRP Type Sectional Type S-D/mm H/mm γ 
CVH3 (Li et al., 2002 [53]) CFRP Square 300 × 300 480 0.52 

CF30-4-48 (Ye et al., 2001 [54]) CFRP Square 200 × 200 600 0.48 
C1H1C3N2 (Wang 2012 [52]) GFRP Cylinder 400 1200 0.45 

CL1 (Gu et al., 2006 [55]) CFRP Cylinder 360 600 0.35 
CL2 (Gu et al., 2006 [55]) CFRP Cylinder 360 600 0.35 

Note: S-D is the sectional dimension; H is the height of the specimen; γ represents the axial com-
pressive ratio. 

  

Figure 1. The flow chart of hysteresis criteria of the proposed model achieved in OpenSees.



Buildings 2023, 13, 2396 7 of 18

3. Validation of the Modified FRP-Confined Concrete Model

In order to verify the applicability of the modified FRP-confined concrete model, a
numerical simulation of the hysteretic behavior of an FRP-C RC column under horizontal
low cycle reciprocated loading was conducted in this section. Additionally, the numerical
results were compared with the experimental data in the literature. It is worth noting that
the OpenSees program provides a variety of constitutive models for rebar materials; the
Steel02 model was adopted for modeling the FRP-confined RC columns in this paper.

3.1. Basic Information of the FRP-C RC Column

The basic information of the five FRP-C RC column specimens was obtained from the
following references [52–55] for numerical simulations, while the geometric parameters
and material parameters of each specimen are shown in Tables 1 and 2, respectively. It
is worth noting that only the C1H1C3N2 specimen is wrapped with FRP within 500 mm
from the bottom of the column; the other four specimens are fully wrap with FRP. The
C1H1C3N2 specimen is divided into two types of elements (i.e., a reinforced zone and
an unreinforced zone) according to the FRP wrapped condition. The reinforced zone
consists of FRP-confined concrete and steel bar material. The unreinforced zone consists
of unconfined concrete and steel bar materials. The new modified model proposed in this
paper was used for FRP-confined concrete.

Table 1. Geometric parameters of FRP-C RC column specimens.

Specimen FRP Type Sectional Type S-D/mm H/mm γ

CVH3 (Li et al., 2002 [53]) CFRP Square 300 × 300 480 0.52

CF30-4-48 (Ye et al., 2001 [54]) CFRP Square 200 × 200 600 0.48

C1H1C3N2 (Wang, 2012 [52]) GFRP Cylinder 400 1200 0.45

CL1 (Gu et al., 2006 [55]) CFRP Cylinder 360 600 0.35

CL2 (Gu et al., 2006 [55]) CFRP Cylinder 360 600 0.35

Note: S-D is the sectional dimension; H is the height of the specimen; γ represents the axial compressive ratio.

Table 2. Material parameters of FRP-C RC column specimens.

Specimen fc/MPa fy/MPa Φ/mm fy,FRP/MPa εcu,FRP tFRP/mm nFRP

CVH3 (Li et al., 2002 [53]) 32.1 359.64 20 3200 0.0144 0.086 1

CF30-4-48 (Ye et al., 2001 [54]) 34 360 16 3500 0.0149 0.111 1

C1H1C3N2 (Wang, 2012 [52]) 34 335 20 4340 0.0178 0.167 3

CL1 (Gu et al., 2006 [55]) 44.3 382.4 25 3950 0.0158 0.167 1

CL2 (Gu et al., 2006 [55]) 44.3 382.4 25 3950 0.0158 0.167 2.5

Note: fc is the concrete compression strength; fy is the yielding strength of the steel bars; Φ is the diameter of the
steel bars; fy,FRP is the tensile strength of the FRP; εcu,FRP is the limit strain value of the FRP; tFRP is the thickness of
the single-layer FRP; nFRP is the number of FRP layers.

3.2. Comparison with Test Data

A quasi-static analysis of the above five specimens was performed in OpenSees, and
the hysteretic displacement–force response curves determined by numerical simulation are
shown in Figure 2.

As shown in Figure 2, the proposed model’s predictions for the skeleton curve, reload-
ing curve and unloading curve are in good agreement with the test results, in particular,
the maximum values of each hysteretic loop are infinitely close to the test results. Moreover,
the stress drop section after the overstress peak in some specimens (e.g., CF30-D4-48 and
C1H1C3N2) and the tensile cyclic response of all specimens are better simulated by the pro-
posed model. However, some pinch effects are distinctly observed in the hysteretic loops
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predicted by the proposed model (e.g., Figure 2b,c,e), which may be caused by neglecting
the closing and opening of cracks or debonding of the reinforcement [56].
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Li et al., 2002 [53]. (b) Test data from Ye et al., 2001 [54]. (c) Test data from Wang 2012 [52]. (d) Test
data from Gu et al., 2006 [55]. (e) Test data from Gu et al., 2006 [55].

In order to further demonstrate the accuracy and effectiveness of the proposed model,
the positive and reverse maximum horizontal bearing forces (i.e., Fmax+, Fmax−) obtained
from the simulation were compared with the test data, and the results are shown in Table 3.
Except for the CF30-4-48 specimen, for which the relative error of the test and simulation is
close to 10%, the relative error of other specimens is very small, with the minimum value
only reaching 0.57%. Secondly, the mean relative error of each specimen is less than 6%.
Compared with the Lam and Teng model, the new modified model proposed in this paper
additionally considers the drop section of the skeleton curve, which can more accurately
describe the hysteresis curve of the FRP-constrained RC column. Additionally, the model
has better prediction results for both cylindrical and square columns.
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Table 3. Comparison results of Fmax+ and Fmax− between test and simulation.

Specimen
Fmax+/kN Fmax−/kN

Error Mean
Test Simulation Re+ Test Simulation Re−

CVH3 [53] 451.45 465.92 3.20% −485.19 −463.83 4.40% 3.8%

CF30-4-48 [54] 97.34 106.54 9.46% −98.98 −100.45 1.48% 5.47%

C1H1C3N2 [52] 223.77 221.64 0.95% −224.36 −220.90 1.54% 1.25%

CL1 [55] 556.68 564.97 1.49% −597.14 −563.39 5.65% 3.57%

CL2 [55] 618.35 654.26 5.81% −649.09 −645.38 0.57% 3.19%

Note: Fmax+ and Fmax− are, respectively, the positive and reverse maximum horizontal bearing force; Re+ and
Re− are, respectively, the positive and reverse relative error.

4. Hysteretic Behavior Variability of FRP-C RC Columns Considering Concrete
Strength Variations

In the above two sections of this paper, a new hysteretic constitutive model of FRP-
confined concrete has been proposed and the rationality of the simulation has been verified.
Based on this new proposed model, this section will make full use of OpenSees software
and further research the influence of the variation in concrete compressive strength on the
hysteretic behavior and variability of FRP-C RC columns.

4.1. Major Random Variable for Concrete Material

This paper focuses on the influence of concrete materials on the seismic structure
design. As a major design parameter, the concrete strength grade was determined according
to the standard value of cubed concrete compressive strength, and it was assumed that
the compressive strength of concrete obeys a normal distribution and the compressive
strength of the same batch of concrete has a 95% guarantee rate [57]. When this conditions
are satisfied, the average compressive strength of concrete is given by:

fcu,m =
fcu

1− 1.645δ f
(20)

where fcu,m is the average compressive strength of concrete; fcu is the standard value of
the compressive strength of concrete cubes; and δf is the coefficient of variation in the
compressive strength of concrete cubes.

Furthermore, the longitudinal modulus of elasticity of concrete is another important
parameter in the design of concrete structures. According to the conversion formula of
the concrete elastic modulus to concrete cube compressive strength, the corresponding
concrete elastic modulus can be obtained by the following equation:

Ec,m = 100/(
34.7
fcu,m

+ 2.2) (21)

where Ec,m is the average elastic modulus of concrete.
To study the influence of mechanical property variability of concrete materials on

the structural design, conventional methods generally assume that the parameters are
independent of each other and then utilize the statistical information of each parameter
to implement random sampling, which not only causes large amounts of calculations, but
also generates some unreasonable samples. For instance, the compressive strength of a
random concrete sample may be too large, while the corresponding elastic modulus may be
very small. In order to avoid this situation, the correlation between the two main variables
(i.e., the concrete compressive strength and elastic modulus) were first determined using
Equations (20) and (21).
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4.2. Random Sampling Methods

The Monte Carlo method, also known as the stochastic simulation method, is an
approximate calculation method based on “random numbers” [58], and is often more
efficient than conventional numerical methods for numerical problems in a large number
of dimensions [59]. This method essentially takes advantage of probability theory to
solve stochastic problems by conducting a large number of random experiments based on
the established mathematical model. In recent years, the quasi-Monte Carlo method has
been extensively developed [60]; its computational efficiency in solving some problems is
hundreds of times higher than that of the Monte Carlo method, and the accuracy can also
be calculated. The basic idea of the quasi-Monte Carlo method is utilizing the deterministic
super-uniform distribution sequence (known mathematically as low discrepancy sequences)
to replace the pseudo-random number sequence in the Monte Carlo method. The most
common quasi-random number sequences in the quasi-Monte Carlo method include the
Halton sequence, the Faure sequence and the Sobol sequence.

Firstly, in this work, the Sobol sequence was adopted to generate 500 uniformly dis-
tributed random sample points in the interval [0, 1]. Secondly, the cumulative distribution
function (CDF) inverse method and Kolmogorov–Smirnov method were used to obtain
the normal distribution of random samples of concrete compressive strength and carry out
a K–S inspection. Finally, on the basis of being in accordance with a normal distribution,
the generated concrete compressive strength random samples were input into the concrete
material model in OpenSees to determine the hysteretic behavior of FRP-C RC columns.
Undoubtedly, this will indirectly generate a corresponding random sample of FRP-C RC
columns considering concrete strength variability. The histograms of the generated con-
crete compressive strength samples are shown in Figure 3, and they all obey a normal
distribution. As shown in Figure 3, the average compressive strengths of C30, C40 and
C50 concrete cubes are 38.98 MPa, 49.84 MPa and 61.05 MPa, respectively. According to
GB50010-2010 (2010), the variation coefficients of compressive strength of C30, C40 and
C50 concrete cubes are 0.14, 0.12 and 0.11, respectively. In addition, the sampling results of
compressive strength satisfy the 95% guarantee, and the compressive strengths of C30, C40
and C50 at 5% of the fcu line are 30.01 MPa, 40.008 MPa and 50.009 MPa, respectively.

4.3. Variability Analysis for Hysteretic Behavior of FRP-C RC Columns

The hysteretic behavior and variability of FRP-C RC columns under different compres-
sive strengths, axial compression ratios and reinforcement ratios were studied. The research
object in this paper is a fully FRP-wrapped RC circular column; a total of 27 design cases
and their basic information are shown in Table 4 below. The maximum horizontal force
and the equivalent viscous damping ratio (i.e., ξe) under all working conditions, including
their coefficient of variation, were obtained through numerical simulations of the hysteretic
behavior of the FRP-C RC column. The equivalent viscous damping ratio ξe represents
the ratio of the energy consumed in the hysteretic process to the energy input when the
equivalent elastomer of the component produces the same displacement.

Table 4. Basic information of fully FRP-wrapped RC cylinders.

Specimen fcu,m/MPa fy/MPa Φ/mm ρ/% H/mm D/mm n fy,FRP/MPa εcu,FRP tFRP/mm nFRP

C30-series 38.98 360 18 2.2/2.7/3.2 1000 300 0.1/0.2/0.3 3500 0.0149 0.111 3

C40-series 49.84 360 18 2.2/2.7/3.2 1000 300 0.1/0.2/0.3 3500 0.0149 0.111 3

C50-series 61.05 360 18 2.2/2.7/3.2 1000 300 0.1/0.2/0.3 3500 0.0149 0.111 3

Note: the physical meanings of all parameters are shown in Tables 1 and 2; ρ is the reinforcement ratio of
longitudinal bars; n is the axial compression ratio.

Considering the limitation of the article length, the authors choose only some cases to
discuss and analyze.
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Figure 3. Statistical histogram and normal density curves of compressive strength of concrete.
(a) C30, fcu,m = 38.98 MPa. (b) C40, fcu,m = 49.84 MPa. (c) C50, fcu,m = 61.05 MPa.

4.3.1. Variability Analysis of the Maximum Horizontal Force of FRP-C RC Columns

The variation law of the maximum horizontal force of FRP-C RC columns under the
condition of different concrete strength grades is described in Figure 4, where µ is the
average value of the maximum horizontal force and δ is the coefficient of variation of the
maximum horizontal force.

Some interesting patterns can be seen in Figure 4. The average value of the maximum
horizontal force is positively correlated with the influencing parameters (i.e., concrete
strength grade, reinforcement ratio and axial compression ratio). However, the variation
rule of the maximum force is different, and is positively correlated with the axial compres-
sion ratio and negatively correlated with the strength and reinforcement ratio of concrete.
For example, as shown in Figure 4a, the average and variation coefficient of the maximum
horizontal force of C30 concrete are 76.77 kN and 0.0488, respectively, while the average
and variation coefficient of the maximum horizontal force of C50 concrete are 91.14 kN and
0.0454, respectively. As for the increase in concrete strength from C30 to C50, the average
maximum horizontal force increased by 18.72% and the variation coefficient decreased
by 6.97%.
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To further clarify the above issues, Table 5 and Figure 5 show the average value and
variation coefficient of the maximum horizontal force of FRP-C RC columns calculated
with C30-series specimens.

Table 5. The average values and variation coefficients of the maximum horizontal force calculated
for C30-series specimens.

n

ρ Average Values (kN) Variation Coefficient

2.2% 2.7% 3.2% 2.2% 2.7% 3.2%

0.1 76.77 88.17 100.44 0.0488 0.0445 0.0412

0.2 90.40 101.30 113.24 0.0665 0.0582 0.0532

0.3 104.38 114.40 125.55 0.0770 0.0705 0.0632

When the axial compression ratio is 0.1, the reinforcement ratio is 2.2%, corresponding
to a variation coefficient of the maximum horizontal force of 0.0488; when the reinforcement
ratio is 3.2%, this corresponds to a variation coefficient of 0.0412. With the reinforcement
ratio increases from 2.2% to 3.2%, the variation coefficient of the maximum horizontal force
decreases by 15.57%.
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When the reinforcement ratio is 2.2%, the axial compression ratio is 0.1, corresponding
to a variation coefficient of the maximum horizontal force of 0.0488, and when the axial
compression ratio is 0.3, this corresponds to a variation coefficient of 0.077. With the
increase in the axial compression ratio from 0.1 to 0.3, the variation coefficient of the
maximum horizontal force increases by 57.79%. This is mainly due to the fact that when the
axial compression ratio is 0.1, the hysteretic curve calculated using the concrete hysteretic
constitutive model is relatively full. With the increase in the axial compression ratio, the
pinching effect of the hysteretic curve becomes increasingly obvious, and the difference
between the loading section and the unloading section becomes increasingly large [61].

4.3.2. Variability Analysis of the Equivalent Viscous Damping Ratio of FRP-C RC Columns

Similar to the variability analysis of the maximum horizontal force for FRP-C RC
columns, the variation law of the equivalent viscous damping ratio of FRP-C RC columns
under the condition of different concrete strength grades is described in Figure 6, where
µ′ is the average value of equivalent viscous damping ratio; δ′ is the variation coefficient
of the equivalent viscous damping ratio; and s is the lateral displacement rate under
cyclic behavior.

As shown from Figure 6, the axial compression ratio and reinforcement ratio are
selected as fixed values, and under the condition of a low lateral displacement rate (i.e.,
s = 0.003), the average value of the equivalent viscous damping ratio is negatively correlated
with the concrete strength grade, while the opposite is true under the conditions of a
relatively large lateral displacement rate (i.e., s = 0.009 and s = 0.015). Moreover, under the
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condition of a low lateral displacement rate (i.e., s = 0.003), the variation coefficient of the
equivalent viscous damping ratio is positively correlated with the concrete strength grade,
and the opposite is true under the condition of a relatively large lateral displacement rate
(i.e., s = 0.009); when the lateral displacement rate is 0.015, the variation coefficients (i.e.,
0.0378, 0.0392 and 0.0352) are almost the same.
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To further clarify the the positive and negative correlation between the variation
coefficient of equivalent viscous damping and the other two parameters (i.e., the axial com-
pression ratio and the reinforcement ratio), Figure 7 shows the average value and variation
coefficient of the equivalent viscous damping ratio of FRP-C RC columns calculated with
C30-series specimens.

As shown in Figure 7, the axial compression ratio was selected as a fixed value; regard-
less of whether the lateral displacement rate is small or large, the variation coefficient of the
equivalent viscous damping ratio is always negatively correlated with the reinforcement
ratio. For instance, as shown in Figure 7b, when the axial compression ratio is 0.1, the
reinforcement ratios of 2.2% and 3.2% correspond to variation coefficients of 0.024 and
0.0142, respectively, which highlights that when the reinforcement ratio increases from
2.2% to 3.2%, the variation coefficient of the equivalent viscous damping ratio decreases
by 40.83%.

When the reinforcement ratio is selected as a fixed value, regardless of whether
the axial compression ratio is small or large, there is no significant positive or negative
correlation between the variation coefficient of the equivalent viscous damping ratio and
axial compression ratio.
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5. Conclusions

Two types of research work have mainly been conducted in this paper. First, a new
hysteretic constitutive model of FRP-confined concrete for the OpenSees software platform
has been improved and verified. Second, based on the validity of the developed model
and the quasi-Monte Carlo random sampling method, the hysteretic behavior of FRP-C RC
sample columns was analyzed from the perspective of the strength variability of concrete.
The following conclusions may be drawn from the present study:

1. Based on the Lam–Teng 2003 model, the mechanical tension properties and the stress
drop section after the peak stress point of the compressive skeleton curve are consid-
ered in FRP-confined concrete materials. The proposed model has been verified by
comparing with test data from the literature.

2. In this paper, the OpenSees secondary development function and the quasi-Monte
Carlo random sampling method are first applied to study the influence of concrete
material variations on the hysteretic behavior of FRP-C RC columns.

3. By analyzing the variability in hysteretic behavior of FRP-C RC columns, some inter-
esting rules are found, which will be helpful in the optimization of seismic structure
designs. For instance, the average value of the maximum horizontal force is positively
correlated with the influencing parameters (i.e., the concrete strength grade, reinforce-
ment ratio and axial compression ratio). However, the variation rule of the maximum
force is different, and is positively correlated with the axial compression ratio and
negatively correlated with the strength grade and reinforcement ratio of concrete.
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Additionally, for example, the variation coefficient of the equivalent damping ratio
is almost constant with the increase in the lateral displacement rate of the specimen
under cyclic loading.
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