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Abstract: The seismic stability analysis of a slope is a complex process influenced by earthquake
action characteristics and soil mechanical properties. This paper presents a novel seismic slope
stability analysis method using the relative residual displacement increment method in combination
with the strength reduction method (SRM) and the actual deformation characteristics of the slope.
By calculating the relative displacement of the key point inside the landslide mass and the reference
point outside the landslide mass after each reduction, the safety factor of the slope is determined
by the strength reduction factor (SRF) corresponding to the maximum absolute value of the relative
residual displacement increment that appears after a continuous plastic penetration zone. The method
eliminates interference caused by significant displacement fluctuations of key points under earth-
quake action and reduces the subjective error that can occur when manually identifying displacement
mutation points. The proposed method is validated by dynamic calculations of homogeneous and
layered soil slopes and compared with three other criteria: applicability, accuracy, and stability.

Keywords: seismic slope stability; safety factor; relative residual displacement increment method

1. Introduction

In recent years, with the frequent occurrence of seismic events, slope instability induced
by earthquake action has become the most common secondary hazard in many countries [1].
For example, the Wenchuan earthquake in 2008 triggered more than 15,000 landslides caused
by the main shock and aftershocks [2,3]. Therefore, evaluating the dynamic stability of
slopes under earthquake action has important theoretical and engineering significance for
seismic fortification.

Dynamic slope stability analysis is an important research topic in geotechnical en-
gineering involving multiple fields such as slope engineering, geotechnical mechanics,
and earthquake engineering [4]. Currently, the assessment of slope stability subjected to
earthquake action is typically classified into three main categories [5]: (1) pseudo-static
method [6], (2) permanent-displacement analysis [7], and (3) stress-deformation analy-
sis [8]. These three methods each possess their own set of advantages and disadvantages.
In addition, with the continuous development of computer technology, machine learn-
ing and artificial intelligence are widely applied in various fields [9,10]. The research on
various machine learning-based techniques to predict the safety factor of slopes has at-
tracted widespread attention from researchers [11]. Optimized design of landslides can be
achieved through various efficient algorithms [12,13]. The pseudo-static method simplifies
earthquake action as a constant inertial force acting on the center of gravity of the slope
in the direction of instability [14–19]. The pseudo-static method is a widely used seismic
slope stability analysis technique due to its clear physical concept and simple calculation.
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However, it has notable shortcomings, as it can not accurately capture the ground mo-
tion and dynamic characteristics of the slope material, nor can it account for the dynamic
interactions between the soil and structures. The permanent displacement method, also
known as the Newmark analysis, bridges the gap between the simplistic pseudo-static
analysis and the more complex stress-deformation analysis. This approach estimates slope
stability by calculating the permanent displacement of slopes. However, this method falls
short in assessing the potential for slope instability under dynamic conditions, especially
in complex geological settings. Stress-deformation analysis [20–25] mainly includes the
finite element method (FEM), finite difference method (FDM), and discrete element method
(DEM). These methods can accurately describe the stress-deformation behavior of slope
materials under earthquake action and simulate the damage process of slopes [26,27]. The
stress-deformation analysis has made significant advancements in calculating the safety
factor of a slope under earthquake conditions, but it currently has limitations in computing
only the displacement, stress, and plastic zone of the slope. Despite these advancements,
the calculation of the safety factor for slopes remains a challenge, and there is no well-
established method for achieving this goal. As a result, many researchers have resorted
to using the strength reduction method for calculating the stability of earthquake slopes,
which involves selecting an appropriate instability criterion to compute the slope’s safety
factor [28–30].

There are three main criteria for calculating slope stability under complete earthquake
action based on the strength reduction finite difference method [31–35].

(1) The slope stability can be evaluated based on the actual deformation characteristics of
the slope, such as the characteristic point displacement catastrophe method (referred
to as Criterion I). During an earthquake, the load continuously changes with time;
therefore, the sudden change in displacement at a particular moment alone cannot
be used as the criterion for slope instability. However, once the seismic activity has
ceased, the slope’s final displacement changes abruptly, which can be used as an
indicator of slope instability;

(2) The stability of a slope can be assessed by examining its stress state (referred to as
Criterion II), including the presence of a continuous plastic penetration zone;

(3) The slope stability can be judged according to whether the numerical iteration con-
verges (referred to as Criterion III). Under the earthquake action, when the slope is
in a stable state, the displacement trend at the end of the period of the key point dis-
placement time-history curve is convergent, and the displacement on the time-history
curve will not change with time in the end. When the slope is in an unstable state,
the displacement trend at the end of the period is divergent, and the displacement on
the time-history curve increases with time. Therefore, slope instability can be judged
if the displacement on the time-history curve diverges and the calculation does not
converge at the same time.

Based on the above three criteria, the safety factors of homogeneous soil slopes and
layered soil slopes under earthquake action were calculated. By comparing and analyzing
their respective advantages and disadvantages, a novel approach is proposed based on
the first type of criteria, which incorporates the evolution law of the actual landslide at
different stages, termed the relative residual displacement increment method. After each
reduction, the relative displacements between the key points inside the landslide mass
and the reference points outside the landslide mass are calculated. The safety factor of
the slope is determined by taking the strength reduction factor (SRF) corresponding to
the maximum value of the relative residual displacement increment that appears first
after a continuous plastic penetration zone. The method eliminates interference caused by
significant displacement fluctuations of key points under earthquake action and reduces the
subjective error that can occur when manually identifying displacement mutation points.
This method has been verified to be more applicable, accurate, and stable than the other
three criteria.
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2. Strength Reduction Dynamic Stability Evaluation Method
2.1. Principle of Strength Reduction Dynamic Analysis Method

When an earthquake occurs, the slope is subjected to earthquake action while in a
static state. The strength reduction method is used to perform a static analysis, followed by
a dynamic analysis with the application of earthquake loads to analyze the slope’s stability.
The strength reduction factor (SRF), which is the safety factor of the slope, is calculated by
continuously reducing the strength until the slope reaches the critical equilibrium state.
The initial SRF is generally assumed to be a reasonably low value, and the final SRF is
treated as the slope’s safety factor while continuously adjusting SRF until slope failure
occurs [36]. The calculation formulas are as follows:

c′ =
c

SRF
(1)

φ′ = tan−1
(

tan φ

SRF

)
(2)

σt′ =
σt

SRF
(3)

where φ is the effective friction angle, c is the effective cohesion, and σt is the tensile
strength of the soil.

2.2. Principle of Relative Residual Displacement Increment Method

Evaluating the stability of a slope using the strength reduction method requires
determining the critical state of the slope, but different criteria may result in varying safety
factor calculations. Due to the complexity of analyzing slope stability under earthquake
action, a commonly used approach is calculating safety factors based on three criteria and
then comprehensively evaluating dynamic stability. Nevertheless, no widely accepted
and effective single method for determining seismic slope stability is currently available.
Based on the analysis and comparison of relevant research results and the accumulation of
long-term work experience, the authors believe that the displacement catastrophe criterion
has a clear physical meaning, relatively reliable identification results, and wide application,
but there are still applicability problems in specific applications. If the displacement
catastrophe point identification method can be improved, its operability and application
value in landslide identification will be further improved. Based on the first kind of
criteria combined with the evolution law of the actual landslide at different stages, the
relative residual displacement increment method is proposed in this paper. As shown
in Figure 1, during the development and evolution of the Xintan landslide, according
to the cumulative displacement-time curve, it can be divided into four stages: initial
deformation, uniform deformation, accelerated deformation, and sharp deformation [37,38].
When the slope is destroyed, it is in the stage of sharp deformation (May to June 1985).
Under the action of seismic load, when the slope is unstable, it is in the stage of rapid
deformation, and the deformation rate of the landslide mass reaches the maximum value.
Therefore, the relative residual displacement increment method (Criterion IV) is proposed
to evaluate the seismic stability of the slope. Because the seismic load changes with
time, the displacement after the completion of the seismic action can be used as the final
displacement of the slope. The curve of the relative displacement-reduction coefficient
can be obtained by calculating the relative displacement between the key points inside the
landslide mass and the reference points outside the landslide mass. On this basis, the safety
factor of the slope is determined by taking the SRF corresponding to the maximum value
of the relative residual displacement increment that appears first after a continuous plastic
penetration zone.
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Figure 1. The displacement-time curve of the Xintan landslide.

Figure 2 displays the selection of the top point of the landslide body as the key point
K and the outer point of the landslide body as the reference point O. The calculation of the
relative displacement of the slope without reduction is as follows:

DR0 = DK − DO (4)

where DK represents the displacement of a key point located within the landslide mass,
DO represents the displacement of the reference point located outside the landslide.
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Figure 2. Schematic view of the 2D slope model.

The relative residual displacement of the slope after reduction is as follows:

DSRF = DRi − DR0 (5)

where DRi represents the relative displacement of the slope after the reduction.
The maximum absolute value of the relative residual displacement increment of the

slope is as follows:
∆DSRF = |DSRF+1 − DSRF|max (6)

3. Numerical Analysis
3.1. 2D Slope Model

This paper uses the finite difference software FLAC 7.0 [39] to calculate the slope
stability under an earthquake. The slope model is shown in Figure 2. Both sides of the slope
model are free boundaries, which can reduce the reflection of the wavelet. The bottom
adopts a viscous boundary, which can absorb the energy of the reflected wave.

3.2. Input Ground Motion

Four near-field seismic records are selected as input ground motions for slope dy-
namic analysis. The seismic records are obtained from the PEER NGA-West2; the detailed
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information is shown in Table 1. Due to the numerical analysis only considering ground
motion frequencies ranging from 0–10 Hz, a low-pass filter with a cutoff frequency of 10 Hz
is applied to the acceleration time history. The amplitude of the filtered acceleration is
then modulated by 0.1 g. The acceleration time-history curve is shown in Figure 3. Since
the bottom boundary is viscous in FLAC, seismic wave input is applied to the bottom
boundary in the form of shear stress time history. The finite rigidity of the underlying
bedrock is idealized, considering an elastic half-space [40]. The acceleration time history af-
ter amplitude modulation is converted into velocity time history v(t), and then the velocity
time history is converted into shear stress σs(t). The calculation formula is as follows [41]:

σS(t) = −2(ρVS)v(t) (7)

where ρ and vs. represent the medium density and the shear wave velocity, respectively.

Table 1. Information of the selected seismic records.

No. Earthquake Date MW Rjb (km) Station VS30 (m/s)

1 Northridge 17 January 1994 6.7 23.1 Vasquez Rocks Park 996.4
2 San Francisco 22 March 1957 5.3 9.74 Golden Gate Park 874.72
3 Whittier Narrows 1 October 1987 6 6.78 Pasadena—CIT Kresge Lab 969.1
4 Whittier Narrows-1 1 October 1987 6 47.25 Vasquez Rocks Park 996.4
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3.3. Homogeneous Soil Slope

The homogeneous slope soil mass is an ideal elastic-plastic material conforming to the
Mohr–Coulomb yield criterion. The top of the slope is 40 m from the right boundary, the toe
of the slope is 40 m from the left boundary, the slope height is 20 m, the slope angle is 45◦,
and the total thickness of the slope is 40 m. Its material parameters are shown in Table 2 [42].

Table 2. Material parameters.

c (KPa) ψ (◦) γ (kN/m3) G (MPa) K (MPa) Rm (MPa)

40 30 22 30 60 0.004
Where c is the effective cohesion, ψ is the effective friction angle, γ is the bulk density, G is the shear modulus, K is
the bulk modulus, Rm is the tensile strength.
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In the calculation of homogeneous slope, Rayleigh damping is used to simulate
the energy dissipation in the dynamic response. The damping matrix C is described as
follows [43,44]:

C = αM + βK (8)

where M and K represent the mass and stiffness matrices, respectively, α and β represent
the corresponding scale factor.

According to the suggestion of Kwok et al. [45], two control frequencies are selected
respectively: the first-order natural vibration frequency f1 of the slope model and five times
the first-order natural vibration frequency (f2 = 5f1). The calculation formulas of α and β
are as follows:

α = 2ξ
ω1+ω2

ω1ω2

β = 2ξ
ω1+ω2

(9)

where ξ represents the target damping ratio (5%), ω1 and ω2 represent the circular frequency
corresponding to f1 and f2, respectively.

In FLAC, the setting of Rayleigh damping needs to input the minimum value of
damping ratio ξmin and corresponding frequency f min, the calculation formula is as follows:

ξmin =
√

α · β

fmin = 1
2π

√
α
β

(10)

Four seismic waves are input, respectively, and the stability of the homogeneous soil
slope under the earthquake action is evaluated by calculating safety factors based on the
criterion proposed in this paper and three other types of criteria.

Using the characteristic point displacement catastrophe as the criterion (Criterion I), as
depicted in Figures 4 and 5, there are two curves: the vertex displacement-reduction factor
curve (Criterion I1) and the relative displacement-reduction factor curve (Criterion I2).
In contrast, Figure 4b,d demonstrate that significant fluctuations in the displacement curve
can make it challenging to precisely determine the displacement mutation point. To mitigate
the impact of curve fluctuation on the reduction factor, the relative displacement curve is
used to identify the displacement catastrophe point. Figure 5b,d indicate a reduction in
the fluctuation of the relative displacement curve; however, some artificial discrimination
errors may still occur.

The penetration zone is taken as the criterion (Criterion II), and the complete pene-
tration zone formed by shear strain increment is taken as the criterion of slope instability.
As shown in Figure 6, under this slope model, taking the input Northridge seismic wave as
an example, when the reduction factors are 1.24, 1.26, 1.28, and 1.30, the complete through
the zone is formed. However, when a continuous plastic penetration zone occurs, the
slope does not necessarily break down immediately. Therefore, slope instability cannot be
determined by a continuous plastic penetration zone alone.

The iterative non-convergence is used as the criterion (Criterion III), and the criterion
for slope instability is based on whether the final displacement diverges after the earthquake.
The displacement time history curve is depicted in Figure 7, where Figure 7a,c show that
the curve diverges at SRF values of 1.27 and 1.26, respectively. The slope is damaged at
this time, leading to a safety factor of 1.26 and 1.25, respectively. In Figure 7b, although the
displacement time history curve divergence is indistinguishable, there is a sudden change
in displacement. Figure 7d displays a clear displacement time history curve divergence,
but its displacement does not change abruptly. Consequently, relying on this criterion to
determine slope failure can lead to discrimination errors and failures.
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The paper compares and analyzes the advantages and disadvantages of three cri-
teria. Based on the first criterion and taking into account the evolution law of different
stages of actual landslides, this paper proposes an improved method for identifying dis-
placement catastrophe points called the relative residual displacement increment method
(Criterion IV). The reduction factor corresponding to the maximum value of the relative
residual displacement increment for the first time after the sudden change of displacement
is the safety factor of the slope. The relative residual displacement increment is shown in
Figure 8. Figure 8 shows that after a continuous plastic penetration zone, the SRF corre-
sponding to the maximum relative residual displacement increment for the first time are
1.26, 1.26, 1.25, and 1.26, respectively.
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The safety factors of slope under seismic action calculated by different criteria are
shown in Table 3. Compared with other criteria, the maximum error between this method
and other criteria is 0.033, and the minimum error is only 0.008, indicating that the calcu-
lation results of this method agree well with those of other criteria. Thus, this method’s
accuracy, applicability, and stability are verified.
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Table 3. Safety factor of homogeneous slopes calculated by different criteria under seismic action.

Slope Failure Criteria
Safety Factors under Different Earthquakes

Northridge San Francisco Whittier Narrows Whittier Narrows-1

Criterion I1 1.22 1.24 1.22 1.25
Criterion I2 1.22 1.24 1.22 1.24
Criterion II 1.23 1.24 1.23 1.24
Criterion III 1.27 - 1.26 -
Criterion IV 1.26 1.26 1.25 1.26

Error((IV − I1)/I1) 0.033 0.016 0.025 0.008
Error((IV − I2)/I2) 0.033 0.016 0.025 0.016
Error((IV − II)/II) 0.024 0.016 0.016 0.016

Error((IV − III)/III) −0.008 - −0.008 -

3.4. Layered Soil Slope

The layered slope soil mass is an ideal elastic-plastic material conforming to the Mohr–
Coulomb yield criterion. The top of the slope is 160 m from the right boundary, the toe of
the slope is 160 m from the left boundary, the total length of the slope is 340 m, the slope
height is 20 m, the slope angle is 45◦, and the total thickness of the slope is 100 m. The slope
model is shown in Figure 9, and its material parameters are shown in Table 4.
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Figure 9. Distribution of shear-wave velocity in the 2D slope model (m/s).

Table 4. Material parameters.

No. Material Thickness (m) VS (m/s) γ (kN/m3) ν Constitutive Law ψ (◦) c (KPa)

1 Silty clay 3 176.8 18.7 0.3 Mohr–Coulomb 25 35
2 clay 8 220.3 20 0.3 Mohr–Coulomb 25 40
3 clay 6 326.6 21 0.3 Mohr–Coulomb 30 42
4 Clayey sandy gravel 10 512.2 21.6 0.3 Mohr–Coulomb 31 30
5 Clayey sandy gravel 20 693.1 22 0.3 Mohr–Coulomb 31 20
6 Bedrock 53 774.2 22 0.3 Elastic

In the seismic calculation of layered slopes, hysteretic damping is used for nonlinear
elastoplastic analysis [46]. The G/G0-γc and D-γc curves of two types of soil (Clay soil
and gravel soil) in the slope model are shown in Figure 10, respectively. The curve for clay
soil (1–3 layers) is calculated according to the empirical model proposed by Darendeli [47].
The G/G0-γc and D-γc relationships of gravel soil (4–5 layers) are based on the empirical
curves proposed by Rollins et al. [48]. For the bedrock layer, Rayleigh damping is used.

Using the characteristic point displacement catastrophe as the criterion (Criterion I),
as depicted in Figure 11, there are two curves: the vertex displacement-reduction factor
curve (Criterion I1) and the relative displacement-reduction factor curve (Criterion I2). The
displacement curve exhibits significant fluctuations in this example, which can lead to
errors when identifying displacement catastrophe points. However, using the maximum
value of the relative displacement increment as a criterion can mitigate the impact of these
fluctuations and reduce the error.
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The penetration zone is taken as the criterion (Criterion II), and the complete penetra-
tion zone formed by shear strain increment is taken as the criterion of slope instability. As
shown in Figure 12, a complete penetration zone can be formed under this slope model.
However, slope instability cannot be determined by a continuous plastic penetration
zone alone.
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The iterative non-convergence is used as the criterion (Criterion III), and the criterion
for slope instability is based on whether the final displacement diverges after the earthquake.
The displacement time history curve is shown in Figure 13. After the completion of the
earthquake action, its final displacement is in the horizontal state, and the displacement is
not obviously divergent. Therefore, slope failure cannot be identified by this criterion.

The maximum value of the relative residual displacement increment is taken as the
criterion (Criterion IV) to calculate the safety factor of the slope. The relative residual
displacement increment is shown in Figure 14. From Figure 14, it can be seen that after
a continuous plastic penetration zone, the SRF corresponding to the maximum relative
residual displacement increment for the first time are 1.16, 1.32, 0.92, and 1.20, respectively.
The safety factors under seismic action of a slope calculated by different criteria are shown
in Table 5. This method’s accuracy, applicability, and stability are once again verified as the
maximum error between this method and other criteria is only 0.070, and the minimum
error is 0, indicating a high degree of agreement between the present results and those
obtained by other criteria.
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Table 5. Safety factor of layered soil slopes calculated by different criteria under seismic action.

Slope Failure Criteria
Safety Factors under Different Earthquakes

Northridge San Francisco Whittier Narrows Whittier Narrows-1

Criterion I 1 1.12 1.32 0.86 1.16
Criterion I 2 1.12 1.32 0.86 1.16
Criterion II 1.12 1.32 0.92 1.18
Criterion III -
Criterion IV 1.16 1.32 0.92 1.20

Error((IV − I1)/I1) 0.036 0.000 0.070 0.034
Error((IV − I2)/I2) 0.036 0.000 0.070 0.034
Error((IV − II)/II) 0.036 0.000 0.000 0.017

Error((IV − III)/III) -Buildings 2024, 14, x FOR PEER REVIEW  15  of  19 
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4. Results and Discussion

This paper employs three types of criteria to compute safety factors for both homo-
geneous and layered soil slopes when subjected to earthquake action. A comparison and
analysis of the benefits and drawbacks of different methods are presented. By conducting a
comparative analysis of safety factors, this method’s applicability, accuracy, and stability
are verified.

The relative displacement of homogeneous slope changes smoothly with the reduction
factor under seismic action, while the change of vertex displacement with the reduction
factor fluctuates greatly. Due to the interaction between soil layers, layered soil’s relative
displacement and key point displacement have large fluctuations. The safety factors
calculated by Criterion I1 and Criterion I2 for homogeneous soil and layered soil are
basically the same. Due to the large fluctuation of displacement, Criterion I1 will produce
certain judgment errors when judging the sudden change of displacement. Criterion I1 and
Criterion I2 can produce a certain degree of human error when judging the displacement
catastrophe points. The safety factor of a slope is determined using Criterion II; when a
continuous plastic penetration zone occurs, the slope does not necessarily break down
immediately. Therefore, slope instability cannot be determined by a continuous plastic
penetration zone alone. Criterion III is used to calculate the safety factor of slopes, but it
cannot be used for layered soil slopes that exhibit non-divergent displacement after an
earthquake. To summarize, obtaining the safety factor of a slope under earthquake action
requires considering all three criteria mentioned above.
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Based on the first kind of criterion, this paper improves the method of judging the
displacement catastrophe points, and the relative residual displacement increment method
(Criterion IV) is proposed. The slope safety factors are calculated for homogeneous and
layered soil slopes under seismic action. In a homogeneous soil slope, the maximum error
between the safety factor calculated by this method and that calculated by other criteria
is 0.033, and the minimum error is only 0.008. In layered soil slope, the maximum error
between the safety factor calculated by this method and that calculated by other criteria is
0.070, and the minimum error is only 0. Through the seismic calculation of homogeneous
and layered soil slopes and the comparison with the other three types of criteria, the
applicability, accuracy, and stability of the method in this paper are verified. This article’s
method can accurately describe the stress-deformation behavior of slope materials under
earthquake action and simulate the damage process of slopes. At the same time, the method
in this paper also reflects the influence of different ground motions on slope stability under
the same acceleration.

5. Conclusions

The strength reduction dynamic analysis method exhibits great potential for applica-
tion in the stability analysis of earthquake slopes. This comprehensive dynamic analysis
method does not require pre-assumption of the sliding surface, which minimizes the in-
fluence of human factors on the safety factor. By utilizing actual seismic waves as input
and considering the dynamic interaction between soil masses, the stability of the slope
under earthquake action can be directly evaluated. An essential aspect of calculating the
earthquake slope safety factor through the strength reduction dynamic analysis method
is the reasonable selection of instability criteria. This paper proposes an earthquake slope
stability analysis method based on the relative residual displacement increment method.
This method combines the first criterion type with the slope’s actual deformation character-
istics. By calculating the relative displacement of the key point inside the landslide mass
and the reference point outside the landslide mass after each reduction, the safety factor of
the slope is determined by calculating the strength reduction factor corresponding to the
maximum value of the relative residual displacement increment, which first appears after a
continuous plastic penetration zone. We perform earthquake calculations of homogeneous
and layered soil slopes and compare our proposed method with three other criteria. Based
on the results, we draw the following conclusions:

(1) Criterion I1 considers the sudden change in key point displacement as the instability
criterion by comparing and analyzing three different criteria. When the seismic force
acts, the displacement of key points fluctuates significantly, which can interfere with
the identification of displacement catastrophe points. Using the sudden change in
relative displacement as a criterion (Criterion I2) can somewhat reduce the interference
caused by displacement fluctuations. However, Criterion I2 may still lead to some
human error when identifying displacement catastrophe points. While Criteria II
and III can be used to assess slope instability, they may not provide the slope safety
factor in some cases. Therefore, a comprehensive consideration of all three criteria is
necessary to obtain an accurate safety factor for earthquake slope stability calculations;

(2) By comparing and analyzing this method with three other criteria, the strength reduc-
tion factor corresponding to the maximum value of the relative residual displacement
increment, which appears after an abrupt change in displacement, is used as the safety
factor for the slope. This improves the method of identifying displacement catastrophe
points, avoids errors caused by displacement fluctuations, and reduces human error
in judging displacement catastrophe points. As a result, the displacement catastrophe
criterion’s accuracy, stability, and applicability are enhanced.
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