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Abstract: In the volcanic complex processes, inherent long-range interactions exist suggesting that
Non-Extensive Statistical mechanics could be used to describe fundamental properties of the system.
Based on the non-extensive Tsallis entropy a frequency-volume distribution function is suggested
for the Easter Island-Salas y Gomez seamounts chain. Our results demonstrate the applicability of
fundamental principles of Tsallis entropy to derive the cumulative distribution of seamounts volumes.
The work suggests that the processes responsible for hotspot seamount formation are complex and
the cumulative frequency-volume distribution of seamounts in the Easter Island/Salas y Gomez
Chain (ESC) are well-described by a q-exponential function. The analysis leads to a non-extensive
index q = 1.54 in agreement with that presented in other geodynamic or laboratory scale effects.

Keywords: Tsallis entropy; Easter island seamounts; volume distribution; systems obeying scaling
laws; complex volcanic systems

1. Introduction

The geodynamic processes of the lithosphere can leave traces on the seafloor. Such traces in
the Oceanic intraplate topography are the volcanic islands and seamounts. Seamounts constitute
one of the most direct evidence of intraplate volcanism, spread out as they are located between
mid-ocean ridges and continental margins. A seamount defined as an isolated elevation on the oceanic
seafloor with a circular or elliptical shape with comparatively steep slopes and relatively small summit
area [1]. Seamounts are produced by volcanic processes taking place near mid-ocean ridges, mostly of
basaltic composition, erupt onto the seafloor and remain there as the lithosphere below them subsides
and accumulates sediments with age. Its volcanism arises from reservoirs of fractional melt in the
asthenosphere [2], which controls the birth and development of seamounts supplied it with heat or
magma. The magma must have enough hydraulic head [3] and latent heat to penetrate the strong
oceanic lithosphere without freezing during ascent [4], while the lithosphere must remain over the
heat source or magma pool long enough for the volcano to developed [5].

The volume distribution of seamounts as recorded in catalogs define new constraints on the
volume of asthenospheric melt available for eruption. Such constraints could help to understand
melt production which may constrain the processes responsible for generating asthenospheric melt.
The frequency-volume distributions of seamounts (submarine volcanoes) have been used to discern
size and number of mantle plumes transporting heat to the base of the lithosphere [6] searching the
possibility these distributions to provide insight into magma size distribution through the earth’s
crust. Previous work on seamount size distributions used height measurements [7]. Volume is a more
meaningful measure than height, as it provides a three-dimensional size measurement used in [8] for
North Pacific seamounts.

In this work we focused in the Easter Island and Salas y Gómez Island chain of seamounts or
volcanoes [7] called as Easter Seamounts Chain (ESC). The chain runs roughly 3000 km from the East
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Pacific Rise to the Chile-Peru Trench and it is the result of a long and complex interaction between the
ocean lithosphere and underlying mantle, leading in a superfast spreading geoenvironment.

The Easter Seamounts Chain is formed by large seamounts, which can reach heights of more than
3000 m above the adjacent seafloor. This chain crosses the East Pacific Rise at about 27◦ S [9,10]. The
average width of this seamount chain is about 200 km. We examine the cumulative frequency-volume
distribution of 383 ESC seamounts over 200 m in height (including two volcanic islands) identified and
measured in [10] using Sea Beam and GLORI-B swath bathymetry maps. The base of each seamount
was located at the sharp break in slope from the surrounding seafloor and each volume used was
estimated by summing the volumes above each pixel in the basal area.

Recently, the statistical properties of Earth and planetary physics processes have attracted a wide
interest in the geocomplexity community [11,12]. In this context, Earth processes can be seen as the
outcome of the irreversible dynamics of a long-range, interacting, disordered system [13]. The main
motivation of the work is starting from complexity theory to establish a volume–frequency distribution
of seamounts, using concepts of non-extensive statistical mechanics and to relate our results with that
previously published using empirical power law fitting.

To describe the long-range interaction, we can consider the use of statistical physics to understand
the collective properties of ESC seamounts. Non-extensive statistical physics (NESP) is the appropriate
methodology to describe effects where long-range dependence effects are important. Non-extensive
statistical physics (NESP), originally was introduced in [14], recently summarized in [15], while its
validity in Earth Sciences is reviewed in [16,17]. NESP is based on Tsallis entropy, a generalization
of the classic Boltzmann-Gibbs entropy and has the main advantage that it considers all-length
scale correlations among the elements of a system, leading to a very common in Earth Sciences
asymptotic power-law behavior. Non-extensivity represents one of the most intriguing characteristics
of systems that have experienced long-range spatial correlations [15]. Since they are key components
of Earth physics processes, Tsallis statistical mechanics is suitable to explore the distribution of
seamounts in ESC. Its applicability in Earth and planetary physics has been demonstrated in a
series of recent publications on seismicity [16–21], natural hazards [22,23], plate tectonics [24],
geomagnetic reversals [25], rock physics [26], applied geophysics [27], and Earth’s and Mars’
fault-length distributions [28–30].

This study is unique because it is the first study of its kind to investigate frequency-volume
distribution of volcanoes in both a hotspot and superfast seafloor spreading environment, using
Tsallis entropy approach. The question whether submarine volcanoes and seamounts are described
by non-extensive statistical physics, even at the phenomenological level (i.e., without specifying any
underlying model), represents a challenge. This is the problem we address here. Our aim is not to
develop a precise model, but rather to present a simple argument of physical plausibility.

2. Regional Tectonic Setting and Bathymetric Data Used

In the broader region tectonic, the Nazca, Easter and Pacific plates converge against each other.
The Easter Island and Salas y Gómez Islands are located (Figure 1) on the Nazca Plate [31]. The oceanic
crust in the area spreads at rate of 149 km/Myr [32]. The average spreading rate between the Pacific
and Nazca plates is close to 150 km/Myr [33,34]. Therefore, this region has the highest rate of crust
formation in the Pacific Basin [10].

Given that volcanism found along the Easter Seamount Chain is anomalously young, a formation
mechanism is assumed to exist based on the hypothesis of a “hot line” lying on double convection of
the mantle and suggested that the chain was been created by the upwelling of part of the magmas
brought by these convective cells transverse to the plate movement [35]. A broad chain of seamounts
extends from the East Pacific Rise eastward toward South America in the southeastern Pacific in a
region influenced by superfast spreading and hotspot volcanism. The seamount population is extracted
using the nearly 100% coverage of GLORI-B [36] and Sea Beam 2000 bathymetry data. Analysis of
the side-scan and bathymetry data, collected on the GLORIA expedition in early 1993 [37] show that
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seamounts in the Easter-Salasy Gomez Islands area (25◦–29◦ S, 113◦–104◦ W) have a variability in
shape and size (height and volume) distributions [10].
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Figure 1. Map of the topography of the southeastern Pacific created using the Global Topography
database. The study area is indicated by the dotted which includes Easter Island (EI) and Salas y
Gómez Island (SGI). The Easter Island/Salas y Gomez Chain (ESC) is extracted in the map (modified
from [10]).

The methodology employed for the determination of the dimensions and shapes of the seamounts
was described in [10], where seamounts with heights greater than 200 m, considered. The reason for
this criterion is that they acquired bathymetry from the GLORI-B side-scan sonar, which had good
lateral coverage, but with less spatial resolution than multi beam bathymetry. A detailed presentation
of ESC geotectonic setting along with data collection procedure is given in detail in [31–35].

3. Principles of Non-Extensive Statistical Physics and Estimation of Seamount Frequency-Volume
Distribution

Here we recapitulate the principles of non-extensive statistical mechanics since this work is its first
application in sub-marine volcano science community. The cornerstone of NESP is the non-additive
entropy Sq [14,15], which is non-additive in the sense that it is not proportional to the number of the
system’s elements, as in the Boltzmann-Gibbs entropy SBG. The Tsallis entropy Sq reads as:

Sq = kB
1−∑W

i=1 pq
i

q− 1
, q ∈ R,

where kB is Boltzmann’s constant; pi is a set of probabilities; W is the total number of microscopic
configurations; and q the entropic index.

This last index is a measure of the non-additivity of the system and for the particular case q = 1,
the Boltzmann-Gibbs entropy SBG is obtained; SBG = −kB ∑W

i=1 pilnpi. We note that for q = 1, we obtain
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the well-known exponential distribution [14]. The cases q > 1 and q < 1 correspond to sub-additivity
and super-additivity, respectively. Although Tsallis entropy shares a lot of common properties with
the Boltzmann-Gibbs entropy, SBG is additive, whereas Sq (q 6= 1) is non-additive [15]. According to
this property, SBG exhibits only short-range correlations, and the total entropy depends on the size of
the systems’ elements. Alternatively, Sq allows all-length scale correlations and seems more adequate
for complex dynamical systems, especially when long-range correlations between the elements of the
system are present.

In the Tsallis entropy approach, additivity is violated, as defined in classical statistical mechanics
and formulated by Boltzmann-Gibbs. For a system composed of two statistically independent
subsystems, A and B, the Tsallis entropy satisfies the equation [15]:

Sq(A, B) = Sq(A) + Sq(B) +
1− q

kB
Sq(A)Sq(B)

The non-additivity is indicated by the last term on the right side of equation above and
represents the interaction between the two subsystems A and B. In order to estimate the probability
distribution p(V) of seamounts volume V, we maximized the non-extensive entropy under the
appropriate constraints, using the Lagrange-multipliers method. The first constraint used refers
to the normalization condition that reads as:

∫ ∞
0 p(V)dV = 1. Introducing the generalized expectation

value (q-expectation value), Vq which is defined as: Vq = 〈V〉q =
∫ ∞

0 VPq(V)dV, where the escort

probability is given in [15] as: Pq(V) =
pq(V)∫ ∞

0 pq (V)dV
, the extremization of Sq with the above constraints

yields to the probability distribution of p(V) as [18–21]:

p(V) =

[
1− 1− q

2− q

(
V
Vq

)] 1
1−q

.

We recall that the Q-exponential function is defined as:

expQ(X) =

{
[1 + (1−Q)X]1/(1−Q) if (1 + (1−Q) X) ≥ 0)

0 if (1 + (1−Q)X)< 0)
.

The normalized cumulative number of seamounts can be obtained by integrating the probability
density function p(V) as:

P(> V) =
N(> V)

N0
=

[
1 +

(
q− 1
2− q

)(
V
Vq

)] q−2
q−1

, (1)

where N(>V) is the number of seamounts with volume larger than V. In the latter expression, if we
define q = 2− 1

Q leads to:

P(> V) = expQ

(
−
(

V
Vq

))
=

[
1 + (Q− 1)

(
V
Vq

)]− 1
Q−1

(2)

having a typical Q-exponential form.
The above approach is based on the existence of only one complex mechanism described by

a unique q- (or Q) parameter. A self–consistent generalization of the aforementioned standard
presentation of non-extensive statistical physics, was proposed, based on the idea of using not just
one q entropic index but a whole distribution (spectrum) of them [38]. In the spirit of generalized
non-extensive statistical mechanics, a generalization of the classical Tsallis entropy Sq, proposed
in [38], given by the form S{ f } = ∑W

i=1 piln{ f }

(
1
pi

)
= ∑W

i=1 s{ f }, where the ln{ f }x function is

the inverse of the exp{ f }x one, defined as the solution of dy
dx =

∫ +∞
−∞ f (z)yzdz, y(0) = 1 with
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∫ +∞
−∞ f (z)dz = 1, and f (z) ≥ 0 [38]. The non-negative, normalized distribution f(z) is called Q-spectral

function (QSF) and represents the spectrum of q entropic indices that contribute in the entropic
functional. For f (z) = δ(z−Q) we lead to the non-extensive entropy defined in [15] while for
f (z) = δ(z− 1) we recover the BG entropy.

This approach applied in a broad selection of problems (see [15–17] and references there in) where
crossover statistics appears (i.e., a change of Q parameter to a different one). In this frame a crossover
formulation of non-extensive statistical physics introduced where two entropic indices introduced to
describe a crossover to another type of behavior at large values of the investigated physical parameter,
in our case the seamount volume V. In this case we should have [39]

dp(V)

dV
= −βR pR −

(
βQ − βR

)
pQ, (3)

as a formulation that presents two mechanisms (as described by the exponents R and Q) in view on
Tsallis approach.

In the case where 1 ≤ R < Q the solution of (3) is given by

V =

1∫
p

dx

βRxR +
(

βQ − βR

)
xQ

=
1

βR

1∫
p

dx

 1
xR −

(
βQ
βR
− 1)xQ−2R

1 + (
βQ
βR
− 1)xQ−R


and hence

V = 1
βR

{
p−(R−1)−1

R−1 −
βQ
βR
−1

1+Q−2R

[
H
(

1; Q− 2R, Q− R,
(

βQ
βR

)
− 1
)
− H

(
p; Q− 2R, Q− R,

(
βQ
βR

)
− 1
)]}

with H(ξ; a, b, c) = ξ1+αF
(

1+a
b , 1; 1+a+b

c ; −ξbc
)

where F is the hypergeometric function.
The solution of Equation (3) for βR << βQ defines three regions. The asymptotic behavior of the

first region related to the very small values of the volume V and is

p(V) ∝ 1− βQV for 0 ≤ V ≤ Vc1, (4a)

where Vc1 = 1
Q−1

1
βQ

.
In the second region, with the moderate values of V, the asymptotic behavior is expressed by a

power law:

p(V) ∝
[
(q− 1)βQ

] −1
(Q−1) V

−1
(Q−1) for Vc1 ≤ V ≤ Vc2, (4b)

where Vc2 =
[(Q−1)βQ]

R−1
Q−R

[(R−1)βR ]
Q−1
Q−R

, while the third region describes the range of large values by a power law

given as:

p(V) ∝ [(R− 1)βR]
−1

(R−1) V
−1

(R−1) for V ≥ Vc2. (4c)

Special attention deserves the crossover from anomalous (Q 6= 1) to normal (R = 1) statistical
mechanics, with increasing of the seamount volume V. In this case Equation (3) is modified as

dp
dV

= −β1 p−
(

βQ − β1
)

pQ (5)

and includes both the normal and anomalous cases in the first and second term, respectively. The
analytic solution is

p(V) = C[1−
βQ

β1
+

βQ

β1
e(Q−1)β1V ]

−1
Q−1

(6)

where C is a normalization factor, and βQ and β1 positive parameters that lead to a function p(V) that
decreases monotonically with increasing V as presented in [24].
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Expanding the exponential term in (6) it can be verified that in the case where (Q− 1)β1V � 1
the asymptotic behaviour of the probability distributions simplified as a Q-exponential

p(V) ∼= C expQ
(
−βQV

)
for V < Vc =

1
[(Q− 1)β1]

, (7a)

while

p(V) ∝
[

β1

βQ

] −1
(Q−1)

e−β1V for V ≥ Vc (7b)

where Vc is the crossover point between the anomalous (Q 6= 1) to normal (R = 1) statistical mechanics.
Equation (7a) lead to the Q-exponential of Equation (2) for a cumulative distribution function P(> V).

4. ESC Data Analysis and Discussion

The statistical physics of seamounts and submarine volcanoes involves the evaluation of their
volume–frequency distribution. Figure 2 presents the cumulative frequency-volume distribution P(>V)
of Easter island seamounts as a function of V, along with the Q-exponential function that describes the
data for V < Vc ≈ 1200 km3. The analysis of ESC volume-distribution (see Figure 2) leads to Q = 2.20
with an error of 0.01 which leads to q = 1.54. For V > Vc an exponential function describes the data, in
agreement with the asymptotic behavior presented in Equations (7a) and (7b).
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Figure 2. The cumulative distribution function P(>V) of ESC volume data (diamond blue) as reported
in [40], fitted with a Q-exponential (red line) with Q = 2.20 and a geometric factor Vq ≈ 24 km3. The
Q = 2.20 leads to q = 1.54.

In the present work, we have applied the ideas of NESP on cumulative volume–frequency
distributions P(>V) to the Easter island seamounts. Our data suggest that the use of NESP is
proper for the description of the cumulative volume–frequency distributions P(>V) to the Easter
island seamounts, using the ideas of Tsallis entropy, leading to a Q-exponential distribution with a
Q = 2.20± 0.01. We note that this is the first time our method applied to such a field, demonstrating the
capability of Tsallis Entropy in a volcanic system. Many empirical distribution functions were already
proposed in the past decade, mainly based on empirical and not physically justified approaches [6–10].
Among them exponential and power law distributions have been suggested to statistical characterize
seamounts volume distributions, based on the argument that power law results when the seamounts



Geosciences 2018, 8, 52 7 of 9

organized in terms of self-organized criticality (SOC) [40]. In the context of SOC, [11,12,41] the
cumulative frequency volume distribution of seamounts can be well described by the power-law
relation P(> V) ∼= C V−β [41–43] in a similar way as in other parameters in volcanic systems [44]. The
power-law frequency volume distribution is the only distribution that does not have a characteristic
scale and can be explained in terms of scale invariance, i.e., fractal statistics [11,12,44].

In the frame of non-extensive statistical mechanics approach for seamount volumes bigger than a
given one Vo we lead to a power law description of the distribution function and in such a case the

cumulative distribution is P(> V) ∼= C
(

V
Vq

)− 2−q
q−1 ∼ V−β with an exponent β = 2−q

q−1 and C = ( q−1
2−q )

2−q
1−q

in agreement with the power law empirically used to describe the seamount distribution [40] with
β = 0.85 close to that presented in [40]. To have an estimation of Vo we select the volume where the

power law approximation of P(>V) takes the value P(>V) = 1 leading to V = Vq (
2−q
q−1 )

3
2 . We observe

that β < 1 leading to 1.5 < q, in agreement with previous published results on earth physics processes
in a broad range of scales from laboratory up to geodynamic one [16,17]. For Vq = 24 km3 as estimated
for the fitting of Q-exponential (see Figure 2) we lead to Vo = 20 km3 which is similar with the cut off
used in [40].

The generic expression of frequency–magnitude distribution given in Equations (7a) and (7b) are
straightforward generalization of power and exponential laws, up to now used to describe seamount
data. The latter expression could explain the behavior of the distribution in a broad range of volumes
possibly leading to new estimations of hazard and risk.

5. Conclusions

In the present work we demonstrate the feasibility of the non-extensive statistics applied to
the volume distribution of the ESC volumes. The distribution shows power law features as other
distributions on Earth sciences mentioned in [11,16,17,40–44] with q values in the range 1.5 < q < 2.
Since Equation (7a) can fit the ESC dataset well with Q ≈ 2.20 leading to a q = 1.54, we lead to a q-value
which is a quantitative measure of the scale of the spatial interactions in ESC seamount system. A q
value close to 1 indicates short-ranged spatial correlations. As q increases the physical state (in the sense
of statistical physics) becomes much more complex. Note that our results are not based on an empirical
guess for the seamount volume distribution but derived from the first principle of non-extensive Tsallis
entropy formalism, which is completely universal and has a long range of application [13–30]. The
physical meaning underlying the non-extensive entropy formalism is that the final geophysical state
can be considered as a collection of heating parts which, after division, have the sum of individual
entropies larger than the entropy of the initial state. The latter is straightforward from the concept of
not additivity since ∑i S(Vi) > S(∪Vi). In addition, since we can assume that ESCconsists of many
non-independent subvolumes, the non-additivity index q could be interpreting as an approximate
measure of the long-range interacting subsystems.

Summarizing we can state that the use of Tsallis entropy and non-extensive statistics is a proper
methodology to describe the ESC frequency-volume distribution. The obtained distribution function
incorporates the characteristics of non-extensivity into the cumulative distribution of ESC volumes
and explains the observed power law behavior, along with a rollover observed for very small and very
large ones, describing the real data very well, indicating that the rollover is a generic property in the
frequency distribution at small and large volumes and can be regarded as the manifestation of the
physical foundation of non-extensive Tsallis entropy.

Conflicts of Interest: The authors declare no conflict of interest.
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