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Abstract: This paper presents a novel trajectory-tracking technique for servo systems treating only
the position measurement as the output subject to practical concerns: system parameter and load
uncertainties. There are two main contributions: (a) the use of observers without system parameter
information for estimating the position reference derivative and speed and acceleration errors and
(b) an order reduction exponential speed error stabilizer via active damping injection to enable
the application of a feedback-gain-learning position-tracking action. A hardware configuration
using a QUBE-servo2 and myRIO-1900 experimentally validates the closed-loop improvement under

various scenarios.

Keywords: servo system positioning; learning; observer; DOB; synchronization

1. Introduction

Servo systems play a pivotal role in determining the performance level of mechatronics
system applications, including home appliances, personal mobility, factory machines, and
so on. Increasing attention regarding the group motion control technology indicates the
need for high technical specifications for these applications due to their safety and reliability
specifications [1-6]. Recent synchronization techniques can be considered as a possible
solution to this grouping control problem in industrial applications [7,8].

First, high-level closed-loop servo performance (speed and position control) must be
secured to implement novel synchronization techniques with promising properties under
various operating conditions. There are several types of motors, such as DC, brushless
DC (BLDC), induction, and permanent magnet synchronous motors (PMSMs) available
for the mechanical part of a servo system. Conventional (but simple) and advanced
control techniques can be applied to implement closed-loop servo systems. The multi-loop
proportional-integral (PI) controller, consisting of current (inner), speed (middle), and
position (outer) loops, has normally been used to implement a closed-loop servo system
whose feedback gain can be determined through trial-and-error and frequency-domain
analysis tools (Bode and Nyquist plots) [9,10]. However, the tuning result is only feasible
for a given operating point, and an additional gain scheduling technique must be used
to widen the feasible operating region [11]. The feedback linearization-based multi-loop
approach solves this problem by adding system-parameter-dependent compensation terms
in the feed-forward loop, and their PI gains allow closed-loop dynamics governed by a
first-order low-pass filter (LPF) using passive damping in an open-loop system [12]. The
parameter dependence on the feed-forward terms and PI gains can be handled by adopting
additional online parameter estimators as in [13-15]. Adaptive controllers have been
recently suggested as a possible advanced solution to the speed tracking problem subject to
parameter and load uncertainties, incorporating numerous parameter estimators [16-18].
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Interestingly, an online self-tuner continuously updates the feedback gain according to
an analytic rule to ensure closed-loop stability, but the optimality of the steady-state gain
remains questionable [17]. A parameter-dependent observer that estimates both the state
and disturbances was incorporated into a robust controller to enhance the disturbance
attenuation performance of a closed-loop system [19]. In a separate study, a robust speed
controller included a nonlinear disturbance observer (DOB) to estimate the desired feed-
forward terms in order to secure improved closed-loop robustness and accuracy, which also
alleviates the level of system-parameter dependence [20]. This type of DOB was adopted
for a sliding-mode controller, including the discontinuous feedback loop, to reduce the
chattering level during steady-state operation [21]. Alternatively, predictive controllers
were used to pursue closed-loop optimality by predicting the state using system parameter
and load information, incorporating a numerical optimization process online [22-24]. As
another approach to the online self-tuning technique [17], an additional stabilizer for the
self-tuner was included and used as a damping injection term in a proportional-type
energy-shaping controller [25,26], which, however, limits the application area regarding
speed regulation. There were several output-feedback controllers, including the extended
state observer (ESO) involving the system parameter dependence (at least partially) and
repetitive offline optimization process for an optimal observer gain [27-29].

This study attempts to solve the output-feedback position-tracking problem consider-
ing the challenges arising from previous results, corresponding to the exact servo system
parameter information requirements (at least partially, for the controller and observers)
and limiting the robustness associated with the integral actions and DOBs. The features
(contributions) of the proposed tracking technique are summarized as follows:

* an extended state observer (for the position reference derivative and controlled errors
involving speed and its acceleration) equipped with a specially structured tuning
factor yielding the first-order exponential convergent estimation error behavior; and

* the combination of an active damping injection pole-zero cancellation PI controller
and nonlinear DOB for the first-order exponential convergent speed error stabilizer
without dependence on the exact servo system parameter values.

The resultant feedback system does not suffer from any magnitude or phase distortions
between the reference and actual servo system position. The experimental setup using
a QUBE-servo2 and myRIO-1900 indicates the feasibility of the proposed solution by
experimentally showing the improvements in closed-loop performance.

2. Servo System Dynamics

This section introduces simple servo system dynamics by a DC power source (a DC
motor and a brushless DC motor) to clarify the main idea behind this study. The input
voltage vs(t) (in V) applied to the stator initiates the stator current is(¢) (in A) and rotor
position 6(¢) (in rad) and speed w(t) (in rad/s), which forms a linear time-invariant system
subject to the mismatched disturbance T; (¢) (the load torque in Nm) as follows:

ao(t)
e M
]md%t) = —Buw(t) + Te(t) — TL(1), o)
Lsdi;(tt) = —Ris(t) — ¢s(t) + vs(t), Vt >0, 3)

with the output torque T,(t) = kris(t) (in Nm), the back electromotive force (EMF)
¢s(t) = kew(t) (in V) for some coefficients kt > 0 and k. > 0 (ky = k. for permanent
magnet-type systems), and the system parameters of J; (rotor inertia in kgmz), By, (rotor
friction in Nm/rad/s), Ls (stator inductance in mH), and R; (stator resistance in ).

The system parameters can experience dramatic variations depending on the operating
conditions; thus, this study decomposes the original system parameters into their nominal
values (provided by the manufacturer) and perturbation terms to address this practical
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challenging point (for instance, J;; = Ju,0 + Al for the rotor inertia case). This yields
another expression for the system representation (2) and (3) by combining them after
applying an additional time derivative to the speed dynamics (2):

dw(t) -

Co0—gp = 0s(t) +du(t), VE 20, @)

which has a known coefficient ¢, 0 = ]’”kOTi[;O (its true version ¢, = % and variation

Acw = ¢ — Cuwy) and an unknown time-varying lumped disturbance d, (t) = —Ace dz;;Z(t) —

Bmd‘;—gt) — Rgis(t) — ¢s(t) — dTét(t). This representation resolves the two major problems

associated with the plant-model mismatches caused by parameter and load variations.

The following section derives an advanced observer-based output-feedback position-
tracking control law using the position and speed dynamics (1) and (4), considering the
stator voltage vs(t) and the position 6(t) as the control input (design variable) and the
system output, respectively.

3. Position-Tracking Control Law
3.1. Control Objective

Consider the first-order time-varying system for an error 6* (t) := 6,, £(t) — 07 (t) with
a position reference trajectory 0,,¢(t), given by

0% (t) = —pc()0* (1), Vt > 0, )
with its base system defined by 6} , := 0* for some @pc(0) = wpe > 0 that satisfies

Wpe(t)=pc(0)
éZﬂS@(t) = 7wPC§I>Jkase(t)r vt > 0. (6)

Note that the notation f(t) is used to abbreviate f(t) = %(tt) for convenience. This
study chooses the time-varying system (5) as the desired closed-loop performance to
achieve a superior convergence rate from its base system (6) by applying the boosting
property Wpc(t) > wpe, Vt > 0, as proved by Lemma 1 in Section 4. To attain this goal, the
exponential convergence given by

lim 6(t) = 6*(t) @)

t—o0

is taken into account as the control objective of this study.

Remark 1. The base system (6) can be written in low-pass filter (LPF) for slowly time-varying
reference signals 6,, £(t) = 0as

éZuse(t) = pr(eref(t) - GZQSg(t))/ vt Z O/ (8)

with its Laplace transform:

nse(5) - e , Vs €C,
Oyef (s) S + wWpc
subject to the cut-off frequency wpc = 27 fpc in rad/s (or, equivalently, as fpc = % in Hz).

Therefore, the design parameter Wp(0) = wp, can be determined as the cut-off frequency of the
LPF (8) for the mapping 0,,¢(t) — 05, ().
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3.2. Position Control with Feedback-Gain-Learning Algorithm

The position dynamics (1) gives an equivalent form by introducing the additional
design variable w,.f(t) as

0(t) = w(t) = wres(t) — @(t), Yt >0,

where @(t) := wy,r — w(t), Vt > 0. This yields the open-loop position-error dynamics for
the actual position error § := 6, £(t) — 0(t) such that

0(t) = _wref(t) +a(t) + Bref,zJ(t)r vt >0, 9)
where 0.7, () := 0, £(t), which is treated as an unknown time-varying signal.

Remark 2. In the case of a multi-servo system synchronization problem, the position reference
Oref (t) can be given as a neighboring-stage servo system output, which can be solved by the proposed
controller while ensuring the exponential convergence (7) so that lim¢—,c0 0(t) = 0,7 (t). Consider-
ing a two multi-servo system example (where 61 (t) and 0, (t) denote the first and second system,
respectively), it holds that O(t) = 01 (t) — 62(t), Wref (1) = W ref (1), W(t) = W ref (1) — wr(t),

and Gref,v(t) = 91(t)'

3.2.1. Position Reference Derivative Observer

Consider the relationship 6,, f(t) = Orfo(t) and its decomposition
0,, f,v(f) = Oref,00 + A0y f,v(t) with respect to the DC (6,,,,,0) and AC (Af,, f,U) compo-
nents (e.g., gref,v,O =0and Aéref,v(t) # 0). Then, it holds that

éref(t) = Gref,v(t>/ 9ref,v<t) = fe,ef (t>/ vVt >0, (10)

where fgmf(t) = Aé,ef,v(t) and | fgmf(t)| < fgmf, YVt > 0, whose estimation can be ac-
complished by the proposed observer with its output error ey f(t) 1= Opf(t) — éref(t)

such that

éref(t) = 19,3/,169”f(t)+éref,v(t)/ (11)
Orero(t) =l p000,,(1), ¥t 20, (12)

with observer gains Iy i > 0,i = 1,2, and state éref,v(t) representing the estimate for

Ore f,z,(t). The proposed observer consisting of (11) and (12) forms the same structure as the
conventional extended state observer (ESO), except for the gain structure design

— _ 2
leref,l - Zw"bsxeref’ leref,Z - wobs,erefr

for a given wyps g, ;>0 which reduces the observer gain-tuning complexity, ensuring

the first-order estimation error (eg,, fo (1) = Opefo(t) — 0, f,0(t)) convergence behavior. For
details, see Section 4.

3.2.2. Position-Tracking Control

This subsection proposes a position-tracking control law for updating the design
variable w,¢(t) as

Wref (1) = @pe(£)B() + brpo(t), VE >0, (13)

with the position-reference-derivative estimate 0, o (t) obtained from the observer (11) and (12)
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and the feedback gain learning mechanism for @ (t) such that

@pe(t) = Ype (0P (1) + ppe@pe(t)), @pe(0) = wpe, (14)

Vt > 0, driven by the nonlinear excitation term 62(t) and error @pc(t) := wpc — @pc(t),
according to the learning and restoration rates 7y, > 0 and ppc > 0. The nonlinearity in the
feedback gain learning algorithm (14) makes it nontrivial for closed-loop stability analysis
tasks. For more details, see Section 4.

3.3. Observer-Based Speed Error Stabilizer
3.3.1. Speed and Acceleration Error Observers

The proposed solution requires feedback involving the first and second derivatives
(speed and acceleration) of the servo system position to stabilize the speed error dynamics
and avoid the need for stator current measurements. It is difficult to extract the correct
speed and acceleration trajectory by applying direct time differentiation to the position
measurement owing to its high-frequency noise component. To overcome this system-
parameter dependence problem, consider the relationship w(t) = a(t) (acceleration), defi-
nition 4(t) := a,.¢(t) — a(t) with a,.f(t) := @ef(t), and decomposition 4(t) = ag + Ad(t)
with respect to the DC (4) and AC (Ad(t)) components (e.g., ip = 0 and Ad(t) # 0). Then,
it holds that

w(t) =a(t), a(t) = fa(t), Vt >0, (15)

where f,(t) := Ai(t) and |fa(t)| < fa, Vt > 0, whose estimation can be obtained by the
proposed observer with the output y;(t) := fot Wref (T)dT — 0(T)dT (so that y4(t) = @(t)
and 7j;(t) = a(t)) with error e4(t) := yz(t) — J5(t):

Ug(t) = lgie(t) + 2a(t), (16)
Xo(t) = Ilgyes(t) + %a(t), (17)
fﬁ(t) = lg’3€9~(t), Yt >0, (18)

with observer gains lé,i > 0,i=1,2,3,and states £ (t) and £;(t) representing the estimates
for @(t) and 4(t), respectively. The proposed observer consisting of (16)—(18) forms the
same structure as the conventional ESO, except for the gain structure design:

I I 2 .3
lg1 = 3Wops,: lop = W,y 50 13 = Wype s

for a given w,;,, 5 > 0, which reduces the observer gain tuning complexity and ensures the
first-order estimation error (eg := @ — X, €z := @ — £;) convergence behavior. For details,
see Section 4.

3.3.2. Speed Error Stabilizer

The open-loop second-order speed dynamics (4) provide another expression regarding
the error @(t) = wyer(t) — w(t):

Cwo@(t) = —vs(t) +dw(t), Vt >0, (19)

with the newly defined disturbance d(t) = cw,0@yf(t) — dw(t), whose servo system
parameter information-free solution is proposed as

0s(t) = (kg + Cworw)Ra(t) + kg whwtao(t) +dw(t), (20)

Vt > 0, with two tuning gains, k; , > 0and A, > 0. Meanwhile, the observer-based nonlin-
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ear DOB estimates the disturbance d,, (t) by updating d,, (t) according to the following rule:

g, () = —lg za, (t) — 17 cwoRa(t) + g, vs(t), (21)
do(t) = zg,(t) + 1, cwoka(t), (22)

with gain I; > 0. The proposed control law (20) exponentially stabilizes the speed error
by reducing the second-order open-loop dynamics to first-order dynamics owing to the
specially structured gains invoking the pole-zero cancellation. For details, see Section 4.
Figure 1 shows the proposed output-feedback system structure.

l. Position Control ;L Speed Error Stabilization

Obs. erc v
(11),(12)

DCM&Driver

-~ am

Ol @ 1> O—w’"i( Obs. @™ [Swabilizer] s
e (16)-(18) (20
7'y P
Gain Update )’C\ d,
(14) o[ DOB |
21),(22)

Figure 1. Proposed output-feedback system structure.

4. Closed Loop Analysis

This section derives the beneficial closed-loop properties by analyzing the position
control loop (Section 4.1), the speed error stabilization loop (Section 4.2), and the entire
output-feedback system (Section 4.3).

4.1. Position Control Loop

This loop consists of three components: the feedback gain learning mechanism (14),
the position reference derivative observers (11) and (12), and the control action (13). First,
Lemma 1 presents the property of the gain learning mechanism (14) boosting the feedback
gain such that @pc(t) > wpe, Vt > 0.

Lemma 1. The feedback-gain learning mechanism (14) guarantees the attainment of the initial
condition @pc(0) = wpc as the minimum value for @pc(t), e.g.,

@pe(t) > wpye, ¥t > 0. (23)

Proof. Integrating the feedback gain learning mechanism (14) gives us

t o~
Wpe = e_'yPCPPCt(Upc + / e~ Trepe(t=T) ('Vpcppcwpc + 'chez)dT/
0
which indicates the existence of a lower bound of @y, owing to the positive sign of
YpePpcWpe + 7p592. This completes the proof. [

Lemma 2 describes the output-error-convergence behavior driven by the position-
reference-derivative observer (11) and (12), which plays a vital role in demonstrating the
convergence property of its estimation error.

Lemma 2. The position reference derivative observer (11) and (12) ensures the exponential convergence:

lim eg f(t) = egmf(t), (24)

t—o0
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Vobs,pos

Zf bre f

subject to the gain setting ~ 0, where the desired trajectory e; ’ (t) represents the solution

wobs,ﬂn,f
to the first-order convergent system:

é;ref (t> = _wobs,emfe;yff(t), Vt 2 O

Proof. The output error e, y gives second-order dynamics by combining (10), (11), and (12)
such that

. . )
eemf = —ngbs,e,efeeﬂ,f — wobs,ﬂrefe% p + fewf,
with its equivalent expression obtained from the Laplace transform:

(S + wobs,9y3f>E9n_’f (S> = Xergf (S>/ Vs € CI

where Xy (s) = WP@M f(s), which defines the performance error dynamics for
00 Vref
e pX
Ggmf = eeref — 69@, as
éen,f = _wobs,(irgfef)n,f - xe,ef/ xgref = _wobs,ﬁrgfxemf +f6ref’ vt Z 0.

These error dynamics yield the time derivative of the positive definite function

kg
Vv . 1.2 2 .
obs,pos *= 3€p - ;’f xgmf with karef > (0 as

Gref
ko w w
ref oS Orer o 0bsOrer o
egrff(_wf’bslgrefeeref o xeref) B 2 xergf o Gn*f( 2 xeypf B fgrﬂfxeref)
Golols 2 (k% b by Vo w0, Vx| > oy
— 0 — - 0., .7 - Y 0 i 4
2 ref 2 Zwobs,en,f ref f wohs,en,f

where Young’s inequality (xy < $x2+ zl—eyz, Ve > 0) verifies the inequality above, which

T — 2 1 1
shows that (defining kg, , := W(W +3))
. wobs,eref 5 1 5
Vobs,pos < *Tegmf — Exef‘t’f
2f
f
< _lxobs,posvobs,pow vt >0, v|x9r€f| > B y; ’ (25)
ovs, ref

with agps pos := min{ 1 ﬁ} This completes the proof. [J
re

Wobs B, " Ko

Remark 3. The result of Lemma 2 (exponential convergence (24)) makes it reasonable to
assume that

é(;rff = _w‘)bsrerefeeref’ Vi > O, (26)

which leads to the following chain of implications (using (11)):

éG,L,f = _wabs,é’,,_,féﬁmf <~ (eref,v - eref) = _wobs,eref (Gref,v - eref)

A (Gref,v - (ZGMféG,ef + Gref,v)) = _wohs,emf(eref,v - (lerefee,ef + 6ref,v>)
= éeref,v o lereféeref = _w()bsrerefeereflv + wObsrereflorefeeref’ vt Z 0.

Applying (26), this allows us to conclude that

éeref,v = _wobs,emfeemfrv, Vit > O, (27)
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which plays a vital role in demonstrating the beneficial position control loop property in Lemma 3.

Lemma 3. The proposed position-tracking control loop shown in Figure 1 guarantees the Lo-
stability for the input-output mapping @(t) — 0(t).

Proof. The substitution of the proposed position-tracking control (13) into the open-loop
dynamics (9) results in

0= —@pcl + 6,0+ @ = —wWpcl + @pcl + g, 0 + @, VE >0, (28)
ke,

which turns the positive definite function V) := %92 + ﬁpcc@%c + ;f - e(% 0 with kg o > 0
(using (14) and (27)) into

Ve = 0(—wpcl + @pch+ e, ot @) = @pe (02 + ppe@pc) — ke, 5 0Wobs fegn,f,v
_Wpemp | g 2 2
< 2 0° + @b PpcWpc (keref,vwobs,emf 20pe )eQ,ef,v/ vt >0,
with the application of Young’s inequality. The coefficient kg, fo i wobsl,eref (wlpc + %) rear-
ranges the upper bound of V), as
. wpc 2 ~2 1 2 ~ X
Vpc S _79 - ppcwpc - EeGYEf'v + CU9
< —apcVpe + @0, Vt >0, (29)

with ae 1= min{wpc,prc'pr, ﬁ}, which shows the strict passivity for the mapping
ref’v

@0, indicating the £, stability [30]. This completes the proof. [

The inequality (29) supporting the result of Lemma 3 is the main purpose of this
subsection, and it is used to prove the entire set of output-feedback system properties using
Theorems 1 and 2 in Section 4.3.

4.2. Speed Error Stabilization Loop

This loop consists of three components: the speed and acceleration error
observer (16)—(18), the DOB (21) and (22), and the control action (20). First, Lemma 2
provides the output error convergence behavior driven by the speed and acceleration
error observer (16)-(18), which plays a vital role in showing the estimation error’s conver-
gence property.

Lemma 4. The speed and acceleration error observer (16)—(18) ensures the exponential convergence

lim ej(t) = e5(t),

t—o0
subject to the gain setting wz—fbi”e ~ 0, where the desired trajectory e (t) represents the solution to
obs,
the first-order convergent system:
e5(t) = —w,ps ge;(t), YVt > 0.

Proof. The output error e; inherits third-order dynamics through the combination
of (15)—(18) such that

-.-~ . 5. 2 5. 3 B
€5 = —3Wops a5 — 3Wops €5 — Wops g€ + fas
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with the equivalent expression obtained from the Laplace transform:

(s + wobs,@)Eé(s) = Xl/g(s), Vs € C,

5 . 1 5 5 _ 1 . .
where X, 5(s) = ;7— s X, 5(s) and X, 5(s) = ;50— T F,(s), which defines the performance
1 . p¥ ~
error dynamics for €5 := e; — ¢j as
€5 = ~Wops,§€5 — X1, Y1, = ~Wops g¥1,5 T X2 Yo5 = ~Wops g¥o 5+ fa, Y 2 0.

These error dynamics yield the time derivative of the positive definite function
ke Ky .
Vobs,spd := %e(% + 'Tlxz + —2x2 . withky, > 0and ky, > 0 as

.67 2720
Vobs,spd = €5(=Wops §€5 = %1,9) + Koy X1 5 (= Wops g¥1 5+ %5 ) + Koy X 5 (= Wops %25 + fa)
W 1 1 kyow .5 k2
bs,6 2 2 X,2%0bs,0 X142
< et — (kg Wy g — —— — o)X — (—= — L)xl
= 5 0 ( x,1%0bs,0 2w0bs ; 2) 1,0 ( P ] ) 2,8
W
obs,0 2
—kyo( > %25 —faxz/g), vVt >0,
with the application of the Young’s inequality. The coefficients k,, := m ( ZW’}M +1) and
K2 )
ky, == wis/é (% + 1) rearrange the upper bound of Vobs,spd as
. W,ps § 1 1
obs,6 2 2 2
Vobsspd = —— €= 5%~ 5 X4
< > > 2fa
= _‘Xohs,spdvohs,spd/ vt >0, v|x2§ = s (30)
’ c")0175,9

with @ps spa == min{w,, 5, é, i}, which completes the proof. [

Remark 4. The result of Lemma 2 makes it reasonable to assume that
Cg = —Wopsgyr Yt 20, (31)
which leads to the following chain of implications (using (11)):
G = —Wopspls & (0= Jp) = —Wpe (@ — 1)

& (@~ (g6 +%a)) = —wo (@ — (5165 + %))
& e — lg/lé(; = — W G0 + wohs’d,lglleg, Vit > 0.

From (31), this indicates that éz — — W, 360 YVt > 0, which, together with (17) and
following the same reasoning process above, yields éz = —w,,; 5ea, Vt > 0. Thus, the corresponding

vector form for e == | e ez ]T is obtained as
é(;; = —wobs,(;e(;,, Vt Z 0, (32)

which plays a vital role in showing the beneficial closed-loop properties described by Theorems 1 and 2
in Section 4.3.

Lemma 5 presents the motion of the disturbance estimate d,, (t) governed by the
observer-based nonlinear DOB (21) and (22).
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Lemma 5. The observer-based nonlinear DOB (21) and (22) drives the disturbance estimate d,,
to satisfy

A

do(t) = 1y, (do(t) — duw(t)) + cj_ea(t), V£ >0, (33)
for some constant vector ¢y, € R2.

Proof. The time derivative of the output (22) is obtained along the dynamics (21) as

A

do = Zg, + 1, cwoXa
7 A 2 ~ I .
—ldw (dw — ldwcw/()xa) — Zdwcwroxg + ldwvs + ldwcw,ow — ldwcw,Oeﬁ
= g, (Cwo@ +vs — dy) — ldwCW,Owobs,éeﬁ

= ldw (dw - dAw) — ldwcw,owobs’(;ezTe(;,,
where the result of Remark 4 verifies the third equality above, which completes the proof. [J
The definition of the disturbance estimation error e;  := dg, — dy, together with (33), gives
éq, (t) = —lg,eq, (t) — cj ealt) + fa, (1), Yt >0, (34)

with f; = d, and | fa,| < fdw/ Vt > 0, which is used in the proofs for Theorems 1 and 2
in Section 4.3. Lemma 6 provides the closed-loop speed error behavior governed by the
control action (20) causing the order reduction because of the pole-zero cancellation nature.

Lemma 6. The proposed speed error stabilization loop shown in Figure 1 guarantees the perturbed
first-order speed error dynamics

W(t) = =A@ (t) +ag1xe(t), (35)
with the filtered signal x,(t) such that
%o(t) = —agoxe(t) + (eq, (t) + cLew(t)), Vt >0, (36)
for some constant ag; > 0, i = 1,2 and constant vector c; € R2.

Proof. The substitution of the proposed speed error stabilizer (20) into the open-loop
dynamics (19) results in

Cw/()(fJ = _(kd,w + Cw,O/\w)‘b — kd,w/\wd] + eq, + CZ:,E(;;
= —kg@w@ + Cworw(F — @) +kgwro(r — @) +eq, +c5Eq, Yt >0,

where 7 := 0 (such that # = 0) and ¢ := [ kjwAw (kgw + Cworw) ]T, whose equivalent
form is obtained by taking the Laplace transform of both sides:

(€,05” + (ki o + C0Aw)s + ki 0Aha)QUS) = Aw(Cw0s +kaw)R(s) + Eg (s) + cLew(s),

vs € C This causes the order reduction through the factorization
(cw,08” + (ki + Cwprw)s + kiwro) = (w08 + kiw) (s + Aw) such that

(s + Aw)Q(s) = AwR(s) + LXe(s), Vs € C,

Cw,0
with X, (s) := ,ldw (E4, (s) + cLEg(s)), which completes the proof by taking the inverse
Cw,0

Laplace transform. O
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IN

The closed-loop speed error dynamics (35) and (36) as the main results of this sub-
section help to prove the useful closed-loop properties described by Theorems 1 and 2 in
Section 4.3.

4.3. Entire System Properties

This subsection provides the main analysis results using the subsystem properties
given by Lemmas 1-6. Theorem 1 proves the boundedness property of the position error
controlled by the proposed output-feedback system shown in Figure 1.

Theorem 1. The proposed output-feedback system shown in Figure 1 guarantees the bounded-
ness property

2f4.

0(t)| < cre” @, Yt >0, Vleg, | > z (37)
dw
for some constant ¢; > 0,i =1,2.
Proof. Considering (35) and (36), it follows from xsc := [ @ x, ]T that
Xsc = AgcXse + €2 (edw + Cg;edz)/ vt >0, (38)
—Aw  Apa 0 .1 .
where Ay 1= 0 a’ and e := 1| The stability of As. ensures the existence
—Ap2
of the unique solution Ps. > 0 to the matrix equation ASTCPsc + PscAsc = —1I, which defines

the positive definite function as

k k ks
V = Ve 2 Pacxse + %eﬁw + S llew |’ kse >0, kg, >0, ko >0Vt >0,

whose time derivative is obtained using (29), (32), (34), and (38):

Vpc + kscxchsc (Ascxsc +e (edw + Cz;ﬂw)) + kdwedw (_ldwedw - ngecv + fdw)

_k@wobsﬁ”e@ ||2

_% _ _ 1 _ 2 kdwldw _ kgC”PSC”2 _1 2
5 Ve (s 20 Dl = (=5 2 2%,
K2 ||Psc |1 |I? ké ||de||2 Ly
_(k‘awobs,@ _ Msc | SC! H wH ) 5 )H%HZ _kdw(Tweﬁw _fdwedw)/ vt > 0.
2 2
The coefficients ks := ﬁpc + %, ka, = %(% + 1), and
_ K2 2 .
ke %15,9 (kgCHPSngHC‘“”Z + o H;d“’ H + 1) rearrange the upper bound of V as
. lXpC ]. 2 1 2 ]. 2
V < _TVPC_EHXSCH _Eedw_EH%H
o7
< —aV,Vt>0, V| > —lﬁi“, (39)
dw
Xpc 1 1

with & := min{ %} This completes the proof by using the comparison

principle in [30]. O

Theorem 1 roughly derives the exponential position convergence

lim 0(t) = eref(t)/

t—o0
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with a large DOB gain [;  such that a0 by showing that V < —aV, Vt > 0, from
w 14

w

inequality (39), which is assumed when proving the main result in Theorem 2.

Theorem 2. The proposed output-feedback system shown in Figure 1 accomplishes the control
objective (7) (e.g., the exponential convergence lim; o 8(t) = 0% (t)).

Proof. Defining the performance error as €* := §* — § means that

¢ = 0 —0=—pb* +pb—ep, —@

ref,v

= —Wpce" — €0y w, YVt >0,

which turns the composite-type positive definite function

V= %(6*)2 +xV, x>0, Vt>0,

into (using feedback gain boosting property @y > wpc shown in Lemma 1)

Vo= € (—dpee” e, — @)+ KV
Wpe 3 3
< P2 (ka — — V,Vt>0,
B 3 ( ) ( 2C‘Jpcksc/\min (Psc) prcke,ef,v ) -
with the application of Young’s inequality. The coefficient x := %( 3 o 4 1)

prfksc)‘min(PSC) Zwﬁfkﬂreflv
rearranges the upper bound of V* as

V< —%(e*)2 V< &'V, V>0,

2wpe 1

where a* := min{ =", + }, which completes the proof. [

5. Experimental Results

This section provides experimental comparison data as actual evidence that demon-
strates the effectiveness of the proposed technique. Data were obtained from the exper-
imental platform in Figure 2 comprising the QUBE-servo2 (servo system), myRIO-1900
(processor), and LabVIEW software. The nominal servo system parameters were set as
Im,O = O.7Im, ero = 1.1B,, Ru,O = 0.8R,, La,O =1.2L,, and kT,O = ke,O = 1.3kT, based on
manufacturer values [, By, Ra, Lq, k1, and k, (see the datasheet provided by Quanser).
The MathScript in LabVIEW software implemented the control and estimation algorithms
under control and sampling periods of 0.1 ms.

%&a myRIO- QUBE-servo2 5o — “ E—
"'"ﬁ’ggg‘ / N with Disc Load '

‘QUBE-servo2
with Pendulum Load

Figure 2. Servo system implementation for experimental study.

The tuning result of the proposed controller is given by: (position reference derivative
observer) wyps g, ;= 1200, (position-tracking control) fpc = 1 Hz (wpe = 271fyc = 6.28 rad/s),
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Ypec = 1000, ppe = 1000/ ypc, (speed and acceleration error observers) wg = 1800, (speed
error stabilizer) k; ., = 0.01, A, = 600, and (DOB) [, = 300.

An integral back-stepping controller (IBSC) including the active-damping injection
term was used for the comparison study, which is given by (position loop)
Wref(t) = wpcB(t), (speed loop) s ref(t) = ﬁ’o(—kdrscw(t) + Jowsc@(t) + kg scwse fotd)(r)dr),
@(t) = wyef(t) — w(t), (currentloop) vs(t) = —kgccis(t) + Lowecls (t) 4 kg cctwee fot is(T)dt +
krow(t), and is(t) := is ref () — i5(t), with its tuning results: (active damping) k; s = 0.02,
ki =1, (speed and current cut-off frequencies) ws. = 275 rad /s, wee = 271100 rad/s.

The positioning performances of these two controllers were evaluated under the
tracking and regulation tasks for two different loads—disc and pendulum loads—to clarify
the closed-loop robustness improvement against load variations.

5.1. Reference Trajectory Tracking Performance

This subsection highlights the performance improvement by investigating the position
tracking behavior for two different cases: a piece-wise constant reference (in stair form)
and sinusoidal references.

5.1.1. Case I: Stair Reference

This experiment sets the position reference to zero initially and increases and decreases
it to 20 and —20 sequentially. Figure 3 indicates the position tracking behaviors using
the proposed and IBSC techniques and shows that the proposed controller shortens the
transient periods without any over-/undershoots with the cooperation of the feedback-gain
learning mechanism that ensures the boosting property proven in Lemma 1.

The left panel of Figure 4 presents the actual position feedback gain responses from
the feedback-gain learning mechanism (14). The right panel of Figure 4 shows the observer-
based nonlinear DOB responses. Figure 5 indicates the rapid state estimation error removal
performance from the speed and acceleration error observers, leading to the closed-loop
performance improvement shown in Figure 3.

[Deg] ~  <Disc Load Operation> <Pendylum Load Operation>
20
Settling time Settling time
reduction reduction
10
0
10 —: 8 (Proposed Controller) - —:6(Proposed Controller)
- Q(IBSC) Settling time — G(IBSC) Settling time
o0k reduction L reduction
4 6 8 10 4 6 8 10
Time(sec) Time(sec)

Figure 3. Stair reference tracking performance comparison for disc and pendulum loads.
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25 [rad/s]
200 . 5; (@Disc Load) K‘
5l T (@Pendulum Load) — 7. (@Disc Load)
— c/l; (@Pendulum Load)

10 -

5 |

4 6 8 10 4 6 8 10
Time(sec) Time(sec)

Figure 4. Position feedback gain responses for disc and pendulum loads.

40 [rad/s| - ‘ - 100 [rad/sz]
—: @-x,(@Disc Load) — @+ x, (@Disc Load)

20f  —:@- x,(@Pendulum Load) 50 — :G+x, (@Pendulum Load)

T e e

Href = 0(1 grff = 200 - 9n?f = - Hrt‘f T 0(: grl‘f. = 20” -~ g'r‘f =_39’
-20 ¢ -50
40— : : : 100 : :
4 6 8 10 4 6 8 10
Time(sec) Time(sec)

Figure 5. Speed and angular velocity observer error responses for disc and pendulum loads.

5.1.2. Case II: Sinusoidal Reference

This experiment considered three different sinusoidal position references increasing in
frequency 1, 5, and 15 Hz under the pendulum load condition. As indicated in Figure 6, a
significant performance improvement was observed owing to the perfect trajectory tracking
nature of the proposed technique without any distortion between the reference and the
actual servo system position. The exponential convergence property proven in Theorem 2
provides this meaningful advantage in cooperation with the novel subsystems shown in
Figure 1.

30 [Deg.] : : — :
& <1Hz Operation> <5Hz Operation> <15Hz Operation>

20 — —

10 [

0

-10 -

20t —

i =0, ||l—: 6 (Proposed Controller

3 4 5 6 7 3 4 5 6 7 3 4 5 6 7
Time(sec) Time(sec) Time(sec)

Figure 6. Sinusoidal reference tracking performance comparison for pendulum load.

5.2. Constant Reference Regulation Performance

This experiment fixed the position reference to zero while a load torque (T, = 0.002 Nm,
requiring a stator current i ~ 1.23 A, as shown in Figure 8) was suddenly applied to the
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closed-loop system. Figure 7 presents a considerable regulation performance improvement
using the proposed controller, eliminating the transient periods despite the abrupt change
in load condition. The corresponding dynamic current responses are shown in Figure 8,
which shows that there were no significant differences from the current responses driven
by the proposed and IBSC technique, but in improvement in the position regulation
performance was observed, as shown in Figure 7, due to the novel subsystems for the
position loop.

5 [Deg] ! .. T ‘ T T |
<Disc Load Operation> <Pendulum Load Operation>

0

5L L
—: &(Proposed Controller) —: 6(Proposed Controller)
—:6(IBSC) —:6(IBSC)

-10 : : : : : : : :
4 6 8 10 4 6 8 10
Time(sec) Time(sec)

Figure 7. Comparison of regulation performance for disc and pendulum loads.

1.5 [A] — ‘ ‘ ‘ : ‘ ‘ - ‘
Al <Disc Load Operation> <Pendulum Load Operation>

1 |

051 —:i (Proposed Contrpller) I — i (Proposed Contrpller)
— i (IBSC) — i, (IBSC)
0
4 6 8 10 4 6 8 10
Time(sec) Time(sec)

Figure 8. Stator current responses under regulation tasks for disc and pendulum loads.

6. Conclusions

This study proposes an advanced solution to the position-tracking problem for servo
systems, incorporating intelligence and improved robustness in the feedback loop. The
systematic controller design process not only results in beneficial closed-loop properties by
analyzing the closed-loop dynamics, but also provides a significant tracking performance
improvement for time-varying reference trajectories without any phase delay or magnitude
distortions based on the experimental study results. This result will be extended to multi-
servo system synchronization applications, considering the interactions between local
agents as disturbances, in a future study.
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