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Abstract: The paper presents novel models of reconfigurable parallel mechanisms (RPMs) with a
single active degree-of-freedom (1-DOF). The mechanisms contain three to six identical kinematic
chains, which provide three (for the tripod) to zero (for the hexapod) uncontrollable DOFs. Screw
theory is applied to carry out mobility analysis and proves the existence of controllable and uncon-
trollable DOFs of these mechanisms. Each kinematic chain in the synthesized mechanisms consists
of planar and spatial parts. Such a design provides them with reconfiguration capabilities even
when the driving link is fixed. This allows reproduction of diverse output trajectories without
using additional actuators. In this paper, the model of a mechanism with six kinematic chains
(hexapod) has been virtually and physically prototyped. The designing and assembling algorithms
are developed using the detailed computer-aided design (CAD) model, which was further used to
carry out kinetostatic analysis considering complex geometry of mechanism elements and friction
among all contacting surfaces of joints. The developed virtual prototype and its calculation data have
been further applied to fabricate mechanism elements and assemble an actuated full-scale physical
prototype for future testing.

Keywords: reconfigurable parallel mechanism (RPM); degree-of-freedom (DOF); circular guide;
computer-aided design (CAD) modeling; virtual and physical prototyping; screw theory; kinetostatic
analysis; digital twins; 3D printing technology

1. Introduction

Currently, designing full-scale models (physical prototyping) is often associated with
the development of their digital twins (virtual prototyping), which, in fact, allows for
beginning the product development process. Virtual prototyping is the process of designing
a mechanical system in the form of a numerical model, while physical prototyping is the
process of creating a real full-scale model. A virtual prototype allows for carrying out many
numerical experiments using a computer functionality, which significantly reduces the
time, physical and financial costs for creating a real model.

The processes of virtual and physical prototyping complement each other and allow
for creating more advanced structures, providing maximum opportunities for consideration
of the design requirements [1]. Today, advanced technologies allow for creating a real
prototype based on a digital model of a mechanical system in quite a short time. Rapid
prototyping technologies are widely used in this direction, in particular, 3D printing
technologies with application of various materials [2]. In this field, the use of 3D printing
technologies is quite popular both for soft [3-5] and solid [6-8] systems.

Let us consider some examples of using 3D printing technologies for parallel mecha-
nisms and robots. Authors of [9] present a 6-DOF parallel mechanism designed as a cm
sized six-component force sensor that measures the force information in space, including
three-dimensional forces and three-dimensional torques. The mechanism has eight legs,
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each with grooves at both ends serving as spherical joints. A 5R 2-DOF parallel robotic
arm for handling paper pot seedlings in a vegetable transplanter is proposed in [10]. The
elements of the arm, including a gear box for its actuation, are 3D printed. Authors of [11]
demonstrate a 3-DOF spatial compliant parallel mechanism for high-precision manipula-
tion that was 3D printed from alloy Ti-6Al-4V. Authors of [12] present a spherical 3-RRR
manipulator with coaxial input shafts. The manipulator design allows for unlimited rota-
tional capability around the vertical axis. Another 3D printed spherical 3-RRR manipulator
is shown in [13]. It applies as a shoulder of a prosthetic device. Authors of [14] consider
the optimal design of one more spherical 3-RRR manipulator. The structure of one leg was
changed to reduce the singularities within the workspace. Authors of [15] present a recon-
figurable parallel mechanism with RRPS chains, where only prismatic joints are actuated
and a base-coupled revolute joint in each chain can lock or turn during the mechanism
motion. Authors of [16] show a 3-DOF parallel manipulator designed as a tripod. This
manipulator can be used as a leg for walking systems.

The presented research is directed at virtual and physical prototyping of the mecha-
nism, which belongs to a class of reconfigurable parallel mechanisms (RPMs). Mechanisms
of this type can change their configurations to reproduce various end-effector trajectories
or vary workspace dimensions. These mechanisms can also change the number of DOFs
when their structure remains unchanged [17,18]. Some RPMs provide change-type of
end-effector movements when passing through singular positions [19]. Such mechanisms
also have the key advantages of parallel systems: high rigidity, ability to manipulate heavy
loads and high positioning accuracy [20-22]. Possible practical applications of RPMs in-
clude rehabilitation medicine [23], gripping operations [24], additive technologies [25,26],
machine elements processing [27-29] and force sensors [30].

One should note that the RPMs in the studies mentioned above include multiple
actuators. It makes their structure and control more complex. In this study, we present a
model of a novel RPM with the least possible number of actuators, i.e., with one actuator.
In contrast to the known RPMs, the presented one does not have additional kinematic
chains or modular elements, which are used only for reconfiguration.

In this regard, the proposed study aims to develop the virtual and physical prototyping
algorithms for the RPMs actuated from a single drive. The physical prototyping is based
on the 3D printing technologies.

The rest of the paper is organized as follows. Section 2 discusses different mechanism
designs of the created RPMs having three to six legs and mobility from four to one. Section 3
follows next and provides structural analysis performed via screw theory. Section 4 shows
a virtual prototyping algorithm for the hexapod with a single active DOF. This section
also includes CAD calculations of the moment on the driving link (kinetostatic analysis).
Based on the previous parts, a physical prototyping algorithm that includes 3D printing
technologies finishes Section 4. Section 5 finalizes the study and provides conclusions.

2. Mechanisms Design

This paper proposes a new kinematic chain design that provides reconfigurability.
Figure 1a shows this kinematic chain that consists of links 4-13 and is coupled between the
fixed (circular guide 1), driving (shaft 2 and wheel 3 forming a single element) and output
(platform 14) links. This chain includes the following elements: shaft 4, gear 5 and driving
pulley 6, which form a single link (rigid connection); shaft 7, driven pulley 8 and crank 9,
which also organize a single link (rigid connection); slide block 10; swinging arm 11 and
carriage 12, which also form a single link (rigid connection); and leg 13, which ends with
the spherical joints at both sides. Figure 1b demonstrates reconfigurable capabilities of the
chain. Here, the same carriage can provide different displacements 81, 0, and 63, which
correspond to the crank angles 31, f2 and 33 with the fixed driving wheel.
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Figure 1. CAD schemes of the single reconfigurable kinematic chain: (a) main components: circular guide 1 (fixed link);
shaft 2 and wheel 3 (driving link); shaft 4, gear 5 and driving pulley 6; shaft 7, driven pulley 8 and crank 9; slide block 10;
swinging arm 11 and carriage 12; leg 13; and platform 14 (output link); (b) reconfigurable positions of the chain with carriage
displacements 61, 6, and 083, corresponding to the crank angles (31, 3, and 3 with the fixed driving wheel; (c) twists for a
single kinematic chain and a reciprocal wrench for the chain with the locked drive.

We can synthesize different mechanisms by connecting the output link to the base with
several kinematic chains, shown in Figure 1a. Figure 2a-d present possible mechanisms as
CAD models with three to six kinematic chains. In each chain, the input motion passes
from driving links 2-3 to a link group of shaft 4, gear 5 and driving pulley 6. Next, the
motion passes through the belt to a link group of shaft 7, driven pulley 8 and crank 9,
which actuates swinging arm 11 through slide block 10. Swinging arm 11 displaces
carriage 12 along circular guide 1. After that, the motion transmits to leg 13 and then
to platform 14. Thus, the dependently actuated kinematic chains change position and
orientation of platform 14 in space. In the following section, we will perform a mobility
analysis of the obtained mechanisms and determine their number of DOFs.

(a) (b)

Figure 2. Cont.
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Figure 2. CAD models of the synthesized mechanisms with a reconfigurable design: (a) tripod; (b) quadropod; (c) pentapod;
(d) hexapod.

3. Mobility Analysis

In this section, we will apply instantaneous screw theory to analyze mechanisms
mobility. This theory is common for the analysis of parallel mechanisms and highly
developed in recent years. Authors of [22,31,32] thoroughly discuss the features of this
approach, and we recap the basics in Appendix A. We recommend the reader novel to the
subject of instantaneous screws to look through these works or at least the appendix to
appreciate the material of this section.

3.1. Analysis for a Single Kinematic Chain

First, we consider one kinematic chain and the unit twists that correspond to it. We will
study only the spatial part: the planar part of each chain is a 1-DOF coulisse mechanism,
and the rotational angle of the driving wheel uniquely determines the carriage position.

To begin with, we define coordinate system OXYZ, of which center O is in the center
of the carriage spherical joint, as shown in Figure 1c. Let axis X be tangent to the circu-
lar guide, axis Y be directed along the swinging arm to its rotation axis and axis Z be

orthogonal to the circular guide plane. Let §; = | s¥ s/

;s ]T be a unit vector directed
from one spherical joint to the other, where i = 1 ... #; is an index of a kinematic chain,
and n; =3 ... 6 is a number of chains depending on the mechanism structure shown in
Figure 2a—d. Then, the platform twist system for one kinematic chain can be written as

follows in this coordinate system:

g1=[0 01 R 0 0],

tr=[1000 0 0],

g3=[0 100 0 0],

ta=[00 10 0 0], (1)
Es5=[10 0 0 L —Ls/ |,
Ee=[0 1 0 —Ls 0 Ls* ],
E7=[0 0 1 Ls! —Ls* 0],

1

where &;1 corresponds to the carriage motion along the circular guide; &5, &;3 and &;4 relate
to the spherical motion in the carriage joint; &;5, &;5 and &;7 relate to the spherical motion
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in the platform joint; R is a radius of the circular guide; and L; is a distance between the
spherical joints (leg length).

We can compose matrix T;, whose columns are twists (1), and examine its rank to
determine if the kinematic chain constrains the platform motion or not. To obtain the rank,
we can perform a Gaussian elimination procedure [33] (p. 97) and transform initial matrix
T; to the following upper triangle U;:

1 1 00 1 0 0
0 —R 0 0 —R —L;s? L;s!
0 0 10 0 1 0 .
U; = 0 0 01 0 0 1 ,ifs? # 0,
0 0 00 Ls 0 —Ljs?
0 0 00 0 Lt —Ls¥s!/si @)
1 1 00 1 0 0
0 -R 00 —-R 0 Ls
0 0 10 0 1 0 .
U=10 0 01 o 0 1 | Hsi=0
0 0 0 0 —Ls/ Ls* 0
0 0 00 0 0 —L;s?

For a general chain configuration, there are no zero rows in matrix U;; hence, the rank
equals six. This means the chain does not impose any constraints on the platform motion
(see Equation (A3) in Appendix A: only a zero wrench will satisfy it). However, in some
configurations, the matrix can be rank deficient. For example, when s = 0 (the leg projects
directly on the swinging arm), the rank equals five, and the chain imposes one constraint
on the platform. Such configurations are known as leg singularities [34] and should be
avoided during motion planning.

Let us consider the situation when the driving wheel is fixed. As we will see in the
following subsection, this case is important for analyzing the mobility of the output link
concerning several kinematic chains. In this case, the carriage does not move, and we can
perform a similar analysis as above, leaving twist &;1 out from matrix T;. Corresponding
upper triangle matrix U; will have a form as below:

100 1 0 0
010 0 1 0
001 0 0 1
U=loo0oo0 s o0 —Ls | ®)
000 0 —Ls Ls
000 O 0 0

The matrix above has a rank equal to five, and there exists one constraint on the
platform by the chain. This constraint has wrench ¢; reciprocal to twists &;,—&;7 that can be
found using Equation (A3) from Appendix A. Using this equation, we find:

G =18 o ]". (4)

The obtained wrench corresponds to a force directed along the leg and preventing the
platform translation along this direction.

3.2. Analysis for Several Kinematic Chains

Now, let us consider the output link connected to the base by several kinematic chains.
In the discussed mechanisms, all the chains are coupled through the driving wheel. To
operate properly, the mechanism number of DOFs in a general (nonsingular) configuration
should be equal to zero when the drive is fixed [22] (p. 40). If we fix the drive, each chain
will impose wrench (4) on the output link. We can compose matrix W, whose columns
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represent these wrenches, and the number of columns will depend on the number of
kinematic chains.

In the mechanisms with three, four and five kinematic chains (Figure 2a—c), there will
be three, four and five wrenches ¢;, respectively, acting on the platform. Hence, the rank
of matrix W will always be less than six. This means we can find reciprocal twists, which
will correspond to the uncontrolled movements (or uncontrolled DOFs) of the mechanism
output link. Thus, the mentioned structures shown in Figure 2a—c cannot operate correctly
with a single drive.

Fixing the drive in the mechanism with six kinematic chains shown in Figure 2d will
lead to six wrenches (;, and matrix W will have six columns. If the matrix has a full rank,
the platform configuration is completely determined. The mechanism operates properly
and has one (controlled) DOEF. In some configurations, matrix W can be rank deficient, and
the platform will obtain additional and uncontrolled DOFs. Such configurations represent
another type of singularities common for parallel mechanisms [34] that should also be
avoided for proper mechanism performance.

Table 1 summarizes the results of the mobility analysis, describing the reconfigurable
solutions of the proposed kinematic chain. Thus, the only workable mechanism structure of
the suggested ones is the one with six kinematic chains and single DOF shown in Figure 2d.
We will study exactly this mechanism in the following sections.

Table 1. Summary of the mobility analysis results.

Number of DOFs of the Output Link

Number of
Kinematic Chains Overall Controllable Uncontrollable
3 4 1 3
4 3 1 2
5 2 1 1
6 1 1 -

Though the considered mechanism has only one DOF, a simple reconfiguration proce-
dure, implying disconnecting the belts and reorienting the cranks (Figure 1b), allows for
reproducing various output link trajectories, as we will see later in the paper. This is the key
feature of the proposed design and the major benefit among other known reconfigurable
mechanisms mentioned earlier in the introduction.

4. Virtual and Physical Prototyping
4.1. Development of the Hexapod CAD Model (Virtual Prototyping)

Based on the kinematic scheme of the 1-DOF hexapod shown in Figure 2d, we created
its virtual prototype using CAD system Autodesk Inventor. Figure 3a,b show the exploded
view of the hexapod assembly, considering the alignment and arrangement of all structural
elements. This assembly allows for further manufacturing of these elements by 3D printing
and using the standard machine elements.

The procedure for assembling the CAD model of the hexapod is as follows. It begins
with assembling circular guide 1, divided into six sectors, comprising several parts, and
central ring 1a with a rolling bearing pressed into it. Then, we mount a base consisting of
six columns under circular guide 1. The columns connected by metal profiles absorb the
load and give additional stability to the entire system. Next, a group of links that includes
shaft 2 and driving wheel 3, forming a single link, is rigidly fixed in the center of circular
guide 1. After that, we connect the electric motor shaft with shaft 2 under circular guide 1.
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Figure 3. Exploded view of the structural elements assembly (CAD model) of the proposed hexapod: (a) single kinematic

chain with a driving part; (b) complete mechanism model.

Further, we mount a group of links including shaft 4, gear 5 and driving pulley 6 in
circular guide 1 through a rolling bearing. This group also forms a single link. After that,
similarly, shaft 7 connects rigidly with driven pulley 8 and crank 9 and then becomes fixed
in an adjacent bearing in circular guide 1. Next, we stretch the belt between driving 6 and
driven 8 pulleys and install a spacer between the bearings of their shafts. Crank 9 and slide
block 10 are connected by a rolling bearing.

The next group of links is a rigid connection of swinging arm 11 and carriage 12.
Swinging arm 11 ends with fork 11a at one side for coupling with shaft 2a in the center
of circular guide 1 and with lunule 11b of the spherical joint at another side. Fork 11a at
each swinging arm has an individual geometry for locating them in one plane. Carriage 12
moves on the edge of circular guide 1 by a pair of rollers 12a, which are supported by
shafts 12b. Lunule 11b is pressed into carriage 12, forming a single link of swimming arm 11
and carriage 12.
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Similarly, we press balls 13a of the spherical joints into leg 13 on both sides. Platform 14,
like circular guide 1, is divided into six sectors, connected by coupling plates. Further, three
of these sectors connect rigidly with a pair of lunules 14a of the platform spherical joints.

Figure 4a,b show the assembled CAD model of the hexapod with all the structural
elements discussed above. This model allows 3D printing its elements and using standard
mechanical parts. Table 2 presents the geometrical dimensions of the hexapod elements.

Figure 4. Assembling virtual prototype (CAD model) of the hexapod: (a) single kinematic chain with a driving part;
(b) complete mechanism model.

4.2. Kinetostatic Analysis of a Hexapod Using CAD Modeling

To select an appropriate electric motor for the hexapod, we need to perform its
kinetostatic analysis and define a motor torque on the driving shaft 2. Let us accept the
driving wheel rotates at a speed of 5 rpm. Due to the mechanism ability to reproduce
differing trajectories of the output link, we consider several cases corresponding to our
previous study [35]:

e the output link performs a pure rotation around the vertical axis: 3; = 255.8°,
i=1...6

e the output link performs a simultaneous rotation and displacement relative to the
vertical axis: B1 = B3 = f5 = 104.2° and P, = B4 = f¢ = 255.8°;

e the output link follows a spatial trajectory changing all six coordinates: 3; = 287.6°,
B2 =103.3°, B3 =278.4°, B4 =263.8°, B5 = 260.6°, B¢ = 242.4°.

We have found these values of angles [3; experimentally in CAD simulation. However,
we could also apply a kind of inverse kinematics algorithm to find the angles. In this
case, there exists a nontrivial numerical algorithm which can provide different solutions
depending on an initial guess. We have touched on this problem in work [36]. The
Supplementary Materials section presents movie of the CAD model operation with respect
to the cases mentioned above.
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Table 2. Geometrical dimensions of the hexapod links.

Parameter Nomenclature Dimension
Overall dimensions of the hexapod, including the 530 mm x 530 mm x 457 mm
maximum displacements of the platform (LWH dimensions)
Column height of circular guide 1 143.00 mm
Diameter of circular guide 1 500.00 mm
Height of circular guide 1 58.30 mm
Pitch diameter of driving wheel 3 125.00 mm
Number of teeth of driving wheel 3 50
Pitch diameter of gear 5 45.00 mm
Number of teeth of gear 5 18
Center distance of gear transmission 3-5 85.00 mm
Module of gears 3-5 2.50 mm
Diameter of driving pulley 6 30.00 mm
Diameter of driven pulley 8 60.00 mm
Center distance of belt transmission 6-8 76.00 mm
Length of crank 9 38.85 mm
Length of swinging arm 11 (distance from the
center of circular guide 1 to the center of spherical 246.05 mm
joint 12-13)
Length of leg 13 220.05 mm
Platform radius 14 excluding spherical joints 13-14 180.00 mm

Platform radius 14 including spherical joints 13-14
(distance from the center of platform 14 to the 193.00 mm
center of spherical joint 13-14)

Minimum/maximum angle between paired

spherical joints 13-14 20°/100°
Bearing 1,000,804 (13 pcs) 20 mm X 32 mm X 7 mm
Bearing 623ZZ (18 pcs) 3mm X 10 mm X 4 mm
Diameter of the sphere in the spherical joints 12.00 mm

We have performed the kinetostatic calculations using an Autodesk Inventor Dynamic
Simulation module, which provides dynamic modeling with various parameters of the
assembling CAD model. Table 3 presents the materials and inertial parameters of the
mechanism structural elements. Inertia moments of the links in the planar part of the
mechanism are determined relative to their rotational axes, and inertia tensors of the links
that perform a spatial movement (legs 13 and platform 14) are calculated in their mass
centers relative to the axes shown in Figure A1l (Appendix B).

The calculation included the friction between all mechanism elements. We set the
following friction coefficients kf for the calculations: k¢ = 0.002 for the rolling bearings in
the planar part; ks = 0.02 for sliding joints 10-11 (aluminum over ABS plastic); k¢ = 0.1 for
spherical joints 12-13 and 13-14 (steel over steel); k¢ = 0.02 for the couplings of forks 11a
with shaft 2a at the center of circular guide 1 (steel over ABS plastic). We also took efficiency
ratios 0.98 and 0.95 for the gear and belt couplings, respectively.
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Table 3. Inertial properties of the hexapod links.
Link/Group of Links Material Moment of Inertia, kg-mm? Mass, kg
Shaft 2 and driving wheel 3 Plastic ABS 494.19 0.257
Shaft 4, gear 5 and driving pulley 6 Plastic ABS 20.68 0.091
Shaft 7, driven pulley 8 and crank 9 Plastic ABS 32.04 0.085
Slide block 10 Plastic ABS 0.061 0.003
#1 2545.40 0.052
#2 2545.66 0.052
Swinging arm 11 (incl. elements 11a,b), #3 Aluminum, plastic ABS, 2545.76 0.053
and carriage 12 (incl. elements 12a,b) #4 steel 2545.87 0.053
#5 2545.80 0.053
#6 2546.09 0.053
159.87 0 0
Leg 13 (incl. elements 13a) Aluminum, plastic ABS, steel 0 159.87 0 0.022
0 0 0.33
10061.20 0 0
Platform 14 (incl. elements 14a) Aluminum, plastic ABS, steel 0 10061.20 0 1.153
0 0 20079.61

Given the parameters above, we prepared the mechanism assembly (Figure 4) for
dynamic modeling. Simulation results shown in Figure 5 present the calculated value of
the motor torque (Ty;) for the different cases of cranks initial positions. Notice how the
torque increases to compensate for the weight contribution of the links when the platform
displaces along the vertical axis.

g:i ~ ™\
0.3 / ( 2\\ / \
02 1 fi

o A

N e
o1 LEN AN N
0.2 3/\/ \ / B
0.3 ; \

0.4 | —
0.5

TM, Nm

o 1 2 3 4 5 6 7 & 9 10 11 12
t, s

Figure 5. Time-dependent diagrams of the hexapod motor torque (Th;) for the different
cranks initial positions: 1—{; = 255.8°}, the output link only rotates around the vertical axis;
2—{B1=P3 =P5=104.2° and By = PB4 = P¢ = 255.8°}, the output link has simultaneous rota-
tion and displacement relative to the vertical axis; 3—{; = 287.6°, 3, = 103.3°, B3 = 278.4°,
B1=263.8°, Bs5=260.6°, Bs =242.4°}, the output link performs general spatial motion changing
all six coordinates.



Appl. Sci. 2021, 11, 7158

11 0f 17

One should note that using CAD software to perform calculations allows for con-
sidering the links geometry and material as accurately as possible. Thereby, the CAD
functionality can significantly simplify the solution process and lead to more accurate
results in comparison with the analytical methods.

4.3. Development of a Hexapod Full-Scale Model (Physical Prototyping)

Based on the assembling model of the mechanism shown in Figure 4, we produced its
physical prototype. Figure 6 shows the prototype picture, and the Supplementary Materials
section presents a movie of the prototype functioning. Thus, the virtual prototype serves
as a digital twin of the produced physical prototype. Most of the prototype links and
couplings were 3D printed on Flsun QQ-S. Other components were easy-to-access standard
elements, including legs 13 and swinging arms 11 made of round aluminum profiles, steel
spherical joints and bearings. The mechanism drive was selected based on the motor torque
calculation given in Section 4.2.

Figure 6. The actuated full-scale physical prototype of the proposed hexapod.

The major advantage of such a design is in using easy-to-access materials and com-
ponents. Figure 7 shows some mechanism components: the belt drive; connection of the
swinging arm, carriage and leg; the platform spherical joints; swinging arms connection
in the center of the circular guide. The fork-like design of the swinging arms allows
positioning all the arms in one plane. Geometrical parameters of the physical prototype
correspond to its digital twin (virtual prototype) presented in Figure 4.
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We have two opportunities to control the hexapod. The first and the simplest one is
to rotate the motor at some constant speed. The output link will perform a cyclic motion,
which depends on the initial orientations of the cranks. This method was presented in
Section 4.2 and [35]. The second approach implies solving an inverse kinematics problem
where we set the platform trajectory and calculate the required control law for the drive.
However, since the mechanism has only one DOF, we can set the motion only for one
platform coordinate, while the others are calculated from the inverse kinematics together
with the drive motion. We addressed this problem in [36].

Figure 7. The main units of motion transmission of the proposed hexapod.

5. Conclusions

This paper has presented novel variations of RPMs with similar structure and a
different number of kinematic chains. The mobility analysis of the mechanisms carried out
via screw theory has provided a calculation of controllable and uncontrollable DOFs. It
was found that 4-DOF tripod has three uncontrollable DOFs, 3-DOF quadropod has two
uncontrollable DOFs, 2-DOF pentapod has one uncontrollable DOF and 1-DOF hexapod is
fully controllable.

The reconfigurability of the mechanisms allows for changing the output link trajec-
tories without using additional kinematic chains or drives. The proposed mechanisms
have such design advantages as a drive fixed on the base, absence of the possibility of
collisions between the adjacent carriages due to correctly chosen cranks lengths and diverse
reconfigurable capabilities due to having a flexible coupling in each kinematic chain.

Based on the obtained mechanisms structures, the hexapod one (the mechanism with
six kinematic chains) has been developed as an assembling CAD model, which allowed
us to perform a numerical kinetostatic analysis and then fabricate an actuated physical
prototype. The developed CAD model was adapted to using 3D printing technologies in
prototype production.

The conducted research confirms that virtual and physical prototyping processes
relate to each other, and their cooperative execution is very effective in product deve-
lopment. In addition, rapid prototyping technologies, which are one of the most optimal
ways to develop physical prototypes, can be often realized only with virtual prototyping.
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Having the physical prototype built, we can aim our further research at its experimen-
tal study, including accuracy and repeatability tests, rigidity and load capacity analyses,
tests for maximum operating speed and others. Additional research can be associated with
an analysis of the presented hexapod for specific practical applications, such as rehabilita-
tion procedures, where the hexapod platform could provide various types of cyclic motions.
In this regard, the analysis would aim to calculate the initial cranks configuration and the
motion laws of the driving link based on the predetermined platform displacements.

Supplementary Materials: The following are available online at: https://www.mdpi.com/article/
10.3390/app11157158/s1, Video S1: Movie of the CAD model operation, Video S2: Movie of the
physical prototype operation.
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Appendix A. Basics of Instantaneous Screw Theory

The major idea of screw theory relies on Chasles’ theorem [32] (p. 26), by which any
finite motion of a rigid body can be represented as a combination of rotation about some axis
and translation parallel to it. This axis is called a screw axis. If the motion is infinitesimal,
we can consider it instantaneous, and the screw axis becomes an instantaneous screw axis.
This instantaneous screw motion can be characterized by three basic elements: the axis
itself, the angular speed about this axis and the linear speed along it. We can combine these
elements into a 6-D vector called (instantaneous) screw & [32] (p. 40):

izw[ri§}+v[g}, (A1)

where § is a unit vector directed along the screw axis; r is a vector pointed from the origin
of the coordinate system to any point on the screw axis; w is an angular speed relative to
the screw axis; and v is a linear speed about the screw axis.

An alternative common notation for a screw implies using scalar parameters: magni-
tude s and pitch = v/w. In this case, a screw can be defined as follows [22] (p. 19):

§
E,:S|: A ,\:|,ifh7$oo,
rx8-+hs (A2)

EzS{?},ifh:oo.
S

Similarly, all the forces and moments acting on a rigid body can be reduced to a force
directed along some axis and a moment about the axis. We can define screw ¢ representing
this resulting force and moment using relations similar to (A1) and (A2). To differ between
these screws, terms twist and wrench are usually applied for & and (, respectively. Twists
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and wrenches of zero pitch (h = 0) correspond to pure rotations and forces. Twists and
wrenches of infinite pitch (i = oo) correspond to pure translations and moments.

Screws can be summed with each other and multiplied by a scalar—these properties
allow screws to form vector spaces. Thus, the space of twists can define the possible
velocities of the rigid body, while the space of wrenches represents all the forces and
moments acting on it. If each twist & from the twist space and each wrench ¢ from the
wrench space satisfy the following condition [22] (p. 24):

£o¢=(PE)c=0, (A3)

where P is a permutation matrix of the form:

P:[ 03x3 I3x3 ], (A4)
I3x3 03x3

then the wrench space represents all forces and torques that constrain the body motion.
Operation “o” is known as a reciprocal product, and screws & and ¢ that satisfy condition
(A3) are reciprocal.

If two bodies are connected by a series of joints, we can associate unit twist &; (s =1
in expression (A2))j=1... m with each joint, where m is a number of joints. Then, twist
system T comprising twists &1, &, ... , &, will define the space of possible velocities of
one body relative to the other. The reciprocal wrench system W (each wrench of which is
reciprocal to each twist of system T) corresponds to constraints between the bodies.

For a parallel mechanism with n kinematic chains, each having m; joints,i=1... n,
we can define twists systems T; of unit twists &;;, j =1 ... m;, associated with each chain.
Wrench system W; reciprocal to T; corresponds to constraints that the i-th chain imposes on
the motion of the output link. Considering all the kinematic chains, the output link motion
will be constrained such that its resulting wrench system W is a union of all wrench systems
W;. Finally, twist system T reciprocal to W will define all the possible velocities the output
link can attain. One should never forget that all the screws are instantaneous, and the
results of the analysis performed above depend on a particular mechanism configuration.
In some configurations, twist or wrench systems can include linearly dependent screws.
Such situations are known as singularities, and the mechanism can lose or gain degrees of
freedom in singular configurations, or even change its motion type when passing through
them. Authors of [34] present a thorough analysis of this topic.

Appendix B. Hexapod Elements Geometry

Figure Al shows hexapod links with identified mass centers and axes used to calculate
the inertia parameters. The links shown in Figure Ala—d,g rotate around the fixed axes, and
their inertia moments are calculated relative to these axes. The inertia tensors for the links
having spatial motion shown in Figure Ale,f are calculated with respect to the depicted
coordinate systems placed at the mass centers. The links in Figure Ala,b have displaced
mass centers because of the shaft keys.
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(a) (b) (c) (d) (e) (f)

(8)

Figure A1. Definition of the inertia terms based on the hexapod elements geometry.
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