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Abstract: Nanoparticles are generally used to scatter and absorb solar radiations in nanofluid-based
direct solar receivers to efficiently transport and store the heat. However, solar energy absorption
in nanofluid can be enhanced by using differential materials and tuning nanofluid parameter. In
this regard, theoretical investigations of unsteady homogeneous Hiemenz flow of an incompressible
nanofluid having copper and silver nanoparticles over a porous wedge is carried out by using
optimal homotopy asymptotic method (OHAM). Hence, a semi-analytical solver is applied to the
transformed system to study the significance of magnetic field along with Prandtl number. In this
work, impacts of conductive radiations, heat sink/source, unsteadiness, and flow parameters have
been investigated for velocity and temperature profiles of copper and silver nanoparticles-based
nanofluid. The effects of magnetic strength, volume fraction of nanoparticles, thermal conductivity,
and flow parameters have also been studied on the considered nanofluids.

Keywords: nanofluid; Hiemenz flow; optimal homotopy asymptotic method; porous wedge sheet;
solar energy

1. Introduction

The world population has been growing and industrial activities have been increasing
for more than a decade and increased industrial activities, which have increased the global
energy consumption on a daily basis. The significance of energy in the development of
human society is critical. However, the rapid development of human society over the last
century has resulted in a global energy scarcity and major ecological damage [1]. To find
the path to sustainable growth, all countries have been investigating new energy sources
and putting efforts in creating new energy technologies. Therefore, developing renewable
energy sources has gained considerable attention in recent years.

Renewable energy is on the rise due to latest technological developments, which
are not only cost-effective solutions but are also bringing the promise of a clean energy
future closer to reality. Solar and wind energies are setting new records and they are
also being integrated into the electricity grid without putting much impact on reliability.
As a result, in the electrical industry, renewables are continuously replacing “dirty” fossil
fuels, resulting in lower carbon and other harmful pollution emissions. Solar energy is
one of the clean renewable energy source that can be utilized for heating and cooling
buildings, providing hot water in home and industrial applications, heating swimming
pool, and producing electricity generation, among others [2].

Humans have been using solar energy to raise crops, stay warm, and dry meals for
thousands of years. According to the National Renewable Energy Laboratory [3], “more

Appl. Sci. 2021, 11, 10855. https:/ /doi.org/10.3390/app112210855

https:/ /www.mdpi.com/journal/applsci


https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0003-1719-4449
https://orcid.org/0000-0002-8654-6121
https://doi.org/10.3390/app112210855
https://doi.org/10.3390/app112210855
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/app112210855
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app112210855?type=check_update&version=1

Appl. Sci. 2021, 11, 10855

20f21

energy from the sun drops on the world in one hour than it is used by everybody on the
planet in a year.” The sun rays are now being used in a variety of ways, including to heat
houses and businesses, to warm water, and to provide power to electronic circuits. Solar
cells, also known as photovoltaic (PV) cells, transform sunlight directly into electricity.
Distributed solar systems provide electricity locally for homes and businesses, whether it
is to be through rooftop panels or community projects that power entire neighborhoods.
Thousands of homes might be powered by solar farms, which utilize mirrors to focus sun-
light across a group of solar cells. Floating solar farms, often known as "floatovoltaics," can
make structured use of wastewater treatment plants and non-ecologically sensitive bodies
of water [4]. Solar collectors can use air, water, or other fluids, such as nanofluids, or a
mixture of these. Solar heater is a type of solar thermal technology in which solar insolation
is collected by an absorbing media and then used to heat air or water. The meteorological
characteristics (direct and diffuse radiation, ambient temperature, and wind speed), design
parameters (type of collection, collecting materials), and flow parameters (fluid flow rate,
mode of flow) all influence the performance of solar collectors.

Many research articles on nanofluids are aimed at analyzing and understanding their
activity in order to apply them in settings where direct heat transfer augmentation is
crucial, including many industrial applications. Kim et al. [5,6] from the Massachusetts
Institute of Technology’s (MIT) Nuclear Science and Engineering Department conducted a
study to investigate the practicality of nanofluids in nuclear applications by increasing the
performance of a water-cooled nuclear system. Han et al. [7] used phase transition elements
as nanoparticles in nanofluids to increase the effective thermal conductivity and specific
heat of the fluid. A suspension of indium nanoparticles (melting temperature: 157 °C)
in polyalphaolefin was created utilizing a one-step nanoemulsification process. Primary
coolant can also be used for pressurized water reactors (PWRs), standby safety systems,
accelerator targets, plasma diverters, among other applications [8]. Routbort et al. [9] began
a research in 2008 to use nanofluids for industrial cooling, which might save a significant
amount of energy and reduce emissions. Donzelli et al. [10] demonstrated that a specific
class of nanofluids can be employed as a smart material that acts as a heat valve to control
the flow of heat. The nanofluid can easily be constructed in a low state, in which it conducts
heat poorly, or in a high condition, in which heat dissipation is more efficient. The potential
efficiency advantages that come up with using a nanofluid as a working fluid could increase
the performance of solar collectors. M. Ghalambaz [11] investigated the flow and thermal
behavior of nano-encapsulated phase change materials (NEPCMs) dispersed in a liquid
over a vertical flat plate. The finite difference method with a colocation technique as the
grid adaptation and automatic error control was utilized to integrate the governing equa-
tions. Free convective flow and heat transfer of a suspension of Nano Encapsulated Phase
Change Materials (NEPCMs) in an enclosure was studied by Mohammad Ghalambaz [12].
The governing equations are transformed into non-dimensional form and solved by the
finite element method. Nuria Navarrete et al. [13] examined the thermal energy storage
of the so called solar salt (60% NaNO3 and 40% KNO3) was improved by adding a phase
change material composed of Al-Cu alloy nano-encapsulated with an aluminium oxide
layer naturally formed when exposed to oxygen. Several experimental and theoretical
studies conducted on the thermal conductivity of nanofluids are represented and investi-
gated by Mohammad H. Ahmadi et al. [14]. Based on the reviewed studies, various factors
affect thermal conductivity of nanofluids, such as temperature, the shape of nanoparticles,
concentration, etc., furthermore, it is concluded that there are some novel approaches
in order to obtain nanofluids with more appropriate thermal properties including using
binary fluids as the base fluid or utilizing hybrid nanofluids.

To explore convective fluxes of nanofluids, several authors have developed a variety
of models and group theory methodologies. In [15], the authors demonstrate an insight of
the many flat-plate solar-energy air heating collector designs and performance evaluation
approaches for low-temperature solar-energy crop drying applications, as well as the
suitability of each design and materials requirements. Peng et al. [16] constructed a unique
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solar air collector with a pin-fin integrated absorber to improve thermal efficiency. Their
design offered many benefits, including high thermal efficiency, a wide range of flexibility,
extended durability, and reasonable pricing. Kandasamy et al. [17], Vajravelu et al. [18],
Otabeh Al-Oran et al. [19], and Rana et al. [20] explored nanofluids, which are nanoparticle
suspensions in fluids, that demonstrated considerable increase in their properties at low
nanoparticle concentrations. Solar energy is currently one of the most important sources
of clean renewable energy and it is being studied in a variety of sectors. Many authors
have recently proposed a non-homogeneous equilibrium model, whereas Ahmad et al. [21],
Yacob et al. [22], Hamad [23], and Magyari [24] have published several numerical studies
on homogeneous modeling of natural convection heat transfer in nanofluids. The dispersed
and continuous phases are combined and modeled as a new continuous phase in which the
velocity is constant. The homogeneous flow model is the most straightforward method for
evaluating multiphase flows. Ref [25] used nanofluids on parabolic trough collector (PTC)
systems. The efficiency of the PTC system employing Al,O3/synthetic oil nanofluid as heat
transfer fluid (HTF) with non-uniform heat flux distributions is investigated using a multi-
field coupling simulation based on the finite element method (FEM). Ref. [26] described
the most recent advancements in the use of nanofluids as a working fluid in parabolic
trough collectors (PTCs). Experimental, modeling (semi-analytical), and computational
fluid dynamics were the three main types of studies that were examined (CFD).

The impact of exchanging water with surfactant-free rutile TiO,—water nanofluids as
the working fluid in a symmetric flat-plate solar collector is investigated in [27]. The heat
transfer fluid (HTF) flow rate, sun irradiation, and the temperature difference between the
input and outflow were all taken into account. Taherian et al. [28] experimentally calculated
the dynamics of a thermosyphon solar water heater collector using meteorological circum-
stances from a city in northern Iran. Yousefi et al. [29] employed Al,Oz-water nanofluid as
the working fluid. They reported the use of nanofluids as a working fluid had enhanced
the efficiency of solar collector efficiency roughly 28.3%. Javadi et al. [30] provided an
overview of research on nanofluid as working fluid in solar collectors. To improve the
efficiency of a flat-plate solar collector, Faizal et al. [31] calculated the potential to construct
a smaller solar collector, utilizing various nanofluids, to provide the same required output
temperature as the larger one, using computational methods. Liu et al. [32] examined the
thermal performance of a tubular solar collector using water and CuO-water nanofluid.
Ref. [19] studied the heat transfer rate of pure water and Cu-water in carbon nanotubes
(CTN). The performance of a flat plat solar collector (FPSC) was analyzed with different
types of working fluid; double distilled water (DDW) and Alumina nanofluids with six
different volume fractions in the range 0.1% to 3% (FPSC) [33]. A verified numerical model
was developed that can test the performance of FPSC using DDW or any nanofluids of
any mass fraction as a working fluid. Ref. [34] conducted a numerical investigation of the
solar parabolic trough collector with an area of 0.856 m? by combination of Monte Carlo
Ray-Trace (MCRT) and finite volume method (FVM) using the FLUENT software. M. Sheik-
holeslami et al. [35] reviewed empirical and numerical analyses of thermal performance
development in flat plate solar collectors (FPSCs) based on the up-to-date developments,
methods, critical economic factors, the significance of solar water heating, and the chal-
lenges faced by the implementations of such solar water heating systems, which could be
beneficial for all stakeholders of solar energy. Muhammad Shoaib et al. [36] investigated
the heat and mass transfer in 3D MHD radiative flow of water-based hybrid nanofluid
over an extending sheet by employing the strength of numerical computing-based Lobatto
IITA method. Nanoparticles of aluminum oxide (Al303) and silver (Ag) are being used
with water (H,O) as base fluid. Furthermore, Fudholi et al. [37] provided studies that used
alternative approaches to promote heat transmission in collectors, such as employing fins
and porous constructions. Mushtaq et al. [38] used the Runge-Kutta numerical approach
to explore the effect of solar radiation on nanofluid stagnation point flow and discovered
that excessive movement of nanoparticles in the base fluids leads to deeper absorption of
solar radiations in the liquids. Research based on two-dimensional radiative heat transfer
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in a nano-fluid flow that are also non-linear are very few. Hence, this research holds
significance, with the following contributions:

e The influence on different nanofluids with varying concentrations of nanoparticles
copper, and silver particles in presence of magnetic field are gauged in a porous wedge
for the solar energy;

e  Optimal homotopy asymptotic method (OHAM) [39-43] has been proposed for the
numerical solutions of unsteady Hiemenz flow of nanofluid over a porous wedge;

¢  The velocity and temperature profiles are studied with the dynamics of nanofluids.
The effect of different parameters including magnetic field, conductive radiation,
unsteadiness, volume fraction, and heat source parameters are analyzed.

The remaining sections of the paper is organized as follows: Section 2 will discuss the
modeling of nanofluid flow over porous wedge, Section 3 will cover the numerical infer-
ences of optimal homotopy asymptotic method (OHAM), Section 4 will present solution
of the proposed method as well as results, and lastly Section 5 will conclude the research
contributions being proposed.

2. Mathematical Model for MHD Flow over Non-Linearly Stretched Sheet

Consider an unsteady laminar 2D Hiemenz flow of incompressible nanofluid over a
porous wedge sheet exposed to solar radiation, which is shown in Figure 1. Transparent
porous medium is supposed to have no net flow of heat between fluid and porous wedge.
Constant magnetic field My is applied normally to the sheet. T,, is the constant temperature
at the wedge surface. As y—roo, ambient surrounding temperature is achieved. As we
move away from the porous sheet, fluid, and surroundings maintain the same and constant
temperature T. Due to small value of Reynolds number, the induced magnetic field
is supposed negligible in comparison of applied magnetic field. From literature [44,45],
it is observed that if thermal diffusivity of the fluid and porous matrix is of the same
order, thermal dispersion effect becomes nominal. q:a 4 1s the intensity of radiation flux
for non-reflecting transparent wedge sheet. As qlr’a 4 penetrates the porous sheet, flux is
absorbed by the fluid flowing over the sheet according to the absorption coefficient [46].
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Figure 1. Flow model over a porous wedge sheet.

Due to incident solar radiations on wedge porous sheet, the heat is absorbed by the
nanofluid and it is transported from plate to the surroundings. It is assumed that the
working fluid have absorption properties. The thermophysical properties are given in
Table 1 (see Oztop et al. [47]) Water-based nanofluids containing copper and silver are
considered. The governing equations for flow and thermal field under above assumptions
are modeled as [48],
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The boundary conditions for these equations are,
w=00=-v), T=Ty+c1x™ at 7=0;
m 4)
GJ—)WZ%,T—}TM as 7 — oo

where power indexes ¢ and 7 are constant. Suction/injection velocity Y, must be greater
than zero and suction/injection temperature T;, must be less than zero at the porous plate.

With these conditions, the flow velocity can be written as U(x, t) = O 149].,

Am+1
Table 1. Thermophysical properties of fluid and nanoparticles.
Physical Properties Base Fluid (Water) Copper (Cu) Silver (Ag)
o0 (kgm™3) 997.1 8933 10,500
k (W mK—1) 0.613 401 385
B x 1072 (K1) 21 1.67 1.89
Cp (kg 1K™ 4179 385 235

By applying Rossland approximation for solar radiation [50], we can write q:a i =

4 . . .
- é}yj aaly. Here, 7 is the Stefan-Boltzman constant. k* represents mean absorption coeffi-

cient. Surface and ambient conditions are represented by w and oo, respectively. Velocity
components along the x-axis and y-axis are denoted by @ and v, respectively. Hy(Teo — T)
represents per unit volume heat absorbed /released. Nanofluid thermal diffusivity, local
temperature, effective dynamic viscosity, effective density of the nanofluid are denoted by
Bin, T, 8jn, and 0y, respectively. f represents the gravitational acceleration, while q:a ;18
the applied radiation absorption heat transfer. Interesting readers may find the detail of
applied relation for effective thermal conductivity in [48]. Velocity of suction is Yg and J is
the permeability of porous medium.

On
onn = (1 — p)on + 1os, Opn = A= n)2s
jhn
n f— 1 — + , n —
(0B)mn = (1= 1) (Be)i+ 1(Be)s: Pim = 750 S
Non-dimensional form of Equations (1)—(4) are,
dw  dv
Y + o 0 (5)
dw ov  Jv 1 0X)s\ . . X
- tw—+v—= 1—p+ I'sinz-®
o o oy = ) T ) ]
1 ow Ohs 1 02 TMG  Opy
—-W 6
(1—p+pu2) [(31‘ dx)Qh (1—u)25 9y ( Qn Qh])( ] ®
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with boundary conditions,

w:O,v:—UO,T:Tw at y=0;

up ®)
w—>W—T+1,T—>TOO as Yy — oo

where 0, is dynamic viscosity. Nanoparticle volume fraction is denoted by u and «j, and a;
are the coefficients of thermal expansion for the base fluid and nanoparticles, respectively.
jn and js are the thermal conductivity of base fluid and nanoparticle, respectively. jj, is the
thermal conductivity. g5 and ¢ are the densities of the fluid and nanopartlcles, respectively.

T is the nanoparticle volume fraction having stream function, v = %\Y and w = 2%

9y
Using [51], the variables transformations are represented as:
1+m [xm—1
A=V T\ e
©)

m+1
2 upx 2 T—Ts
=4/ h(e), © = —Fr0r.
Viem o (&) T — Too
Velocity-slip effects are neglected in energy equation due to homogeneous nanofluid

flow [24]. Using scaling group transformations for dependent and independent variables,
Equations (6) and (7) will become as,

"

2m ’ " i "
W —2———h?+hh +Au(2h + Al ) +2[—— + A
g T A A (@A) +2[ T+ A
(1 —y)2‘5 +r4rsin7£®—r2[M+A] (W —1)=0 (10)
4 3 2
Pmm " +3N((Cr+©) @) T 10|
~ M 4 o410+ AA,0 =0 (11)
m+1 o
h/:0, h:—i, ©=1 at A=0 and
m+1 (12)
hlzl, ®—>0 as A— o0
where Prandtl number in represented by Pry, = b:t% and skin friction coefficient is
C,=— = H)25 (Rex)™ 0.5117\/(5). The local Reynolds number is Rey = V:—; and the Nusselt
number is represented by,
Ny = —(Rey)0lm @ 0) [1+ SN(Cr+0(0))%]. (13)
jn Vb

3. Numerical Method
3.1. Formulation of OHAM

The fundamental concept of optimal homotopy asymptotic method (OHAM) is ex-
plained in [43,52-54]. The governing differential equation will be of the form:

D((¢)) +w(@) =0, Zell (14)
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E(v) = 0. (15)

where ¢ is the independent variable, IT is domain, v(¢) is unknown function, and w(¢) is a
known function.
D(v) = P(v) + U(v), (16)

where, P and U are the linear and non-linear components, respectively. It is important to
note that it does not need to obtain the first solution (initial guess), because we have a great
freedom to choose the linear component from the model. Substituting Equation (16) in
Equation (14) we obtain,

P(u(g)) + w(¢) + U(v(g))) = 0, (17)
By applying OHAM on Equation (17), we obtain

(1= [P(@(Z,9) +w (&) — H(@)[P(P(Z,9)) — w() + U(P(E,9))], (18)
E(®(¢,9)) = 0.

where g € [0,1] is embedding parameter and non-zero auxiliary function at g # 0is H(q).
®(¢, q) is an unknown function. Therefore, we have

q=0— H(®(£;0),0) = E(®(E;0)) + w(§) =0, (19)

q=1—=H(®(1),1) = HLE(®(G1)) +w(G) =0 (20)

when g = 0 and g = 1, it satisfies that ®(;0) = vy(¢)) and ®(§;1) = v,(E), respectively.
Hence, as q varies from 0 to 1 the ®(&; g) varies from vy(§) to v1(&). Atg = 0, we achieve,
using Equations (14) and (15),

P(vo(¢)) +w(§) =0, E(vo) =0 (21)
Auxiliary function will be of the form:
H(q) = qCy + ¢*Co + °C3 + ......, (22)

where Cq,Cy, C3, ... are constants to be evaluated. By applying Taylor’s series on ®(§;q)
with respect to g for expansion, we obtain

D(¢,q,C) =vo()+ ) va(&C)g", =123, .. (23)
n=1

Comparing same exponents of g-terms from Equations (24) and (17), we obtain the
following coefficients:

P(v1(¢)) = CilUp(vo(8)), E(vi) =0, (24)
P(v2(¢)) — P(v1(8)) = Colo(vo(8)) + C1[P(v1(¢)) + Ur(vo(E), v1(¢))]
E(Uz) = 0, (25)

where U, _;(vg(&), v1(&), ..., vy_i(&)) is the coefficient of "~ expansion of U(®(¢&;q)) and
it gives that,
I(®(&;q,C;)) = Uo(vo(8)) + Y suluo, u, ..., ttn)q". (26)

n>1

Convergence of the Equation (23) depends on the values of auxiliary constants
C1,Cy,....Forg=1,
6(8;Ci) = vo(&) + Y vn(&Cy) (27)

n>1
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From Equations (27) and (17), we obtain the residual expansion as,

R(;Ci) = P(0(5;Gi)) + w(§) + U(0(; Ci)) (28)

U(¢; C;) obtains the exact solution if R(§; C;) = 0. However, it is not always true in
case of non-linear systems. For the determinations of auxiliary constants C;,C,Cs, . ..
Ritz, Galerkin, Least Squares, and Collocation methods can be used. Least squares method
is the most commonly used method to evaluate the values of constants. Optimization of
error is performed by taking the square of the residuals over the given domain to obtain,

1(C) = /]’ R2(Z,C1, Ca, G, ), 29)

where j; and j, are the values that depend on the given system. The optimal values of
C1,Cy,Cs,... can be evaluated with minimum error from:

] a3 3 _

aC;  0oC, 9C3 7 aC,

0. (30)

Solving the above system of algebraic equations obtained in Equation (30), we obtain
the values of Cy, Cy, C3, . ... Replacing the values of Cq,Cy, C3, ..., C; in Equation (23), we
obtain the approximate solution. Figure 2 illustrates the process of modeling and solution
of unsteady Hiemenz flow of nanofluid over porous wedge problem using OHAM.

3.2. Validation of OHAM

Validation of the OHAM technique is an essential part of a theoretical study. The aim
of validation is to ensure the computations are reliable. For this purpose, we considered
a non-linear system [42,55] to evaluate our semi-empirical technique. Indeed, OHAM is
known for its easy implementation, effectiveness for solving non-linear systems, and pro-
ducing efficient results with minimum computations. The non-linear value system is given
as follows:

§'(2) =2 (2) +8(2) =11 (2), a1
() =28 (1) +8(2)f(2) =yo(z) 0<z<1
subject to the following boundary conditions:
g(0) =g(1) =0,
7(0) = f(1) =0, .

where y1(z) = 23 — 222 + 6z and yp = z° — z* + 223 + 22 — z + 2 the exact solutions of the
systems are ¢(z) = z® — z and f(z) = z% — z. By applying OHAM scheme Equation (31)
subject to the given boundary conditions Equation (32) to evaluate solutions denoted
by gonam and fopam. The effectiveness of OHAM is validated using absolute errors
|QExact — Soram| and | fExact — fornam|, the results of g(z) and f(z) for various values of z
are also compared with [56]. Tables 2 and 3 verifies that accuracy is achieved even with the
second order approximations.
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MHD model for unsteady
Hiemenz flow of
nanofluid flow with solar energy
over a porous wedge

Construct optimal
Homotopy
®(1:q):2 <[0,1] =R

v

Expansion of Optimal Homotopy ®{i:q)
in taylor series about q to get the oprimal solutions where, q € [0.1] is an
embedding parameter

v

Equating the coefficients of like powers of
q after substituting @ in constructed
optimal homotopy

|
{ )

Zeroth order solution by
using Boundary

Conditions(BC) Parameter for
3 ) Nanofiuid
5 I nuN.m Mz

|

Higher order solution by
using perturbed BC

Apply least sq
method to calculate
auxiliary
constants ¢j,i=1,2,..

Obtained value of the
function
h(&:C1, C5,--),0(3)

Then we can obtain highly
convergent solutions by
using auxiliary constants
and by calculating higher
derivative terms of h(4).0(2)

Figure 2. Schematic representation for the MHD Hiemenz flow analysis of nanofluid over a
porous wedge.
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Table 2. Absolute error comparison of exact solutions with 2nd order OHAM solutions of ¢(z) and 7th order solutions

of HPM.
z 8(2)Exact 8(z)onam | g(2)Exact — §2(z)oHAM | | g(z)oram — §7(@upm | [56]
0.1 —0.099 —0.09900630502616097 6.3 x 1076 1.7 x 107*
0.2 —0.192 —0.19201411767774168 14 x107° 33 x 107*
0.3 —0.273 —0.273023380384165 2.3x107° 49 x 1074
0.4 —0.336 —0.3360322825715557 32x107° 6.3 x 107*
0.5 —0.375 —0.3750381526285426 3.8 x107° 75 x 107*
0.6 —0.384 —0.38403888493553096 3.9 x107° 85 x 1074
0.7 —0.357 —0.3570341025474121 3.4 x107° 89 x 1074
0.8 —0.288 —0.2880251968406201 25x107° 8.4 x 107*
0.9 —0.171 —0.17101383385516783 1.3 x107° 6.1 x 107*

Table 3. Absolute error comparison of exact solutionswith 2nd order OHAM solutions of f(z) and 7th order solutions

of HPM.
z f(2)Exact f(z)onam | £(2)Exact — f2(2)oHAM | | f(2)Exact — f7(z)upm | [56]
0.1 —0.09 —0.08997265186813393 2.73 x 1075 29 x107*
0.2 —0.16 —0.15994773490346992 5.23 x 1075 58 x 107*
0.3 —0.21 —0.20992936188544323 7.06 x 107> 8.8 x 1074
0.4 —0.24 —0.23992315575602147 7.68 x 1072 1.1 x 1073
0.5 —0.25 —0.24993364924513922 6.64 x 1075 14 x 1073
0.6 —0.24 —0.23995988892506268 4.01 x 1075 1.7 x 1073
0.7 —0.21 —0.2099913379856594 8.66 x 107° 2.0 x 1073
0.8 —0.16 —0.16000874251390254 8.74 x 1076 2.0 x 1073
0.9 —0.09 —0.08999898124283792 1.02 x 1072 1.6 x 1073

4. Solutions and Results

In this section, OHAM is applied to non-linear system of ordinary differential
Equations (10) and (11). The homotopy of Equation (10) is constructed as:

2m
(m+1)

"

(1—q)(h" (1) — (9C1 + g*Ca) (K" (A) — K (A)2 4+ k" () + AL (20 (A) + AR (A))

_mo 25 dra K 2 Fy 1y
+2(m—|—1+/\1>(1 P77+ TISIng 0 — T (M+A)(h(A) —1) =0, (33)

we consider i()) as follows:
h(A) = ho(A) +ghi(A) (34)

By solving Equations (33) and (34), equating based on some exponents of 4 and after some
simplifications, we obtain the following Oth order and 1st order equations:

q°:hy (A) =0, (35)
1, 2m(l—p)*C

. \25 200 A2 dai (X
— 2(1 - 7)25A,Cy — AT2Cy — MT2Cy — 4T Szn(z)clcao(A)
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(2mCyhy(A)?)

Trm) AACiltg (M)

—2A1Cyhg(A) 4+ AT2Cihg(A) + MT2Cihg(A) +
— Cilg(A)hg(A) = g (A) = Cultg (A) + By (A) = 0. (36)
By using the given, boundary conditions from Equation (35) we obtain:

(—24S + (1 +m)A?%)
(12(1+m))

ho(A) = , (37)

and similarly with the conditions we obtain /4 (A) from Equation (36),

1
(1+m)

=31/ (1— )1 + 64/ (1 — )y — 34/ (1 — w)pPy1 +0.3333(1 — ) Ayq + 0.02083A%7;

—7* + 0.1667A77> — 0.00694A%5 7> — MT? + 0.1667AMT?> — 0.00694A> MT? — 0.2588T' t*

hy(A) = A2(—0.125 + 5(0.5 — 00556/ ) + 0.00023A% — 1.500077;

+0.0431TAt* — 0.001797T A% 4 m(0.375 — 34/ (1 — ) — 0.00069A° — 1.57;

=3/ (1 — ) +6y/ (1 —w)pu(1+n51)(1+ 1) — yr2 — M7 —0.25882r t*

—34/(1 = u)p® + A(0.3333(1 — p)>° +0.3333(1 — p)>n1 + 0.166757> + 0.1667MT>

+0.0431T7%) + A2(0.020877; 4 T2(—0.00697 — 0.0069M — 0.0018T7%))))Cy.  (38)

Substituting Equations (37) and (38) in Equation (34), we obtain #(A). The modified
Equations (33) and (34) obtained from OHAM have been solved using boundary condi-
tions, which are provided in Section 2. The homotopy of Equation (11) is constructed as:

" "

(1-9)(5.0' (1) - (4C1 + £Co) (50" (1) + SN(Cr + 0P ()

Pr
- fm) 2@) — (mz%l)h/ (MO +h®' (A) + AN @ (/\)) =0 (39)
We consider ©(A) as follows:
©(A) = ©p(A) + 901 (A) (40)

By solving Equations (39) and (40), equating based on powers of g-terms and after

some simplifications, we obtain
"

. ©M) _
q° - %R =0, (41)
g (2(22515)015?))) chlfium))h/o(m — A C1®)(A) — Crhig(A)O(A)
(4CT2NC1©,(A)?)  (8CTNC;@9(A)@y(A)?)  (4NC1O0(A)?@,(7)?)
B Px B Px B Pr
_6(\)  (G1OG(A)  (4CTNGOG(A)  (4CTNCiO9(1)@ (M)
Pr Pr 3Py Pr
(4CTNC@3(1)O)(A)  (4NCIOF(M)@ (V) | ©(A)

- - =0. 42
Pr 3Px * e (42)
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By using given boundary conditions, Equation (41) we obtain:
@A) =1-1 (43)

and similarly with the conditions we obtain /1 (A) from Equation (42),

-1

O1(4) = (7776(1 + m)) (

—6 -+ A)A(9PR (36 — 144S + 6A + A% — 41y (=36 — 64 + A?)

+144n7 + 24A5; +m(36 + 6A + A2 + 1441y + 24A171)) — 2((1 + m)N(108 + 216CT>
—24CT(—12+ A) — 18X + A?) +216e(—12 + A)1%))Cy. (44)

Substituting Equations (43) and (44) in Equation (40), we obtain ©®(A). The modified
Equations (39) and (40) obtained from OHAM have been solved using boundary condi-
tions, which are provided in Section 2. Illustration of the impact of m and unsteadiness
parameter 77, on velocity profile i’ (A) for unsteady Hiemenz flow of nanofluid for solar
radiation is achieved by applying OHAM. Influence of magnetic field M, conductive radia-
tion parameter N, stretching rate m, unsteadiness parameter #,, volume fraction y and heat
source/sink parameter ¢ on temperature profile ©(A). Quantitative illustration of the re-
sults for temperature profile for different thermophysical quantities is provided, in Table 4.
The velocity profile i’'(1) and temperature profile ©()) are also analyzed graphically as
presented below.

Figure 3 shows the temperature profile ®(\) for different values of magnetic param-
eter (M) in the case of base fluid pure water, copper-water (Cu-water), and silver-water
(Ag-water). The graphs indicate that the temperature of the fluid is progressively heated
up with the increase in magnetic parameters strength due to the uniform convective ra-
diation. Hence, the increase in the magnetic strength increases the rate at which the fluid
temperature is accelerating. Effect of M is observed to lessen as it drifts away from the
plate, hence the resistive type of force is formed known as the Lorentz force. This force
implies that the magnetic field is opposing transport of the fluid resulting in acceleration
of temperature profiles. Since temperature is bound to vanish at some point, the result
meets the expectation that magnetic field exerts a force on the convection flow. All the
results in Figure 3 show an increasing trend. However, the parameters are differently
aligned for each nanofluid type. For pure water, it is observed that the graph has magnetic
parameters loosely aligned together compared to others. For Cu-water, it is observed that
the temperature profiles against different values of M shows slow convergence compared
to pure water. It happens due to high thermal conductivity of copper. In case of Ag-water,
the temperature profiles against M have low temperature values as compared to pure
water and Cu-water. These findings clearly support the fact that magnetic parameters can
help control the temperature profiles.

Pure Water C,, Water Ag Water
(A A A
104 1.0 1.0
< <
08 - — — M=9 0.8r = — — M=9 0.8ef ~ — — M=9
< <
oe \ M=10 os 3 M=10 us M=10
: b M=12 : % M=12 : M=12
= X
0 CNE M=14 04 < M=14 - M=14
~ ~ =
-~ ~ ey
ozl ~ 0.2 ~ 0z| X
- S
< . <
< < =
L i L T L R Lo
1 2 3 5 1 2 3 4 5 3 4 5 &

(@)

(b)

(0)

Figure 3. Temperature profile ®(A) for different choices of magnetic filed parameter Mat N = 0.5,m =1, PR =6, x = %,

T=06,17,=01T=2¢=1,Cr =0.1, S = 1 showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.
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Table 4. Temperature profile @(A) at A = 3 for variation of M, N, m, 17, €, and x.

Pure Water Cu-Water Ag-Water
M 9 0.2951736151237542 0.2828904101258092 0.2714345969648432
10 0.3215395485706761 0.3087825141352123 0.29686734700767636
12 0.37474297066430096 0.3620073500770049 0.34999564786585446
14 0.4216932136527114 0.4105360630328996 0.39979870874151446
N 0.4 0.27546719661651375 0.2646593728336989 0.2546479912308022
0.6 0.3140575435515365 0.300723107297171 0.28817727430281437
0.8 0.347485355851879 0.33325796362609683  0.3195820021246172
1.0 0.37419948138527226  0.36027035616942527 0.346578899491676
m 1.0 0.2754671966165133 0.26465937283369867  0.2546479912308022
1.1 0.28714109363004525 0.2758171748705798 0.2653300801764472
1.2 0.29779506142375456 0.2860198309636617  0.27511637091894525
1.3 0.30751889375644637  0.2953513353877677  0.28408525672483176
Ny 0.1 0.2951736151237542 0.2828904101258092 0.2714345969648432
0.2 0.28868880711789013 0.2773985013863849 0.2668144271827849
0.3 0.2840161863796751 0.2735685177195878 0.2637438891756514
0.4 0.280504534010368 0.27078713999159454  0.2616321883528713
€ 1.0 0.2951736151237542 0.2828904101258092 0.2714345969648432
1.3 0.28089478131084855  0.26866268355000766  0.25725969447127317
1.6 0.26608397339734435 0.2539848087477695 0.24270435156042747
1.9 0.2510220864951287  0.23911369335976995  0.22800588734342953
x 1I/6 0.2951736151237542 0.2828904101258092 0.2714345969648432
I1/5 0.2954824982160378 0.28320801652767913  0.2717603773685262
I1/4 0.2959353154543143 0.28367369569206824  0.27223810875345267
I1/3  0.29665525984845675  0.28441426946077564  0.27299801363063647

Figure 4 shows the temperature profiles @(A) with different values of conductive radia-
tion parameter (N) for the base fluid pure-water, Cu-water, and Ag-water.
Equations (2) and (3) presents that the radiative heat flux increases the overall thermal
conductivity of the base fluid which also increases the radiative heat rate of transfer of the
nanofluid. This evidence adds to the fact that fluid temperature would also increase and it
highlights the significance of the N. ®(A) are observed to be increasing with the increase in
conductive radiation parameter. The increasing trend was observed in all the three graphs
with different parametric indications in the case of pure-water, Cu-water, and Ag-water.
For pure water, the conductive radiation parameters are loosely aligned. For Cu-water, N
are closely aligned than in pure water. For Cu-water, it is observed that the temperature
profiles against different values of N shows slow convergence compared to pure water.
In case of Ag-water, the temperature profiles against N have low temperature values as
compared to pure water and Cu-water. These findings support that the temperature of
nanofluid can be controlled with the N.

Figure 5 shows the temperature profiles with different stretching rate m values for
the pure-water, Cu-water and Ag-water. The results demonstrate that the temperature
increases with the increase in m values. This means that the temperature and the rate of
transport process of the fluid is accelerated with the increase in the m. Hence, an increasing
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trend is observed in all graphs with slight differences. The increasing trend for the case of
pure water has the m values within a single flow and having minimum closure compared
to Cu and Ag. Cu-water, on the other hand, has the m parameter values within a single
flow yet has more closure as compared to the pure water due to their high conductivity
towards temperature. Lastly, silver had the m values within a single flow having maximum
closure to the point that the difference is negligible. For Cu-water, it is observed that the
temperature profiles against different values of m shows slow convergence compared to
pure water. In case of Ag-water, the temperature profiles against m have low temperature
values as compared to pure water and Cu-water.This evidence indicate that the temperature
profiles ©®(A) with base fluid pure water, Cu-water and Ag-water can be controlled with
the values of m.

Pure Water Cu Water Ag Water
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Figure 4. Temperature profile ®@(A) for different choices of conductive radiation parameter N at M= 9, m =1, Pr = 6,

X = %, T=061, =01T=2¢=1,Cr =01, S = 1 showing their exciting nature. (a) pure-water. (b) Cu-water.

(c) Ag-water.
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Figure 5. Temperature profile ©(A) for different choices of m at M= 9, N = 0.5, PR =6, x = %, 7 =0.6,77, = 0.1,T = 2,
e =1,Cr = 0.1, S = 1 showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.

Figure 6 represents the different parametric values of volume fraction y of the nanopar-
ticles for distributed temperature profile ©(A). It is observed that due to the presence
of nanoparticle volume fraction, a uniform magnetic field is formed that accelerates the
temperature of the fluid. Boundary thermal layers maintain its sensitivity with y, be-
cause its higher values raise the values of thermal conductivity which comes with thermal
diffusivity. However, thermal diffusivity decreases the temperature gradients making
room for boundary thickness behavior. To summarize, it confirms the notion that with
increase in y, ®(A) tends to increase the thickness of thermal boundary layer. Size, shape,
and material of the volume fraction parameter help in the tuning of the spectral absorption
obtained from sun light energy.

Figure 7 presents the temperature profiles, ®(A), for different values of the unsteady
parameter (77,,) against base fluid pure-water, Cu-water, and Ag-water. ®(A) of base fluid
is observed to be decreasing with the increase in #,. The dominant role of #, for the
nanofluid flow fields is facilitated by the Prandtl number P, present at the boundary
layers. A decreasing trend is observed in the base fluid. However, it is also observed that
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Pure Water

1y affected the base fluid differently as compared to the Cu-water and Ag-water. The flow
and the basic acceleration are same for all the fluids, but for Cu-water the temperature of
the fluid is decreasing slowly as compared to the pure water. Similarly, in case of Ag-water
the unsteady parameter decelerates the temperatures of the fluid rapidly leading in the
flow to be closely aligned. This implies that the 7, can control the temperature profiles for
base fluid, Cu-water, and Ag-water.
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Figure 6. Temperature profile ©(y) for different choices of energy absorption elements y at M= 9,
N =05, PR =6, x = %, T=061 =01T=22¢=1 Cr =015 = 1 showing their
exciting nature.
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Figure 7. Temperature profile ®(A) for different choices of unsteadiness parameter 77, atM=9, N = 0.5, Py = 6, x =
7T=06T=2¢¢=1,Cr=0.1,S = 1showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.
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Figure 8 presents the temperature profiles ®(A) with different heat source parameters
¢ for base fluid (pure-water), Cu-water, and Ag-water. The figures indicates that the
temperature of base fluid decreases with the increase in €. It confirms that the temperature
of the fluid is affected by the e causing decrease in the fluid’s temperature due to the
boundary layer. It happens due to the influence of internal heat generation of the ©(A) to
be more evident than presence of base fluid. Moreover, heat sink present in the boundary
layer tends to observe all the energy resulting into the temperature decrease in the base
fluid. Hence, overall a decreasing trend has been observed for all graphs (pure-water,
Cu-water, and Ag-water). The faster decrease in temperature is observed for Ag-Water as
compared to pure water and Cu-water. Slow decreasing trend in temperature is illustrated
by Cu-Water as compared to pure water and Ag-Water. This indicated that the & can control
the temperature profile for base fluid, Cu-water and Ag-water.

Figure 9 presents the temperature profiles @ (A ) with different wedge angles x for base
fluid (pure-water), Cu-water, and Ag-water. The figures indicates that the temperature
of base fluid increases with the increase in x. It confirms that the temperature of the
fluid is affected by the x causing increase in the fluid’s temperature due to the slow fluid
movement. It happens due to the angle of inclination, ®(A) to be more evident than
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presence of base fluid. Moreover, the overall increasing trend has been observed for all
graphs (pure-water, Cu-water, and Ag-water). This indicated that the e can control the
temperature profile for base fluid, Cu-water, and Ag-water.

Figure 10 presents the velocity profiles i’ (A) with different values of the 7, for the
base fluid of pure-water, Cu-water, and Ag-water. It is observed that progressive increase
in the value of 7, results in an increase in the velocity of the base fluid hence affecting
the transport rate as well. An increasing trend was observed for all the three figures
presenting the velocity profiles with respect to 7, varying with three different types of
nanofluids. The difference is observed in the mapped and dispersed values of the 7,,. It
can be concluded that an increase or decrease in the unsteady parameter can result in an
increase or decrease in the velocity profiles with pure-water, Cu-water, and Ag-water.
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Figure 8. Temperature profile ®(A) for different choices of heat source/sink parameter e at M= 9, N = 0.5, P = 6, x = %,
T=06,17,=01T=2¢=1,Cr =0.1, S = 1 showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.
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Figure 9. Temperature profile ©(A) for different choices of angle of wedge x atM=9, N =05,Pr =6,e =1, 7 = 0.6,
=01, =2,e6=1,Cr = 0.1, S = 1 showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.
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Figure 10. Velocity profile h'(A) for different choices of unsteadiness parameter 1, at M= 9, N = 0.5, Pr = 6, x = z
7=06,T=2¢=1,Cr =0.1,S = 1showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.

’

In Figure 11, the velocity profiles i’(A) with different values of the m for the base fluid
that is pure water, Cu-water, and Ag-water are presented. These results summarize the
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velocity increase with the increase in values in m. Velocity and rate of transport of the
fluid are accelerated with the increase in m values. Hence, an increasing trend has been
observed in all results which means that the increase in m increase the velocity of pure
water, Cu-water, and Ag-water. The m values mapped are so closely aligned, they also
confirms the increasing trend with all the values being tightly linked together. This also
indicates that no matter what the increase in value is in m, the result of velocity would be
almost same. It can be concluded that m parameter has insignificant effect on the velocity
profiles of the base-fluid, Cu-water, and Ag-water.
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Figure 11. Velocity profile i’(A) for different choices of m at M= 9, N = 0.5, Pr = 6, x = %, 7T=06T=2¢=1,Cr =01,
S = 1 showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.

In Figure 12, the velocity profiles /' (A) with different values of the x for the base fluid
that is pure water, Cu-water, and Ag-water are presented. These results summarize the
velocity decreases with the increase in values in x. Velocity and rate of transport of the
fluid are decelerated with the increase in ) values. Hence, an decreasing trend has been
observed in all results which means that the increase in )y decrease the velocity of pure
water, Cu-water, and Ag-water. The x values mapped are so closely aligned, they also
confirms the decreasing trend with all the values being tightly linked together. This is
due to the increase in angle of inclination, the velocity of fluid decreases as the surface
inclination angle indicates. It can be concluded that x parameter can control the velocity
profiles of the base-fluid, Cu-water and Ag-water.

Pure Water C, Water Ag Water
Lo h'(A) h(a)
14 R 14 —— A -
- T -
Ll S 1.2 -~
12} P ~
‘ ~
N 1.0 < 1.0r )
o
x ~ _ 0Z
— - 0= n 080 5
6 0.8} — = 0== :
0== ’ 8 © 1005 z 0==
I . , 5 =
5 0] /L o=2 06 7 z s
0ok / 5 , 1000 / 0o
T4 04 o=2 0.4 V4 0.995 4 4
; " s
=7 0 n ozl 0.8%0 : Q:f
3 0 55 16 65 1.7 75 == ey
152 153 154 155 185 160 168 170 TS Q=" / 182 184 186 188 190
A A A
1 2 3 4 5 6 1 F] 3 4 5 & 1 2 3 [ 5 3
(a) (b) (0)

Figure 12. Velocity profile h'(A) for different choices of y at M=9, N =0.5,Pr =6, 7=0.6,T=2,¢6=1,Cr=0.1,5=1
showing their exciting nature. (a) pure-water. (b) Cu-water. (c) Ag-water.

5. Conclusions

In this paper, Cu and Ag nanoparticles under the influence of magnetic field on un-
steady Hiemenz flow and heat transport of incompressible nanofluid along a porous wedge
sheet have been analyzed. Moreover, optimal homotopy asymptotic method (OHAM) has
been used for obtaining the numerical solutions of two-dimensional radiative heat transfer.
The influence of pure-water, Cu-water, and Ag-water particles in a magnetic field are
investigated for velocity and temperature profiles in a porous wedge under the presence of
solar energy. This research investigated the velocity /' (1) and temperature profiles ©(A)
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against different parameters. The velocity and temperature profiles were also studied with
the dynamics of nanofluids. Different parameters were applied to analyze their impacts on
the nanofluid including a magnetic parameter M, stretching rate m, conductive radiation
N, unsteadiness #,, volume fraction y, and heat source/sink ¢ parameters. The important
outcomes of this research are presented as follows:

With the magnetic parameter M, the temperature profile ©(A) is observed to increase
for pure-water, Cu-water, and Ag-water. Thus, an increase or decrease in M can
cause an increase or decrease in the base fluid’s temperature, respectively. The results
indicated that copper and silver water heated fast with increase in M. The boundary
layer thickness of Cu-water, and Ag-water nanofluid is stronger than pure-water as
M increases;

With the conductive radiation parameter N, the temperature profile ©(A) is observed
to increase in case of pure-water, Cu-water, and Ag-water. Thus, an increase or
decrease in conductive radiation parameter N can cause an increase or decrease in the
base fluid temperature. The results indicated that Cu and Ag water heated fast for N,
and they are closely aligned due to internal heat generation;

With the increase in stretching rate m the temperature profile ®(A) is observed to
increase for the case of pure water, Cu-water, and Ag-water. Thus, an increase or
decrease in the m can cause an increase or decrease in the base fluid’s temperature.
The graphs indicated that Ag-water heated fast for the increase in m;

Unsteadiness parameter 7, the temperature profile ®(A) is observed to increase for
the case of pure water, Cu-water, and Ag-water. Thus, an increase or decrease in
#u can cause an increase or decrease in the base fluid’s temperature. Hence, mixing
nanoparticles in nanofluid will have a considerable effect on liquid thermo-physical
properties. The shows the increasing trend for pure water, Cu-water, and Ag-water;
With the heat source parameter ¢, the temperature profile ©(A) is observed to decrease
for the case of pure water, Cu-water, and Ag-water. Thus, an increase in ¢ will cause a
decrease in base fluid’s temperature, hence affecting the base fluid inversely. This also
indicates that the internal heat of the nanofluid is more pronounced than that of the
base fluid;

For pure water, Cu-water, and Ag-water, the impact of volume fraction of nanoparti-
cles is observed. The temperature profile ©(\) is seen to be decreased with constant
magnetic field with the increase in volume fraction. Thus, an increase/decrease in y
caused an increase/decrease in the nanofluid’s temperature. This also confirms the
notion that the thermal conductivity of the nanofluid is strongly dependent on the
nanoparticle volume fraction;

For the wedge angle x, the temperature profile ®(A) is observed to increase in case of
pure-water, Cu-water, and Ag-water. Thus, an increase or decrease in angle of wedge
X can cause an increase or decrease in the base fluid temperature. The results indicated
that Cu and Ag water heated fast for x, and this is due to high angle of inclination;
The velocity profile 1/(A) is also analyzed with variations in the unsteadiness 7,,
stretching rate m parameters and angle of wedge x. Both #,, and m parameters incited
an increase for the case of pure water, Cu-water, and Ag-water. Thus, an increase or
decrease in the 77, and m parameters will cause an increase or decrease in the base
fluid’s velocity. Decrease in velocity as increase in ) for the case of pure water,
Cu-water, and Ag-water. Hence, mixing nanoparticles in nanofluid will have a
considerable effect on liquid thermo-physical properties. Increasing trend is observed
for pure water, Cu-water, and Ag-water for both m and #, and decreasing trend for x.
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Abbreviations

The following abbreviations are used in this manuscript:

Acronyms
CTN Carbon nanotubes
FEM Finite Element Method
HTF Heat Transfer Fluid
PTC Parabolic Trough Collector
OHAM  Optimal Homotopy Asymptotic Method
ODE Ordinary Differential Equation
HPM Homotopy Perturbation Method

Greek Symbols
T Stefan-Boltzman constant
k* Mean absorption coefficient
@ Velocity component along x-axis
v Velocity component along y-axis
Bin Thermal diffusivity
Onn Effective dynamic viscosity
Ohn Effective density of the nanofluid
Yy Velocity of suction
Op Dynamic viscosity
U volume fraction
ap Coefficient of thermal expansion for the base fluid
K Coefficient of thermal expansion for the nanoparticles
on Density of the fluid
0s Density of the nanoparticles
T Stream function
X Angle of wedge
Roman Symbols
M, Strength of constant magnetic field
L Lewis number
E. Eckert number
Tw Temperature at wedge surface
q:u i Intensity of radiation flux
1 Power index
T Local temperature
J Permeability of porous medium
Pr Prandtl number
m Stretching rate
Nt Thermophoresis parameter
Ng Brownian motion parameter
f Gravitational acceleration
Jnn Thermal conductivity
Cy Skin friction coefficient
(x,y) Coordinate axes
n(A) Velocity profile
Rey Local Reynolds number
Ny Nusselt number

N Conductive radiation parameter
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