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Abstract

:

In the field of active noise control (ANC), a popular method is the modified filtered-x LMS algorithm. However, it has two drawbacks: its computational complexity higher than that of the conventional FxLMS, and its convergence rate that could still be improved. Therefore, we propose an adaptive strategy which aims at speeding up the convergence rate of an ANC system dealing with periodic disturbances. This algorithm consists in combining the organization of the filter weights in a hierarchy of subfilters of shorter length and their sequential partial updates (PU). Our contribution is threefold: (1) we provide the theoretical basis of the existence of a frequency-dependent parameter, called gain in step-size. (2) The theoretical upper bound of the step-size is compared with the limit obtained from simulations. (3) Additional experiments show that this strategy results in a fast algorithm with a computational complexity close to that of the conventional FxLMS.
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1. Introduction


Attenuation of acoustic disturbances has received widespread attention in recent decades since noise seriously affects human health [1,2,3]. Thus, noise control strategies have been applied in different scenarios, such as aircraft, road vehicles, or the proximity of air conditioning ducts, where the noise level has to be reduced to improve intelligibility.



Apart from passive techniques based on the absorption and reflection properties of materials [4,5], acoustic noise reduction can be done by using active noise control (ANC) techniques based on the principle of destructive wave interference. Thus, to cancel the annoying noise at a given location, an anti-noise is generated with the same amplitude as the undesired disturbance, but with an appropriate phase shift. This is carried out by means of secondary sources, generating a zone of silence around an acoustical sensor. As the properties—power, frequency, etc.—of the undesired acoustic disturbance may be time-variant, adaptive control systems have to be implemented to attenuate the noise [6].



One may find in [7] a review of ANC techniques for noise cancellation inside automobiles—that is our field of interest—during the past 15 years, including commercial developments available in mass production vehicles.



The most popular adaptive algorithm used in DSP-based implementations of ANC systems is the filtered-x LMS (FxLMS) algorithm, originally proposed by Morgan [8]. Figure 1 shows the way the electro-acoustic elements are arranged and the block diagram of this solution.



The primary path   P  ( z )    comprises the elements from the reference microphone to the error microphone, whereas the secondary path   S  ( z )    includes the elements from the secondary source to the error microphone, namely the D/A converter, the power amplifier, the loudspeaker, the acoustic path, the error microphone, and the A/D converter. The adaptive control filter is denoted as   W  ( z )   . Due to the presence of a secondary path that is fed by the output of the ANC system, deriving the LMS-based ANC solution leads to a specific recursive equation. Indeed, the adaptive filter taps are updated by adding a weighted term defined as the product of the reference signal filtered by the secondary path and the so-called error (The error e(n) is defined as the difference between the antinoise and the undesired disturbance). Therefore, the FxLMS-based solution requires an accurate estimate    S ˜   ( z )    of the secondary path [8]. Moreover, the convergence of the adaptive filter depends on the step size.



In [9] (The version of the FxLMS with leakage addressed in [9] is often used in practical implementations to constrain the power of the output y(n) of the canceller. Then, the leaky FxLMS algorithm reduces undesirable effects due to numerical errors in finite-precision machines, overload of the secondary source, etc.), a stochastic analysis of the FxLMS based on the first and second order moments of the weight-error vector makes it possible to derive the upper step-size bound, whereas a convergence condition for the FxLMS with deterministic reference can be found in [10]. A complete statistical convergence analysis of the FxLMS algorithm without assuming a specific model for the reference signal can be found in [11].



Even if the computational complexity of the FxLMS is quite low, it needs to be reduced as much as possible to be implemented in DSP-based real time applications. In addition, the FxLMS algorithm suffers from slow convergence mainly due to the output delay caused by   S  ( z )   . Moreover, errors in the estimate of the secondary path result in instability of the FxLMS algorithm [12,13,14]. Therefore, various methods have been proposed to avoid the above drawbacks.



Thus, to reduce the computational complexity of the control algorithm, the delayed-x LMS [15,16] can be considered. This control strategy is based on the hypothesis that the secondary path model for the FxLMS method does not have to be accurate and can be represented by a delay. To effectively remove the delay of the secondary path within the coefficient updates, the modified FxLMS (Mod FxLMS) algorithm [17,18] has been proposed. It is based on the estimation of the undesired noise by filtering the output of the ANC by the estimate of the secondary path    S ˜   ( z )    and by adding the resulting output    y ˜   ( n )    to the error measured by the error microphone. Having estimated the undesired noise    d ˜   ( n )   , the secondary path and the adaptive filter are swapped in the updates path. Then, the error signal of the adaptive algorithm is calculated as the difference between the estimated noise and the output of the adaptive filter. Hence, the behavior of the system is similar to that of the conventional LMS algorithm. Nevertheless, the secondary path impulse response is assumed to be accurately estimated (A frequency domain analysis about the behaviour of the Mod FxLMS algorithm in the presence of secondary path modelling errors is proposed in [19]). The convergence rate of the Mod FxLMS algorithm is increased at the cost of an additional computational complexity, which turns out to be the main drawback of the approach. A trade-off has hence to be found between convergence rate and computational complexity [20]. Reduced-complexity implementations of the Mod FxLMS have been proposed in [21,22], but the convergence speed can still be improved. In [23] a new delay-less frequency-domain ANC algorithm is proposed. The proposal not only removes the delay in the weight adaptation (as the modified filter-x scheme implies) but also removes the delay in the signal path. The proposed strategy exhibits lower computational complexity than other state-of-the-art frequency-domain FxLMS algorithms [24].



In this paper, we propose to combine the Mod FxLMS structure and the hierarchical LMS (HLMS) algorithm, initially developed in the field of channel equalization by Woo [25]. One may find a performance analysis of the HLMS algorithm in [26]. In [27], the mean-squared error in a two-level HLMS algorithm is analyzed; in this example, the HLMS is used as a predictive strategy that can significantly speed up the convergence rate during the initial stage of the algorithm.



In the HLMS adaptive algorithm, the filter coefficients are organized into a hierarchy of subfilters of shorter length distributed in α levels (details on the hierarchical arrangement of subfilters are provided in Section 2). The output signals of the subfilters at level (l − 1) are the input signals of the subfilters placed at the next level l, with l varying from 1 to α. Then, the number of subfilters per level is divided from level (l − 1) to level l by a factor given by the length of the subfilters at level (l − 1). At the last level of the hierarchy, namely level α, there is only one subfilter. Since the subfilters have shorter length than a conventional FIR filter, they can converge faster, as recalled in the Appendix A.3 of the Appendix A. However, the computational complexity associated to this multi-level structure is higher than that of the conventional LMS algorithm.



To address the above problem, we suggest using partial updates (PU) of the adaptive filter coefficients. A widely used PU algorithm is the sequential PU LMS algorithm with decimation factor N [28]. This algorithm updates a subset of size L/N, out of L coefficients—wj(n), 1 ≤ j ≤ L—per iteration of a conventional L-length FIR filter according to


   w j  ( n + 1 ) =  {       w j  ( n ) + μ   x ( n − j + 1 )   e ( n )      if     (  n − j + 1  )    mod   N   =   0       w j  ( n )    otherwise        



(1)




where μ is the step-size of the algorithm, x(n) the input signal, and e(n) the error. Nevertheless, the higher the decimation factor N is, the lower the convergence rate will be. In [29], we have shown that, in the context of a conventional adaptive FIR filter, this lower convergence rate can be compensated, under the assumption of a periodic input signal, by an affordable increase in the step-size μ. As the maximum step-size that ensures convergence with a sequential PU algorithm is N times larger than the maximum step-size for a full updates adaptive algorithm, one can introduce a parameter called gain in step-size, that determines the factor by which the step-size μ can be multiplied to improve the convergence rate of the sequential PU adaptive algorithm. Note that the theoretical analysis of the strategy developed in [29] excludes the use of certain frequencies corresponding to notches appearing in the gain in step-size whose width and exact location depend on the system parameters, namely the decimation factor, the sampling frequency and the length of the adaptive filter.



In this paper, our purpose is hence to study the relevance of the combination of the Mod FxLMS, the HLMS and the sequential PU LMS with gain in step size. The resulting ANC approach is called the modified filtered-x hierarchical sequential PU LMS algorithm with gain in step-size (Gμ—Mod Fx H Seq LMS). The other contributions of this paper consist in:



(1) deriving the theoretical gain in step-size of the control strategy. It is defined as the ratio between the upper bounds on the step-sizes evaluated in the two following cases: when only a subset of the weights of the hierarchical filter proposed by Woo [25] is updated at each iteration and when every tap—regardless the position of the weight in the hierarchy of subfilters—is updated at every cycle. We will see that the frequency response of this gain in the step-size exhibits notches. Their width and location depend on the length of the slowest subfilter of the hierarchy, the decimation factor, and the sampling frequency. Therefore, this phenomenon has to be taken into account when the input signal contains harmonics at frequencies corresponding to the location of the notches;



(2) carrying out computer-based experiments to confirm that the predicted theoretical gain in step of the Gμ—Mod Fx H Seq LMS algorithm is well suited to the maximum affordable increase in step-size obtained by simulations;



(3) completing additional computer-based simulations to test the performance of the Gμ—Mod Fx H Seq LMS algorithm for active attenuation of periodic disturbances.



The paper is organized as follows. In Section 2, we propose the modified filtered-x hierarchical sequential PU LMS algorithm with gain in step-size. Section 3 deals with the convergence analysis of the proposed algorithm. The approach consists in applying to the hierarchical filter used in our proposal the results provided in the Appendix A for a conventional adaptive FIR filter. Results of computer-based simulations are provided in Section 4. We carry out a comparison between the theoretical prediction and the experimental behavior of the proposed algorithm. The experiments also include a comparative study of various ANC strategies in terms of convergence rate and computational complexity. Section 5 is devoted to discussion.




2. Modified FX Hierarchical Sequential PU LMS Algorithm with Gain in Step-Size


In this section, we propose the Gμ-Mod Fx H Seq LMS algorithm by combining the Mod FxLMS, the HLMS, and the sequential PU LMS with gain in step-size. Our goal is to derive an ANC adaptive algorithm with a faster convergence rate than the conventional FxLMS with a similar computational complexity. Figure 2 shows the block diagram of the proposed algorithm.



According to Figure 2, the filtered reference   x ′  ( n )    is the input of the control adaptive filter whereas the reference signal   x  ( n )    is filtered by a slave filter, which is a copy of the control adaptive filter. By cascading the slave filter and the estimate of the secondary path    S ˜   ( z )   , and then by passing the reference signal   x  ( n )    through the resulting filter, one can obtain an estimation    y ˜   ( n )    of the antinoise and hence an estimation    d ˜   ( n )    of the undesired noise. Inaccuracy of the secondary path estimate and its effects are discussed in [12,13,14] in the context of filtered x LMS algorithms. At that stage, the output   z  ( n )    of the adaptive control filter is directly subtracted from the estimated noise    d ˜   ( n )    to provide the numerical error    e n   ( n )   .



One may find in [30] a complete review of techniques of estimation of the error signal using signal processing algorithms. As this error is used to update the adaptive control filter, the limitations imposed on the step-size μ for the standard version of the FxLMS algorithm are now overcome. Let us now focus our attention on the hierarchical filter. Given the number L of taps at the first level of the hierarchy, the number of subfilters at the lth level is given by


   N l  =  L    ∏  r = 1  l    β r      =     ∏  r = 1  α    β r        ∏  r = 1  l    β r      =   ∏  r = 1 + 1  α    β r     



(2)




where βl denotes (with this notation, we implicitly assume that the subfilters at the same level have the same number of taps and this number may vary from one level to another) the number of weights of a subfilter at level l, varying from 1 to α. As the subfilter length may vary from one level to another, the step-size bound of every subfilter can be different. In the sequel, the coefficients of the ith hierarchically arranged subfilter impulse response at the lth level are denoted as


    w  i l  ( n ) =    [   w  i 1  l  ( n )    w  i 2  l  ( n )   ⋯    w  i  β l   l  ( n )  ]     ,   1 ≤ l ≤ α ,   1 ≤ i ≤    N l   



(3)




where    w  i j  l    denotes the weight for the jth tap of the ith subfilter at the lth level. In addition,    z  i j  l    and    y  i j  l   , respectively, denote the input signals of the the jth tap of the ith subfilter at the lth level of the adaptive and the slave hierarchical filters. The outputs of the adaptive and the slave hierarchical filters, respectively denoted as   z  ( n )    and   y  ( n )   , are given by the last loop of the multilevel filtering, that is,   z  ( n )  =  z  11   α + 1    ( n )    and   y  ( n )  =  y  11   α + 1    ( n )   . The error signal of the ith subfilter at the lth level is denoted as    e i l   . These error signals are obtained by subtracting the output of every subfilter from the estimated noise    d ˜   ( n )   . It should be noted that the necessity of using the estimated noise    d ˜   ( n )    to update the subfilters placed at the intermediate levels of the hierarchy is already solved as we use the Mod FxLMS version of the ANC algorithm. Figure 3 shows the architecture of a 2-level hierarchical filter. In this example, the number of subfilters at levels 1 and 2 are    N 1  = L / β   and    N 2  = 1  , respectively. The number of coefficients of every subfilter at levels 1 and 2 are β and L/β, respectively.



The main drawback of the HLMS is the high computational complexity inherently associated to its multi-level structure.



Sequential PU of the coefficients of the hierarchical filter are used to reduce the computational complexity. PU are applied to every coefficient at every level, of the hierarchical organization of taps, from the first tap of the first subfilter to the last tap of the last subfilter. For instance, in Figure 3, the shadowed coefficients of the hierarchical filter are the N-equally-spaced taps that have to be updated at a given time n. At the following iterations of the updating process, namely n + 1, n + 2, …, n + N − 1, the next subsets of equally spaced coefficients of the hierarchical filter are updated.



Due to PU, the algorithm suffers from a reduction in convergence rate as N increases. Then, by using the gain in step-size, the slower convergence rate of the sequential PU adaptive algorithm can be compensated. The strategy hence gives the same performance as that of the full updates algorithm in terms of convergence rate, but with lower computational complexity. In previous works [29], this strategy is analyzed in the context of a conventional adaptive FIR filter.



The Gμ—Mod Fx H Seq LMS deals with periodic disturbances. These periodic noises, such as engine noise, are very often the subject of cancellation in ANC applications. This is due to two reasons. First, these disturbances are the most annoying and, second, it is usually easy to find a good reference signal to cancel them. In the Algorithm 1, the Gμ—Mod Fx H Seq LMS algorithm is given:



	
Algorithm 1 Gμ—Mod Fx H Seq LMS algorithm




	
for i = 1 to # iterations

	
/* MAIN LOOP*/




	
      y   ∀ i   ∀ j  1  ( n ) =  x  ( n )  

	
/*First level of slave hierarchical filter is filled with   x  ( n )  */




	
/* SLAVE HIERARCHICAL FILTER */




	
  for l = 1 to α

	
/* From first to top (α) level of the hierarchy fo*/




	
     for i = 1 to    ∏  r   =   l + 1  α    β r     

	
/* From first to last subfilter at each level */




	
      /* Computing the output of every subfilter */




	
             y  p   q   l + 1   ( n ) =   w   i    l    T  ( n )     y   i    l   |    p =  ⌈   i   β l     ⌉  ,   q = i −  ⌊    i − 1    β l     ⌋   β l     




	
     end of for (i)




	
  end of for (l) →   y ( n ) =  y  1   1   α + 1   ( n )    

	
/* END OF SLAVE HIERARCHICAL FILTER */




	
     y ˜  ( n ) =    s ˜   T  ( n )     y  11  α + 1   ( n )  

	
/* Computing the antinoise signal where */

/*   s ˜  ( n ) =    [    s ˜  1      s ˜  2    …     s ˜  L   ]   T   and */

/*    y   1   1   α + 1   ( n ) =    [   y 11  α + 1   ( n )   …    y  1   1   α + 1   ( n −  L s  + 1 ) )  ]   T   */

/* Measured error   e m  ( n ) = d ( n ) − y ’ ( n )  */




	
     d ˜  ( n ) =  y ˜  ( n ) +  e m  ( n )    

	
/* Computing the estimated noise */




	
    x ′ ( n ) =    s ˜   T  ( n )    x  ( n )  

	
/* Filtering the reference   x  ( n ) =    [  x ( n )   …   x ( n −  L s  + 1 ) )  ]   T   */




	
      z   ∀ i   ∀ j  1  ( n ) =  x  ’ ( n )  

	
/* First level of adaptive hierarchical filter is filled with    x  ′ ( n )  




	
*//* ADAPTIVE HIERARCHICAL FILTER */




	
  for l = 1 to α

	
/* From first to top level of the hierarchy */




	
      for i = 1 to    ∏  r   =   l + 1  α    β r     

	
/* From first to last subfilter at each level */




	
      /* Computing the output of every subfilter */




	
             z  p   q   l + 1   ( n ) =   w   i    l    T  ( n )     z   i    l   |    p =  ⌈   i   β l     ⌉  ,   q = i −  ⌊    i − 1    β l     ⌋   β l     




	
         e i l  ( n ) =  d ˜  ( n ) −   w   i    l    T  ( n )     z   i    l  ( n )  

	
/* Computing the error of every subfilter */




	
     for j = 1 to    β l   

	
/* For every tap, Sequential partial updates */




	
         if   ( k − ( ( i − 1 )  β l  + j ) + 1 )   mod   N = = 0  




	
            w  i   j  l  ( k + 1 ) =  w  i   j  l  ( k ) +  G μ     μ l     e i l  ( n )    z  i   j  l  ( n )  




	
         else




	
            w  i   j  l  ( k + 1 ) =  w  i   j  l  ( k )  




	
         end of if




	
     end of for (j)




	
    end of for (i)




	
  end of for (l) →   z ( n ) =  z  1   1   α + 1   ( n )    

	
/* END OF ADAPTIVE HIERARCHICAL FILTER */




	
end of for (n)

	
/* END OF MAIN LOOP */










3. Convergence Analysis


In the first part of this section, we establish the assumptions taken into account in the convergence analysis. In the second sub-section, we derive the gain in step-size of the Gμ—Mod Fx H Seq LMS algorithm.



3.1. Assumptions in the Convergence Analysis


In [29], we have derived an upper bound on the step-size for the Fx sequential PU LMS algorithm updating a conventional FIR filter. This analysis is based on two assumptions, namely the independence theory between the reference signal and the filter weights, and the slow convergence condition (The reader is referred to [29] for more information on the assumption of independence theory and the slow convergence condition. Despite the fact that such assumptions might be initially questionable when dealing with periodic inputs, we confirm in [29] the feasibility of assuming both conditions in the analysis of a FIR-based Fx sequential PU LMS strategy to attenuate periodic disturbances).



When using a more complex filtering structure [25] based on hierarchically arranged subfilters     w  i l   ( n )   ,   1 ≤ l ≤ α ,   1 ≤ i ≤ N  , the overall convergence of the hierarchical structure is assumed to be constrained by the hierarchical arranged subfilter     w   s l o w    ( n )    that converges with the slowest convergence rate. By applying to     w   s l o w    ( n )    the convergence analysis for a conventional FIR filter recalled in the Appendix A, one can obtain the analytical expression of the gain in step size of the Gμ—Mod Fx H Seq LMS algorithm.



Let us now give the criteria to recognize the slowest subfilter     w   s l o w    ( n )    of the arrangement. The convergence conditions of     w  i l   ( n )   ,   1 ≤ l ≤ α ,   1 ≤ i ≤ N  , depends on its length and on its input signal. The larger the subfilter is, the smaller the maximum step-size is. Therefore, the larger the subfilter is, the slower the convergence will be (See Appendix A.3 of the Appendix A, where the dependence of the step-size bound on the length of a filter is derived). As far as the input signal is concerned, Woo [25] states that the influence of the input on the convergence is related to the level of the subfilter in the hierarchy. The eigenvalue spread of the input-signal autocorrelation matrix becomes smaller from level l to level l + 1 because the hierarchical structure tends to average the eigenvalues of the related input-signal autocorrelation matrix. Then, assuming that the number of taps β of every subfilter is the same, regardless the position in the hierarchy, the bottle-neck in the convergence process is located at the subfilters of the first level.



Nevertheless, in our approach, every hierarchically arranged subfilter, and more particularly     w   s l o w    ( n )  ,   is updated by the sequential PU algorithm. Therefore, we have to consider that the logical subfilter (we consider a logical subfilter as the set of N-equally-spaced taps of a filter updated at every iteration of the updating process according to a sequential LMS algorithm with decimation factor N (see Appendix A)) is formed by the subset of β/N coefficients of the β-length subfilter     w   s l o w    ( n )   . These β/N coefficients are updated in one iteration of the sequential LMS algorithm with decimation factor N. Therefore, the convergence condition of the hierarchical arrangement is established on the basis of the joint convergence of the N logical subfilters into which the slowest subfilter     w   s l o w    ( n )    is decomposed. Having determined the element that limits the convergence rate, we derive the gain in step-size for the hierarchical structure in the next section.




3.2. Gain in Step-Size of the Gμ—Mod Fx H Seq LMS Algorithm


Results derived in the Appendix A for a conventional FIR filter (theoretical derivation of the gain in step-size for a conventional adaptive FIR filter whose coefficients are partially updated according to the sequential LMS algorithm can be found in the Appendix A.4 of the Appendix), are extended to the β-length slowest subfilter of the hierarchy     w   s l o w    ( n )   , when sequential PU with decimation factor N are applied to the hierarchical filter. The role of this slowest subfilter can be played by any of the subfilters located at the first level of the hierarchy.



To obtain more easily the factor by which the step-size parameter µ of the proposed algorithm can be increased with regard to the step-size of the full updates approach, we impose the use of the same value for µ for every subfilter of the hierarchy. Then, we consider the bound on the step-size of the hierarchical filter as the maximum value of µ that ensures convergence in all the subfilters.



Since β is shorter than the total number L of taps at the first level of the hierarchy (  β =  L α    typically), and, provided that the decimation factor N > 1, the number β/N of subfilter coefficients that are effectively updated per iteration is small. When β/N is not integer, this ratio must be rounded to the nearest integer either towards zero,   β / N  , or towards infinity,   β / N  . In that case, the β-length hierarchical subfilter is decomposed into   β − N β / N   logical subfilters of length   β / N  , and   N − β + N β / N   logical subfilters of length   β / N  . The   β / N  -length logical subfilters have a slower convergence rate than that of the   β / N  -length logical subfilters (in Appendix A.3 of the Appendix A, it is proved that the larger an adaptive filter, the smaller the bound on its step-size). As there is at least one   β / N  -length logical subfilter per iteration at the first level, the convergence rate of a   β / N  -length logical subfilter determines the convergence of the hierarchy of the subfilters.



For the sake of simplicity to obtain the dependence of the gain in step-size on the length β and on the decimation factor N, let a single tone of normalized frequency f0 be the input signal of the hierarchical structure. Thus, the gain in step-size is given by


   G μ   (  1 ,  f 0  , β ,   N  )    =   max  {   1 4   [  β   ±     sin  (  β 2 π  f 0   )    sin  (  2 π  f 0   )     ]   }    max  {   1 4   [   ⌈   β N   ⌉    ±     sin  (   ⌈   β N   ⌉  2 π N  f 0   )    sin  (  2 π N  f 0   )     ]   }    .  



(4)







We have carried out several computer-based simulations to compare the theoretical prediction given by Equation (4), with the experimental results. This study confirms that this worst-case hypothesis makes it possible to accurately predict the behavior of the experimental convergence process. In Section 4.1, we provide a comparison between the theoretical gain in step-size, given by Equation (4), with the affordable increase in step-size obtained by MATLAB simulation.





4. Simulation Results


The purpose of this section is twofold. First, we compare the theoretical prediction of the gain in step-size—Equation (4)—with computer-based results. Then, we analyze the relevance of the Gμ—Mod Fx H Seq LMS algorithm in an ANC system when dealing with harmonic disturbances.



4.1. Gain in Step-Size: Simulation vs. Theory


Let us consider the following simulation protocol: it corresponds to the 1 × 1 × 1 arrangement, that is, 1 reference sensor, 1 error microphone and 1 secondary source (see Figure 1). The first level of the hierarchical filter consists of 384 coefficients organized in 16 subfilters of 24 taps. Therefore, in the second level of the hierarchy, one has a 16-length subfilter. The reference is a single sinusoidal signal whose frequency varies in 41.6 Hz steps from 41.6 to 4000 Hz. The sampling frequency is 8000 samples/s. Primary and secondary paths are set to filters modelling real-world active noise control systems. We use filters 25th order IIR filters provided by Kuo and Morgan in [6] (in the book-attached floppy disc featuring C and assembly programs for implementing ANC systems). Plant models from this well-known reference are considered among researchers in the topic as a valid benchmark. Figure 4 and Figure 5 show the magnitude and phase of the primary and secondary paths, respectively.



The output of the primary path is then disturbed by additive zero-mean white Gaussian noise   η  ( n )   , with a signal-to-noise ratio SNR of 27 dB. The decimation factor N of the PU strategy is set to 3. To obtain a previous coarse estimate of the experimental upper bound     μ ˜   m a x    , the step-size is increased until divergence appears. At that stage, one focuses more carefully on the neighborhood of that value by making the step-size varying with an increment equal to     10   − 3     μ ˜   m a x    . The comparison between the simulated and the experimental results is shown in Figure 6.



According to Figure 6, the predicted gain in step-size is in good agreement with the experimental results obtained by simulations. It should be noted that in both cases, the gain in step-size corresponds to the decimation factor N, namely 3, for most of the frequencies apart from the notches that appear at 1333.3 Hz and 2666.6 Hz. Moreover, the experiment confirms that the global convergence of the hierarchical controller is determined by the convergence of the 24-length subfilter at the first level.




4.2. Comparative Study between Different ANC Algorithms


In this part, we compare the Gμ—Mod Fx H Seq LMS algorithm with three approaches:




	(a)

	
Standard FxLMS, with a L-length FIR adaptive filter [4];




	(b)

	
Mod FxLMS with a L-length FIR adaptive filter [12,13];




	(c)

	
Mod H FxLMS with L coefficients at the first level of the hierarchical filter.









The computational complexity and the convergence rate are the two criteria we take into account. As in the previous sub-section, the 1 × 1 × 1 arrangement is chosen for the ANC system. Nevertheless, in this second example, the selected reference signal   x  ( n )    is a multi-tone signal defined as follows


     x  ( n )  = cos  (  2 π   90   F s   n  )  + 5 cos  (  2 π   100   F s   n  )  + 3    cos   (  2 π   110   F s   n  )  + 2    cos   (  2 π   300   F s   n  )  +   3 cos  (  2 π   320   F s   n  )      + cos  (  2 π   340   F s   n  )  + 2 cos  (  2 π   650   F s   n  )  + 5 cos  (  2 π   665   F s   n  )  + 4    cos   (  2 π   680   F s   n  )      



(5)




where the sampling frequency FS is set to 1600 samples/s. With such an input, the conventional FxLMS algorithm shows difficulties to rapidly cancel the undesired noise. Primary and secondary paths are the 25th order IIR filters shown in Figure 4 and Figure 5, respectively. The output of the primary path is disturbed by an additive zero-mean white Gaussian noise   η  ( n )    leading to a SNR = 50 dB. The off-line estimate of the secondary path is carried out by an adaptive FIR filter of 128 coefficients.



To obtain a feasible DSP-board implementation, L is set to 625 taps. When the hierarchy is used, these taps are organized in 25 subfilters of β = 25 weights. Therefore, at the second level, there is one subfilter of β = 25 taps.



The performance of the proposed algorithm is tested for different values of the decimation factor N, namely N = 2, 3, and 4. Figure 7 shows the theoretically predicted gain in step-size, defined by Equation (4), over the frequency band of interest for N = 2, 3, and 4.



The frequency response of the gain in step-size depends on the decimation factor and exhibits   N − 1   notches, located at      {  i  F s  / 2 N  }    i = 1 , … , N − 1    . Therefore, the PSD of the undesired disturbance has to be taken into account to select the decimation factor. Figure 8a,b compares the learning curves of the FxLMS algorithm, the Modified FxLMS algorithm and the Gµ—Mod Fx H Seq LMS, for N = Gµ = 1 and 4, respectively. The learning curves are averaged over 500 realizations. To carry out a fair comparison of algorithms, we have adjusted the step sizes to make the FxLMS and the Modified FxLMS converge to the same residual noise level that the proposed algorithm reaches.



Given Figure 8, it can be affirmed that the Modified FxLMS algorithm (blue) converges faster than the standard FxLMS (black), and when a hierarchical filter is included (red), the convergence rate is further boosted. Although the hierarchical filter accelerates the convergence rate of the modified FxLMS (this was the reason to include a hierarchical structure), it presents an inherent drawback: including the hierarchical filter implies an increase in the computational complexity. To minimize this negative effect, we included partial updates of the coefficients with a decimation factor N. In so doing, the convergence rate is reduced proportionally to N, unless gain in step size is applied.



By increasing the step size in a factor Gµ = N, the convergence rate and the residual error of our approach are approximately the same when N is modified. As the reference signal given by Equation (5) does not include harmonics in the vicinity of the notches presented in the gain in step size when N = 4 (see Figure 7), full gain in step-size can be applied, and performance of the Gµ -Mod Fx H Seq LMS algorithm in both cases—(a) full updates, N = Gµ = 1 and (b) partial updates N = Gµ = 4—are similar in terms of convergence rate and residual error, with a significant reduction in the computational cost when partial updates are implemented.



As far as the computational complexity is concerned, let us assume for the sake of simplicity that the length of every subfilter is β, regardless of its position in the hierarchy. Therefore L = βα. In addition, we recall that Ls is the length of the off-line estimate of the secondary path.



According to Table 1, the modified version of the FxLMS requires L + Ls extra multiplications with regard to the computational complexity of the conventional FxLMS algorithm. When the hierarchical filter is used, the computational complexity is further increased because of the multi-level arrangement. Finally, our algorithm has the advantage of reducing the computational complexity thanks to the PU strategy. Figure 9 compares the computational complexities of different ANC algorithms when the decimation factor N varies from 1 to 50.



Only the sequential PU algorithm depends on the decimation factor N. The L = 625 taps are organized in 25 subfilters of β = 25 weights. The computational complexity for the decimation factors N = 1 and N = 4 are marked with a circle over the curve. According to Figure 9, it is not necessary to use a very large decimation factor to reduce the computational complexity of the proposed algorithm to the order of that of the conventional FxLMS. If the decimation factor N is set to 4, the computational complexity of the modified Fx hierarchical LMS algorithm with sequential PU shows an evident reduction with regards to the full updates (N = 1) algorithm. In our example, setting the decimation factor N = 4 leads to a good compromise between computational complexity and convergence rate. In addition, it is well suited with the disturbance PSD. More generally, we suggest the practitioner to take into account these above features to select the parameters of our approach.





5. Conclusions


This work presents a contribution to the selection of the step-size used in the modified Fx hierarchical LMS adaptive algorithm with sequential PU. The periodic-input signal case is studied, and it is verified that, under certain conditions, the stability range of the step-size is increased compared to the full updates modified Fx hierarchical LMS.



The algorithm we propose is based on the sequential PU of the coefficients of a hierarchical filter and on the controlled increase in the step-size of the adaptive algorithm.



To boost up the convergence rate of the approach, we suggest combining the modified FxLMS and the hierarchical LMS algorithm. Nevertheless, in so doing, the increase in the computational complexity turns out to be the main drawback. Therefore, to reduce the number of operations required per cycle, we propose to use the sequential PU algorithm. Finally, the existence of an affordable increase in step-size—or gain in step-size—allows the global control strategy to compensate for the lack of adaptation of most of the coefficients, even when the number of operations per iteration is significantly reduced due to PU.



The proposed algorithm has the advantage of increasing the convergence rate of the well-known FxLMS algorithm, with a moderate increase in the computational complexity. The proposed method can be used in ANC systems to attenuate periodic disturbances, if the harmonics of the disturbance are not located at frequencies where the gain in step-size exhibits notches. The width and exact location of these notches depend on the system parameters.
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Appendix A


The purpose of this Appendix A is to derive analytical expressions of the step-size bound and the gain in step-size (i.e., the factor by which the step-size parameter of an adaptive filter driven by a sequential PU algorithm can be increased to compensate for its intrinsic lower convergence rate due to PU) when the sequential PU LMS algorithm is used to update the coefficients of an adaptive FIR filter. The study is based on the eigenvalues of the autocorrelation matrix of the periodic filter input. To help the reader, we recall results that have been already presented in, namely, Equations (A7) and (A8), Equations (A14)–(A17), and Equations (A24) and (A25), because they allow us to determine in this paper:



(a) The dependence of the step-size bound of the adaptive algorithms on the length of the adaptive filter. The analysis includes not only the conventional full updates LMS algorithm, but also the sequential PU LMS algorithm with decimation factor N,



(b) The gain in step-size of the sequential PU LMS algorithm.



The traditional LMS algorithm analysis can be extended to the FxLMS algorithm, widely used in the field of ANC systems, under certain assumptions, namely the independence between the input signal and the filter weights, the slow convergence condition, and the exact off-line estimate of the secondary path [20], as long as the input signal corresponds to the reference signal filtered by the estimate of the secondary path. Thus, in the sequel we focus our attention on the LMS algorithm.



The Appendix A is organized in four sub-sections. Firstly, one recalls the expression of the autocorrelation matrix of the input vector. Then, the analytical expression of the eigenvalues of a harmonic input signal is presented in Appendix A.2. It makes possible to express the step-size bound and the gain in step-size in and Appendix A.3 and Appendix A.4, respectively.



Appendix A.1. Autocorrelation Matrix of the Decimated Input Vector of the Sequential PU LMS Algorithm


Let be the L-length LMS-filter vector response updated as follows


   w  ( n + 1 )   =    w  ( n )   +   μ   e ( n )    x  ( n )  



(A1)




where µ is the step-size of the adaptive algorithm, e(n) the error signal between the output of the filter and the desired response, and    x   ( n )  =    [  x  ( n )    x  (  n − 1 )   …   x  (  n − L + 1  )   )   ]   T    the L × 1 input vector of the LMS algorithm, whose Toeplitz autocorrelation matrix is given by


   R    =   E    [   x  ( n )   x   T   ( n )  ]     .  



(A2)




when the sequential PU LMS algorithm is used with decimation factor (N < L; in addition, and for the sake of simplicity, we assume throughout the paper that the ratio L/N is integer) N, the weights of the L-length filter are updated by means of the following recursion


   w  ( n + 1 )   =    w  ( n )   +   μ   e ( n )     I   1 + n mod N   ( N )    x  ( n )  



(A3)




where the L × L matrix     I  p   ( N )     , with   p = 1 + n   m o d   N ≤ N     is defined by


    I  p  ( N )   = d i a g  (              0   ⋯   0     ⏟   p − 1      1          0   ⋯   0     ⏟   N − 1      1          0   ⋯   0     ⏟   N − 1      1    0   ⋯ 0    1          0   ⋯   0     ⏟   N − p          )   



(A4)







As one has


        I  p  ( N )    x  ( n )     =   [            0   ⋯   0     ⏟   p − 1       x  (  n − p + 1  )            0   ⋯   0     ⏟   N − 1       x  (  n − p − N + 1  )         0   ⋯   0        x  (  n − L + N − p + 1  )            0   ⋯   0     ⏟   N − p        ]  T     



(A5)







Equation (A3) leads to


   w  p + α N   ( n + 1 ) =  {       w  p + α N   ( n ) + μ   e ( n )   x ( n − p − α   N + 1 )     f o r   α = 0 , … ,  L N  − 1        w  p + α N   ( n )     o t h e r w i s e .        



(A6)







At that stage, let us introduce the pth L/N-length “logical subfilter”, with p cyclically varying from 1 to N. It is defined by the set of L/N equally-spaced taps    [   w p     w  p + N      w  p + 2 N     …    w  p + L − N    ]    of the L-length filter response vector    w   ( n )   . At time   n + p − 1  , where   p = 1 + n   m o d   N  , the pth logical subfilter is updated by means of Equation (A6). Therefore, the N subfilters require the same signal input samples to be updated. They are stored in the vector     x    ( N )     ( n )    that corresponds to the N-decimated version of    x   ( n )   .


    x   ( N )   ( n ) =    [  x  ( n )    x  (  n − N  )    x  (  n − 2 N  )    ⋯   x  (  n − L + N  )   ]   T  .  



(A7)







At time   n + N  ,     x    ( N )     ( n )    is shifted, inserting a new sample at the position formerly given by the index n, while the older data is lost. See Table A1, which shows the subsets of coefficients of the filter response vector    w   ( n )  =    [   w 1     w 2    …    w L   ]   T    to be updated according to Equation (A3) during   N + 1   consecutive iterations and their corresponding samples of the input vector.
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Table A1. Coefficients to be updated—defining a logical subfilter—during N + 1 consecutive iterations and their corresponding samples of the input vector.






Table A1. Coefficients to be updated—defining a logical subfilter—during N + 1 consecutive iterations and their corresponding samples of the input vector.





	# Iteration
	Coefficients That Form the Logical Subfilter Updated at the Current Iteration
	Samples of the Input Vector Used to Update the Logical Subfilter





	1
	      [   w 1     w  1 + N      w  1 + 2 N     …    w  L − N + 1    ]   T    
	      [  x  ( n )    x  (  n − N )   x  (  n − 2 N  )    …   x  (  n − L + 1  )   )   ]   T    



	  ⋮  
	  ⋮  
	  ⋮  



	N
	      [   w N     w  2 N      w  3 N     …    w L   ]   T    
	      [  x  ( n )    x  (  n − N )   x  (  n − 2 N  )    …   x  (  n − L + 1  )   )   ]   T    



	N + 1
	      [   w 1     w  1 + N      w  1 + 2 N     …    w  L − N + 1    ]   T    
	      [  x  (  n + N  )    x  ( n )    x  (  n − N )   …   x  (  n − L + N + 1  )   )   ]   T    








In light of Equation (A7), the (L/N) × (L/N) Toeplitz autocorrelation matrix       R    ( N )      of the decimated input vector     x    ( N )     ( n )    is given by


    R   ( N )   =   E    [    x   ( N )   ( n )   x     ( N )  T    ( n )  ]     .  



(A8)







In the sequel, the convergence properties of the (L/N)-length logical subfilters is analyzed based on the eigenvalues of the autocorrelation matrix     R    ( N )     .




Appendix A.2. Eigenvalues of the Autocorrelation Matrix of a Periodic Signal Consisting of K Harmonics


Let us assume that the input signal   x ( n )   of an adaptive filter is defined as follows


  x ( n )   =     ∑  k   =   1  K    C k  cos ( 2 π k  f 0  n   +    φ k  )      



(A9)




where    f 0    is the normalized fundamental frequency,      {   ϕ k   }    k = 1 , … , K     the initial random phases mutually independent and uniformly distributed from 0 to 2π and      {   C k   }    k = 1 , … , K     the amplitudes of the harmonics. Given Equation (A9), the autocorrelation function of input signal   x  ( n )    can be expressed as


   r  x x   ( τ )   =     ∑  k   =   1  K      C k 2   2  cos ( 2 π k  f 0  τ )     .  



(A10)







Therefore, the autocorrelation matrix of the input vector   x ( n )   can be expressed as the sum of K matrices     R  k    of size L × L as follows


   R    =   ∑  k = 1  K    C k 2      R  k     



(A11)




where


    R  k    =    1 2   {     1    cos  (  2 π k  f 0   )     ⋯   ⋯    cos  [  2 π k  (  L − 1  )  f  ]        cos  (  2 π k  f 0   )     1   ⋱      ⋮     ⋮   ⋱   ⋱   ⋱   ⋮     ⋮      ⋱   ⋱    cos  (  2 π k  f 0   )        cos  [  2 π k  (  L − 1  )  f  ]     ⋯   ⋯    cos  (  2 π k  f 0   )     1     }    .  



(A12)







The largest eigenvalue    λ  k , m a x    (  k  f 0   )    of each matrix     R  k    is given by [31]


   λ  k , max    ( k  f 0  )   =   max  {   1 4   [  L   ±     sin  (  L 2 π k  f 0   )    sin  (  2 π k  f 0   )     ]   }     



(A13)




where the subscript k refers to the index of the submatrix     R  k   .



According to the triangle inequality [32], appendix E, the largest eigenvalue of a sum of matrices is bounded by the sum of the largest eigenvalues of each of its components. Therefore, the largest eigenvalue    λ  t o t , m a x     of   R   is bounded by


   λ  tot , max      ≤     ∑  k   =   1  K    C k 2   λ  k , max    ( k  f 0  )     =     ∑  k   =   1  K    C k 2  max  {   1 4   [  L   ±     sin  (  L 2 π k  f 0   )    sin  (  2 π k  f 0   )     ]   }       



(A14)




where the subscript tot refers to the whole autocorrelation matrix   R  .



As far as the sequential PU LMS algorithm with decimation factor N is concerned, the convergence condition of the whole filter might be translated to the parallel convergence of N logical subfilters of length L/N updated by a N-decimated input signal     x    ( N )     ( n )    [29]. Adjusting the above approach to the case of sequential PU LMS, where the size of the autocorrelation matrix is L/N and the sampling frequency is divided by N, we deal with K matrices     R  k   ( N )      of size (L/N) × (L/N) defined by


    R  k  ( N )     =    1 2   {     1    cos  (  2 π N k  f 0   )     ⋯   ⋯    cos  [  2 π N k  (   L N  − 1  )  f  ]        cos  (  2 π N k  f 0   )     1   ⋱      ⋮     ⋮   ⋱   ⋱   ⋱   ⋮     ⋮      ⋱   ⋱    cos  (  2 π N k  f 0   )        cos  [  2 π N k  (   L N  − 1  )  f  ]     ⋯   ⋯    cos  (  2 π N k  f 0   )     1     }    .  



(A15)







Therefore, the largest eigenvalue    λ  k , m a x      ( N )     (  k  f 0   )    of each matrix     R  k   ( N )      can be expressed as follows


   λ  k , max   ( N )   ( k  f 0  )   =   max  {   1 4   [   L N    ±     sin  (   L N  2 π k N  f 0   )    sin  (  2 π k N  f 0   )     ]   }  .  



(A16)







Considering the triangle inequality, the largest eigenvalue    λ  t o t , m a x      ( N )      of the (L/N) × (L/N) matrix     R   ( N )     =   ∑  k = 1  K    C k 2      R  k  ( N )       is bounded by


   λ  tot , max   ( N )     ≤     ∑  k   =   1  K    C k 2   λ  k , max   ( N )   ( k  f 0  )     =     ∑  k   =   1  K    C k 2  max  {   1 4   [   L N    ±     sin  (   L N  2 π k N  f 0   )    sin  (  2 π k N  f 0   )     ]   }      .  



(A17)







It should be noticed that for N = 1 the sequential PU LMS algorithm reduces to the conventional full updates LMS algorithm and Equations (A16) and (A17) reduce to Equations (A13) and (A14), respectively.




Appendix A.3. Effect of the Length of the Filter on the Step-Size Bound


In this section, we analyze the effect of the length of an adaptive filter on the maximum value of the step-size that ensures convergence of the adaptive algorithm. The analysis deals with the case of the reference signal defined in Equation (A.9). The dependence of the step-size bound on the number of coefficients of the filter is studied not only for the full updates LMS algorithm, but also for the sequential PU LMS algorithm with decimation factor N.



	(a)

	
Full updates LMS algorithm







Let the input signal of the LMS algorithm be the periodic signal given by Equation (A9). The convergence in mean of the weights of the filter is guaranteed if the step-size satisfies the inequality [33]


  0 <  μ  L M S   <  2   λ  tot , max      .  



(A18)







Thus, combining Equations (A14) and (A18), we obtain a more restrictive bound on the step-size that ensures convergence in mean.


  0 <  μ  L M S   <  2    ∑  k   =   1  K    C k 2  max  {   1 4   [  L   ±     sin  (  L 2 π k  f 0   )    sin  (  2 π k  f 0   )     ]   }      .  



(A19)







Hence, the bound on    μ  L M S     depends on the frequency    f 0   , the length of the filter L, and the weights    C k    of the input signal. To simplify the graphical representation of the bound, the input signal of a L-length adaptive filter updated by the conventional LMS algorithm is defined by the following single tone of normalized frequency    f 0   .


  x ( n )   =   cos ( 2 π  f 0  n   +   φ )   .  



(A20)







Due to Equations (A19) and (A20), the bound on the step-size is then given by


  0 <  μ  L M S   <  2  max  {   1 4   [  L   ±     sin  (  L 2 π  f 0   )    sin  (  2 π  f 0   )     ]   }    =  2   λ  tot , max      .  



(A21)







Figure A1 shows the size bound of the conventional LMS algorithm for L = 16, 32, 64, and 128. The normalized frequency of the input vector varies from 0 to 0.5.
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Figure A1. Step-size bound of the conventional full updates LMS algorithm for different filter lengths, L = 16, 32, 64, and 128. The input vector is a single tone whose normalized frequency varies from 0 to 0.5. 
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According to Figure A1, and considering that a large step-size guarantees fast convergence rate, we conclude that a shorter filter can converge faster than a large one.



	(b)

	
Sequential PU LMS algorithm.







Let the L × 1 input vector of the sequential PU LMS algorithm be given by the N-decimated version     x    ( N )     ( n )    of the periodic signal    x   ( n )    expressed by Equation (A9). A similar analysis as the one carried out in the previous section for the conventional LMS algorithm yields a more restrictive bound on the step-size that ensures convergence in mean for the case of the sequential PU LMS algorithm.


  0 <  μ  S e q L M S   <  2    ∑  k   =   1  K    C k 2  max  {   1 4   [   L N    ±     sin  (   L N  2 π k N  f 0   )    sin  (  2 π k N  f 0   )     ]   }      <  2   λ  tot , max   ( N )     .  



(A22)







This bound on    μ  S e q L M S     depends on the frequency    f 0   , the length of the filter L, the weights of the input signal    C k   , and the decimation factor N. As we did in the previous section to simplify the graphical representation of the bound, we reduce the number of harmonics of the input signal to K = 1. In so doing, the L × 1 input vector of the sequential PU LMS algorithm is given by the N-decimated version     x    ( N )     ( n )    of a sinusoidal signal defined in Equation (A20). The bound on the step-size is then reduced to


  0 <  μ  S e q L M S   <  2  max  {   1 4   [   L N    ±     sin  (   L N  2 π N  f 0   )    sin  (  2 π N  f 0   )     ]   }    =  2   λ  tot , max   ( N )     .  



(A23)







Figure A2 and Figure A3 show the size bound of the sequential PU LMS algorithm given by Equation (A23) for decimation factors N = 2 and N = 4, respectively. Results are given for L = 16, 32, 64, and 128. The normalized frequency of the input vector varies from 0 to 0.5.
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Figure A2. Step-size bound of the sequential PU LMS algorithm with decimation factor N = 2 for different filter lengths, L = 16, 32, 64, and 128. The input vector is an N-decimated single tone whose normalized frequency varies from 0 to 0.5. 
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Figure A3. Step-size bound of the sequential PU LMS algorithm with decimation factor N = 4 for different filter lengths, L = 16, 32, 64, and 128. The input vector is an N-decimated single tone whose normalized frequency varies from 0 to 0.5. 






Figure A3. Step-size bound of the sequential PU LMS algorithm with decimation factor N = 4 for different filter lengths, L = 16, 32, 64, and 128. The input vector is an N-decimated single tone whose normalized frequency varies from 0 to 0.5.
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According to Figure A2 and Figure A3, and considering that a large step-size guarantees fast convergence rate, we conclude that a shorter filter can converge faster than a large one when the sequential PU LMS is used.




Appendix A.4. The Gain in Step-Size


By defining the gain in step-size Gµ as the ratio between the bounds on the step-sizes in two different cases—N > 1 (sequential PU LMS) and N = 1 (conventional LMS)—we obtain the factor by which the step-size parameter can be multiplied when the adaptive algorithm uses sequential PU


     G μ   (  K ,  f 0  , L , N  )    =     b o u n d  {   μ  S e q L M S    }    b o u n d  {   μ  L M S    }      =      2  max    {   λ  tot , max   ( N )    }          2  max    {   λ  tot , max     }           =       ∑  k   =   1  K    C k 2   λ  k , max    ( k  f 0  )       ∑  k   =   1  K    C k 2   λ  k , max   ( N )     ( k  f 0  )         =       ∑  k   =   1  K    C k 2  max  {   1 4   [  L   ±     sin  (  L 2 π k  f 0   )    sin  (  2 π k  f 0   )     ]   }        ∑  k   =   1  K    C k 2  max  {   1 4   [   L N    ±     sin  (   L N  2 π k N  f 0   )    sin  (  2 π k N  f 0   )     ]   }      .    



(A24)







To more easily visualize the dependence of the gain in step-size on the length of the filter L and on the decimation factor N, the number of harmonics of the input signal is set to K = 1. Now, the gain in step-size, that is, the ratio between the bounds on the step-size when N > 1 and N = 1, is given by


   G μ   (  1 ,  f 0  ,   L ,   N  )    =     b o u n d  {   μ  S e q L M S    }    b o u n d  {   μ  L M S    }      =     max  {   1 4   [  L   ±     sin  (  L 2 π  f 0   )    sin  (  2 π  f 0   )     ]   }    max  {   1 4   [   L N    ±     sin  (   L N  2 π N  f 0   )    sin  (  2 π N  f 0   )     ]   }      .  



(A25)







Figure A4 and Figure A5 show, respectively, the gain in step-size for a single tone when different decimation factors and different filter lengths are considered. According to Figure A4 and Figure A5 show that the step-size can be multiplied by N as long as certain frequencies, at which a notch in the gain in step-size appears, are avoided. The location of these critical frequencies, as well as the number and width of the notches, will be analyzed as a function of the sampling frequency    F s   , the length of the adaptive filter L, and the decimation factor N. According to Equations (A24) and (A25), with increasing decimation factor N, the step-size can be multiplied by N and, as a result of that affordable compensation, the sequential PU LMS algorithm convergence is as fast as the full updates LMS algorithm as long as the undesired disturbance is free of components located at the notches of the gain in step-size.
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Figure A4. Gain in step-size for a single tone and different decimation factors, N = 1, 2, 4, and 8. The length of the filter is set to L = 256 taps. 
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Figure A5. Gain in step-size for a single tone and different filter lengths, L = 8, 32, and 128 with decimation factor N = 2. 
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Figure 1. Single-channel active noise control system using the FxLMS algorithm. (a) Physical arrangement of the electro-acoustic elements. (b) Equivalent block diagram. 
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Figure 2. Block diagram of the modified filtered-x hierarchical LMS algorithm with sequential partial updates. 
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Figure 3. Two-level hierarchical filter. 
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Figure 4. Primary path. 
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Figure 5. Secondary path. 
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Figure 6. Theoretically predicted gain in step-size vs. simulation results of the Gμ—Mod Fx H Seq LMS algorithm in a modelled ANC system. 
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Figure 7. Theoretically predicted step-size gain of the Gµ—Mod Fx H Seq PU LMS over the frequency band of interest—from 0 to 800 Hz—for N = 2, 3, and 4. L = 625 taps are organized in 25 subfilters of β = 25 weights. 
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Figure 8. Compared performance of FxLMS algorithm, Mod FxLMS algorithm and Gµ—Mod Fx H Seq LMS, (a) N = Gµ = 1 and (b) N = Gµ = 4. 
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Figure 9. Computational complexities of different ANC algorithms in terms of the average number of multiplications per iteration. 
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Table 1. Comparison of computational complexities of active noise control (ANC) algorithms, in terms of the average number of multiplications per task and iteration, in a single channel implementation of an ANC system.
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	Task\Algorithm
	FxLMS
	Mod FxLMS
	Mod Fx H LMS
	Gµ-Mod Fx H Seq LMS





	Computing output of the slave filter
	-
	  L  
	     ∑  l = 1  α    L   β l        β   
	     ∑  l = 1  α    L   β l        β   



	Filtering reference with    S ˜   ( z )   
	    L s    
	    L s    
	    L s    
	    L s    



	Filtering output of the slave filter with    S ˜   ( z )   
	-
	    L s    
	    L s    
	    L s    



	Computing output of the adaptive filter
	  L  
	  L  
	     ∑  l = 1  α    L   β l        β   
	     ∑  l = 1  α    L   β l        β   



	Updates of the coefficients
	   L + 1   
	   L + 1   
	     ∑  l = 1  α    L   β l         (  β + 1  )    
	     ∑  l = 1  α    L   β l         (   β N  + 1  )    



	# Total Mutiplications
	   2 L +  L s  + 1   
	   3 L + 2  L s  + 1   
	    [    ∑  l = 1  α    L   β l         (  3 β + 1  )   ]  + 2  L s    
	    [    ∑  l = 1  α    L   β l         (  2 β +  β N  + 1  )   ]  + 2  L s    
















	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






media/file26.jpg
ERROR POWER (dB)

ERROR POWER (dB)

&
3

°

&
S

FXLMS, Mod FxLMS and Mod Fx-HLMS with Seq PU. (a) N = 1

Mod Fx HLMS Seq PUN = 1
Mod FxLMS

FXLMS

[ 2 4 6 8 10 12
TIME (seconds)
FxLMS, Mod FXLMS and Mod Fx-HLMS with Seq PU. (b) N =4

Mod Fx HLMS Seq PU N = 4
Mod FxLMS

FXLMS

[ 2 4 6 8 10 12
TIME (seconds)





media/file8.jpg
L=256,N=1 L=256,N=2

~
0w

o

Gain in step size
Gain in step size

o
o & o

0 01 02 03 04 01 02 03 04
Normalized frequency ‘Normalized frequency

L=256,N=4 L=256,N=8

o

£y

Gain in step size

»

°

02 03 04 01 02 03 04
Nomalsed fréquency Normalized frequency






media/file27.png
ERROR POWER (dB)

ERROR POWER (dB)

L
=

FxLMS, Mod FxLMS and Mod Fx-HLMS with Seq PU. (a) N= 1

Mod Fx HLMS Seqg PU N =1

o Mad FxLMS -
ExLMS

0 2 4 b 8 10 12
TIME (seconds)
FxLMS, Mod FxLMS and Mod Fx-HLMS with Seq PU. (b) N =4

Mod Fx HLMS Seq PU N = 4
Mod FxLMS
FxLMS

-
i

P
o

TIME (seconds)





media/file13.png
x(n) d(n)
Firos Reference P ( A ) Undesired noise
microphone Primary path

Undesired noise
Antinoise
Secondary 7,

source 7 W( Z) }.(’1) S( Z)

Reference

: G Adaptive filter Secondary path
microphone Antinoise t
b |
w(n) 5(2)
ANC output

x (1) e(n) e(n)

Estimate

Adaptive Error

Reference A NC Error x '( H) algorithm

Filtered reference

(a) (b)






media/file12.jpg
()

- AN e
| e FA7A

= 2

= 7 W(z)
o ol B gt

) 3@

) T o pre
e [ NG o v sy

(@) (b)





media/file18.jpg
Primary path.

»
g,
£l
2
o 01 02 03 oe 05 05 o7 os 08 1
Nomaized Froquany (xx rodsampie)

Phase (degrees)

o 01 0z o3 o4 05 05 o7 os 09 1
Normakzed Frequency (xx radisample)





media/file9.png
Gain in step size
—
- en

=
en

e
o

siz
A

Gain in ste

e e - @
' N
: o
: (=
: 2
' ]
: =
: =
: o
......................... S R A

0 01 02 03 04 0 0.1 02 03 04
Normalized frequency
[ =256, N=4

Normalized frequency
=256 N=8

a8asans

=

(=]

=Y

Mo
Gain in step size

]
M

—

=]

=]

0 01 02 03 04 0 01 02 03 04
Normalized frequency Normalized frequency





media/file14.jpg
I\W S(z)
/ Esumate

(). z(m)=z3"(n) S S

el(m

e, (m=ef (m)

Numescl eor






media/file20.jpg
Phase (degrees)

Secondary path

Magniude (d8)

Nomalized Froquency (x radisample)

0z

03

04 05 06
Normalized Frequency (xx radisampie)

o7

o8





media/file23.png
GAIN IN STEP SIZE
~ B m N

—_
N

THEORETICAL Vs EXPERIMENTAL GAIN IN STEP SIZE

X Dy

7%

THEORETICAL ||
O EXPERIMENTAL

o

500

1000

1500 2000 2500
FREQUENCY (HZ)

3000 3500 4000





media/file5.png
Theoretical step—size bound. Partial updates. N=2

] | 1 I .1

o RS e

0.9

!
s e o el

0.8

= =
LA o
| T

=
=
I

Maximum step—size

02} el

R A e R A e A AR S R T T L e R e A e B T R A Nt A R
17 e ""n,i 'i,r'l.-‘-*’ Wt

i

0 0.1 0.2 0.3 0.4
Normalized Frequency

0.5






media/file15.png
d(n)

Undesired noise

a+1

y(n)=yy,

Output

(1)

x(n) _
Reference P( Z)
Primary path
7l
> W (2)
Slave hier. filter
S (Z ) \ ﬁ(?op}'
Estimate
x () 2
Filtered reference 171
s W (2)

5(2)

Secondary path

e
’,.-“'

s (n), z(n)=z;

+ e (n)
. =t Measured error
v'(n)
Antinoise
y(n)
Estimated
antmoise

§(z)

Estimate

_a+l

(n)

g(ﬂ)

Estimated noise

Adapt. hier. filter

Adaptive
algorithm

:*: (n)
e (n)=e; (n)

Numerical error






media/file19.png
Phase (degrees)

Magnitude (dB)

N
o

o

-20

-1000

-2000

-3000
0

Primary path
|

0.1 0.2

0.4 5 0.6
Normalized Frequency (x= rad/sample)

0.8

0.9

0.1 0.2 0.3 04 0.5 0.6
Normalized Frequency (x= rad/sample)

0.7

0.8

0.9






media/file28.jpg
2400]

2200]

1900

#MULTIPLES

1600

1400

1200

(COMPARED COMPUTATIONAL COST

—rus
—Mosifed FXLMS

—Modifed Fx ierarchical LMS

—Modifed Fx Hierarchical LM with Sequental PU |

)

s

2 % ®
DECIMATION FACTOR N

s

[

s

B3





media/file2.jpg
Theoretical step-size bound. Full updates

| /\//‘\/\/\ (VAVAVAVAVA
v

°
©

Maximum step-size
>
IS
3

o
~

0.15]

0.1

0 01 02 03 04 05
Normalized Frequency





nav.xhtml


  applsci-11-00344


  
    		
      applsci-11-00344
    


  




  





media/file11.png
GAIN IN STEP SIZE FOR DIFFERENT LENGTHS OF THE ADAPTIVE FILTER.
22 r | | |
— L = 1
-~ L =32
-~ L=8
2 “““M. || ' [ ==
\‘h/ : [\ ||| 'ugu' f\ _\//
J' || |- ‘.I );
»1.8 | 4
N
wn .' |
(o} . /
o) /
‘0-51 6 \ . | | |
i = | | /
E “. | : ;
8 \ ‘ | “'I
1.4 v il ', .
:lll | I!
\ | 'l
A /
1.2 b A 4 -
| /
\ ‘l.\ | ;"
W
1 | | i ] |
0 0.1 0.3 0.4 0.5

0.2
Normalized frequency





media/file6.jpg
Theoretical step-size bound. Partial updates. N= 4

T T ] 1] T
A | | noA —L=18
18 J“‘v i v‘“ A r“\ i \"\ (h | a2
NN WA | >t
16 ‘(\/ [ AVAVA | ‘l‘ s
1 | 1
| \ |\ \
ol N
'?a.z/ \ \ \
o / \
£, v Vv
§
'§08
=
0.6
0.4

o 0.1 0.2 03 04 05
Normalized Frequency





media/file24.jpg
GAIN IN STEP SIZE

GAIN IN STEP SIZE

100

20

300 00 500
FREQUENCY (Hz)

00

700

00





media/file29.png
# MULTIPLIES

COMPARED COMPUTATIONAL COST

2400

—FxLMS
—Modified FXLMS

2200 §

2000

1800

1600

1400

——Modified Fx Hierarchical LMS
——Modified Fx Hierarchical LMS with Sequential PU

1200

20 25 30
DECIMATION FACTOR N

35

40

45

50





media/file10.jpg
GAIN N STEP SIZE FOR DIFFERENT LENGTHS OF THE ADAPTIVE FILTER. N=2

F=——", e
T e

g8 1 | .
> P | 1
o S | Ik
£ /
@16
<
]
5
O

12

‘o o1 02 03 04 05

Normalized frequency





media/file7.png
1.8

Maximum step-size
e 9 = . >
(@) 00] — N EAN (0)}

-
N

0.2

Theoretical step-size bound. Partial updates. N= 4

| I [ I [ 1 1 |
lll || l| |h| ',| 'l ’| ||| hl ""| "'
|l || f |' (| ||| f ||| I|I " |I l' || - L — 1 6
I I [ | {1 l | '
| i I | {1 | & 1 I N Sl
= || 'l I'l \ |' || " III f llI |I I‘ 'l |I IlI I|| || | L _ 32 L
[ | | | [ | | [ o
AR ] '| (4 % o == i
| | |I 'l 1 ] |
|| l.II "I \ {l' I' I| l... :' l.'. '.,' || '| ... “ |l, \ Il L L . 1 28
L \ \ /| f \ / \ Vo -
Il \/ b 9 I| \V \/ || [ W/ /| v T
\ | | |
' |
| || I| || I| | ' I'
' | f | | | '

[ | | | ( || || ,
- \ Il II f ' | I
' | | | | I' . '

' | | i | { '

' | f | | \ f |
| ' ' \ I i { |

| | | ' |
|I | | | | ) I| \
| \ f | | f \
B 'I |o |II ‘|| " I|I ~" =
|| "' II| lII II. ||| :l
|I". '..'".l 'l.\/l ||,- l'\\/.'!
' Le iR AT T R B R L R l gt b S d dok | ."\L.'.f-_"‘.'\"f'.".-\-'k. sl
|,.._|. "L \ 'L ' -I_I ’ ' I i 3 ll
B I' l. f I : | ]
L | ‘ |
1
L \ -
F A AA A A S Al A A A A d“.l'." |..|'.u,'.-" AAAAAAAAAA Wil ln'_."'\o' Ah. AR Au A R AL RS A '\"’\.“]\ r'.'_." A WA A AS LA A LA RS WA A
f— l'l I II 'I s i e
\ o
| | | |

0.2 0.3 0.4

Normalized Frequency

0.5





media/file16.jpg
e (1)

wi [T T

3
)





media/file3.png
0.5

0.45

Maximum step-size

o -
O N o & o
A} ()] w &) BEN

o
-
)

o
b

0.05

Theoretical step-size bound. Full updates

LA

A |

Normalized Frequéncy

1 gﬁl'.l | T
| I.'!"‘x : \/\/\//\/\/\/\/\/\/\\ — e
:rl\ ;. \/ """ L = N
I\ —- L=64
'a' ”\/ -—- L= 121'8
,f .
|| lI
| |
J“l'l
'llx_ ,f"j e N e T o Sy B S P R e O R B e e s /'«'\"\";"\!.‘
ARt 0 e e O SR RS R i S AJ
01 0.2 03 04 0.5





media/file0.png





media/file22.jpg
GAIN IN STEP SIZE

NN
[

®

14

12

THEORETICAL Vs EXPERIMENTAL GAIN IN STEP SIZE

0 500 1000 1500 2000 2500 3000 3500 4000
FREQUENCY (HZ)





media/file17.png
N _ 5 N ) N
> oot
Input x(n
=) =t J:ff-ﬂﬂg,:u_ 5 ::]ﬂ—ﬂ—l} xr(ln—i!,ﬂ'ﬂ}
¥n Y / g J’Fil Va / Vg
: Y
Wi Wiy wia o= - <[ Wy [Waal « <] = <] Wauy &

lel ‘Ha']:!2

Sequential] -
PULMS






media/file4.jpg
‘Theoretical step-size bound. Partial updates. N =2

W
5283
82

Jr R A R U IR R s i

i
i

o

JRR,

o ~

ol 02 03 04
Normalized Frequency

05





media/file25.png
GAIN IN STEP SIZE

4.5

3.5

2.5

GAIN IN STEP SIZE

100

200 300 400 500 600
FREQUENCY (Hz)

700

800





media/file21.png
Secondary path

20

Magnitude (dB)

-500

Phase (degrees)

-1000
0

0.1

0.2

0.3

0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (x= rad/sample)

0.1

0.2

0.3

04 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xm rad/sample)





