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Abstract: Experiments with gypsum as a model rock material were conducted to investigate the
characteristics of crack growth under monotonic and cyclic loading. The specimens had two
pre-existing flaws that were placed at different inclination angle, spacing and continuity. Tensile or
wing cracks and secondary or shear cracks were observed in both the monotonic and cyclic tests.
Wing cracks or tensile cracks initiated at (or near) the tips of flaws and grew parallel to the loading
direction. Secondary or shear cracks occurred after initiation of the wing crack and culminated in a
final failure. Secondary cracks started at the tips of flaws and propagated in the colinear direction of
flaws or perpendicular to loading. Six types of coalescence were observed. Both the monotonic and
cyclic tests showed almost identical coalescence types. Coalescence occurred due to the internal shear
cracks in specimens containing colinear flaws, while it occurred through combinations of internal
shear cracks, internal wing cracks and tension cracks in specimens with non-colinear flaws. Fatigue
cracks occurred in tests under cyclic loads. Finally, the subcritical crack growth parameters under
monotonic and cyclic loading were determined. Although there were variations in the parameters,
the parameter “n” showed similar values.

Keywords: crack coalescence; monotonic loading; cyclic loading; rock-like material; subcritical crack
growth

1. Introduction

Rocks and underground structures often subjected to cyclic loading due to natural earthquakes,
vibrations by car or train, and drill-and-blast by humans. Ground structures such as man-made
masonry arch bridges also need to be assessed for stability due to earthquakes or cyclic loads [1]. Thus,
it is necessary to investigate the crack growth characteristics of rocks under cyclic loading to ensure that
there are no problems with the stability of structures in rocks. Under cyclic loading, rocks may exhibit
a pattern of failure which differs from a pattern of monotonic loading failure. Royer-Carfagni and
Salvatore [2] showed the difference of failure patterns in marble under monotonic and cyclic loading.
Figure 1 shows that under uniaxial monotonic loading, two cone-shaped failure patterns develop at
both ends of the specimen. However, under uniaxial cyclic loading, a fracture occurs along an inclined
plane which develops over the entire height of the specimen. Therefore, monotonic and cyclic loading
may cause a different pattern of fracture propagation and coalescence in rocks. Confining stress affects
the stress–strain relation, and it modifies the material behavior under monotonic and cyclic loading [3].
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subcritical crack growth. Subcritical crack growth occurs under cyclic loads, monotonic loads, or their 
combination. Subcritical crack growth under cyclic loading is usually characterized by the Paris law 
[4]. For a cyclic load, the rate of crack growth is a function of the range of the stress intensity factor: 
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and C and m are constants that depend on the material, environment and stress ratio. 

Kim and Mobeen [5] reported the validity of Paris’ law for Westerly granite. They found that C 
was dependent on the stress ratio. 
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Figure 1. Typical fracture schemes: (a) monotonic test; (b) cyclic test. 

Under monotonic loads, subcritical crack growth due to stress corrosion by an environmental 
agent can be expressed by Charles law [6]: 

n

c

Kv A
K

 
=  

 
 (2)

where v is the crack velocity, K is the stress intensity factor, Kc is fracture toughness, and A and n are 
subcritical crack growth parameters. 
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Cyclic loading often results in a rock failure at a lower stress level than its monotonically determined
strength. Crack growth at a stress level much lower than fracture stress is called subcritical crack
growth. Subcritical crack growth occurs under cyclic loads, monotonic loads, or their combination.
Subcritical crack growth under cyclic loading is usually characterized by the Paris law [4]. For a cyclic
load, the rate of crack growth is a function of the range of the stress intensity factor:

da
dN

= c(∆K)m (1)

where da/dN is the crack growth rate, ∆K is the range of stress intensity factor during the fatigue cycle,
and C and m are constants that depend on the material, environment and stress ratio.

Kim and Mobeen [5] reported the validity of Paris’ law for Westerly granite. They found that C
was dependent on the stress ratio.

Under monotonic loads, subcritical crack growth due to stress corrosion by an environmental
agent can be expressed by Charles law [6]:

v = A
( K

Kc

)n
(2)

where v is the crack velocity, K is the stress intensity factor, Kc is fracture toughness, and A and n are
subcritical crack growth parameters.

Stress corrosion is considered to be the primary mechanism underlying subcritical crack growth
in rocks [7]. The present pore water in the crack tip environment can induce crack propagation by
facilitating weakening reactions. For silicon dioxide, most commonly found in rocks, the strong
silicon–oxygen bonds are replaced with much weaker hydrogen bonds [7]. This phenomenon is called
stress corrosion.

There have been many studies on crack growth in rocks or brittle rock-like materials under
monotonic loading [8–15]. In monotonic compression tests using flaw-induced specimens, tensile or
wing cracks appear first and propagate parallel to the applied compressive loading direction. Secondary
or shear cracks appear later and are responsible for specimen failure as a rule. Crack coalescence occurs
through secondary cracks or a combination of wing cracks and secondary cracks [8–12]. However, crack
growth under cyclic loading has not been sufficiently investigated. Most experiments have focused on
the fatigue properties of intact rock and the influence of cyclic frequency and strain rates [16–26]. Thus,
research related to crack propagation and coalescence under cyclic loading is very rare.

Both Paris law and Charles law are related to subcritical crack growth, and they can be used to
predict lifetime and time-dependent behavior of rock structures. Since the two laws have similar forms,
the exponents m and n are also likely to be related to each other, but few studies have been conducted.
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Experiments with gypsum as a model rock material were performed to examine the characteristics
of crack growth under monotonic and cyclic loading. Although natural rocks could be selected as the
test material, it takes much time and effort to generate the initial flaws, and it is difficult to fabricate
a large number of uniform specimens. Gypsum was selected as a model material due to the ease of
introducing initial flaws and because the short curing time allows a large number of test specimens to
be produced in a relatively short time. Besides, stress and strain relations are similar to rocks.

The primary purpose of this study was to determine the fracture process in rock-like material
under monotonic and cyclic loading. First, we investigated the difference in crack propagation and
coalescence between monotonic and cyclic compression loading. Specimens with two pre-existing
flaws were employed in monotonic and cyclic compression. A total of 34 different flaw patterns were
used to identify crack propagation and coalescence under different loading configurations. Second,
subcritical crack growth parameters under monotonic and cyclic loading were evaluated. A constant
stress-rate test was used to evaluate the subcritical crack growth parameter n under monotonic loading.
The subcritical crack growth parameter m under cyclic loading was calculated from the relationship
between the rate of crack growth and the range of stress intensity factor. Finally, the fatigue crack
growth under cyclic loading was examined.

2. Materials and Methods

2.1. Specimen Geometry and Preparation

The material used in this study was gypsum. The material is a mixture of Hydrocal B-11 (gypsum
manufactured by Gypsum Company, Charlotte, NC, USA), Dicalite (diatomaceous earth manufactured
by Grefco Inc., Torrance, CA, USA), and water. The proportions used are as follows: gypsum, 560 g;
water, 224 ml; and diatomaceous earth, 6.4 g. The material properties of the gypsum specimen are
summarized in Table 1. Its mechanical properties are similar to those of typical sedimentary rocks, and
the ratio of tensile strength to compressive strength is close to 1:10. Therefore, the gypsum mixture is a
relatively ideal rock-like material with high brittleness.

Table 1. Material properties of the gypsum specimen.

Uniaxial Compressive Strength [MPa] Tensile Strength [MPa] Poisson’s Ratio Young’s Modulus [GPa]

34.5 3.2 0.15 5.96

The specimen’s dimensions are 152.4 mm high, 76.2 mm wide, and around 30 mm thick. Two
pre-existing flaws of length 2a = 12.7 mm were arranged in the center of the specimen. A thickness
of 0.1 mm steel shims were arranged in the mold to produce the desired flaw thickness of 0.1 mm
(Figure 2). Open flaws were used in this study. These flaws remained open during a compression test,
so no stresses are transmitted across them.

The flaw inclination angle, β, is the angle of the flaw with the horizontal direction. Continuity, c, is
the distance between flaws measured along their respective plane. Spacing, s, is the distance between
two flaws measured along a direction perpendicular to their plane. The rock bridge length, l, is the
shortest distance between the inner tips, and the rock bridge angle, α, is the angle of the ligament with
the horizontal direction. The flaw geometry is defined in the form of “flaw inclination angle (β)-spacing
(s)-continuity (c)”. Spacing, continuity and rock bridge length are represented by multiples of ‘a’ (a =

half flaw length). A total of 34 different flaw geometries were prepared. The geometry parameters of
the specimen are presented as follows:

Flaw inclination angle (β): 30◦, 45◦, 60◦, spacing (s): 0, a, 2a, continuity (c): 0, a, 2a, 3a, 4a
The same flaw geometries were used in the previous studies [6–8] to facilitate the comparison of

previous and new findings.
Table 2 shows a list of all the geometries and the number of specimens for this study. A total of

292 specimens were prepared and tested.



Appl. Sci. 2020, 10, 719 4 of 21

Appl. Sci. 2020, 10, x FOR PEER REVIEW 3 of 21 

selected as the test material, it takes much time and effort to generate the initial flaws, and it is difficult 
to fabricate a large number of uniform specimens. Gypsum was selected as a model material due to 
the ease of introducing initial flaws and because the short curing time allows a large number of test 
specimens to be produced in a relatively short time. Besides, stress and strain relations are similar to 
rocks. 

The primary purpose of this study was to determine the fracture process in rock-like material 
under monotonic and cyclic loading. First, we investigated the difference in crack propagation and 
coalescence between monotonic and cyclic compression loading. Specimens with two pre-existing 
flaws were employed in monotonic and cyclic compression. A total of 34 different flaw patterns were 
used to identify crack propagation and coalescence under different loading configurations. Second, 
subcritical crack growth parameters under monotonic and cyclic loading were evaluated. A constant 
stress-rate test was used to evaluate the subcritical crack growth parameter n under monotonic 
loading. The subcritical crack growth parameter m under cyclic loading was calculated from the 
relationship between the rate of crack growth and the range of stress intensity factor. Finally, the 
fatigue crack growth under cyclic loading was examined. 

2. Materials and Methods 

2.1. Specimen Geometry and Preparation 

The material used in this study was gypsum. The material is a mixture of Hydrocal B-11 
(gypsum manufactured by Gypsum Company, Charlotte, NC, USA), Dicalite (diatomaceous earth 
manufactured by Grefco Inc., Torrance, CA, USA), and water. The proportions used are as follows: 
gypsum, 560 g; water, 224 ml; and diatomaceous earth, 6.4 g. The material properties of the gypsum 
specimen are summarized in Table 1. Its mechanical properties are similar to those of typical 
sedimentary rocks, and the ratio of tensile strength to compressive strength is close to 1:10. Therefore, 
the gypsum mixture is a relatively ideal rock-like material with high brittleness. 

Table 1. Material properties of the gypsum specimen. 

Uniaxial Compressive Strength 
[MPa] 

Tensile Strength 
[MPa] 

Poisson’s 
Ratio 

Young’s Modulus 
[GPa] 

34.5 3.2 0.15 5.96 

The specimen’s dimensions are 152.4 mm high, 76.2 mm wide, and around 30 mm thick. Two 
pre-existing flaws of length 2a = 12.7 mm were arranged in the center of the specimen. A thickness of 
0.1 mm steel shims were arranged in the mold to produce the desired flaw thickness of 0.1 mm (Figure 
2). Open flaws were used in this study. These flaws remained open during a compression test, so no 
stresses are transmitted across them. 

 

Figure 2. Specimen geometry. Figure 2. Specimen geometry.

Table 2. List of all the geometries and the number of specimens.

Geometry Dynamic Compressive
Strength

Monotonic
Test Cyclic Test Constant

Stress-Rate Test Total

30-0-a 3 2 3 8
45-0-a 3 2 3 8
60-0-a 3 2 3 8

30-0-2a 3 2 3 8
45-0-2a 3 2 3 5 13
60-0-2a 3 2 3 5 13
30-0-3a 3 2 3 8
45-0-3a 3 2 3 8
60-0-3a 3 2 3 8
30-0-4a 3 2 3 8
45-0-4a 3 2 3 8
60-0-4a 3 2 3 8
30-a-0 3 2 3 8
45-a-0 3 2 3 8
60-a-0 3 2 3 8
30-a-a 3 2 3 8
45-a-a 3 2 3 5 13
60-a-a 3 2 3 8

30-a-2a 3 2 3 8
45-a-2a 3 2 3 8
60-a-2a 3 2 3 8
60-a-3a 3 2 3 8
30-2a-0 3 2 3 8
45-2a-0 3 2 3 8
60-2a-0 3 2 3 8
30-2a-a 3 2 3 8
45-2a-a 3 2 3 8
60-2a-a 3 2 3 8
30-2a-2a 3 2 3 8
45-2a-2a 3 2 3 5 13
60-2a-2a 3 2 3 8
30-2a-3a 3 2 3 8
45-2a-3a 3 2 3 8
60-2a-3a 3 2 3 8

Sum 102 68 102 20 292
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The procedure for the specimen preparation is detailed below:

1. Assemble the two PMMA plates and the four metallic plates. Insert steel shims for open cracks.
2. The water and diatomaceous earth are poured in a mixer and mixed for 20 s.
3. Add the gypsum to the water-diatomaceous earth mixture and mix for 4 min.
4. Pour mixture into the mould, then vibrate the mould for 2 min to remove entrapped air in

the mixture.
5. After an hour following vibration, the steel shims are pulled out.
6. The gypsum specimens solidify within an hour. Then, the specimens are taken out of the mould.
7. Dry for 24 h at room temperature.
8. All faces of the specimens are polished in a rotating grinding machine to achieve a smooth surface

and an even thickness.
9. For curing, the specimens are placed in an oven at 40 ◦C for four days. Then, the specimens are

removed from the oven and tested.

After four days of curing, there was little change in the strength of the specimen.

2.2. Monotonic Compression

The specimens were loaded in a Baldwin emery 200 kips loading machine until failure occurred.
Brush platens were used to reduce friction and shear stresses between specimen and loading platens.
Figure 3 shows the experimental configuration for monotonic compression. Loading was carried out
using displacement control, and three steps were used for the displacement rate. This approach was
used to reduce the time required for the overall test. In the first step, a rate of 0.3 mm/min was used
until loading reached 5 MPa. In the second step, a rate of 0.15 mm/min was used until loading reached
7.5 MPa. In the third step, the displacement rate was 0.03 mm/min. A rate of 0.03 mm/min is low
enough to cause crack initiation and coalescence.
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Because the cracking process usually occurs rapidly, a video camcorder was used to capture the
whole process of crack initiation and propagation. This method was suitable for the overall crack
pattern study.

2.3. Cyclic Compression

The cyclic loading used in this study is termed ‘compression–compression’ because the applied
stresses remain compressive during the complete loading–unloading cycle. Compressive loading
must be maintained to prevent any loss of contact between the test specimen and platens during the
unloading phase of the cycle and to eliminate possible impact effects on the specimen during the
subsequent phase. According to Haimson and Kim [16], the cyclic rate for simulating the frequencies
of the major pulses in earthquakes is 1–2 Hz, and blasting is 10 Hz. A loading frequency of 0.5 Hz was
used for the experiment. Higher frequencies were not used because they are beyond the capacity of the
compression machine. Several initial tests showed that the equivalent displacement rate for the 0.5 Hz
loading frequency is 83.82 mm/min. Hence, the dynamic compressive strength is defined as the failure
strength at the displacement rate of 83.82 mm/min. Table 3 presents the average dynamic compressive
strength with respect to the initial flaw inclination angle. In this study, σmin was held constant at
0.18 MPa for all tests, and only the effects of different σmax values were investigated. Values of 90%,
85%, and 80% of the dynamic compressive strength were used for σmax. Similar to the monotonic
compression test, the whole process of crack initiation and propagation was captured by a digital
camcorder. The cyclic loading continued until a failure occurred or the number of cycles reached 4000.

Table 3. Average dynamic compressive strength with respect to the initial flaw inclination angle.

Flaw Inclination Angle 30◦ 45◦ 60◦

Strength 28.1 MPa 31.0 MPa 34.7 MPa

2.4. Constant Stress-Rate Test

Rock strength generally increases as the applied stress rate increases. The constant stress-rate test
utilizes this theory to relate the fracture strength and applied stress rate, and hence calculate subcritical
crack growth parameters.

The generalized stress intensity factor (K) is represented as:

K = Yσ
√

a (3)

where Y is a geometric factor related to the crack geometry, σ is applied stress, and a is crack length.
Using Equations (2) and (3) together with the mathematical expansion, the relation between the

fracture strength and loading rate is explained as follows [27]:

log σ f =
1

n + 1
log

.
σ+ log D (4)

where:

log D =
1

n + 1
log

(
2K2

c (n + 1)
AY2(n− 2)

σn−2
i

)
(5)

where σf is fracture strength,
.
σ is stress rate, and D is another subcritical crack growth parameter, which

is a function of the fracture toughness (Kc), inert strength (σi), geometric factor (Y) and subcritical crack
growth parameters (n and A).

The inert strength can be determined by using high-speed stress rates or an inert environment.
In this study, two kinds of stress rates, 0.02 MPa/s and 50 MPa/s, were employed to determine

the subcritical crack growth parameter n. In each loading rate, two to three compression tests were
performed using four different pre-existing flaws geometries.
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3. Experimental Results

3.1. Crack Initiation

As other researchers have observed [8–12], tensile or wing cracks occur at (or near) the tips of the
flaws and propagate parallel to the compressive loading axis in both monotonic and cyclic tests. Even
though wing cracks propagated to the top and bottom edges of a specimen, the specimen sustained
additional loads until a final failure occurred.

Wing cracks can be classified as upper external wing cracks, lower external wing cracks, upper
internal wing cracks, and lower internal wing cracks according to a crack’s initiation position (see
Figure 4).
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External wing cracks were always observed for all specimens, and most propagated to the top
and bottom edges of specimens; internal wing cracks were not observed in all the tests and usually
stopped and did not propagate further.

The wing crack initiation position differed for each flaw inclination angle. Three different wing
crack initiation positions were observed. Figure 5 shows these positions—at the tip, near the tip, and
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in the middle of the flaw. The total number of wing crack initiation positions for all the geometries in
both the monotonic and cyclic tests are presented in Figure 6. More than half of the 30◦ flaw inclination
specimens show that the wing crack initiation position is near the tip of the flaw. As the flaw inclination
angle increases, a higher percentage of wing crack initiations occur at the tip. Moreover, the loading
types (monotonic and cyclic) appear not to affect the wing crack initiation position.
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Figure 7 is a plot of external wing crack initiation stress with respect to the rock bridge length in
monotonic tests. Although there is some scatter, external wing crack initiation stresses increase with
increasing the rock bridge length and flaw inclination angle. Figure 8 shows the variation of strength
with a loading rate of 0.03 mm/min and 83.82 mm/min under monotonic tests. The fracture strength
tends to increase with increasing the loading rate and the flaw inclination angle.
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Secondary or shear crack initiation and propagation examples were not as clear as wing crack
initiation and propagation, and secondary cracks usually occurred near the failure. Thus, secondary
cracks are more difficult to observe than wing cracks. Secondary cracks were observed in both
monotonic and cyclic tests. They always appeared after the wing crack initiation and led to the final
failure. Secondary cracks initiated at the tips of the flaws and propagated in the colinear direction of the
flaw or perpendicular to the loading axis. Figure 9 shows the two different types of secondary cracks.
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3.2. Crack Propagation

Wing crack propagation angles were measured at each wing crack initiation position (Figure 10).
Figure 11 shows plots of the upper and lower external wing crack propagation angles, the upper and
lower internal wing crack propagation angles, the upper external and internal wing crack propagation
angles, and the lower external and internal wing crack initiation angles for all geometries and loading
types. These plots roughly indicate that the upper and lower external wing crack propagation angle,
the upper and lower internal wing crack propagation angles and the external and internal wing crack
propagation angles have a linear relationship and are almost identical regardless of the geometry and
loading type. The wing crack propagation angles also decreased as the flaw inclination angles increased.
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3.3. Crack Coalescence

Both the monotonic and cyclic tests showed almost identical coalescence types. For colinear
geometry specimens, coalescence occurred due to the internal shear cracks. For non-colinear geometry
specimens, coalescence occurred through combinations of internal shear cracks, internal wing cracks
and tension cracks. Table 4 summarizes all observed coalescence types.

Type I coalescence occurs by the propagation of internal shear cracks in a colinear flaw geometry
or an almost colinear flaw geometry. The 30-0-a, 45-0-a, 60-0-a, 45-0-2a, 60-0-2a, 60-0-3a, 60-0-4a, and
30-a-2a geometries show Type I coalescence. The 30-0-2a geometry only shows Type I coalescence in
monotonic tests, while Type I coalescence occurs only during cyclic tests within the 45-0-3a geometry.
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Type II coalescence is formed by the connection of two internal shear cracks by a vertical or
quasi-vertical tension crack. This tension crack is not a wing crack but is instead produced under
tension. The 30-a-a, 45-a-a, 45-a-2a, 60-a-2a, 60-a-3a, 30-2a-a, 30-2a-2a, 45-2a-2a, 30-2a-3a, 60-a-a, 30-2a-a,
45-2a-2a, and 45-2a-3a geometries show Type II coalescence.

Type III coalescence can be divided into two classes: Type III-A and Type III-B coalescence. Type
III-A coalescence takes place when an internal wing crack from one of the flaws reaches the other flaw.
The 60-2a-2a and 60-a-0 geometries show Type III-A coalescence. Type III-B coalescence takes place
when an internal shear crack from one of the flaws reaches the internal wing crack of the other flaw.
The 60-2a-3a geometry shows Type III-B coalescence.Appl. Sci. 2020, 10, x FOR PEER REVIEW 11 of 21 
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Table 4. Observed crack coalescence types.

Type Coalescence Pattern Type of Coalescence Crack

I
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Type IV coalescence can be divided into three classes: Type IV-A, Type IV-B, and Type IV-C
coalescence. Type IV-A coalescence occurs when two internal wing cracks from certain flaw tips
reach the other flaw tips. The 30-a-0, 45-a-0, 60-a-a, 30-2a-0, and 45-2a-a geometries show Type IV-A
coalescence. Type IV-B coalescence appears when two internal wing cracks from the flaw tips reach the
middle of the other flaws and show a different wing crack curvature than in Type IV-A coalescence.
The 60-a-0 geometry is a representative example of Type IV-B coalescence. Type IV-C coalescence
occurs when two internal shear cracks from the flaw tips reach the internal wing cracks of the other
flaws. The 60-2a-0 geometry is a representative example of Type IV-C coalescence.

Type V coalescence occurs by a combination of the connection of an internal wing crack that
initiates from the internal tip of the upper flaw, an external wing crack that initiates from the external
tip of the lower flaw, and Type III-A or Type III-B coalescence. An internal wing crack and an external
wing crack propagate until they unite. An external wing crack has a reverse propagation direction
from the other external wing crack. The 60-2a-a geometry is a representative example of this type
of coalescence.

Type VI coalescence occurs by a combination of the connection of two internal wing cracks that
propagate until they unite, tension cracks, and internal shear cracks. The first two internal wing cracks
initiate from the internal tips of the flaws and propagate until they join. Then, other tension cracks
initiate from the external tips of the flaws and propagate to the other tips. Finally, internal shear cracks
develop at the external tips of the flaws and reach the other tension cracks. The 45-2a-0 geometry is a
representative example of Type VI coalescence.

3.4. Subcritical Crack Growth Parameters

The colinear flaw geometries of 45-0-2a and 60-0-2a and the non-colinear flaw geometries of
45-a-a and 45-2a-2a were employed for the determination of subcritical crack growth parameters. In
the 45-0-2a and 60-0-2a specimens, coalescence occurred by the propagation of internal shear cracks,
and then external wing cracks propagated until the specimen failed under monotonic and cyclic
loading. In the 45-a-a and 45-2a-2a specimens, coalescence occurred through a vertical or quasi-vertical
tension crack.

For the 45-0-2a and 60-0-2a specimens, the fracture strength was determined when the coalescence
occurred through the propagation of internal shear cracks. For the 45-a-a and 45-2a-2a specimens, the
fracture strength was determined when a vertical or quasi-vertical tension crack occurred to coalesce
the flaws. Two tests were performed for the loading rate of 0.02 MPa/s, and three tests were carried out
for the loading rate of 50 MPa/s.

The relationship between the loading rate and fracture strength is presented in Figure 12. The
subcritical crack growth parameter n values for the 45-0-2a and 60-0-2a specimens, which were
coalesced by shear cracks, were 34 and 36, respectively. The subcritical crack growth parameter n
values for the 45-a-a and 45-2a-2a specimens, which were coalesced by vertical tension cracks, were 30
and 37, respectively.

Stress intensity factors are needed to determine the subcritical crack growth parameter m under
cyclic loading. The specimens coalesced by shear cracks used the shear crack model to determine the
stress intensity factor [26]. A schematic illustration of the shear crack model is shown in Figure 13a.
The shear crack model assumed that the cracks grew in their own plane. The stress intensity factor is
expressed as:

K = τ∗
√
πa (6)

where a is half of the crack length and τ* is the effective shear stress.
τ* is given by:

τ∗ = σ1(sin β cos β− µ cos2 β) − σ3(sin β cos β+ µ sin2 β) (7)

where β is the crack inclination angle, and µ is the friction coefficient between the crack surfaces.
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In this study, only a uniaxial compression was applied, and the cracks remained open under
compression; Equation (7) can be simplified as:

τ∗ = σ1(sin β cos β) (8)

and the stress intensity factor of Equation (6) yields:

K = σ1(sin β cos β)
√
πa (9)

The specimens coalesced by a vertical tension crack employed the sliding crack model to determine
the stress intensity factor [28]. A schematic illustration of the sliding crack model is shown in Figure 13b.
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The sliding crack model predicted that the failure of the rock would occur by axial splitting. The stress
intensity factor solution for this configuration was given as:

K =
2aτ∗ cos β
√
πb

− σ3
√

πb (10)

where b is the wing crack length and τ* is given in Equation (7).
Additionally, only a uniaxial compression was applied and Equation (10) is reduced to:

K =
2aσ1 sin β cos2 β

√
πb

(11)

The stress intensity factor equations of the shear crack model and sliding crack models developed
while containing one crack and did not consider the interaction of the two cracks. The specimens used
in this study included two existing cracks, but they were separated by more than half of the length of
the crack; consequently, the interactions between the two cracks would be negligible when new cracks
grew from the exiting crack tip. Therefore, Equations (9) and (11) were assumed to be valid even under
conditions with two exiting cracks.

Figure 14 presents the variation in the crack growth rate per cycle as a function of the stress
intensity factor range ∆K.
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For the 45-0-2a and 60-0-2a specimens, the subcritical crack growth parameter m values under
cyclic loading were 31 and 37, respectively. The subcritical crack growth parameter m values under
cyclic loading in the 45-a-a and 45-2a-2a specimens were 34 and 37, respectively.
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4. Discussion

4.1. Crack Propagation

Crack propagation directions (from crack propagation theories such as the σ-criterion [29], the
G-criterion [30], and the S-criterion [31]) as well as the external and internal wing crack initiation
angles from this study’s monotonic and cyclic tests are presented in Figure 15a,b, respectively. The
wing crack initiation angles in monotonic tests were similar to those observed in the cyclic tests. For
the 30◦ and 45◦ flaw inclination specimens, both the external and internal wing crack initiation angles
occurred between the S-criterion and G-criterion. For the 60◦ flaw inclination specimens, the wing
crack initiation angles are lower than the theoretical values. Overall, the σ-criterion appears to fit the
experimental results closest compared to the other criterion.
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4.2. Crack Coalescence

In general, the coalescence patterns were similar to each other during monotonic and cyclic
loading. Table 5 lists the average coalescence stress and standard deviation with respect to the flaw
inclination angles under monotonic loading. Larger flaw inclination angles showed higher coalescence
stress. For the 45-0-3a geometry, coalescence occurred during cyclic loading but did not occur during
monotonic loading (Figure 16). This phenomenon is due to the difference in the size of the fracture
process zone (FPZ) according to the loading conditions. Le et al. [24] showed that the fracture process
zone under cyclic loading is larger than that under monotonic loading. Thus, it is believed that the
larger size of the fracture process zone would facilitate the coalescence between two existing flaws
under cyclic loading.

Table 5. Average coalescence stress and standard deviation with respect to the flaw inclination angles.

Flaw Inclination Angle 30◦ 45◦ 60◦

Average coalescence stress 23.98 MPa 26.96 MPa 31.93 MPa
Standard deviation 3.15 MPa 5.0 MPa 4.66 MPa



Appl. Sci. 2020, 10, 719 17 of 21Appl. Sci. 2020, 10, x FOR PEER REVIEW 17 of 21 

 

(a) 

 

(b) 

Figure 16. Difference in the coalescence type in monotonic and cyclic loading. (a) Monotonic loading. 
(b) Cyclic loading. 

4.3. Secondary Cracks 

The term “secondary cracks” can be attributed to the initiation of cracking after the wing crack 
occurred. Many studies have shown that secondary cracks have a shear origin [8–11]. However, 
Wong and Einstein [12] have shown that the secondary cracks consist not only of shear cracks but 
also of tensile cracks. In this research, secondary cracks are shear cracks. First, the stress state around 
the flaw tip shows that the secondary cracks initiated in a compressive stress zone. Figure 17 shows 
finite element analysis results with the principal stress around the flaw tip for the 30-2a-0 geometry, 
and the stress state around the flaw tip was in compression. Second, the surface of the secondary 
cracks is very rough and composed of crushed gypsum and gypsum powder. Figure 18 compares the 
crack surfaces. Figure 18a shows the surface of the coalescence crack due to the internal shear cracks. 
Figure 18b shows the surface of a wing crack, which is smooth and clean. 

 

Figure 17. Plot of principal stress for 30-2a-0 geometry. 

Figure 16. Difference in the coalescence type in monotonic and cyclic loading. (a) Monotonic loading.
(b) Cyclic loading.

4.3. Secondary Cracks

The term “secondary cracks” can be attributed to the initiation of cracking after the wing crack
occurred. Many studies have shown that secondary cracks have a shear origin [8–11]. However, Wong
and Einstein [12] have shown that the secondary cracks consist not only of shear cracks but also of
tensile cracks. In this research, secondary cracks are shear cracks. First, the stress state around the
flaw tip shows that the secondary cracks initiated in a compressive stress zone. Figure 17 shows finite
element analysis results with the principal stress around the flaw tip for the 30-2a-0 geometry, and the
stress state around the flaw tip was in compression. Second, the surface of the secondary cracks is very
rough and composed of crushed gypsum and gypsum powder. Figure 18 compares the crack surfaces.
Figure 18a shows the surface of the coalescence crack due to the internal shear cracks. Figure 18b
shows the surface of a wing crack, which is smooth and clean.
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4.4. Fatigue Cracks

Unlike the monotonic tests, the cyclic tests produced new types of cracks, known as fatigue cracks.
Fatigue cracks typically appeared either (1) after coalescence, when the specimens behaved as if they
had just one bigger crack, or (2) after the specimens were exposed to a certain number of cycles. In
these experiments, two different directions for the initiation of fatigue crack were observed: horizontal
and colinear to the flaw. Figure 19 shows the two different types of fatigue cracks. Horizontal fatigue
cracks usually produced for colinear or non-overlapping geometries. The specimens appeared after
coalescence as if they had only one bigger crack. Then, the specimens are separated into two sections.
During loading, buckling occurs in the specimens, and large lateral displacements occurred in the
middle of the specimens. The external tips of the flaws acted as stress concentrators. According to
Pruitt and Suresh [32], residual tensile stresses are induced ahead of the stress concentrations during
unloading, and fatigue cracks develop horizontally to the compression load axis. Colinear fatigue
cracks usually occurred in overlapping geometries. Buckling occurred in the specimen during loading,
but a relatively small lateral displacement also was observed. Shear stresses were more dominant
ahead of the tips of the flaws than the residual tensile stresses. Repeated compressive loading produced
a shear stress zone ahead of the tips of the flaw and fatigue cracks developed in the colinear direction.
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4.5. Subcritical Crack Growth Parameter

The subcritical crack growth parameter was between 30 and 37, depending on the loading
conditions. The mean value of the subcritical crack growth parameter n by the monotonic load
was 34, and the mean value of subcritical crack growth parameter m by cyclic load was 35, thereby
showing similar values. Thus, although some deviations were observed, the subcritical crack growth
parameter values were generally similar regardless of the loading conditions. This is because the
subcritical crack growth was caused by environmental factors rather than by mechanical loading.
Several potential mechanisms for generating subcritical cracks have been proposed. These mechanisms
include stress corrosion, dissolution, diffusion, ion change, and microplasticity [7,33]. The chemical
effect on pore water in rock influences these mechanisms. Stress corrosion is thought to be the main
mechanism for subcritical crack growth in rocks [7]. The reactions between strained bonds and the pore
water result in a weak state, which can be broken at lower stress rates compared to string bonds [7].
During the interaction of crack tips with these environmental agents, the duration of their exposure to
environmental factors is more important than loading. Therefore, regardless of the loading conditions,
the values of the subcritical crack growth parameter are similar.

Results similar to this study were found in other studies. Ko [34] and Ko et al. [35] showed that the
subcritical crack growth parameters under shear and tensile loads are similar for Coconino sandstone.
Hashiba et al. [36] showed that the subcritical crack growth parameters were similar for the same rock
type regardless of the test methods in compressive and tensile strength tests.

5. Conclusions

In this study, prismatic specimens of moulded gypsum were prepared and tested under uniaxial
monotonic and cyclic compression. Tensile or wing cracks and secondary or shear cracks were
produced by both monotonic and cyclic compression, and fatigue cracks were produced by cyclic
compression. A brief summary of the experimental results is presented as follows.

1. Both the monotonic and cyclic tests had similar wing crack initiation positions, wing crack
initiation angles, cracking sequences, and coalescence types.

2. Observed coalescence types are categorized into six classes: Type I, II, III, IV, V, and VI. Type
III coalescences are subdivided into two classes and Type IV coalescences into three classes.
For colinear geometry specimens, coalescence was caused by the internal shear cracks. For
non-colinear geometry specimens, coalescence occurred by variations of internal shear cracks,
internal wing cracks and tension cracks.

3. Secondary cracks were found in both the monotonic and cyclic tests. Secondary cracks started at
the tips of the flaws and propagated in the colinear direction of the flaw or in a horizontal direction.

4. Fatigue cracks appeared in cyclic tests but not monotonic tests. Depending on the flaw geometry,
two types of fatigue crack initiation directions were observed. In the coplanar, non-overlapping,
and slightly overlapping geometries, horizontal fatigue cracks were observed. In the overlapping
geometry, coplanar fatigue cracks occurred.

5. Although there were some deviations, the subcritical crack growth parameter values were
generally similar regardless of the loading conditions.
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