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Abstract: The Bouc–Wen model has been widely adopted to describe hysteresis nonlinearity in many
smart material-actuated systems, such as piezoelectric actuators, shape memory alloy actuators, and
magnetorheological dampers. For effective control design, it is of interest to estimate the hysteresis
state that is not measurable. In this paper, the design of a state observer for the Bouc–Wen model is
presented. It is shown that, with sufficiently high observer gains, the state estimate error, including
that for the hysteresis state, converges to zero exponentially fast. The utility of the proposed hysteresis
observer is illustrated in the design of a high precision output-feedback position tracking controller,
and the resulting tracking error is shown to decay exponentially via Lyapunov analysis. Simulation
and experimental results show that the proposed hysteresis observer and the high precision position
tracking controller outperform a traditional extended state observer and the corresponding tracking
controller, respectively.

Keywords: hysteresis observer; Bouc–Wen model; convergence analysis; position tracking control

1. Introduction

Hysteresis exists widely in smart material-actuated systems, such as shape memory
alloy actuators [1], piezoelectric actuators [2], and magnetorheological dampers [3]. As an
undesirable nonlinearity in general, hysteresis negatively impacts the performance of these
systems. Mitigation of the hysteresis effect in smart materials has been an active research
field in the past several decades and remains a subject of significant interest [4–6].

Modeling of the hysteresis is crucial to the proper design of controllers for systems
with hysteresis. There are mainly two types of hysteresis models: physics-based mod-
els and phenomenological models. Examples of physics-based models include the Jiles–
Atherton model [7] and the domain wall model [8], which are obtained by analyzing the
physical relations between system variables. Phenomenological models can be classified
into operator-based models and models based on differential equations. Operator-based
models are often composed of the weighted superposition of a number (even contin-
uum) of elementary hysteresis units, examples of which include the Prandtl–Ishlinskii
model [9], Preisach model [10], and Krasnosel’skii–Pokrovkii model [11]. Notable differen-
tial equations-based models include the Duhem model [12,13], Backlash-like model [14],
and Bouc–Wen model [15]. In addition, hysteresis of the smart material systems is not only
related to the amplitude of the input, but also to the frequency of the input; it is defined as
the rate-dependent property. To describe the rate-dependent hysteresis property, some rate-
dependent hysteresis models are proposed. For example, [16] proposed a three-dimensional
micromechanical model for describing the rate-dependent properties of piezoelectric ma-
terials. The rate-dependent Prandtl–Ishlinskii model [17] and Krasnosel’skii–Pokrovkii
model [18] are also proposed to describe the rate-dependent hysteresis nonlinearity of
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various piezoelectric material actuators and have achieved a great rate-dependent hystere-
sis modeling effect of smart material systems. However, since the input to the hysteresis
part of the Bouc–Wen model contains not only the positional information of the input
values, but also the velocity information of the input values, it has certain rate-dependent
properties. In particular, the Bouc–Wen model has the advantages of a simple structure,
small numbers of parameters, and demonstrated efficacy in capturing hysteresis in smart
material-actuated systems [19–21].

The Bouc–Wen model can be split into two parts; one is linear and the other is hys-
teretic. In most existing studies, the hysteresis term of the Bouc–Wen model is used
to construct the feedforward compensation control for hysteresis nonlinearity in smart
material-actuated systems [22]. In [23], an inverse compensation control scheme based on
the Bouc–Wen model was proposed to mitigate the hysteresis of a piezoelectric actuator.
In addition, a multiple-degree-of-freedom Bouc–Wen model (MDFBW) was presented
in [24], where a multi-variable compensator with the inverse multiplicative structure of the
MDFBW was designed to achieve tracking control for a three-degree-of-freedom piezo tube
scanner. However, the feedforward compensation control technique is open-loop in nature,
the performance of which is susceptible to the influence of external disturbances and model
uncertainties. An alternative class of control approaches for the Bouc–Wen model treats the
hysteresis part as an unknown disturbance and mitigates its effect via disturbance estima-
tion and compensation. In [25], a proportional-integral-differentiation (PID)-sliding mode
controller based on the simplified linear system was proposed to achieve high-precision
tracking for piezo-nanopositioning stages; here, a high-gain observer was used to estimate
position, velocity, and acceleration of the stage, and the hysteresis state was essentially
treated as a perturbation in the velocity dynamics equation and computed based on the
estimated acceleration, position, and velocity. In [26], an open-loop observer based on
the Bouc–Wen model was proposed to estimate the hysteresis part for a piezoelectric
nanopositioning stage. In [27], a disturbance observer and a fuzzy state observer were
simultaneously designed to estimate unknown external disturbances and unmeasured
states, respectively. However, these open-loop observers are just a copy of the Bouc–Wen
model and are thus sensitive to the chosen initial estimate of the system state, which greatly
limits the practical application of this kind of observer.

In this paper, we propose a novel state observer for the Bouc–Wen model. Different
from existing state estimation methods, the hysteresis system is treated explicitly as a
whole, instead of a linear system with a hysteresis perturbation. The hysteresis state is
estimated without requiring knowledge of the initial state of the system, which significantly
facilitates control implementation. The observer features a simple and efficient design.
With Lyapunov analysis, we establish exponential convergence of the state observer for
sufficiently high observer gains. To demonstrate its utility, the state observer is used
to construct an output-feedback tracking controller, where exponentially fast-tracking
performance is established via analysis. Finally, a simulation is conducted to illustrate
the proposed hysteresis state observer and the aforementioned output-feedback position
tracking controller. Both the simulation and experimental results show that the proposed
approach outperforms the approach based on the traditional extended state observer, where
the hysteretic part is treated as a disturbance.

The main contribution of this paper can be summarized as follows:
(1) The proposed high-gain hysteresis observer of the smart material is designed by

using the Bouc–Wen model and the hysteresis part can be accurately estimated without the
initial state of the smart material systems.

(2) The proposed high-gain hysteresis observer is beneficial to the controller design
because all states of the whole system can be accurately estimated. And the stability of the
whole output-feedback tracking controller with proposed high-gain hysteresis observer is
proved by constructing the Lyapunov function. The proposed controller makes it easy to
implement high-precision positioning control of the smart material systems.



Actuators 2024, 13, 105 3 of 13

The remainder of this paper is organized as follows. Section 2 reviews the Bouc–Wen
model, followed by the design of the state observer along with its convergence analysis.
In Section 3, the position tracking controller based on the state observer is proposed and its
stability is established. Simulation and experimental results are presented in Sections 4 and 5,
respectively. Finally, the conclusion and future work are discussed in Section 6.

2. Observer Design for Bouc–Wen Models
2.1. Bouc–Wen Model

To describe the hysteresis nonlinearity of the smart material system, Bouc–Wen models
are proposed and extended by Bouc and Wen [28,29]. A widely adopted form of the Bouc–
Wen model is as follows: {

mẍ + bẋ + kx = k(du − h)
ḣ = α0du̇ − β|u̇|h − γu̇|h|,

(1)

where x represents the system output (for example, displacement of a piezoelectric actuator),
u is the input (input voltage of a piezoelectric actuator), and h is the hysteresis state.
The variables m, b, and k represent the mass, the damping constant, and the stiffness,
respectively, d is some proportional constant, and α0, β, and γ are the parameters of the
hysteresis term. To facilitate the observer design, Equation (1) is rewritten as

ẋ1 = x2
ẋ2 = −a1x1 − a2x2 − a1x3 + a3u
ẋ3 = φ(u̇, x3)
y = x1,

(2)

where φ(u̇, x3) = αu̇ − β|u̇|x3 − γu̇|x3|. Here, the constants a1, a2, a3, and α are related to
those in Equation (1) via a1 = k

m , a2 = b
m , a3 = kd

m , and α = α0d, and y represents the output
of the Bouc–Wen model. The variables x1, x2, and x3 represent system states (which are
the displacement, velocity, and hysteresis state, respectively). It is clear that the x1 can be
obtained using the displacement sensor, but x2 and x3 are not measurable directly. We next
design a state observer to estimate the unknown states.

2.2. Design of the Hysteresis Observer

In this subsection, the proposed hysteresis observer design is presented, along with
the convergence analysis. The observer takes the following form:

˙̂x1 = x̂2 + l1(y − x̂1)
˙̂x2 = −a1 x̂1 − a2 x̂2 − a1 x̂3 + a3u + l2(y − x̂1)
˙̂x3 = φ(u̇, x̂) + l3(y − x̂1),

(3)

where x̂i, i = 1, 2, 3, are the estimate of state xi, and l1, l2, and l3 are the observer gains,
the conditions on which for estimate convergence are given in the following theorem.

Theorem 1. Theorem: Consider the Bouc–Wen model Equation (2) and the proposed hysteresis
observer Equation (3). Assume |u̇| to be bounded. Choose the observer gains such that

l1 + a2 > 0
(l1 + a2)(l1a2 + a1 + l2) + l3a1 > 0
l3a1 < 0.

(4)

Furthermore, the values of l1, l2, and |l3| are chosen to be large enough. Then the observer
state x̂ will converge to the true state x exponentially fast.
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Proof of Theorem 1. Define the state observer errors, εi = x̂i − xi, i = 1, 2, 3, and
ε = (ε1, ε2, ε3)

T . It can be readily shown that ε satisfies

ε̇ = Aε + Bφ̃(u̇, x3, x̂3), (5)

where A =

 −l1 1 0
−(a1 + l2) −a2 −a1

−l3 0 0

, B = [0, 0, 1]T and φ̃(u̇, x3, x̂3) = β|u̇|(x3 − x̂3) +

γu̇(|x3| − |x̂3|). It can be shown that, with (4), A will be Hurwitz. By noting |(|x̂3| − |x3|)| ≤
|x̂3 − x3| = ε3, we have

|φ̃(u̇, x3, x̂3)| ≤(β|u̇|+ γ|u̇|)ε3

≤(β + γ)|u̇|∥ε∥
=L∥ε∥, (6)

where L = (β + γ)ν̄ and ν̄ denote the bound on |u̇|. Now define a Lyapunov function

Vo(ε) = εT Pε, (7)

where P = PT > 0 is given by

PA + AT P = −I. (8)

The derivative of the Lyapunov Function (7) is given by

V̇o = −εTε + 2εT PBφ̃(u̇, x3, x̂3). (9)

With Equation (6), it can be shown that∣∣∣εT PBφ̃(u̇, x3, x̂3)
∣∣∣ ≤L∥P∥∥B∥∥ε∥2

=L∥P∥∥ε∥2, (10)

where ∥·∥ denotes the 2-norm and induced-2-norm for vector and matrix, respectively.
The latter leads to V̇o ≤ (1 − 2L∥P∥)εTε.

Remark 1. Since a1 and a2 are positive, the conditions for the observer gains specified in Theorem
1 can be easily satisfied. In particular, for a given l3 < 0, the first two inequalities in Equation (4)
can be satisfied by choosing sufficiently large l1 and l2.

Remark 2. In the design process of the proposed state observer, we can choose sufficiently large l1,
l2, and |l3| that ∥P∥ is made greater than 1

2L . At this point, V̇o satisfies V̇o < 0. According to the
Lyapunov theory, it causes the state estimate error ε to converge to zero exponentially fast.

3. Position Tracking Controller

In this section, the proposed hysteresis state observer is exploited to develop a position
tracking controller based on the output-feedback theory. Let xd denote the desired reference
trajectory for x1 that is twice continuously differentiable. Define the sliding surface function

σ = λ1e + ė, (11)

where e = x1 − xd, ė is the derivative of e with respect to the time, and λ1 is a positive
constant. Define ê = x̂1 − xd, êδ = x̂2 − ẋd, and the controller is shown as

u =
1
a3
[ẍd + a1(x̂1 + x̂3) + a2 x̂2 − λ1 êδ − λ2(λ1 ê + êδ)], (12)
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where λ2 > 3
2 is a positive constant. We next show that the proposed controller will result

in asymptotic tracking of the reference trajectory, namely, e → 0.
Consider a Lyapunov function

V1 =
1
2

σ2. (13)

The time-derivative of V1 is calculated as

V̇1 = σσ̇, (14)

where σ̇ is given by

σ̇ = λ1 ė + ë

= λ1 ė + ẋ2 − ẍd

= λ1 ė − a1x1 − a2x2 − a1x3 + a3u − ẍd. (15)

With Equation (12), we obtain

σ̇ =λ1 ė − a1x1 − a2x2 − a1x3 − ẍd

+ ẍd + a1(x̂1 + x̂3) + a2 x̂2 − λ1 êδ − λ2(λ1 ê + êδ)

=− λ1ε2 − λ2(λ1 ê + êδ) + a1(ε1 + ε3) + a2ε2

=− λ1ε2 − λ2σ − λ2(λ1ε1 + ε2)

+ a1(ε1 + ε3) + a2ε2

=− λ2σ + (−λ1λ2 + a1)ε1 − (λ1 + λ2 − a2)ε2

+ a1ε3, (16)

By substituting Equation (16) into Equation (14), we obtain

V̇1 =σ[−λ2σ + (−λ1λ2 + a1)ε1 − (λ1 + λ2 − a2)ε2

+ a1ε3]

=− λ2σ2 + ξ1σε1 + ξ2σε2 + ξ3σε3, (17)

where ξ1 = a1 − λ1λ2, ξ2 = a2 − λ1 − λ2, ξ3 = a1. Because of ξ1σε1 ≤ 1
2 σ2 + 1

2 ξ2
1ε2

1,
ξ2σε2 ≤ 1

2 σ2 + 1
2 ξ2

2ε2
2 and ξ3σε3 ≤ 1

2 σ2 + 1
2 ξ2

3ε2
3, we have

V̇1 ≤− λ2σ2 +
1
2

σ2 +
1
2

ξ2
1ε2

1 +
1
2

σ2 +
1
2

ξ2
2ε2

2 +
1
2

σ2

+
1
2

ξ2
3ε2

3

=− (λ2 −
3
2
)σ2 +

1
2

ξ2
1ε2

1 +
1
2

ξ2
2ε2

2 +
1
2

ξ2
3ε2

3. (18)

Because the state observer converges exponentially, we obtain

V̇1 ≤ −λV1 + Γ(||ε(t0)||)e−κ(t−t0), (19)

where λ = 2λ2 − 3 > 0, and Γ(·) is a class-K function, κ > 0.
To prove that V1 converges exponentially, we will use the following lemma [30].

Lemma 1. If a function V : [0, ∞) → R satisfies V̇(t) ≤ −µV(t) + f (t), for some constant µ
and function f (·), then the following is true:

V(t) ≤ e−µ(t−t0)V(t0) +
∫ t

t0

e−µ(t−τ) f (τ)dτ,
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for t ≥ t0.

Using Lemma 1 and Equation (19), we obtain

V1(t) ≤e−λ(t−t0)V1(t0)

+ Γ(||ε(t0)||)
∫ t

t0

e−λ(t−τ)e−κ(τ−t0)dτ

=e−λ(t−t0)V1(t0)

+
ζ(||ε(t0)||)

λ − κ
(e−κ(t−t0) − e−λ(t−t0)). (20)

From Equation (20), V1(t) converges to zero exponentially fast. This implies that
σ → 0 is exponentially fast, which in turn implies that the tracking error approaches zero
exponentially fast.

4. Simulation Results

In this section, we verify the designed state observer and the output-feedback position
tracking control method with simulation results. Experimental data from a commercial
piezoelectric nanopositioning actuator is utilized to identify the parameters of the Bouc–
Wen model adopted in the simulation: a1 = 1.7168 × 108, a2 = 5743, a3 = 1.7808 × 109,
α = 4.6325, β = −1.3567, and γ = 0.4677.

4.1. Hysteresis Observer Performance

To more thoroughly examine the performance of the proposed hysteresis state ob-
server, we design a traditional extended state observer based on the Bouc–Wen model for
comparison. The latter observer can be represented as

˙̂x1 = x̂2 + l1(y − x̂1)
˙̂x2 = −a1 x̂1 − a2 x̂2 − a1 x̂3 + a3u + l2(y − x̂1)
˙̂x3 = l3(y − x̂1).

(21)

The first set of simulation results compares the performance in estimating the states.
In the simulation, the Bouc–Wen model states are initialized as x1(0) = 10, x2(0) = 2,
and x3(0) = 2; the initial states of the state observer are chosen as x̂1(0) = 0, x̂2(0) = 0,
and x̂3(0) = 0. The reference input of the Bouc–Wen model is u = 3 sin(0.4πt − 0.5π) + 3.
The observer parameters l1, l2, l3 are set to be 40, 40, and −80. Figure 1 shows that the states
of the system can be estimated by both observers, but the proposed hysteresis state observer
outperforms the extended state observer. In particular, with the same set of observer gains,
both observers show comparable rates of convergence to the steady-state values (within
about 0.1 s); however, the estimation error from the proposed observer is significantly
smaller. When the observer parameters l1, l2, l3 are set to be 80, 160, and −640, while all er-
rors become smaller, Figure 2 shows that the proposed hysteresis state observer still clearly
outperforms the extended state observer. In addition, the convergence of the proposed
state observer is unrelated to the initial states of the piezoelectric nanopositioning system.

4.2. Output-Feedback Position Tracking Controller Performance

Based on the two state observers mentioned above, the performance of the output-
feedback position tracking control method described in Section 3 is evaluated by a
series of comparative simulation runs on tracking control, using the reference signal
xd = 30 sin(2π f t − 0.5π) + 30, with frequency f = 1 and 20 Hz, respectively. The parame-
ters l1, l2, and l3 for these two state observers are set as 80, 160, and −640. The parameters
for the output-feedback control method are chosen to be the same as λ1 = 2.2 × 106 and
λ2 = 80. Figures 3–5 show the comparative simulation curves. In this paper, the perfor-
mances of the controller are evaluated using the maximum error (MAXE), mean error (ME),
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and root means square error (RMSE), and the simulation results are further summarized in
Table 1.

（a）

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-5

0

5

（b）

（c）

Figure 1. Estimation of the states based on the extended state observer (ESO) and the proposed
hysteresis state observer (PHSO) with l1 = 40, l2 = 40, l3 = −80. (a) Estimated states x1. (b) Estimated
states x2. (c) Estimated states x3.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0
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0.014 0.0141

2
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（a）

（b）

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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1.995

2

（c）

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-50

0

50

0.015 0.02 0.025

0.5

1

Figure 2. Estimation of the states based on the ESO and the PHSO with l1 = 80, l2 = 160, l3 = −640.
(a) Estimated states x1. (b) Estimated states x2. (c) Estimated states x3.
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Figure 3. Simulation results of the output-feedback position tracking control method with the ESO
and the PHSO when tracking a sinusoidal trajectory at 1 Hz. (a) Desired and achieved output
trajectories. (b) Tracking error.
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Figure 4. Simulation results of the output-feedback position tracking control method with the ESO
and the PHSO when tracking a sinusoidal trajectory at 1 Hz. (a) Desired and achieved output
trajectories. (b) Tracking error.
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Figure 5. Simulation results of the output-feedback position tracking control method with the ESO
and the PHSO when tracking a triangular wave trajectory. (a) desired and achieved output trajectories.
(b) tracking error.
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Table 1. Comparative simulation results under different frequencies of desired signal.

Frequency Criteria Controller with ESO Controller with PHSO Improved

MAXE (µm) 0.2406 0.0219 90.89%
1 Hz (sine) ME (µm) 0.0516 0.0053 89.73%

RMSE (µm) 0.2078 0.0098 95.28%

MAXE (µm) 4.0237 0.4043 89.95%
20 Hz (sine) ME (µm) 1.0313 0.1051 89.81%

RMSE (µm) 2.0451 0.1554 92.40%

MAXE (µm) 3.1032 0.0639 97.94%
triangular ME (µm) 0.0623 0.0082 87.15%

RMSE (µm) 0.2431 0.0145 94.24%

As can be seen in Figure 3, the proposed hysteresis state observer has smaller esti-
mation errors compared with the extended state observer; in the meantime, the output of
the system with the output-feedback position tracking controller based on the proposed
hysteresis state observer rapidly tracks the desired signal at 1 Hz, and its MAXE is dropped
by more than 0.2187 µm compared to the case with the output-feedback controller based
on the extended state observer. When the frequency of the reference signal is 20 Hz, it
is noteworthy that the tracking error with the output-feedback position tracking control
based on the proposed hysteresis state observer can still reach the steady state quickly as
shown in Figure 4, where its MAXE at the steady state is 0.4043 µm, which is reduced by
3.6194 µm compared to the case with the extended state observer. From Table 1, the track-
ing error with the proposed observer is 80% or less than the error with the traditional
observer. In addition, when the desired tracking trajectory is the triangular wave signal,
the simulation results show that the ME of the piezoelectric nanoposition actuator with the
proposed output-feedback controller based on PHSO is 0.0082 µm, which is improved by
87.15% compared to that of the ESO method.

5. Experimental Results
5.1. Experimental System and Parameters Setting

The experimental platform is developed based on an ARM-embedded system (its
model number is STM32F407IGT6). A commercial piezoelectric-actuated XY-stage with
the position travel of 200 µm trip (P-542.2, PI, Germany) and a drive module (E-509.X3-
503.00, PI, Germany) are used to finish the experiment. The connection relationship of all
components in the experimental system is shown in Figure 6.

The parameters of the platform are identified as follows: a1 = 159827.5, a2 = 713.8,
a3 = 222665.02, α = 0.4795, β = 0.3762, and γ = 0.0378. The control algorithm is
implemented in ARM, based on C language. The sampling time is set to 0.0002 s by
balancing controller performance and ARM-embedded hardware processing power during
the experiment. The parameters are tuned online using debug mode. The experimental
data is sent to the data acquisition and display system via an RS422 serial port. The output-
feedback position tracking control with ESO is selected as the comparison algorithm for
the experiment. The parameters are set the same for both methods for a fair comparison.
By trial and error, the observer parameters are set as l1 = 8, l2 = 64, l3 = −512, and the
parameters of the feedback-output position tracking contoller are set as λ1 = 1 and λ2 = 2.

5.2. Proposed Position Tracking Controller Performance

To verify the superiority of the proposed algorithm, two common signals are selected
for the reference signal: sinusoidal and triangular signals. The sinusoidal signal is set as
(80sin(2π t) + 100) µm. The other signal is set as a triangular signal with a peak-to-peak
value of 180 µm, an offset of 100 µm, and a period of 1 Hz. When the system signal tracking
is in a steady state, the input and output response curves, control input curves, and error
curves are shown in Figures 7 and 8.
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Figure 6. Experimental system.

(a)

(b)

(c)

Figure 7. Experimental results of the output-feedback position tracking control with the PHSO
and ESO when tracking a sinusoidal trajectory at 1 Hz. (a) Tracking trajectory. (b) Tracking error.
(c) Control Input.
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(a)

(b)

(c)

Figure 8. Experimental results of the output-feedback position tracking control with the PHSO and ESO
when tracking a triangle trajectory at 1 Hz. (a) Tracking trajectory. (b) Tracking error. (c) Control input.

From the results, we can find that both methods can achieve signal tracking; however,
the proposed method has higher tracking accuracy and less phase lag. This indicates that
PHSO can achieve high-precision hysteresis observation. Specifically, to quantitatively
compare the controller performance, MAXE, ME, and RMSE are used for evaluation and
the results are shown in Table 2.

In addition, the applied control voltages based on two controllers to the piezoelectric-
actuated stage are also shown in Figures 7c and 8c. As shown in these figures, the control
signals are smooth and do not exhibit chattering according to the performance indices
described in [31].

Table 2. Comparative results under different desired signal.

Signal Criteria Controller with ESO Controller with PHSO Improved

MAXE (µm) 1.5619 1.3960 10.62%
Sine ME (µm) 0.5915 0.3178 46.27%

RMSE (µm) 0.6646 0.3804 42.76%

MAXE (µm) 1.7983 1.6593 7.73%
Triangle ME (µm) 0.5286 0.2976 43.70%

RMSE (µm) 0.6583 0.3764 42.82%

The quantitative results show that the indicators of the proposed output-feedback
position tracking controller with PHSO are improved comprehensively compared to the
output-feedback position tracking controller with ESO. For a piezoelectric-actuated stage
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with a stroke of 200 µm, the hysteresis effect is severe and the steady-state tracking errors
under the proposed scheme are nearly half of those under a traditional extended state
observer-based scheme.

It is noteworthy that the position tracking results do not display a complete match
between simulations and experiments. In simulation, the tracking error using the PHSO
method is significantly smaller than the one using the ESO method, which is improved by
about 80%. However, the experiments show that there is not so much difference between the
PHSO and ESO, which is improved by about 40%. This is because the external disturbances
and model uncertainties have an impact on the performance of the controller. For example,
the hysteresis part of PHSO based on the Bouc–Wen model cannot describe the actual
hysteresis characteristics of the piezoelectric-actuated stage. However, the hysteresis part
of PHSO method (that is replaced by the obtained Bouc–Wen model) is consistent with
piezoelectric systems in simulation.

6. Conclusions

In this paper, we presented a simple and effective state observer to estimate the
unmeasurable states of hysteresis systems represented by a Bouc–Wen model. Despite the
nonlinear, non-smooth terms present in the Bouc–Wen model and the proposed hysteresis
observer, we established exponential convergence of the hysteresis observer for sufficiently
large observer gains. Simulation results showed that the state estimation errors converge to
zero quickly, as predicted by the stability analysis. Based on the proposed hysteresis state
observer, an output-feedback position tracking control method was proposed to mitigate
the hysteresis effect in tracking control. The stability of the output-feedback position
tracking control method with the hysteresis state observer was further established via
Lyapunov analysis. The simulation showed that the steady-state tracking errors under
the proposed scheme are 10% or less than the errors under a traditional extended state
observer-based scheme. Furthermore, in the actual piezoelectric driven stage experimental
system, the steady-state tracking errors under the proposed scheme are nearly 50% of the
errors under a traditional extended state observer-based scheme.

For future work, we note that in this work the parameters of the Bouc–Wen model
were assumed to be known. The extension of this work will look into the design and
analysis of adaptive observers when the parameters are not known. In addition, we find
that when the reference trajectory is a step signal, both ESO and HPSO methods have a
“peak” phenomenon, which leads to the instability of the whole control system. In the
future, we will study the “peak” phenomenon of the state observer and solve this problem.
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