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Abstract: An approach to estimate both the reliability index β and its complement, the probability
of failure, through closed-form expressions that consider aleatory and epistemic uncertainties, is
proposed. Alternatively, exceedance demand rates are obtained based on simplified expressions
and numerical integration. Reliability indicators are calculated, considering the uncertainties in
the compressive strength of concrete, steel yield, and section geometry, together with the aleatory
uncertainties related to seismic loadings. Such indicators are estimated in a continuous RC bridge
located in Acapulco, Guerrero, Mexico. The bridge was designed to comply with a drift of 0.004.
Exceedance demand rates for drift thresholds from 0.001 to 0.012 are estimated, and maximum
differences of 5.5% are found between the closed-form expression and numerical integration. The
exceedance demand rate expressed by means of its inverse, the return period, indicates that the
serviceability limit state is exceeded after 58 years of the bridge construction. The reliability index
decreases by about 1.66%, and the probability of failure increases by about 16.1% when the epistemic
uncertainties are considered. The approach shows the importance of epistemic uncertainties in the
estimation of reliability indicators.

Keywords: reliability; demand hazard curves; failure probability; bridges

1. Introduction

Many Mexican cities with a high population density, such as Mexico City and Acapulco
City, are located in earthquake-prone regions, making them vulnerable to both infrastruc-
ture damage and devastation in terms of human lives and economic losses. Communities
take years to recover from the economic and social destruction caused by earthquakes.
Therefore, earthquake mitigation is of prime importance in the reduction of both the loss
of lives and structural damage. In order to ease the recovery period that comes after a
seismic event, it is important to estimate the damage condition from a probabilistic point
of view, with the objective of calculating an expected structural damage of local infras-
tructure, such as bridges, which are vital for rescue operations, transport of materials, and
emergency equipment.

Given the different environmental loads that RC bridges are subjected to during their
lifespan, their elements present structural deterioration, causing both a decrease in their
structural capacity and a modification of their structural reliability. Therefore, it is indis-
pensable to develop approaches that allow estimating the reliability levels of RC bridges.
Several researchers have proposed different approaches to evaluate structural reliability.

Based on the above, several researchers have proposed different approaches to evalu-
ating structural reliability. For example, [1,2] estimate the probability failure of structures
by means of the Monte Carlo simulation technique using FORM and SORM methods; [3]
provide a framework to estimate the time-dependent risk in a multihazard environment in
bridges; [4] present a reliability analysis to predict the probability of failure in bridges using
the Markov model; [5] estimate the probability of failure of railway bridges for high-speed
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trains; [6] propose a reliability assessment in steel bridges considering deterioration due
to fatigue.

The solution to an engineering problem is not such if it has a short lifespan, or
if it generates a structure with overdesigned geometric and physical properties. The
high number of uncertainties that engineers face during the design process call for the
use of concepts and methodologies of structural reliability. For example, [7] propose a
reliability approach to evaluate the structural condition using distribution functions; [8]
present an approach to estimate the structural reliability in a rock tunnel obtaining the
failure probability from the first-order reliability method (FORM); [9] present a life-cycle
management for bridges considering the risk attitude of decision-making; the effect of
climate change on performance is also considered. References [10–14] present approaches
with closed-form mathematical expressions.

One of the main concerns of structural engineers is how to design a structure capable
of resisting extraordinary actions. Such structural demands appear unexpectedly, and can
affect the structures, causing undesirable behavior of their components. Thus, it is impor-
tant to know when the structure could present an undesired behavior. Researchers have
proposed different approaches as the basis for obtaining exceedance demand rates (demand
hazard curves): [15] perform seismic demand analyses in bridges located in California; [16]
analyze the influence of viscous dampers on the probabilistic seismic performance of build-
ings; [17] calculate exceedance demand rates in concrete buildings; [18] propose demand
hazard curves in steel buildings considering the effects of seismic isolation; [19] present a
methodology to calculate demand hazard curves in a nuclear power plant; [20] present an
approach to estimate seismic exceedance demand rates in gravity dams; [21,22] compute
demand hazard curves in buildings structured with buckling-restrained frames; [23,24]
propose a methodology to perform demand hazard analyses in steel buildings.

The difference between the present study and the works mentioned is that reliability
is expressed in terms of both probability of failure and reliability index, using simplified
closed-form mathematical expressions considering both aleatory and epistemic uncertain-
ties. Moreover, demand hazard curves are estimated based on two approaches: (a) using
closed-form analytical expressions that consider aleatory and epistemic uncertainties, and
(b) using numerical integration. Reliability indicators are estimated in a bridge structure
located in Acapulco, Guerrero, Mexico.

2. Reliability Approach

In recent years, various attempts have been made to apply probabilistic techniques
to determine reliability indexes. The probability of survival of a certain system can be
defined as PS = evFt [25,26], where vF is the failure annual rate, and t is the time. Thus, the
probability of failure is defined as PF = 1− e−vFt [27]. vF can then be expressed as

vF = − ln(PF − 1)
t

(1)

On the other hand, the annual failure rate, E(vF), that considers both aleatory and
epistemic uncertainties is obtained by the following closed-form expression [28]:

E(vF) = k

(
Ĉ
a

)− r
b

e[
r2

2b2 (σ
2
lnD|y+σ2

lnC+σ2
UD+σ2

UC)] (2)

where k and r are shape parameters of the seismic hazard curve, v(y), a, and b are the
elements of the median demand, and D̂. σ2

lnC. and σ2
lnD|y are the variances of the natural

logarithm of the capacity and demand, respectively. Making the hypothesis that vF follows
a Poisson stochastic process in the probabilistic context given, vF is equal to E(vF), and
making an equality with Equations (1) and (2), the following expression is obtained:
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k

(
Ĉ
a

)− r
b

e[
r2

2b2 (σ
2
lnD|y+σ2

lnC+σ2
UD+σ2

UC)] =
−ln(PF − 1)

t
(3)

Making some algebraic steps, the probability of failure, PF, that considers the uncer-
tainties related with aleatory and epistemic uncertainties is as follows:

PF = k

(
Ĉ
a

)− r
b

e[
r2

2b2 (σ
2
lnD|y+σ2

lnC+σ2
UD+σ2

UC)]θ (4)

where

θ =

e−k·t·eσA,E ·( Ĉ
a )
− r

b −σA,E

(
ek·t·eσA,E ·( Ĉ

a )
− r

b − 1
)(

Ĉ
a

) r
b

k
(5)

where θ is a correction factor and σA,E =σ2
lnD|y + σ2

lnC + σ2
UD + σ2

UC. Based on the probability
of failure, the reliability index β is as follows:

β = −Φ−1[PF] (6)

where Φ is the standard normal distribution function.

3. Demand Hazard Assessment

The exceedance demand rate or demand hazard curve, vD(d), can be obtained as
follows [28]:

vD(d) =
∞∫

0

∣∣∣∣dv(y)
dy

∣∣∣∣P(D ≥ d|y)dy (7)

where dv(y)/dy represents the derivative of the seismic annual rate of exceedance P(D ≥ d|y)
is the probability that the demand, D, exceeds a preestablished damage level, d, for a given
intensity, y; that is, the structural fragility. In order to propose a practical solution for
Equation (7), [28] present the following hypothesis: (1) the seismic mean annual exceedance
rate, v(y), can be described in an intensity region of interest by the function v(y) = ky−r;
(2) the median demand can be estimated as D̂ = ayb; and (3) the structural demands are
distributed lognormally with its standard deviation of the natural logarithm [29]. Thus, the
exceedance demand rate is

vD(d) = v
(

d
a

) 1
b

exp
(

r2

2b2 σ2
lnD|y

)
(8)

where v is the mean annual rate of exceedance of the minimum acceleration presented in
the spectral acceleration hazard curve; (d/a)1/b is the spectral acceleration corresponding
to a damage level, d; σ2

lnD|y is the variance of the natural logarithm of the demand given a
seismic intensity, y If the epistemic uncertainties associated with demand are considered,
the following equation is obtained [28]:

vD(d) = v
(

d
a

) 1
b

exp
(

r2

2b2

(
σ2

lnD|y + σ2
UD

))
(9)

where σ2
UD represents the variances of the epistemic uncertainties related to structural demand.

4. Example of Application

Reliability indicators are obtained for a continuous RC bridge of three spans with a
total length of 100 m and 7 m in height. The compressive strength, f ′c, used for columns
and cap beams is equal to 29.42 MPa, and has a value of 40 MPa for AASHTO beams. The
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structure, which is located in Acapulco, Guerrero, Mexico, is designed to accomplish a drift
design equal to 0.004. The superstructure is supported by seat abutments located in the
extreme spans. Fixed and roller supports are used at the base of columns and abutments,
respectively. Beams and cap beams are connected by means of elastic springs with infinite
stiffness in both longitudinal and transverse direction. The fundamental period of the RC
bridge is equal to 0.40 s. Figures 1 and 2 show the longitudinal and transverse sections of
the bridge, respectively. Figure 3 shows the dimensions and reinforcement of the column
and cap beams sections.
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4.1. Expected Structural Properties of Materials, Loads, and Structural Sections

The expected properties refer to properties defined based on mean values from experi-
ment tests. The use of expected structural properties is essential for providing an accurate
measure of the expected response of the overall system. The intention is to avoid systematic
bias by using nominal instead of expected properties for some structural components.
Table 1 shows the statistical parameters for concrete strength, f ′c, recommended by [30].
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Table 1. Compressive stress, f ′c, of ordinary concrete.

f’c (MPa) Bias Factor Coefficient of Variation

27.60 1.24 0.15
31.00 1.21 0.14
41.40 1.15 0.125

The statistical parameters of the compressive strength, f ′c, of the concrete used in
the bridge structure that are not included in Table 1 are obtained by means of linear
interpolation. Regarding the yield stress of the reinforcing steel, the parameters proposed
by [31] are used, which are shown in Table 2.

Table 2. Yield and ultimate stress of reinforcing steel.

fy(MPa) εsh (mm/mm) fu (MPa) εsu (mm/mm)

Mean 440.02 0.0066 713.92 0.11
Standard deviation 16.57 0.0022 16.28 0.012

The εsh value is the strain in the hardening zone and εsu is the value of the ultimate
strain of the reinforcing steel. The statistical parameters associated with dead load in
reinforced concrete bridges are defined by [30]. The results of this research are shown in
Table 3. Table 4 shows the mean values for structural sections of the bridge [32].

Table 3. Bias factor and variation coefficient for structural and nonstructural elements.

Bias Factor Coefficient of Variation

Factory items 1.03 0.08
Site elements 1.05 0.10

Asphalt 1.00 0.25
Non–structural elements 1.03–1.05 0.08–0.01

Table 4. Statistical parameters for structural elements.

Mean (m) Standard Deviation (m)

Slab width 7.62 × 10−4 6.60 × 10−3

Beam height −5.33 × 10−3 6.35 × 10−3

Beam width 2.54 × 10−3 3.81 × 10−3

Columns dimensions 1.52 × 10−3 6.35 × 10−3

Cover 8.13 × 10−3 4.32 × 10−3

4.2. Nonlinear Dynamic Procedure

Nonlinear analysis is the best tool currently available for predicting structural response
at varying levels of ground motion intensity. The nonlinear dynamic analysis aims to
estimate all significant modes of deformation and damage in the structure, from the onset
of inelastic response to the collapse. To compute structural performance from a probabilistic
point of view, nonlinear response analysis is based on the expected properties of materials
and components (see Section 4.1). In Mexico, most bridges are designed to undergo certain
nonlinear behavior under extraordinary earthquake action. As for the bridge topology in
the study, columns resist lateral loadings; they provide the lateral stiffness of the system.
Collapse is considered to occur when plastic hinges appear at the ends of columns and cap
beams. The bridge deck is considered to transmit dead loads only. The moment–curvature
relation for each structural element is estimated considering the stress–strain constitutive
model of confined reinforced concrete reported by [33] and [31] for Mexican steels. The
cyclic model developed by [34], called the modified Takeda hysteresis rule, is used. The
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parameters α and β that consider the stiffness degradation of such hysteresis rule are equal
to 0.5 and 0.6. The Ruaumoko 3D program [35] is used to compute the nonlinear response
of the structural system.

4.3. Ground Motions

The National Seismological System of Mexico has an earthquake monitoring network
in the state of Guerrero due to its location as seismic zone in the southwest of the Mexican
Republic. For this study, two stations near the analyzed bridge are identified: a) “Acapulco
Centro Cultural”, ACAC, and “Acapulco Diana”, ACAD, where the information was
collected to integrate a database of 40 seismic records with magnitudes between 4 and
7.5. The dominant period of soil site presents values from 0.3 to 0.64, the maximum
ground acceleration of the ground motions ranges from 0.019 to 0.44 Sa/g, and the mean
of epicentral distance is 170 km. Figure 4 shows the pseudoacceleration spectrum of the
40 seismic records and their mean. Table 5 shows the characteristics of all the seismic
records used in the analysis.
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4.4. Structural Capacity Estimation

The nonlinear analysis is computed to estimate the structural behavior using incre-
mental dynamic analysis (IDA); forty capacity curves associated with the seismic records
of ACAD and ACAC are obtained. Figure 5 shows that the IDA curves have three phases:
(1) structural elastic behavior, (2) inelastic response zone, and (3) the point near failure,
which is identified with a black dot. Considering that the incipient failures follow a lognor-
mal distribution [28,29], the median value of the structural capacity results in 0.0114 with a
standard deviation of the natural logarithm of the capacity, σlnC, of 0.18.
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4.5. Structural Demand Assessment

The median structural demand, D̂, is calculated by means of step-by-step nonlinear
dynamic analyses, considering forty seismic records shown in Table 5. The seismic records
are scaled up until failure of the structure occurs. Figure 6 shows the median of the
structural demand and the fitted function. For this case, the parameters that fitted the
shape of the structural demand are a = 0.00313 and b = 2.0921. The following is observed:
(a) the median of structural demand increases proportionally to the seismic intensities;
(b) seismic intensities less than 0.45 Sa/g do not generate any structural damage.
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Table 5. Characteristics of 40 seismic records.

“Acapulco Centro Cultural”, ACAC “Acapulco Diana”, ACAD

CN ID Date Magnitude CN ID Date Magnitude

1 9509-141/N00E 09/14/95 6.4 21 1112-111/N00E 12/11/11 6.5
2 9509-141/N90E 09/14/95 6.4 22 1112-111/N90E 12/11/11 6.5
3 0205-281/N90E 05/28/02 4.9 23 9509-141/N00E 09/14/95 6.4
4 0205-281/N00E 05/28/02 4.9 24 9509-141/N90E 09/14/95 6.4
5 0206-191/N90E 06/19/02 5.5 25 9701-111/N00E 01/11/97 6.9
6 0206-191/N00E 06/19/02 5.5 26 9701-111/N90E 01/11/97 6.9
7 0209-251/N90E 09/25/02 4.7 27 9906-151/N00E 06/15/99 6.4
8 0301-221/N90E 01/22/03 5.6 28 9906-151/N90E 06/15/99 6.4
9 0401-011/N00E 01/01/04 5.7 29 9909-301/N00E 09/30/99 7.5

10 0401-012/N90E 01/01/04 5.8 30 9909-301/N90E 09/30/99 7.5

11 0401-012/N00E 01/01/04 5.8 31 0007-211/N90E 07/21/00 5.1
12 0401-131/N00E 01/13/04 5.1 32 0401-011/N90E 01/01/04 5.7
13 0406-141/N00E 06/14/04 5.6 33 0608-111/N90E 08/11/06 5.9
14 0411-151/N00E 11/15/04 4.7 34 1105-051/N90E 05/05/11 5.5
15 0508-141/N00E 08/14/05 4.8 35 1105-051/N00E 05/05/11 5.5
16 0608-111/N00E 08/11/06 5.9 36 1112-111/N90E 12/11/11 6
17 0905-221/N90E 05/22/09 5.7 37 1112-111/N00E 12/11/11 6
18 1005-251/N00E 05/25/10 5 38 1306-271/N90E 06/27/13 4
19 1006-301/N90E 06/30/10 6 39 1308-161/N90E 08/16/13 5.1
20 1306-161/N90E 06/16/13 5.8 40 1308-161/N00E 08/16/13 5.1

4.6. Spectral Acceleration Hazard

The spectral acceleration hazard curve (SAHC) is known, and it is associated with the
fundamental period of the structure (T = 0.40 s), the site, and 5% of critical damping. The
SAHC is fitted for the region of interest that corresponds to drift ratio values from 0.001 to
0.012, which are shown in Figure 7; their corresponding Sa/g are equal to 0.58 and 1.90.
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Such values represent the region of interest. Therefore, the constants k and r are equal to
0.003513 and 1.6224, respectively.
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4.7. Probability of Exceeding a Certain Drift Threshold

Fragility curves are used to assess the vulnerability of structures due to a certain
environmental load. It is assumed that fragility curves follow a lognormal shape with the
following expression [36]:

P(D ≥ d|y) = 1−Φ

(
lnd− ln D̂

∣∣y
σlnD̂|y

)
(10)

where D̂|y is the median value of the structural demand given a seismic intensity, y; and σlnD̂|y
is the standard deviation of the natural logarithm of the demand for a given intensity, y.

Fragility curves are calculated for four different drift thresholds: (a) 0.002, which is
associated with a threshold lower than the design threshold, (b) 0.004, corresponding to the
drift design and serviceability limit state [36], (c) 0.006, chosen as an intermediate threshold
between serviceability and collapse thresholds, and (d) 0.012, which is associated with
the value of collapse limit state [37]. Figure 8 shows the fragility curves for different drift
thresholds. The following is observed: (a) seismic intensities less than 0.4 Sa/g produce
exceedance probabilities close to zero in all thresholds; (b) regarding the threshold of 0.002,
there are probabilities of exceedance of 1 when seismic intensities are greater than 1 Sa/g;
(c) the serviceability threshold presents a value of exceedance probability of 0.5 at 0.95 Sa/g,
approximately; (c) the serviceability threshold presents a value of exceedance probability
of 0.5 at 0.95 Sa/g, approximately; (d) for the 0.006 threshold, and for intensities less than
0.8 Sa/g, there are exceedance probabilities close to zero; (e) for the threshold of 0.012, the
exceedance condition is associated with a probability equal to 0.31 Sa/g.
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4.8. Mean Annual Demand Exceedance Rate

Demand hazard curves indicate the number of times that a certain drift threshold
is exceeded per unit of time. The inverse of a certain value of demand hazard is the
return period; this implies how many years a level of damage is expected to be exceeded.
The above results are helpful for decision-making processes when the limit state under
consideration is reached. Figure 9 illustrates the demand hazard curves obtained by
closed-form expressions considering aleatory and epistemic uncertainties Equation (9) and
numerical integration Equation (7). The mean annual rate of exceedance of the minimum
intensity, v, is equal to 0.2308. The parameters a and b are obtained in Section 4.5, while
parameters k and r are defined in Section 4.6. Epistemic uncertainties are considered with a
value of 0.25 [38]. Demand hazard curves are built considering the maximum drift at the
bridge deck for values from 0.001 to 0.012. In general, a difference of 5% between the two
proposed approaches is observed. Such difference is mainly associated with the following:
(a) epistemic uncertainties were considered in the closed-form expression, whereas the
numerical solution does not consider such kind of uncertainties; and (b) there might be a
bias when SAHC is fitted. If the values given by the closed-form expression are considered,
a return period of 28 years is observed for threshold equal to 0.002, implying a mean annual
demand rate of 0.03608; on the other hand, a mean annual demand frequency of 0.01738
is obtained for the serviceability limit state, which is associated with a return period of
58 years. For threshold d = 0.006, a mean annual demand rate of 0.00837 is obtained, which
is associated with a return period of 119 years, whereas a mean annual exceedance rate of
0.000935 is obtained for the limit state of collapse, implying a return period of 1068 years.
Thus, it is inferred that it takes a long time to exceed higher drift thresholds.

4.9. Reliability Index

The reliability index β, Equation (6), the probability of failure, Equation (4), and the
annual failure rate, Equation (2) are calculated with and without epistemic uncertainties;
most of the parameters used are defined in the preceding section. The structural capacity,
Ĉ, is estimated in Section 4.4. Table 6 shows the reliability indicators computed consider-
ing the first service-life year with and without epistemic uncertainties. The following is
observed: (a) the annual structural failure rate with epistemic uncertainties resulted 16.10%
greater than the case without; (b) the return period of the mean annual rate of failure is
653 years after the bridge construction with epistemic uncertainties, and 759 years for the
case without; (c) the reliability index decreases 1.66% when epistemic uncertainties are
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considered. Moreover, it is noticed that the reliability indices are lower than 3.5, which
means that these values are not recommended by [39].
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Table 6. Reliability indicators.

E(vF) PF β

With epistemic uncertainties 1.531 × 10−3 1.529 × 10−3 2.96
Without epistemic uncertainties 1.318 × 10−3 1.317 × 10−3 3.01

5. Conclusions

An approach was proposed to obtain both the reliability index and the probability of
failure that considers epistemic uncertainties. Demand hazard curves are also obtained
based on numeric and closed-form expressions. The probability of failure is proposed in a
closed-form expression format, which has the following advantages: (a) it can be used for
different kinds of structures; (b) it can be adapted for different environmental loads; (c) it
calculates the probability of failure with and without the consideration of the epistemic
uncertainties; and (d) it is familiar to structural engineers.

The approach was illustrated in a continuous bridge designed to comply with a
drift threshold equal to 0.004. Uncertainties related to mechanical and geometric prop-
erties were considered, together with uncertainties for seismic loadings. Prior to obtain-
ing demand hazard curves, different fragility curves were generated considering differ-
ent thresholds. Demand hazard curves were determined for drift thresholds between
0.001–0.012. Considering the stipulations in the AASHTO design code [39], the lifespan of
bridges must be guaranteed up to 75 years. Based on the results, the serviceability limit
state could be exceeded 17 years before reaching the structure lifespan, which means that
the design drift threshold is expected to be exceeded at 58 years. Therefore, the use of a de-
sign drift threshold equal to 0.004 is not recommended. A drift threshold exceedance does
not mean that the structure is unable to resist seismic loadings; such exceedance means that
the structure could present undesirable reliability levels before the recommended interval
of serviceability. The reliability index target for bridges is to overcome β = 3.5, considering
the structure as new [39]. Considering such target, the bridge under study presented a
reliability index 18.24% lower than the recommendation given by [38] when epistemic
uncertainties are considered; if such uncertainties are not considered, the reliability index
is 16.28% lower. Thus, the value of 0.004 of design drift threshold is not recommended for
this type of topology. It is recommended to explore lower values of design drift threshold
between 0.001 to 0.003.

The reliability index and its probability of failure give certainty about both the safety
level that a structure has under design loads, and the capacity of the structure to present ser-
viceability levels during a certain time interval. The exceedance demand rate provides the
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instant when the structure reaches a certain level of damage. If the damage level compro-
mises the structural integrity, decisions need to be made about inspection or maintenance
actions with the aim to extend the lifespan of the system.
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