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Abstract: Because of their low cost, large workspace, and high flexibility, industrial robots have
recently received significant attention in large-scale part machining. However, due to the stiffness
limitations in robot joints and links, industrial robots are prone to vibration during milling processes,
which leads to poor surface topography. In robotic milling processes, it remains challenging to
simulate the surface topography accurately. This paper presents a mathematical model of surface
topography combined with the effects of process parameters and tool vibrations in robotic milling. In
this method, the kinematic trajectory of the cutting edge is first calculated by considering the cutter
geometry, tool eccentricity, tool orientation, and redundancy angle. After that, the posture-dependent
dynamic characteristics of the robotic milling system are predicted using an inverse distance-weighted
approach. Then, a dynamic model of the robotic milling system is constructed for calculating tool
vibration displacements. Finally, the kinematic model of cutting edges is modified using Z-map
to incorporate the obtained vibration displacements into the sweep surfaces. In addition, milling
experiments are carried out to verify the effectiveness of the proposed method, showing a good
agreement between predicted and measured surface roughness. Furthermore, the findings offer
valuable insights into the impact of process parameters and robot posture on surface quality.

Keywords: surface topography; robot posture; tool vibration; Z-map method; robotic milling;
ball-end mill

1. Introduction

Industrial robots are becoming increasingly popular due to the advantages of low cost,
high flexibility, and large workspace. Robotic milling machines, in contrast to conventional
CNC (Computer Numerical Control) machines, exhibit significantly lower stiffness and
heightened sensitivity to posture. The inherent characteristics of robotic milling systems
make them susceptible to vibration chatter, posing substantial challenges in attaining
satisfactory surface quality and machining accuracy during milling processes. Surface
topography is significantly influenced by cutter runout, inclination angle, path interval,
spindle speed, feed rate, and tool vibration. Surface topography plays an important role
in assessing the quality of machined surface, and predicting it accurately is essential for
optimizing milling processes. While conventional CNC machines have been extensively
studied analytically and experimentally for surface topography prediction, there has been
relatively little research focused on predicting the surface topography from robotic mill
operations. The purpose of this study is, therefore, to illustrate the effect of process
parameters and tool vibrations on surface topography during robotic milling.

Most early efforts focused on developing analytical methods and experiments for pre-
dicting surface topography of CNC machines in view of the influence of cutting parameters.
For example, Sekineet et al. [1] developed a mathematical model for five-axis milling to
investigate path-interval and feed-interval scallops on the machined surface. Based on the
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swept surface of the cutting edge and N-buffer model, Xu et al. [2] proposed a precise inter-
polation method for cusp height calculation of CNC machine tools and then investigated
the impact of various cutting parameters such as spindle speed, feed rate, inclination angle,
path interval, and cutter runout. Zhao et al. [3] proposed a method for predicting stochastic
topography using empirical data, which investigated the effect of process parameters on
stochastic topography by using regression functions to determine the relationship between
process parameters (cutting depth, cutting width, feed rate). The impact of title angle
on surface quality was studied by Klauer et al. [4]. Over short wavelengths, tilt angle
has a critical impact on roughness and machined geometry. As mentioned above, several
primary factors, such as feed rate, tool orientation, spindle speed, cutting depth, and cutting
width, have been examined for their influence on surface topography, and their work has
provided manufacturers with significant assistance in optimizing cutting parameters to
achieve desired surface quality.

In addition to cutting parameters, many researchers have also focused on initial
geometry errors. For example, Ying et al. [5] developed an equivalent fixture error model
that considered datum transformation errors in machining. Denkena et al. [6] calculated
flank milling surface profiles by incorporating the trajectory of the chamfer edge into the
trajectory of the cutting edge. According to the study, surface generation can occur at
either the cutting edge or the chamfer when using a chamfered tool. Using measured
cutting tool geometry, Lavernhe et al. [7] proposed a realistic model to simulate and predict
local defects of machined surfaces based upon the machining kinematics and Z-buffer
model. By using modal coefficients instead of traditional roughness parameters, Li et al. [8]
developed a way to measure and evaluate milled surface quality in real time, taking into
account errors such as locating errors, spindle errors, and cutting tool deflections. With tool
eccentricity, secondary cutting, and size effects taken into account, Zhou et al. [9] developed
a mathematical model for predicting surface topography and roughness accurately in
helical milling. Arizmendi and Jiménez [10] develop a method for estimating the height
of the surface topography at each grid point based on discretizing the milled surface
and considering the axial and radial runouts of the face mill cutters. This methodology
uses Chebyshev expansions and a standard root finder to solve a polynomial equation
derived from the cutting-edge trajectory equations. Due to the posture dependence of the
performances, robot posture optimization can be applied to improve robot performance,
which improves machining performance in turn. Bu et al. [11] optimized the robot drilling
posture by employing the projection of the stiffness ellipsoid in the drilling feeding direction
as an evaluation index, reducing the depth error of the countersunk hole. In order to
reduce machining error, Dumas et al. [12] proposed a machining quality criterion for
optimizing workpiece placement and robot kinematic redundancy. According to their
research, cutting phenomena and robot stiffness can be considered for machining robots
to achieve satisfactory results for finishing tasks. Using a press-and-release model and
model-based reinforcement learning, Zhang et al. [13] presented a force control algorithm
for robotic constant-force grinding. In this study, the feed direction had a significant impact
on surface roughness in addition to robot posture. Robotic machining and CNC machining
exhibit significant differences, and, as a result, process parameters that are optimized for
CNC machining cannot be directly employed in robotic machining [14].

Tool vibrations are inevitable in the machining process, which adversely affects the
quality of the machined surface. Slamani and Chatelain [15] employed fast Fourier trans-
formation analysis to identify sources of error during high-speed robotic trimming, as well
as to investigate how machining strategies and cutting parameters affect heat dissipation,
cutting force, and path deviation. With the integration of tool vibration into the kinematic
model, Chen and Wang [16] developed a surface reconstruction model using biharmonic
spline interpolation. In comparison to conventional methods, the model reduces com-
putation errors, avoids complex optimization, and is suitable for predicting free-form
surfaces of workpieces. For ball-end milling, Yang et al. [17] introduced non-uniform
rational B-splines (NURBS) for surface reconstruction, which improved surface topography
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prediction accuracy by accounting for factors such as lead angle, surface curvature, and tool
vibration. Based on a cutting-edge motion model, Wang et al. [18] developed a simulation
model of the vibration of the tool and thin-walled workpiece and investigated the effects
of vibration on surface topography. By identifying dynamic characteristics in different
milling areas, they proposed a new method for predicting texture intervals, distributions,
and residual heights. Through the incorporation of the vibration displacements into the
sweep surfaces of cutter cutting edges, Sun et al. [19] presented a method for predicting
the surface topography during robotic machining more accurately. Due to the fact that the
process parameters and robot postures are usually considered separately in many works
on robotic machining, Xu et al. [20] used grey relational analysis to study the influence
of these two aspects on the surface quality of the robot. It is important to realize that the
work mentioned above contributes significantly to our understanding of how surfaces are
generated and to the development of prediction methods. The process considers cutting
parameters, cutter geometry errors, and tool vibrations. Due to posture-dependent dynamic
characteristics, it is still difficult to predict surface topography accurately in robotic milling.

The purpose of this paper is to develop a more accurate model for predicting surface
topography in robotic machining, taking into account the effects of the process parameters
and the posture-dependent dynamic characteristics of the robotic milling system. Based
on a homogeneous coordinate transformation matrix, the cutting-edge trajectory is first
established by considering parameters such as cutter geometry, runout, tool orientation,
redundancy angle, and cutting parameters. After that, the posture-dependent dynamic
parameters of the robotic milling system are predicted using an inverse distance-weighted
method based on modal tests. Based on the identified modal parameters and cutting force, a
dynamic model of the robotic milling system can be developed. Using the Z-map model, the
vibration displacements obtained from solving the time-periodic delay differential equation
(DDE) of the robotic milling system are finally incorporated into the sweep surfaces of the
cutting edges.

The remainder of this paper is organized as follows. Section 2 presents a framework for
obtaining surface topography in robotic milling systems, which integrates process parame-
ters (such as tool orientation, redundancy angle, cutter runout) with posture-dependent
dynamics (tool vibration). Section 3 presents the simulation and experimental validation.
Finally, the conclusions of this study are summarized in Section 4.

2. Mathematical Model of Surface Topography

The machining accuracy and surface quality in robotic milling are impacted by several
factors, including link length and assembly deviations, joint kinematic errors, deformations
induced by cutting forces, process parameters, and configuration-dependent dynamic
characteristics of the robot. Usually, these factors are addressed through a combination of
system design, calibration, and control strategies. The calibration of the kinematic param-
eter errors can significantly improve the absolute positioning accuracy of the industrial
robot using the product of exponentials (POE) or Denavit–Hartenberg model. In order to
simplify the modeling process, the following assumptions are introduced:

1. Workpieces, machine tools, and fixtures are rigid, and their deformations are ignored;
2. Thermal errors are not considered;
3. Tool wear and system control errors are not taken into consideration;
4. The fixture errors and geometrical errors of process parameters are small.

2.1. Cutting-Edge Trajectory Model
2.1.1. Coordinate System

The robotic milling system is illustrated in Figure 1, which has a 6-DOF industrial
robot, electric spindle, milling cutter, fixture, and workpiece. As shown in Figure 1, several
coordinate systems used in modeling the sweeping surface are first introduced, as follows.

Robot base coordinate system OB-XBYBZB, also known as {B}, is set at the center of the
robot base as the global coordinate system.
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Spindle coordinate system OS-XSYSZS, also known as {S}, is a local coordinate system
that is fixed to the spindle. The ZS axis coincides with the spindle axis. The XS axis is along
the feed direction if tilt angle and lead angle are both zero. YS can be calculated according
to the right-hand rule.

Tool coordinate system OT-XTYTZT, also known as {T}, is a local coordinate system
attached to the milling tool. The origin OT is defined at the tool center. The ZT axis coincides
with the tool axis direction. The XT-axis is perpendicular to the tool axis and tangent to the
projection of the first cutting edge. YT can be calculated according to the right-hand rule.

Workpiece coordinate system OW-XWYWZW, also known as {W}, is a local coordinate
system attached to the workpiece, in which the cutter location (CL) file is described. The
origin OW should be located in an easy-to-calibrate position.

Engagement coordinate system OE-XEYEZE, also known as {E}, is a local coordinate
system attached to the tool path. The origin OE is located at the cutter contact (CC) point
on the tool path, the XE axis is parallel to the linear feed direction, the ZE axis is the normal
direction of the workpiece surface at point CC, and the YE axis is equal to the cross-product
of the ZE axis and XE axis. Thus, the engagement coordinate system is also known as the
feed coordinate system.

During the robotic milling process, the tool center point (TCP) moves along a specified
tool path in Cartesian space. There are two motion chains in robot milling processing,
as shown in Figure 1. The first is the robot motion chain, extending from the robot base
coordinate system to the tool coordinate system. The second is the workpiece motion chain,
originating from the robot base coordinate system to the workpiece coordinate system. To
accurately describe the machined surface topography in terms of relative displacement
between the cutter and the workpiece, it is necessary to transform the cutting-edge trajectory,
which is initially described in the tool coordinate system, into the workpiece coordinate
system. By applying these transformations along the kinematic chain, the cutting-edge
trajectory can be accurately represented in the workpiece coordinate system.

2.1.2. Cutting-Edge Definition

As shown in Figure 2, a ball-end milling cutter with equal pitch angle and constant
lead is selected as the research object. Taking only the cutting edge on the ball end of the
cutter into account, an arbitrary point P on the j-th cutter edge is[

xTP yTP zTP 1
]T

=
[
Rsinκsinφj Rsinκcosφj −Rcosκ 1

]T (1)

where R is the tool radius and κ is the axial position angle of the point P. The positioning
angle φj(t) is measured from the positive direction of YT and φj(t) = ϕ + φpj − ψ. ϕ is the
tool rotation angle, φpj is the pitch angle of cutting-edge j with respect to cutting edge 1,
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and j is the index of the cutting edge. ψ is the lag angle of point P. These angles can be
expressed as

φpj =
2π

N
(j − 1) (2)

ψ = tanβ0(1 − cosκ) (3)

where N is the total number of cutter teeth and β0 is the nominal helix angle measured at
the ball shank meeting boundary. The lag angle ψ reaches its maximum value ψ0 = tanβ0
when cosκ = 0.
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2.1.3. Tool Runout Definition

Typically, tool eccentricity occurs when the tool axis is not aligned with the spindle
rotation axis, resulting in a misaligned tool movement trajectory that has a significant
impact on surface morphology. Thus, it is necessary to incorporate tool eccentricity into the
simulation model of surface topography. As shown in Figure 3, the cutter runout is defined
by tool axis offset ρ and locating angle for offset λ. The tool coordinate system {T} rotates
around the OSZS axis with angular velocity Ω (r/min). To take the tool parallel axis offset
into account, the homogeneous transformation matrix MST from the spindle coordinate
system {S} to the tool coordinate system {T} can be expressed as

MST =


cos

(
2πΩ

60 t + λ
)

−sin
(

2πΩ
60 t + λ

)
0 ρ

sin
(

2πΩ
60 t + λ

)
cos

(
2πΩ

60 t + λ
)

0 0
0 0 1 0
0 0 0 1

 (4)

where t is the machining time along the tool path.
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2.1.4. Tool Orientation Definition

Generally, a six-axis robot is used to carry out a five-axis milling operation, resulting
in a redundancy degree of freedom (γ), namely rotation of the tool axis. In contrast to the
redundancy angle in a machine tool, which always equals 0◦, there are infinite inverse
kinematic solutions to the robot inverse problem for discrete tool position points. To
convert the machining trajectory defined by the workpiece coordinate system into robot
end-motion trajectory, it is necessary to determine the posture of the workpiece coordinate
system relative to the world coordinate system as well as the redundancy angle of the robot.

To simplify the description of the tool posture angle in machining systems, the in-
stantaneous coordinate system {E′} as OE′ -XE′YE′ZE′ is established to describe the contact
relationship between the ball-end mill and workpiece for the machined surface. The origin
OE′ is located at the sphere center of the ball parts of the tool, the XE′ axis is parallel to
the XE axis, the YE′ axis is parallel to the YE axis, and the ZE′ axis is perpendicular to
the XE′ and YE′ axes. The tool posture angle is defined as a set of tilt angles, lead angles,
and redundancy angles. As shown in Figure 4, the tool coordinate system is first rotated
around the Z axis of the engagement coordinate system, and this angle is defined as the
redundancy angle γ. Then, the tool coordinate system rotates around the Y axis of the
engagement coordinate system, and this angle is defined as the lead angle β. Finally, the
tool coordinate system rotates around the X axis of the engagement coordinate system,
and this angle is defined as the tilt angle α. Therefore, the tool coordinate system can be
calculated by using the transformation matrix ME′S for the Z axis to the tool axial vector in
the coordinate system {E′} as follows:

ME′S =


1 0 0 0
0 cosα −sinα 0
0 sinα cosα 0
0 0 0 1




cosβ 0 sinβ 0
0 1 0 0

−sinβ 0 cosβ 0
0 0 0 1




cosγ −sinγ 0 0
sinγ cosγ 0 0

0 0 1 0
0 0 0 1

 (5)
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2.1.5. Tool Path Definition

During robotic machining, the posture of the robot end effector (such as milling tools)
is usually converted from the cutter location data CL generated by a five-axis CAD/CAM
software system. They can be expressed in the workpiece coordinate system as follows:{

tp(t) =
[
xcc(t) ycc(t) zcc(t)

]
ta(t) =

[
icc(t) jcc(t) kcc(t)

] (6)

where tp(t) is the normal tool path derived from the cutter location files. The coordinate
components xcc, ycc, zcc represent the three directions along the X axis, Y axis, and Z axis,
respectively. ta(t) derives from the cutter axis-vector and its components icc(t), jcc(t) and
kcc(t) are calculated from the quaternion.

When the tool orientation is complete, the functional relation between CC point and
Q(t) should be established. Figure 5 illustrates their relationship and can be expressed as
the following equation:

OE′(t) = tp(t) + Rn(t) (7)
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where n(t) denotes the normal vector at the cutting contact point and OE′ represents the
central point of the milling tool.
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The milling cutter is presumed to move in the direction of the X axis, while the step-
over between paths is directed along the Y axis. The homogeneous transformation matrix
MWE from the spindle coordinate system {E} to the tool coordinate system {W} is obtained
by using the following matrix equation:

MWE =


d fx d fy d fz
dcx dcy dcz

xc + v f t
yc + (i − 1)ae

dnx dny dnz
0 0 0

zc − ap
1

 (8)

where
(
d fx, d fy, d fz

)
,
(
dcx, dcy, dcz

)
, and

(
dnx, dny, dnz

)
are, respectively, the components

of the vectors f, c, and n in the workpiece coordinate system. xc, yc, and zc are the initial
location of cutter contact points CC in the coordinate system {W}. v f is the feed rate (mm/s).
t is the feeding time (s). ap is the cutting depth (mm), and ae is the cutting width (mm).

An example of a simplified unidirectional tool path used to carry out plane milling is
shown in Figure 6. According to Equations (7) and (8), the homogeneous matrix MWE′ from
coordinate system {E′} to the workpiece coordinate system {W} can be rewritten as follows:

MWE′ =


1 0 0
0 1 0

xc + v f t
yc + (i − 1)ae

0 0 1
0 0 0

zc + R0 − ap
1

 (9)
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Based on the homogeneous coordinate transformation matrix, the trajectory of the j-th
cutting edge can be derived and expressed by

P(κ, t) =
[
xWP yWP zWP 1

]T
= MWE′ME′SMST

[
xTP yTP zTP 1

]T (10)

where the coordinates of the point P in {W} are denoted as
(
xwp, ywp, zwp

)
. The position

vector of the point P in {W} is represented as P(κ, t).

2.2. Dynamical Displacement Induced by Tool Vibration
2.2.1. Modeling of Cutting Force

Based on the cutting force model presented by Altintas [21], the cutting force compo-
nents Fx, Fy, Fz in the X axis, Y axis, and Z axis directions in the tool coordinate system {T}
can be obtained from the tangential, normal, and axial force components Ft,Fr,Fa as follows:Fx

Fy
Fz

 =
N

∑
j=1

−cosφj −sinφjsinκ −sinφjcosκ

sinφj −cosφjsinκ −cosφjcosκ

0 cosκ −sinκ


Ft

Fr
Fa

 (11)

The tangential Ft, normal Fr, and axial Fa at the j-th cutting edge can be calculated
using the mechanistic force model:Ft

Fr
Fa

 = g
(

φj(t)
)Ktc

Krc
Kac

hj(t)∆z +

Kte
Kre
Kae

∆z

 (12)

where Krc,Ktc,Kac are the shear force coefficients, Kre,Kte,Kae are the edge force coefficients,
and ∆z is the height of the cutting elements. The immersion angle of the j-th cutting edge
φj(t) is measured from the positive direction of YT, and φj(t) = ωt − ψ + φp. g

(
φj(t)

)
is a function used to judge whether the cutting-edge element is in cut or not. It can be
defined by

g(φj(t)) =
{

1 if φen(t) < φj(t) < φex(t)
0 otherwise

(13)

where φen(t) and φex(t) are the entry and exit angles of the cutter j. hj(t) is the instantaneous
undeformed cutting thickness that has a great effect on machining force and machining
stability. In robotic milling processes, robot stiffness remains constant within a short time
interval, and the cutting thickness at any given moment t includes quasi-static component
and dynamic components, as follows:

hj(t) = fzsinφjsinκ + n′

x(t)− x(t − τ)
y(t)− y(t − τ)
z(t)− z(t − τ)

 (14)

where fz is the feed per tooth, x(t − τ), y(t − τ),z(t − τ) represent the dynamic displace-
ment of the cutter caused by self-regeneration, and τ = 60/NΩ denotes the tooth passing
period. The variable n′ represents the unit normal vector of the ball-end cutter, which is
expressed as follows:

n′ =
[
sinκsinφj sinκcosφj −cosκ

]T (15)

2.2.2. Dynamic Model of the Robotic Milling System

In this study, the inverse distance-weighted method [22] is employed to forecast
the frequency response functions (FRFs) of the tool tip, which are dependent on posture.
By considering the correlation in tool tip dynamics between the unsampled points and
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sampled points, the FRFs at the j-th posture can be achieved by using modal data from the
i-th posture in the workspace:

Hj(ω) =
s

∑
i=1

αi Hi(ω) (16)

where Hj(ω) is the FRFs of the j-th posture to be predicted; Hi(ω) is the known FRFs of the
i-th tested posture; and s is the number of weighted FRFs.

The joint angular distance between the predicted posture θj =
[
θj1, θj2, θj3, θj4, θj5, θj6]

T

and the tested posture θi =
[
θi1, θi2, θi3, θi4, θi5, θi6]

T is used to quantify the impact of the
tested posture on the predicted value. The Euclidean distance in joint space and the weight
coefficients can be defined as

di =
√(

θj1 − θi1)2 +
(
θj2 − θi2)2 +

(
θj3 − θi3)2 +

(
θj4 − θi4)2 +

(
θj5 − θi5)2 +

(
θj6 − θi6)2 (17)

αi =

1
di

∑s
i=1

1
di

(18)

For a specific posture j, the predicted FRFs Hpq is defined as the ratio of harmonic
displacement response Xp(ω) at a particular node p to the harmonic force Fq(ω) at node q:

Hpq(jω) =
Nm

∑
r=1

ψprψqr

mr(jω − sr)(jω − s∗r )
(19)

where ω is the frequency, Nm is the number of modes, mr is the modal mass of mode r, j is
the imaginary unit, and ψpr, ψqr are the mode shape coefficients at nodes p and q for mode
r, respectively. sr is the pole of mode r, and * denotes complex conjugation.

The poles sr, s∗r can be expressed as

sr, s∗r = −ζrωr ± jωr

√
1 − ζ2

r (20)

where ζr and ωr are the damping ratio and eigenfrequency of mode r, respectively.
By using a partial fraction expansion, Equation (19) can be further expressed in the

form of real and imaginary parts:

Hpq(jω) =
Nm

∑
r=1

Apqr

(jω − sr)
+

A∗
pqr

(jω − s∗r )
(21)

where the residues Apqr are composed of a modal scaling constant Qr, and the mode shape
coefficients ψpr, ψqr in the two points p and q, as follows:

Apqr = Qrψprψqr =
1

j2mr
√

1 − ζ2
r

ψprψqr (22)

Equation (22) suggests that the modal scaling constant serves as a common denomina-
tor for assessing modal mass. Mode shapes are inherently arbitrarily scaled, and various
methods, such as setting the largest coefficients to 1 or achieving unity length, unity modal
mass, or unity modal A, can be applied [23,24]. For simplicity, this paper calculates the
modal mass by scaling mode shapes to unity modal A. The modal mass, modal damping,
and modal stiffness can be determined using the modalfit function in MATLAB.

Utilizing the acquired dynamic parameters and cutting force, the dynamic equations,
accounting for the x, y, and z directions in the robotic milling system for a specific configu-
ration θ in joint space, can be derived using the following equations:

M(θ)
..
q(t) + C(θ)

.
q(t) + K(θ)q(t) = F(t) (23)
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where M(θ), C(θ), and K(θ) are the modal mass matrix, modal damping matrix, and
modal stiffness matrix, respectively. Typically, the modal matrices for robotic milling are
posture-dependent, and they can be expressed as

M(θ) =

mx(θ) 0 0
0 my(θ) 0
0 0 mz(θ)

, C(θ) =

cx(θ) 0 0
0 cy(θ) 0
0 0 cz(θ)

, K(θ) =

kx(θ) 0 0
0 ky(θ) 0
0 0 kz(θ)

 (24)

where mr(θ), cr(θ), kr(θ) (r = x, y, z) are the components of modal mass, damping, and stiff-
ness of the robotic milling system, respectively. The cutting forces F =

[
Fx Fy Fz

]T repre-
sent the component forces along the X axis, Y axis, and Z axis. Additionally,
q =

[
x(t) y(t) z(t)

]T represents the displacement of the cutting tool along the X axis, Y
axis, and Z axis, respectively.

The dynamic displacement can be obtained from the dynamic equation using the
DDE23 function in MATLAB. It is crucial to highlight that the dynamic displacements,
as previously discussed, are computed in the tool coordinate system {T}. They should be
further transformed into the workpiece coordinate system {W}.

2.3. Cutting Motion Correction for Vibration Displacement

In order to describe the effect of vibration on cutting motion, the vibration dis-
placement needs to be integrated with the ideal cutting-edge trajectory. According to
Equations (4) and (5), the vibration displacement of a point P on the j-th cutting edge can
be expressed as a function of its coordinates in {E}, as follows:[

xv
p yv

p zv
p 1

]T

E
= MESMST

[
xv

p yv
p zv

p 1
]T

j
(25)

where xv
p, yv

p, zv
p represent the components of the vibration displacement in the X axis, Y

axis, and Z axis, respectively.
By incorporating the vibration displacement to the cutting edge trajectory of the

ball-end cutter, Equation (9) can be rewritten as

Mv
WE =


1 0 0
0 1 0

x0 + v f t + xv
p

y0 + (i − 1)ae + yv
p

0 0 1
0 0 0

z0 + wh + R0 − ap + zv
p

1

 (26)

Taking into account the impacts of the process parameters and vibrations of the robotic
milling system, the trajectory equation of the cutting edge can be expressed as follows:

P(κ, t) =
[
xW

P yW
P zW

P 1
]T

= Mv
WE′ME′SMST

[
xT

P yT
P zT

P 1
]T (27)

2.4. Simulation of Surface Topography

In the simulation of surface topography, the workpiece model is established using the
Z-map model, employing a discretization approach. Assuming the workpiece surface is
represented by Z(x, y), the surface is initially partitioned into m × n grids along the X and
Y directions, as illustrated in Figure 7. The coordinates of the nodes are determined by{

xi = (i − 1)dx, i = 1, 2, ..., m + 1
yj = (j − 1)dy, j = 1, 2, ..., n + 1

(28)

where dx and dy represent the mesh size in the X and Y directions, respectively. In order to
ensure a balance between computational accuracy and efficiency, these values are chosen
according to the specific requirements of the application. Typically, the mesh size should be
sufficiently small to capture fine details in the surface topography, adhering to the condition
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max(dx, dy) ≤ 1/5min
(

fz, fp
)
. The symbol fp denotes the step-over (mm). The surface

topography of the workpiece is represented by the matrix (Hx, Hy, Z), and Z is determined
by xi and yj.
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The milling time t is also discretized into infinitesimal elements ∆t. For each ∆t, the
movement of discrete points on each cutting edge is smaller than the minimum discrete
length of the workpiece. Assuming that ∆t is very small, the trajectory of discrete points on
the cutting edge during this time interval ∆t is approximately linear. Therefore, the range
of ∆t is determined as follows:

2πΩ
60

× ∆t × R × sinφmin(dx,dy)max (29)

To ensure accuracy in the simulation, it is crucial for the discrete length of the tool to
be smaller than the discrete length of the workpiece. The discrete number of points n can
be calculated by

n =
(φmax − φmin)× R

ds
(30)

where ds denotes the length of a discrete segment along the cutting edge.
Following the surface generation mechanism of the cutting edge in robotic ball-end

milling operations, the simulation of surface topography is carried out using the Z-map
method. Figure 8 provides a detailed illustration of the surface topography simulation
algorithm:

Step 1. Initialization: Define cutter parameters, including cutter radius, cutter runout,
lead angle, tilt angle, and cutting parameters such as spindle speed, federate, depth of cut,
cutting width, and redundancy angle;

Step 2: Workpiece discretization: Generate a three-dimensional grid on the workpiece
surface, selecting an appropriate time step to ensure that only one grid point falls within
the space covered by the cutting edge during each unit time step;

Step 3. Tool vibration displacement calculation: The total cutting forces are determined
by integrating the differential force along the engaged cutting edge and subsequently
summing up the contributions from all cutting edges. The FRFs at an arbitrary posture are
then predicted using the inverse distance-weighted method. Subsequently, the dynamic
model of the robotic milling system is constructed by incorporating the identified modal
parameters and cutting force. The vibration displacement of the tool can be obtained by
solving the time-periodic delay differential equation.

Step 4. Matrix Transformations: The simulation algorithm, known as Z-map, incorpo-
rates crucial components such as feed time cycle, cutter teeth cycle, and discrete cutting
point cycle. During the successive cycles, the vibration displacement obtained in Step 3 is
integrated into the cutting-edge equation by applying matrix transformations, resulting
in the generation of a discrete point trajectory. Examine the height of every discrete point
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along the cutting edge, comparing it to its present value during each time interval. If the
computed height is lower than the current height of the workpiece, modify the current
height by incorporating the coordinate of the discrete point on the cutting edge;

Step 5. Surface topography generation: Upon completion of all iterations, update the
matrix to generate a three-dimensional surface topography.
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3. Experimental Verification and Analysis
3.1. Posture-Dependent Dynamic Characteristics

The experimental validation setup for robotic milling is illustrated in Figure 9, with a
six-axis robot utilizing a Y-series harmonic reducer and equipped with a high-speed spindle
attached to its end effector. An impact hammer WX-HM03 is used to excite the robot end-
effector, and the acceleration responses are measured at 107 different points on the robot
using a 3-axis PCB accelerometer. The input modes of the hammer and accelerometers
are IEPE input mode. The excitation method used in the test is the multi-point response
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single-point excitation force measurement technique. FRFs are subsequently determined
through the DHDAS hammer-acceleration sensor data processing system.
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In this section, 107 points on the robot body are measured using three accelerometers
at each position through the group measurement method. At each specific position, five
impact tests are conducted using the average method of three times of hammering. Follow-
ing a consistent methodology, impact tests are carried out at 15 positions. In order to obtain
the frequency response distribution characteristics of the robot under different postures,
15 TCP positions are strategically positioned within the machining plane, totaling 36 sets of
impact modal tests. The chosen positions are evenly distributed across the machining plane,
and Figure 9 provides a visual representation of the position distribution and numbering
for clarity.

During the robotic milling process, the dominant mode of the tool tip contributes the
most vibration displacement, ignoring the influence of other modes. Using the inverse
distance-weighted method, a frequency response prediction for points #8 and #11 was
generated based on 15 postures of experimentally acquired frequency response data. The
comparison between the predicted and measured data for points #8 and #11 is depicted in
Figure 10.

Figure 10 illustrates a significant alignment between the predicted and measured
frequency response results, underscoring the effectiveness of the frequency response pre-
diction method applied in this study. The observed high level of concordance between the
curves reinforces the reliability of the employed prediction approach.

Modal parameter identification is a widely adopted approach for analyzing FRFs,
serving as a crucial foundation for delving into machining vibration phenomena. As
previously described, the 15 measurement positions are effectively fitted using Chebyshev
orthogonal polynomials. By analyzing these fitted FRFs, the natural frequency and damping
ratio for the robot processing system can be determined.

Figure 11 shows a detailed comparison of the first-order natural frequency identifica-
tion at these specific points. For example, at point #8, the measured frequency is 17.54 Hz
and the predicted frequency is 18.12 Hz, with a prediction error of 3.3%. Similarly, at point
#11, the measured frequency is 18.36 Hz and the predicted frequency is 18.17 Hz, showing
a prediction error of 1.03%. The proposed method consistently demonstrates an overall
accuracy of less than 5% in predicting the modal parameters of industrial robots.
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Figure 11. Fitting frequency response curve by the orthogonal polynomials method: (a) Posture #8,
and (b) Posture #11.

Significantly, the method exhibits heightened precision in predicting the positions of
points located on the edges of the working plane. This highlights the effectiveness of the
Chebyshev orthogonal polynomials in capturing and analyzing the modal characteristics
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of the robotic system. The results suggest a reliable and precise method for predicting and
comprehending the dynamic behavior of the industrial robot.

3.2. Stability Analysis of Robotic Milling System

As shown in Figure 12, ball-end milling experiments were conducted on aluminum
7075-T6 workpieces with dimensions of 100 mm × 80 mm × 60 mm. Throughout these
experiments, a cemented carbide mill with an 8.0 mm diameter, a helix angle of 45 degrees,
and a cutter length of 25 mm was used. The cutting force signals were measured by a Kistler
9255C dynamometer, as depicted in Figure 12a. A fixture, attached to the dynamometer,
securely clamped the workpiece during the experiments. A dry milling experiment was
used to calculate milling force coefficients for predicting stability lobes. Subsequently,
modal parameters were detected using hammer-acceleration sensor-data processing, as
shown in Figure 12b. The stability lobes were predicted using the semi-discretization
method [25]. Finally, cutting parameters were chosen within the stable zone for milling
the material.
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The cutting force coefficient was identified through a slot milling experiment. In
this experiment, the feed per tooth was systematically varied with a fixed increment at
fz= 0.02, 0.04, 0.06, 0.08, and 0.10 mm/tooth. The milling forces in the X axis, Y axis, and
Z axis were measured using the Kistler 9255C dynamometer. Subsequently, the average
milling force model was employed to identify the cutting force coefficient. According to
the identification method of cutting force coefficients [26], the estimates of force coefficients
are listed in Table 1.

Table 1. Cutting force coefficients.

Material Kac
(N/mm2)

Krc
(N/mm2)

Ktc
(N/mm2)

Kae
(N/mm)

Kre
(N/mm)

Kte
(N/mm)

Al7075-T6 19.1 1240.8 1661.8 2.3 15.9 7.1

In the robotic milling process, the redundancy angle remained constant and did not
vary. Modal parameters merely changed on the upper surface due to the small size of the
experimental workpiece. To analysis the stability of the linear milling, reference point #2
was selected in the feeding direction, and its position is shown in Figure 8. The dynamic
parameters of the milling system were determined by combining the inverse distance-
weighted method with impact-acceleration response tests. Additionally, an accelerometer
captured the vibration signal, and a Fourier transform was applied to obtain the frequency
spectrogram. This spectrogram aids in determining the occurrence of chatter during the
machining process. Chatter can be identified by examining the spectrogram for an increase
in amplitude associated with the main mode, commonly referred to as the flutter frequency.

As shown in Figure 13, a semi-discretization method was used to predict stability
lobes based on modal parameters. Subsequently, cutting experiments were carried out at
spindle speed 5000 r/min to validate the predicted stability lobes. In the figure, ‘o’ denotes
stability in the milling process with these parameters, while ‘x’ signifies destabilization.
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Given the use of a two-tooth cutting tool in the experiment, the cutter passing frequency
was approximately 166.7 Hz at a spindle speed of 5000 r/min.

During the experiment with a milling depth of 1.0 mm, the dominant frequencies in
the X, Y, and Z directions were primarily the harmonic frequencies of the spindle frequency
(83.3 Hz). No unusual sounds occurred, and the spectrum diagram indicates the absence of
other frequencies with rising amplitude, except for the larger amplitude at the conversion
frequency. Consequently, the experimental results aligned with theoretical calculations,
confirming stable machining conditions.
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This consistency between experimental and theoretical results validates the accuracy of
the proposed method for predicting stability lobes. The method is used to select machining
parameters in the next section.

3.3. The Effect of Vibration on Surface Topography

The milling experiments were carried out with a specially designed six-axis robot,
employing dry milling operations. Table 2 presents an optimization of cutting parameters
based on stability analysis. The machined surface of the workpiece is divided into nine
zones, as illustrated in Figure 14, spanning from case 1 to case 9. For cases 5 and 7, three
smaller regions (denoted as A, B, C for case 5, and D, E, F for case 7, respectively) are
selected to compare simulation and experimental data on surface topography. The milling
operation is carried out along the X axis, with the path direction following the Y axis.
The dial gauge, illustrated in Figure 15a, is employed for tool run-out measurement. The
axial runout is recorded at 0.005 mm, while the radial runout measures 0.02 mm. An
Alicona optical 3D measuring instrument, as shown in Figure 15b, provides high-resolution
measurements of the machined surface topography using non-contact optical methods.

Table 2. Cutting parameters selected in the experiment.

Case Ω
( r

min
)

vf
(mm

min
)

ap(mm) ae(mm) α(◦) β(◦) γ(◦)

1 3000 300 0.2 0.1 5 10 −40
2 3000 300 0.5 0.1 5 10 −30
3 3000 300 0.8 0.1 5 10 −20
4 6000 300 0.2 0.1 5 10 −10
5 6000 300 0.5 0.1 5 10 0
6 6000 300 0.8 0.1 5 10 10
7 7000 300 0.2 0.1 5 10 20
8 7000 300 0.5 0.1 5 10 30
9 7000 300 0.8 0.1 5 10 40
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Figure 15. (a) Runout measurement using a dial gauge, (b) Optical surface roughness measurement
instrument.

Surface topography simulations for Cases 5 and 7 (shown in Figure 14) are conducted
considering both vibration and non-vibration, as illustrated in Figures 16 and 17. The simu-
lation process incorporates various parameters influencing surface generation, including
spindle speed, feed rate per tooth, path interval, cutting depth, redundancy angle, and
dynamic parameters related to the robotic milling system (such as stiffness, mass, and
damping ratio).
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Figure 16. Simulation of surface generation model for Case 5. (a) Simulation of surface topography 
without considering vibration, (b) Simulation of surface topography considering vibration for Area 
A, (c) Simulation of surface topography considering vibration for Area B, (d) Simulation of surface 
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Figure 16. Simulation of surface generation model for Case 5. (a) Simulation of surface topography
without considering vibration, (b) Simulation of surface topography considering vibration for Area
A, (c) Simulation of surface topography considering vibration for Area B, (d) Simulation of surface
topography considering vibration for Area C (unit: µm).
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without considering vibration, (b) Simulation of surface topography considering vibration for Area 
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Figure 17. Simulation of surface generation model for Case 7. (a) Simulation of surface topography
without considering vibration, (b) Simulation of surface topography considering vibration for Area
D, (c) Simulation of surface topography considering vibration for Area E, (d) Simulation of surface
topography considering vibration for Area F (unit: µm).

During the simulation, each area (A-F, referenced in Figure 13) is defined with dimen-
sions of 2 mm × 2 mm, utilizing a grid size of 100 × 100. MATLAB R2023B is used as the
simulation platform. The choice of a 2 mm × 2 mm analysis area aligns with the measure-
ment area outlined in Figure 14, ensuring a detailed and high-resolution representation for
a specific region.

As shown in Figures 16a and 17a, vibration-free machining surfaces show a relatively
uniform and regular 3D contour and surface topography is arranged periodically along the
path direction. Along the feed direction, the texture interval closely aligns with the feed
rate per tooth, while, along the path direction, it corresponds approximately to the path
interval. The residual height of the surface is relatively low.

Contrastingly, in Figures 16b–d and 17b–d, it is evident that, under the influence of
cutting vibration, contour fluctuation intensifies, the residual height increases, periodicity
diminishes, and irregular components become more pronounced. In the feed direction, the
texture interval is roughly four times larger compared to the scenario without tool vibration.
Additionally, the results emphasize that, due to the posture-dependent dynamic character-
istics, the residual height of the machined surface tends to increase in the direction away
from the robot base system (from A to C and D to F) under identical machining parameters.
These vibrations have the potential to induce tool chatter, leading to compromised surface
finish and dimensional inaccuracies.

The presented analysis in Table 3 focuses on Ra (average roughness) and Rq (root mean
square roughness) values obtained from simulation results with vibration across various
cases (A, B, C, D, E, F). The relative error (%) is then calculated to assess the agreement
between experimental and simulated results.

Case A reveals that both Ra and Rq exhibit relatively low relative errors, indicating a
good agreement between experimental and simulated values. Compared to Case A, Case B
shows relatively low errors. However, the overall error for Rq in the vibration condition
is slightly higher. In contrast, Case C exhibits a higher relative error in Rq with vibration,
which indicates a more pronounced deviation from experimental values.
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Table 3. Comparison of predictions and experiments (unit: µm).

Case
Ra Rq

Experiment Simulation
with Vibration

Relative Error
(%) Experiment Simulation

with Vibration
Relative Error

(%)

A 0.908 0.878 3.3 1.132 1.103 2.5
B 1.064 0.976 8.3 1.371 1.407 2.6
C 1.055 0.914 7.7 1.485 1.357 8.6
D 0.813 0.835 2.7 1.081 1.187 9.8
E 1.125 1.066 5.2 1.418 1.527 7.6
F 0.999 0.938 6.1 1.369 1.465 7.0

There is a noticeable increase in Rq when vibration is introduced to Case D, although it
generally displays low relative errors. In Case E, relative errors are small, but Rq increases
under vibrational conditions. As in Case E, Case F exhibits small relative errors and a
noticeable increase in Rq with vibration.

There is a consistent trend across the cases that indicates an increase in relative er-
ror with vibration. As a result of this trend, it seems that simulating under vibrational
conditions can present some challenges. As a result, Cases C and D have higher relative
errors, which highlights the difficulty in accurately simulating the experimental conditions.
Results provide insightful information on how the simulation method performs under a
variety of different conditions and cases.

4. Conclusions

In this paper, we develop a model to predict machined surface topography during
robotic ball-end milling operations, taking various factors into account, such as tool runout,
tool orientation, spindle speed, cutting depth, redundancy angle, and tool vibration. Based
on this study, the key findings and conclusions can be summarized as follows:

(1) The inverse distance-weighted method is particularly useful when data points are un-
evenly distributed across the postures of interest, providing a more accurate estimate
based on proximity to the target posture;

(2) The analysis shows thatthe postures of the robotic system play an important role and
have a more significant impact than process parameters on milling surface quality.
Therefore, milling operations should consider and optimize robot poses;

(3) The combination of process parameters and robot poses estimated using the Z-map
method is crucial in milling operations. Results show good agreement between
predicted and measured residual heights on machined surfaces. This study provides
valuable insight into the optimization of robotic milling processes for achieving
desired surface quality and tolerances.
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Nomenclature

R cutter radius
κ axial position angle of the point P
φj positioning angle from the positive direction of YT
ϕ initial rotation angle
φpj pitch angle of cutting-edge j
ψ lag angle of the point P
N number of cutter teeth
v f feed rate
ae radial depth of cut
ap axial depth of cut
dz tool discretization disc height
fz feed per tooth
α,β,γ tilt angle, lead angle, redundancy angle
φen, φex cutter entry and exit angle
hj instantaneous undeformed cutting thickness
Krc,Ktc,Kac shear force coefficients in x/y/z direction
Kre,Kte,Kae edge force coefficients in x/y/z direction
Fx, Fy, Fz cutting force components in x/y/z direction
xv

p, yv
p, zv

p vibration displacement in the x/y/z direction
MST homogeneous transformation matrix from {S} to {T}
MES homogeneous transformation matrix from {E} to {S}
MWE homogeneous transformation matrix from {W} to {E}
Hi(ω) frequency response function of posture i
Hj(ω) frequency response function of posture j
Nm number of modes
Ω spindle speed in r/min
ω frequency in rad/s
sr,ζr,ωr pole, damping ratio, natural frequency of mode r
Apqr residues
ψpr, ψqr mode shape coefficients of points p and q for mode r
M, C, K system mass, damping, and stiffness matrices
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