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Abstract: Continuous rotor dynamics remains stagnant. In this paper, aim at multi-span and multi-
disc rotor-bearing system, the continuous rotor dynamic analysis method (CRDAM) is proposed. The
force acting on the shaft by the rotating eccentric disc is simulated as a point force. The counterforce
of bearing is also considered as a point force. The shaft is considered free-ended. A continuous rotor
dynamic model is obtained and an analytical solution is proposed to express the unbalance response
as function of the position, unbalance, support stiffness and damping. The proposed method is
validated by numerical experiments in which unbalance responses obtained by it are compared with
that obtained by the two classical methods the finite element method (FEM) and Ricatti method.
The results indicate that the proposed method is applicable to calculating unbalance response of
multi-disc and multi-span rotor. Moreover, it is closer to FEM than Ricatti and can be applied to actual
high speed rotors. Among the three methods, the calculating speed of Ricatti is the fastest, CRDAM is
the second fastest and FEM is the slowest. The proposed method, which solves the forward problems
of the continuous rotor dynamics for the multi-disc and multi-span rotors, can provide theoretical
basis for further studies on inverse problems such as identification of rotor unbalance and bearing
stiffness and damping coefficients without test runs and external excitations.

Keywords: continuous rotor dynamics; multi-span and multi-disc rotor-bearing system; continuous
rotor dynamic analysis method; continuous rotor dynamic model; analytical solution

1. Introduction

Rotor Dynamics, which has been concerned all the time, is an old research field. It
is the mechanical basis for the design, manufacture, safe operation and fault diagnosis
of rotating machinery. There are forward and inverse problems of rotor dynamics. The
forward problem is to study dynamic responses of rotors with known rotor parameters
and loads, while for the inverse problem, it is identification of rotor parameters and
loads from dynamic responses. This paper is focused on the forward problem which is
continuous model and analytical solution of unbalance response of multi-disc and multi-
span rotor. The continuous rotor dynamic analysis method proposed can be applied to
studying the inverse problems which are rotor unbalance identification algorithm and
bearing coefficients identification algorithm, respectively.

In order to determine the unbalance response of the system, the Ricatti method [1–6]
and the Finite Elements method (FEM) [6–13] are proposed, which are based on discrete
model. Although these methods can be used to predict the unbalance vibration for a
complicated rotor system, it remains hard to be applied to the identification of bearing
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dynamic parameters, estimation of rotor unbalance and balancing of rotor systems. It is
because their model are discrete and the unbalance response can not be expressed as a
function of position, rotor unbalance and stiffness and damping coefficients of bearings.
Hence, it’s difficult to identify rotor unbalance and bearing dynamic parameters by solving
the equations which are built using the unbalance responses at some positions on rotor-shaft
as known conditions.

For the continuous beam model of rotor systems, in the literature there exist limited
numbers of studies that concentrate on the analytical modeling of rotor systems. Euler-
Bernoulli beam [14], Rayleigh beam [14–18] and Timoshenko beam [19] are three kinds of
continuous beam models for unbalanced rotor-bearing system. Based on Euler-Bernoulli
model, vibration analysis of beams with multiple steps and different shapes of cross section
were conducted [20]. Heydari [21] carried out free vibration analysis of the Euler-Bernoulli
shaft with two rigid bearings and a flexible disk to study the influence of the disk’s loca-
tion and aspect ratio on natural frequencies and critical speeds. Varanis [22] presented
a continuous rotor model for rubbing applications based on Euler-Bernoulli continuous
model considering transverse shear, rotatory inertia, and gyroscopic moments and Wavelet
Techniques was used to study the response for detection and characterization of rubbing
phenomenon. Zhou provided a method to obtain the analytical imbalance response of the
Jeffcott rotor under constant acceleration [23]. Lee [24] studied an axially-loaded Euler-
Bernoulli shaft, clamped at one end with an intermediate spring support. That work placed
the equations of motion into state-space form to find critical speeds. The same approach was
applied to shafts with rectangular cross-sections for examining the stability of pretwisted
simply-supported rotating beams [25] and various end conditions that are different in
orthogonal directions relative to the rotating shaft [26]. Chun and Lee [27] modeled an
Euler-Bernoulli shaft with a single bladed disk using the Ritz method for both shaft and
blades. Lee and Chun [28] incorporated flexible disks into the Ritz series analysis for mod-
eling hard disk drives. More specific applications using this method were performed by
Hamidi et al. [29] for a rotating, cracked Euler-Bernoulli shaft. Wang [30] proposed an ana-
lytical solution of unbalance responses for single-span and single-disc rotor-bearing systems
and an identification method for rotor unbalance was given. To investigate rotor dynamics,
such as the vibration problem, the influence of the number of blade and rotating speed
on the natural frequencies, Euler-Bernoulli theory were employed along with FEM [31,32].
According to Rayleigh model, unbalance responses are expressed as a function of position
on the rotor-shaft, rotor unbalance and bearing coefficients [33]. Using the Rayleigh beam
model and Timoshenko model, mathematical modeling of continuous multi-stepped rotor-
bearing systems was presented and the partial differential equations were discretized to
obtain a close-form solution [34,35]. According to Timoshenko theory, Farghaly, Afshari and
Torabi presented methods for multi-stepped beams with attachments [36], multi-stepped
rotors [37] and multi-span multi-stepped shafts resting on multiple bearings [38] and rotors
with multiple concentrated masses [39]. Using Timoshenko beam theory combined with
FEM, Rao [40] studied dynamic responses of bidirectional functionally graded rotor shaft.
It is found that the obtained dynamic responses are influenced by temperature variation,
power-law index and internal viscous and hysteretic damping. Felice [41] modelled the
rotor-shaft as a spinning Timoshenko beam and derived analytical expressions for critical
solutions to analyze damping gyroscopic effects on the stability of parametrically excited
continuous rotor systems. Hsu [42] obtained equations of motion for a Timoshenko shaft
with flexible disks which were solved numerically to obtain the time domain response.
Although Wang [30,33] proposed an analytical solution of a continuous rotor-baring system
supported with two bearings and a disc, the solution cannot be applied to rotors with
multi bearing and muti disc. Moreover, with regard to forces of the bearings and disc, the
continuous model of a rotor-bearing system is a fourth-order non homogeneous partial
differential equation set with homogeneous boundary condition. There is no universal
method to solve them so far. When using integral transform method to solve the equation,
it is difficult to achieve the inverse transformation. While for the separation of variables
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method, it can only be used to solve the homogeneous partial differential equation set with
homogeneous boundary condition.

In this paper, the continuous rotor dynamic analysis method (CRDAM) is proposed
for multi-disc and multi-span rotor represented by the homogeneous and elastic Rayleigh
beam. Forces of the bearings and discs are considered as point forces. free-ended boundary
condition is used in modelling the rotor. A continuous model, which is a fourth-order
non-homogeneous partial differential equation set with homogeneous boundary condition,
is developed. An analytical solution is proposed to express the unbalance response as a
function of position, rotor unbalance and the stiffness and damping coefficients of bearings.
Numerical simulations are conducted to validate the proposed method. The accuracy of
the proposed method is higher than the Ricatti method and the calculating speed is faster
than FEM. It can be applied to the identification of rotor unbalance and bearing coefficients
for multi-disc and multi-span rotors.

The remainder of this paper is organized as follows. Section 2 describes the continuous
model of the multi-disc and multi-span rotors and its analytical solution. Section 3 is the
validation of the proposed method by numerical simulations of rotors supported with
rolling bearings and oil-journal bearings. Section 4 describes the main conclusions.

2. Theory
2.1. Continous Model Based on Rayleigh Model

The multi-disc and multi-span rotor-bearing system, which has m discs and n bear-
ings, is shown in Figure 1. The force analysis of micro-element is shown in Figure 2.
Regarding the connection between shafts as a rigid connection and using Rayleigh’s the-
ory [14–16,33,43] in which the shaft is regarded a perfect elastic body (It is homogeneous
and isotropic and obeys Hooke’s Law) and the moment of inertia of rotor-shaft is consid-
ered, the relationship between the lateral displacement of rotor-shaft in x and y directions
and the excitation can be described as following according to Figure 2.

EI
∂4y
∂z4 + m

∂2y
∂t2 −

(
Idx

∂4y
∂z2∂t2 + Ipw

∂3x
∂z2∂t

)
= fy (1)

EI
∂4x
∂z4 + m

∂2x
∂t2 −

(
Idy

∂4x
∂z2∂t2 − Ipw

∂3y
∂z2∂t

)
= fx (2)

where x and y are the lateral displacement components due to lateral vibrations of the
rotor shaft in the natural coordinates; z is the axial position of the shaft; t is the time;
m is the mass per unit length of rotor-shaft; w is the rotation frequency; Ip is the polar
moment of inertia per unit length of the shaft; Idx is the diameter moments of inertia per
unit length of the shaft in the x directions. θx(z, t) and θy(z, t) is the rotation angle of the
micro-element around x-axis and y-axis, respectively; Ty is the shear force on the left end of
the micro-element in y direction; Mx is the moment on the left end of the micro-element
in yoz plane; fy is the external force in y direction on the micro-element of the shaft; Idy
is the diameter moments of inertia per unit length of the shaft in the y directions; Tx is
the shear force on the left end of the micro-element in x direction; My is the moment on
the left end of the micro-element in xoz plane; fx is the external force in x direction on the
micro-element of the shaft; E is the elastic modulus of the shaft; I is the diametric shaft
cross-sectional geometric moment of inertia.
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Figure 1. Multi-disc and multi-span rotor-bearing system.
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Figure 2. Physical model of the system.

The force of each bearing acting on the shaft can be expressed as following.

fib·y =

(
ki·yxxib + ki·yyyib + ci·yx

∂xib
∂t

+ ci·yy
∂yib
∂t

)
δ(z− zib) (3)

fib·x =

(
ki·xxxib + ki·xyyib + ci·xx

∂xib
∂t

+ ci·xy
∂yib
∂t

)
δ(z− zib) (4)

where i is from 1 to n; ki·xx, ki·xy, ki·yy and ki·yx are the four stiffness coefficients of #i
bearing; ci·xx, ci·xy, ci·yy and ci·yx are the four damping coefficients of #i bearing; zib is the z
coordinate position of #i bearing; yib and xib are the lateral displacement components due
to lateral vibrations of the rotor shaft in position zib.

The force of the eccentric disc acting on the shaft can be expressed as following.

f jd·y =

(
mjuw2ej sin

(
wt + αj

)
−mj·d

∂2yjd

∂t2

)
δ
(

z− zjd

)
(5)

f jd·x =

(
mjuw2ej cos

(
wt + αj

)
−mj·d

∂2xjd

∂t2

)
δ
(

z− zjd

)
(6)

where j is from 1 to m; mjd is the mass of #j disc; mju is the eccentric mass of #j disc; ej is
the eccentric distance of #j disc; αj is the eccentric angle of #j disc; zjd is the z coordinate
position of #j disc.

Hence, the external force acting on the shaft by the disc and bearing is

fy =
n

∑
i=1

fib·y +
m

∑
j=1

f jd·y (7)
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fx =
n

∑
i=1

fib·x +
m

∑
j=1

f jd·x (8)

Free-ended boundary condition can be used in the modeling. The flexural torque and
shearing force at both ends are zero. Hence, Equations (9) and (10) can be obtained.{

EI ∂2

∂z2 y(z, t)|z=0,L = 0
EI ∂3

∂z3 y(z, t)|z=0,L = 0
(9)

{
EI ∂2

∂z2 x(z, t)|z=0,L = 0
EI ∂3

∂z3 x(z, t)|z=0,L = 0
(10)

where L is the total length of rotor-shaft.
To obtain dimensionless model, the following dimensionless quantities in Table 1

are defined.

Table 1. Dimensionless quantities for the dimensionless model of the continuous rotor.

Symbols Description

u = y/L u is the dimensionless lateral displacement of the shaft in y direction.
v = x/L v is the dimensionless lateral displacement of the shaft in x direction.
q = z/L q is the dimensionless quantityy of z.

qib = zib/L qib is the dimensionless zib; zib is the position of NO. i bearing; i = 1 − n.
uib = yib/L uib is the dimensionless lateral displacement of the shaft in y direction at position zib.
vib = xib/L vib is the dimensionless lateral displacement of the shaft in x direction at position zib.
qjd = zjd/L qjd is the dimensionless zjd; zjd is the position of the number j disc; j = 1 − m.
ujd = yjd/L ujd is the dimensionless lateral displacement of the shaft in y direction at position zjd.
vjd = xjd/L vjd is the dimensionless lateral displacement of the shaft in x direction at position zjd.

Therefore, the dimensionless partial differential equations of the lateral vibration of a
rotating shaft motion in the unbalanced multi-disc and multi-span rotor-bearing system
can be expressed in the form of Equations (11) and (12) according to Equations (1) and (2)
and Equations (7) and (8).

∂4u
∂q4 + mL4

EI
∂2u
∂t2 −

(
Idx L2

EI
∂4u

∂q2∂t2 +
Ip L2w

EI
∂3v

∂q2∂t

)
= L3

EI

{
m
∑

j=1

[(
πmjuw2ej sin

(
wt + αj

)
−mjdL

∂2ujd
∂t2

)
δ
(

L
(

q− qjd

))]
−

n
∑

i=1

[(
ki·yxLvib + ki·yyLuib + ci·yxL ∂vib

∂t + ci·yyL ∂uib
∂t

)
δ(L(q− qib))

] } (11)

∂4v
∂q4 + mL4

EI
∂2v
∂t2 −

(
Idy L2

EI
∂4v

∂q2∂t2 −
Ip L2w

EI
∂3u

∂q2∂t

)
= L3

EI

{
m
∑

j=1

[(
πmjuw2ej cos

(
wt + αj

)
−mjdL

∂2vjd
∂t2

)
δ
(

L
(

q− qjd

))]
−

n
∑

i=1

[(
ki·xxLvib + ki·xyLuib + ci·xxL ∂uib

∂t + ci·xyL ∂vib
∂t

)
δ(L(q− qib))

] } (12)

where mjd is the mass of #j disc; mju is the eccentric mass of #j disc; αj which is defined as
the angle contained by the x-axis and the eccentric position in the direction of rotation is
the eccentric angle of #j disc; ej is #j disc’s eccentric distance; δ() is the Dirac’s function;
ki·xx, ki·xy, ki·yy, ki·yx are the stiffness coefficients of #i bearing; ci·xx, ci·xy, ci·yy, ci·yx are the
damping coefficients of #i bearing.
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The dimensionless form of the free-ended boundary condition in Equations (9) and (10) are:
∂2

∂q2 u(q, t)|q=0,1 = 0
∂3

∂q3 u(q, t)|q=0,1 = 0
(13)


∂2

∂q2 v(q, t)|q=0,1 = 0
∂3

∂q3 v(q, t)|q=0,1 = 0
(14)

2.2. Analytical Solution

According to the fourier transform of Equations (11) and (12) on the variable t and
considering that the frequency of the unbalance response is equal to the rotation frequency
w, the dimensionless unbalance responses in frequency domain satisfy Equations (15) and (16).

∂4U
∂q4 − m·w2L4

EI U + Idx L2w2

EI
∂2U
∂q2 −

i·w2 Ip L2

EI
∂2V
∂q2

=
{[

m1uw2e1π(sin α1 − i · cos α1) + w2m1dLU1d
]
δ (q− q1d)

+ · · · · · ·
+
[
mmuw2emπ(sin αm − i · cos αm) + w2mmdLUmd

]
δ(q− qmd)

−L
(

k1b·yxV1b + k1b·yyU1b + i · wc1b·yxV1b + i · wc1b·yyU1b

)
δ(q− q1b)

−L
(

k2b·yxV2b + k2b·yyU2b + i · wc2b·yxV2b + i · wc2b·yyU2b

)
δ(q− q2b)

+ · · · · · ·
−L
(

knb·yxVnb + knb·yyUnb + i · wcnb·yxVnb + i · wcnb·yyUnb

)
δ(q− qnb)

}
L2

EI

(15)

∂4V
∂q4 − w2mL4

EI V + w2 Idx L2

EI
∂2V
∂q2 +

i·w2 Ip L2

EI
∂2U
∂q2

=
{[

m1uw2e1π(cos α1 + i · sin α1) + w2m1dLV1d
]
δ(q− q1d)

+ · · · · · ·
+
[
mmuw2emπ(cos αm + i · sin αm) + w2mmdLVmd

]
δ(q− qmd)

−L
(

k1b·xxV1b + k1b·xyU1b + i · wc1b·xxV1b + i · wc1b·xyU1b

)
δ(q− q1b)

−L
(

k2b·xxV2b + k2b·xyU2b + i · wc2b·xxV2b + i · wc2b·xyU2b

)
δ(q− q2b)

− · · · · · ·
−L
(

knb·xxVnb + knb·xyUnb + i · wcnb·xxVnb + i · wcnb·xyUnb

)
δ(q− qnb)

}
L2

EI

(16)

where U and V are the dimensionless unbalance responses in frequency domain in x
and y directions.

U(q) and V(q) can be expressed using Green Function as following.

U(q) =
L2

EI



πm1uw2e1(sin α1 − i · cos α1) + w2m1d LU1d
...

πmmuw2em(sin αm − i · cos αm) + w2mmd LUmd
−L
(
k1·yxV1b + k1·yyU1b + i · wc1·yxV1b + i · wc1·yyU1b

)
...

−L
(
kn·yxVnb + kn·yyUnb + i · wcn·yxVnb + i · wcn·yyUnb

)



T

(m+n)×1



Gu(q, q1d)
...

Gu(q, qmd)
Gu(q, q1b)

...
Gu(q, qnb)


(m+n)×1

(17)

V(q) =
L2

EI



πmu1w2e1(cos α1 + i · sin α1) + w2m1d LV1d
...

πmmuw2em(cos αm + i · sin αm) + w2mmd LVmd
−L
(
k1·xxV1b + k1·xyU1b + i · wc1·xxV1b + i · wc1·xyU1b

)
...

−L
(
kn·xxVnb + kn·xyUnb + i · wcn·xxVnb + i · wcn·xyUnb

)



T

(m+n)×1



Gv(q, q1d)
...

Gv(q, qmd)
Gv(q, q1b)

...
Gv(q, qnb)


(m+n)×1

(18)

where Gu(q, q1d), Gu(q, qmd), Gu(q, q1b), Gu(q, q2b), Gu(q, qnb), Gv(q, q1d), Gv(q, qmd), Gv(q, q1b),
Gv(q, q2b) and Gv(q, qnb) are Green’s coefficients. Further, U1d, Umd, U1b, U2b, Unb, V1d, Vmd,
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V1b, V2b and Vnb represent the dimensionless unbalance response of the bearings and discs
in the frequency domain.

The above-mentioned Green’s coefficients can be calculated using Equation (19) which
is derived in reference [33].[

Gu(q, qi)
Gv(q, qi)

]
=

8
∑

j=1

f1(sj)esj ·q

f ′(sj)

8
∑

j=1

f2(sj)esj ·q

f ′(sj)

8
∑

j=1

i·KPsje
sj ·q

f ′(sj)

8
∑

j=1

i·KPesj ·q

f ′(sj)

8
∑

j=1

f3(sj)esj ·q

f ′(sj)e−qi sj

8
∑

j=1

−i·KPsje
sj ·q

f ′(sj)

8
∑

j=1

−i·KPesj ·q

f ′(sj)

8
∑

j=1

f1(sj)esj ·q

f ′(sj)

8
∑

j=1

f2(sj)esj ·q

f ′(sj)

8
∑

j=1

f4(sj)esj ·q

f ′(sj)e−qi sj




Ai
Bi
Ci
Di

u(q− qi)


(19)

where K = w2mL4

EI ; P =
Ipw2L2

EI ; u(q− qi) is the Heaviside function; sj(j = 1–8) are the
solutions of f (s) = 0; f (s), f1(s), f2(s), f3(s), f4(s) and f ′(s) can be obtained using

Equation (20); L1 = Idxw2L2

EI =
Idyw2L2

EI ;


Ai
Bi
Ci
Di

 = −[M11]
−1 · [M12], the two matrices

M11 and M12 can be found in Equations (A1) and (A2) in Appendix A.

f (s)
f1(s)
f2(s)
f3(s)
f4(s)
f ′(s)

 =



s8 + 2L1s6 +
(
−2K + L1

2 − P2)s4 − 2L1Ks2 + K2

s7 + 2L1s5 +
(

L1
2 − P2 − K

)
s3 − KL1s

s6 + 2L1S4 +
(

L1
2 − P2 − K

)
s2 − KL1

s4 + (L1 + i · P)s2 − K
s4 + (L1 − i · P)s2 − K

8s7 + 12s5 + 4
(

L1
2 − P2 − 2K

)
s3 − 4L1Ks

 (20)

m + n equations can be obtained by substituting q = q1d,..., q = qmd,..., q = q1b, q = qmb
in Equations (17) and (18), respectively. The obtained equation can be expressed in a matrix
form as follows:

H1 = H2 · H3 (21)

where H3 =
[

U1d · · ·Umd V1d · · ·Vmd U1b · · ·Unb V1b · · ·Vnb
]

H1 =



−πm1uw2e1(sin α1 − i · cos α1)Gu(q1d, q1d)− · · · · · · − πmmuw2em(sin αm − i · cos αm)Gu(q1d, qmd)
...

−πm1uw2e1(sin α1 − i · cos α1)Gu(qmd, q1d)− · · · · · · − πmmuw2em(sin αm − i · cos αm)Gu(qmd, qmd)
−πm1uw2e1(cos α1 + i · sin α1)Gv(q1d, q1d)− · · · · · · − πmmuw2em(cos αm + i · sin αm)Gv(q1d, qmd)

...
−πm1uw2e1(cos α1 + i · sin α1)Gv(qmd, q1d)− · · · · · · − πmmuw2em(cos αm + i · sin αm)Gv(qmd, qmd)
−πm1uw2e1(sin α1 − i · cos α1)Gu(q1b, q1d)− · · · · · · − πmmuw2em(sin αm − i · cos αm)Gu(q1b, qmd)
−πm1uw2e1(sin α1 − i · cos α1)Gu(q2b, q1d)− · · · · · · − πmmu

2em(sin αm − i · cos αm)Gu(q2b, qmd)
...

−πm1uw2e1(sin α1 − i · cos α1)Gu(qnb, q1d)− · · · · · · − πmmuw2em(sin αm − i · cos αm)Gu(qnb, qmd)
−πm1uw2e1(cos α1 + i · sin α1)Gv(q1b, q1d)− · · · · · · − πmmuw2em(cos αm + i · sin αm)Gv(q1b, qmd)
−πm1uw2e1(cos α1 + i · sin α1)Gv(q2b, q1d)− · · · · · · − πmmuw2em(cos αm + i · sin αm)Gv(q2b, qmd)

...
−πm1uw2e1(cos α1 + i · sin α1)Gv(qnb, q1d)− · · · · · · − πmmuw2em(cos αm + i · sin αm)Gv(qnb, qmd)


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H2 =


H11 H12 H13 H14
H21 H22 H23 H24
H31 H32 H33 H34
H41 H42 H43 H44


2(m+n)×2(m+n)

−


L2

EI
. . .

. . .
L2

EI


2(m+n)×2(m+n)

The sub-matrixes of H2 are in Equations (A3)–(A18) in Appendix A.
According to Equation (21), U1d . . . Umd, V1d . . . Vmd, U1b . . . Unb, V1b . . . Vnb can be

expressed as follows:[
U1d · · ·Umd V1d · · ·Vmd U1b · · ·Unb V1b · · ·Vnb

]
= H2

−1 · H1 (22)

Hence, as shown in Figure 3, the dimensionless unbalance response in frequency
domain can be calculated using Equations (17) and (18) in which the unknown Green’s
coefficients can be calculated based on Equation (19) and the dimensionless unbalance
response of the bearings and discs can be calculated using Equation (22).

1 
 

 

z1b z2b
z1d

z(n−1)b znb
zmd

Z(i+1)b

w

Calculate the unbalance response of any position on the shaft
in time domain can be calculated using Equations (23-26)

w

Calculate Green’s coefficients using Equation (19)

sensor

zib
zjd

r_disc j
L_discj

r_disc 1
L_disc1

r_disc m
L_discm

k
xx, k

yy, k
xy and k

yx of 
each bearing

c
xx, c

yy, c
xy and cyx of 

each bearing
am

plitude of each unbalance 
angle of  each unbalance

L_shaft
r_shaft
E_shaft

Calculate the dimensionless unbalance response of the bearings and discs using Equation  (22)

Calculate the dimensionless unbalance response of any position on the shaft
in frequency domain can be calculated using Equations. (17-18)

Figure 3. Flowchart of the proposed CRDAM.

Thus, the unbalance response in frequency domain can be expressed as following.

Y(z) = U(q)L (23)

X(z) = V(q)L (24)

Change Y(z) and X(z) from frequency domain to time domain and the following
are obtained:

y(z, t) =
abs(Y(z))

π
cos(wt + angle(Y(z))) (25)

x(z, t) =
abs(X(z))

π
cos(wt + angle(X(z))) (26)

where abs() is the amplitude of a complex number; angle() is the angle of a complex number.
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3. Numerical Simulations and Discussion
3.1. Methodology of Numerical Simulations

The aim of the numerical simulation is to validate the proposed CRDAM. The Ricatti
and FEM results are taken as the references. The Ricatti method, which has the advantage
of fast calculation speed and low requirement for CPU, is an old classical method to obtain
rotor dynamic characteristics. With the rapid development of computes, the FEM method
becomes an effective and commonly used method for calculating rotor dynamic charac-
teristics of rotors, especially for large rotors. In the simulations, critical frequencies and
unbalance responses of the three methods are obtained to conduct the comparison among
them for the validation. When relative errors and absolute errors are used to quantitatively
analyze the difference of calculated critical frequencies and unbalance responses among
three method, FEM results are treated as the base-exact.

18 computational examples are used in the simulation. Figures 4–12 shows nine kinds
of rotors. They represent five-span and five-disc rotor, single-span and five-disc rotor,
four-span and four-disc rotor, three-span and three-disc rotor, two-span and two-disc rotor,
single-span and single-disc rotor, single-span and four-disc rotor, single-span and three-disc
rotor and single-span and two-disc rotor. The 18 computational examples are the nine kinds
rotors with oil-journal bearings and nine kinds rotors with rolling bearings. g1.1, g1.2, g1.3,
g1.4, g1.5, g2.2, g3.3, g4.4 and g5.5 are the nine kinds of rotors with rolling bearings and
h1.1, h1.2, h1.3, h1.4, h1.5, h2.2, h3.3, h4.4 and h5.5 the nine kinds rotors with oil-journal
bearings. The parameters of the bearings, the disc and shaft are listed in Tables 2–6.
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Figure 4. Five-span and five-disc rotor.
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Figure 7. Three-span and three-disc rotor.



Appl. Sci. 2022, 12, 4351 10 of 41

Appl. Sci. 2022, 12, x FOR PEER REVIEW 11 of 44 
 

Figure 5. Single-span and five-disc rotor. 

 
Figure 6. Four-span and four-disc rotor. 

 
Figure 7. Three-span and three-disc rotor. 

 
Figure 8. Two-span and two-disc rotor. 

 
Figure 9. Single-span and single-disc rotor. 

 
Figure 10. Single-span and four-disc rotor. 

 
Figure 11. Single-span and three-disc rotor. 

61

#1
disc

▼
1

40
4636

29
3525

20
2414

8
132

#1
bearing

#2
bearing

#3
bearing

#2
disc

#4
bearing

#5
bearing

#3
disc

#6
bearing

#7
bearing

#4
disc

#8
bearing

61

#1
disc

▼
1

29
3525

20
2414

8
132

#1
bearing

#2
bearing

#3
bearing

#2
disc

#4
bearing

#5
bearing

#3
disc

#6
bearing

61

#1
disc

▼
1

20
2414

8
132

#1
bearing

#2
bearing

#3
bearing

#2
disc

#4
bearing

61

#1
disc

▼
1

8
132

#1
bearing

#2
bearing

61

#1
disc

▼
1 57

4029208
2

#1
bearing

#2
disc

#3
disc

#4
disc

#10
bearing

61

#1
disc

▼
1 57

29208
2

#1
bearing

#2
disc

#3
disc

#10
bearing

Figure 8. Two-span and two-disc rotor.
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Figure 9. Single-span and single-disc rotor.
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Figure 12. Single-span and two-disc rotor.

Table 2. Meanings of symbols in the computational example of the rotor.

Parameter Meaning

r_shaft Radius of the shaft
p_shaft Density of the shaft
E_shaft Elastic modulus of the shaft
L_shaft Length of the shaft
r_disc Radius of the disc
p_disc Density of the disc
E_disc Elastic modulus of the disc
L_disc Width of the disc
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Table 3. Parameters of the rotor shaft in the proposed computational examples.

Parameter Value Parameter Value

r_shaft 10 × 10−3 m L_shaft of h4.4, h1.4, g4.4, g1.4 1800 × 4 × 10−3 m
p_shaft 7800 kg·m−3 L_shaft of h3.3, h1.3, g3.3, g1.3 1800 × 3 × 10−3 m
E_shaft 2.1 × 1011 Pa L_shaft of h2.2, h1.2, g2.2, g1.2 1800 × 2 × 10−3 m

L_shaft of h5.5, h1.5, g5.5, g1.5 1800 × 5 × 10−3 m L_shaft of h1.1, g1.1 1800 × 1 × 10−3 m

Table 4. Parameters of the five eccentric disc in the proposed computational examples.

Parameter Value Parameter Value Parameter Value

m1u 0.05 kg m2u 0.15 kg m3u 0.01 kg
e1 30 × 10−3 m e2 10 × 10−3 m e3 20 × 10−3 m
α1 45◦ α2 90◦ α3 20◦

Z1d Point 8 Z2d Point 20 Z3d Point 29
m4u 0.10 kg m5u 0.05 kg r_disc of #1~#5 disc 50 × 10−3 m
e4 15 × 10−3 m e5 40 × 10−3 m p_disc of of #1~#5 disc 7800 kg·m−3

α4 190◦ α5 290◦ E_disc of of #1~#5 disc 2.1 × 1011 Pa
Z4d Point 40 Z5d Point 55 L_disc of of #1~#5 disc 10 × 10−3 m

Table 5. Parameters of the ten oil-journal bearings in the proposed computational examples.

Parameter Value Parameter Value[
k1·xx k1·xy
k1·yx k1·yy

] [
9× 106 10× 106

−6× 106 4× 106

]
N/m

[
k2·xx k2·xy
k2·yx k2·yy

] [
30× 106 6× 106

−15× 106 10× 106

]
N/m[

c1·xx c1·xy
c1·yx c1·yy

] [
1× 105 −6× 105

−6× 105 10× 105

]
N·s/m

[
c2·xx c2·xy
c2·yx c2·yy

] [
6× 105 −14× 105

−14× 105 15× 105

]
N·s/m[

k3·xx k3·xy
k3·yx k3·yy

] [
40× 106 7× 106

−16× 106 11× 106

]
N/m

[
k4·xx k4·xy
k4·yx k4·yy

] [
45× 106 9× 106

−20× 106 14× 106

]
N/m[

c3·xx c3·xy
c3·yx c3·yy

] [
7× 105 −15× 105

−15× 105 16× 105

]
N·s/m

[
c4·xx c4·xy
c4·yx c4·yy

] [
10× 105 −20× 105

−20× 105 20× 105

]
N·s/m[

k5·xx k5·xy
k5·yx k5·yy

] [
50× 106 15× 106

−25× 106 20× 106

]
N/m

[
k6·xx k6·xy
k6·yx k6·yy

] [
9× 106 10× 106

−6× 106 10× 106

]
N/m[

c5·xx c5·xy
c5·yx c5·yy

] [
20× 105 −30× 105

−30× 105 30× 105

]
N·s/m

[
c6·xx c6·xy
c6·yx c6·yy

] [
1× 105 −6× 105

−6× 105 10× 105

]
N·s/m[

k7·xx k7·xy
k7·yx k7·yy

] [
30× 106 6× 106

−15× 106 10× 106

]
N/m

[
k8·xx k8·xy
k8·yx k8·yy

] [
40× 106 7× 106

−16× 106 11× 106

]
N/m[

c8·xx c8xy
c8·yx c8·yy

] [
6× 105 −14× 105

−14× 105 15× 105

]
N·s/m

[
c8·xx c8·xy
c8·yx c8·yy

] [
7× 105 −15× 105

−15× 105 16× 105

]
N·s/m[

k9·xx k9·xy
k9·yx k9·yy

] [
45× 106 9× 106

−20× 106 14× 106

]
N/m

[
k10·xx k10·xy
k10·yx k10·yy

] [
50× 106 15× 106

−25× 106 20× 106

]
N/m[

c9·xx c9·xy
c9·yx c9·yy

] [
10× 105 −20× 105

−20× 105 20× 105

]
N·s/m

[
c10·xx c10·xy
c10·yx c10·yy

] [
20× 105 −30× 105

−30× 105 30× 105

]
N·s/m

Z1b Point 2 Z2b Point 13
Z3b Point 14 Z4b Point 24
Z5b Point 25 Z6b Point 35
Z7b Point 36 Z8b Point 46
Z9b Point 47 Z10b Point 57

Table 6. Parameters of the ten rolling bearings in the proposed computational examples.

Z1b Z2b Z3b Z4b Z5b Z6b Z7b Z8b

Point 2 Point 13 Point 14 Point 24 Point 25 Point 35 Point 36 Point 46

Z9b Z10b

[
ki·xx ki·xy
ki·yx ki·yy

]
, i = 1 to 10

[
ci·xx ci·xy
ci·yx ci·yy

]
, i = 1 to 10

Point 47 Point 57
[

9× 106 0
0 8.9× 106

]
N/m

[
80 0
0 75

]
N·s/m

Based on the CRDAM, FEM [10] and Ricatti [11] methods, a calculation program
to calculate the unbalance responses is developed using Matlab software. As shown in
Figures 4–12, the rotor-shaft is divided into 60 unit elements of equal length and the discs
and bearings are lumped when unbalance responses of FEM and Ricatti methods are
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calculated by the program. The #2 (2th) point’s unbalance responses changed with the
rotating frequencies (speeds) are obtained for the comparison among the three methods. In
the computation, the calculating frequency is from 0 to 1000 Hz and the interval is 1 Hz.

3.2. Calculated Critical Frequencies
3.2.1. Results

Tables A1–A9, in which the values of critical frequencies calculated by CRDAM, FEM
and Ricatti are listed, are obtained in Appendix A. By treating FEM as the base-exact, C/F
and R/F are used to compare the discrepancies among the three methods. C/F is the
relative error of critical frequency calculated by CDRAM to the frequency obtained by
FEM and R/F represents the relative error of critical frequency calculated by Ricatti to the
frequency calculated by FEM.

According to the two Tables, the critical frequency values calculated by the three
methods are almost equal. For g1.1, the maximum values of C/F and R/F are 0.852% and
2.273%, respectively. For g2.2, g3.3, g4.4, g5.5, g1.2, g1.3, g1.4 and g1.5, they are 0.129% and
0.528%, 1.310% and 5.022%, 0.570% and 3.422%, 0.294% and 2.941%, 0.422% and 1.582%,
0.474% and 2.966%, 0.262% and 2.345%, 0.333% and 2.333%, respectively. For the rotors
supported by oil journal bearings h1.1, h2.2, h3.3, h4.4, h5.5, h1.2, h1.3, h1.4 and h1.5,
they are 0.168% and 0.168%, 0.125% and 0.526%, 1.392% and 5.139%, 0.565% and 3.578%,
0.830% and 3.271%, 0.521% and 1.771%, 0.590% and 3.066%, 0.529% and 2.340%, 0.000%
and 2.326%, respectively. These maximum values of the relative errors are quite small.

3.2.2. Discussion

Figures 13 and 14, which indicate the difference of the critical frequency calculated by
CRDAM, FEM and Ricatti, are obtained using the data of C/F and R/F in Tables A1–A9.
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Figure 13. Relative error of calculated critical frequency of CDRAM to FEM and Ricatti to FEM when
the rotor is supported by rolling bearings.
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Figure 14. Relative error of calculated critical frequency of CDRAM to FEM and Ricatti to FEM when
the rotor is supported by oil journal bearings.

According to Figures 13 and 14, the low order critical frequencies calculated by the
three methods are almost equal. The difference becomes bigger among the high order
critical frequencies. Moreover, the higher the order, the greater the difference except the
value of R/F in g1.3 and h1.3. For h1.1, C/F curve and R/F curve coincide. For the other
rotors, C/F cure is below R/F curve. It indicates that the critical frequency calculated by
CRDAM is closer to the critical frequency calculated by FEM than the critical frequency
calculated by Ricatti. Even at high order critical frequency, the difference between the
critical frequency calculated by FEM and the critical frequency calculated by CRDAM are
small. It can be inferred that the proposed CRDAM method is closer to FEM than Ricatti.

3.3. Calculated Unbalance Response
3.3.1. Results

Based on CRDAM, FEM and Ricatti, three curves, which represent the relation between
unbalance responses and rotating frequencies, are obtained in Figure 15. They are calculated
at #2 point of the computational example g3.3.

According to Figure 15, it is found that the three obtained curves have the same trend.
According to Figure 15a,b, the three curves, which are obtained from 0 to 50 Hz and 50 to
150 Hz, are well coincident. It is because that the first and second order critical frequencies
are equal. However, from 150 to 400 Hz, the three curves are not well coincident. The
unbalance response curves obtained by CRDAM and FEM coincide better than the curve
obtained by Ricatti according to Figure 15c. According to Figure 15d,e, the curves obtained
by CRDAM and FEM still coincide better from 300 Hz to 600 Hz than the curve obtained by
Ricatti. The reason is that the values of the critical frequencies calculated by CRDAM and
FEM coincide better than the value calculated by Ricatti. According to Figure 15f, the three
curves from 600 to 1000 Hz are not well coincident near the seventh order critical frequency
due to the difference of the seventh order critical frequency. However, the three curves are
well coincident when the calculating frequencies are far from the seventh critical frequency.
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Figure 15. Calculated unbalance response of point #2 of g3.3: (a) 0~50 Hz; (b) 50~150 Hz;
(c) 150~300 Hz; (d) 300~500 Hz; (e) 500~600 Hz; (f) 600~1000 Hz.

Moreover, similar phenomena can be found in simulations of the computational
examples g1.1, g2.2, g1.2, g1.3, h1.1, h2.2, h3.3, h1.2, h1.3 g5.5, g1.4, g1.5, h4.4, h5.5, h1.4
and h1.5 whose results are shown in Figures A1–A16 in Appendix C.

Figure 16 shown the three curves of relation between unbalance responses and rotating
frequencies is obtained using the computational example g4.4. The three obtained curves
have the same trend. However, according to Figure 16a, although the first order frequency
values are almost equal, the three unbalance response curves are not well coincident
near the first order critical frequency. The peak value of FEM amplitude curve is biggest.
However, the three curves coincide well when the calculating frequencies are far away
from the first order critical frequency.
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Figure 16. Calculated unbalance response of point #2 of g4.4: (a) 0~200 Hz; (b) 200~270 Hz;
(c) 270~500 Hz; (d) 500~800 Hz; (e) 800~1000 Hz.

According to Figure 16b, the three curves from 200 to 270 Hz are well coincident
except near the second and third critical frequency. Since the second and third order critical
frequency values calculated by CRDAM and FEM are equal, the two curves obtained by
CRDAM and FEM coincide better than the curve obtained by Ricatti at the two critical
frequencies. At the second order frequency, the peak value of FEM amplitude curve is
the biggest. At the third order frequency, the peak value of Ricatti amplitude curve is
the biggest.
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According to Figure 16c, the three curves from 270 to 500 Hz are still well coincident
except near the fourth and fifth order critical frequency. The two curves obtained by
CRDAM and FEM coincide better than the curve obtained by Ricatti at the two critical
frequencies. According to Figure 16d, the curve obtained by CRDAM is well coincident
with the curve obtained by FEM when the frequency is smaller than the seventh order
critical frequency. It is also coincident with the curve obtained by Ricatti when the frequency
is far away from the sixth and seventh order critical frequency. While from the seventh
order critical frequency to 800 Hz, the curve obtained by CRDAM does not coincide with
the two curves obtained by FEM and Ricatti at all.

However, according to Figure 16e, the curve obtained by CRDAM is obviously not
coincident with the two curves obtained by FEM and Ricatti. From the angle curve obtained
by CRDAM, the angle changes frequently and suddenly from positive to negative with
frequency, but the phenomenon does not occur on the angle curve obtained by FEM and
Ricatti. It is indicated that numerical instability of CRDAM occurs and the unbalance
response cannot be correctly calculated by the proposed method from the seventh order
critical frequency to 1000 Hz. While for the FEM and Ricatti methods, there is no numerical
instability phenomenon although the two curve obtained by them are not coincident
obviously from the seventh order critical frequency to 1000 Hz.

3.3.2. Discussion

(1) Accuracy

From the above, the three unbalance response curves calculated by CRDAM, FEM
and Ricatti are well coincident when the frequency is away from the critical frequency,
but they are different when the frequency is near the critical frequency. At the critical
frequency, the peak value of the amplitude of unbalance response curve appears and the
amplitude decreases or increases rapidly near the critical frequency. When the peak values
are different, the three unbalance response curves are not well coincident. When the same
order critical frequencies are different, their coincidence becomes worse. The severity of
the inconsistency of the unbalanced response is positively correlated with the difference of
the critical frequency calculated the three methods.

However, the three unbalance response curves calculated by three methods are well
coincident when the frequency is smaller than the low order frequency (first, second, third
and fourth order). Even near the lower critical frequency, the three unbalance response
curves calculated by the three methods coincide well. The reason is that the low order
frequencies and the unbalance response amplitude calculated by the three methods are
almost equal.

To intuitively evaluate the coincidence of the three unbalance response curves cal-
culated by the three methods, Figures 17 and 18 are obtained using the computational
example h5.5 and h1.5, respectively. In Figures 17 and 18, the red curve represents the
error of CRDAM to FEM and the black curve represents the error of CRDAM to FEM.
The relative error is used to describe the amplitude error of unbalance responses and the
absolute error is used to describe the angle error.

According to Figure 17a–c, the red curve is below the black curve from 0 Hz to 300 Hz,
which means that the error of FEM to CRDAM is smaller than the error of Ricatti to CRDAM.
The unbalance response obtained by CRDAM is closer to the unbalance response obtained
by FEM than the unbalance response obtained by Ricatti. The errors are smaller when
the frequency is away from the first, second, third, fourth and fifth critical frequency than
when near these critical frequency. The error of FEM to CRDAM is small even when the
frequency is near these critical frequency. The similar results can also be obtained from
Figure 18a–c.
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Figure 17. Relative error of #2 point’s unbalance response amplitude and absolute error of #2 point’s
unbalance response angle: (a) 0~150 Hz; (b) 150~220 Hz; (c) 220~300 Hz; (d) 300~500 Hz.

According to Figure 17e, the red curve is close to the black curve when the frequency
is smaller than the sixth order critical frequency. When the frequency is higher than the
sixth order critical frequency, most parts of the red curve is above the black curve, but
there are some parts of the red curve and black curve are coincident and there are some
parts of the red curve is above the black curve. Hence, it can also be inferred that the
unbalance response obtained by CRDAM is closer to the unbalance response obtained by
FEM than the unbalance response obtained by Ricatti. Moreover, the errors are bigger
when the frequency is near the sixth order critical frequency than when the frequency is
away from the sixth order critical frequency. The similar results can also be obtained from
Figure 18d–h.

From the above, the unbalance responses calculated by the CRDAM, FEM and Ricatti
are different. The unbalance response obtained by CRDAM is closer to the unbalance
response obtained by FEM than the unbalance response obtained by Ricatti, especially
when the frequency is smaller than the low order frequencies. Their differences are small
when the frequency is away from the critical frequency and the differences are big when
near these critical frequencies. When the frequency is smaller than the low order frequency,
their differences are small too.
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Figure 18. Cont.
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Figure 18. Relative error of #2 point’s unbalance response amplitude and absolute error of #2 point’s
unbalance response angle: (a) 0~10 Hz; (b) 10~25 Hz; (c) 25~45 Hz; (d) 45~70 Hz; (e) 70~100 Hz;
(f) 100~145 Hz; (g) 145~175 Hz; (h) 175~230 Hz.

In addition, for Ricatti method, the rotor is simplified as a beam mode with lumped
mass, which causes errors in modelling and the inaccuracy of calculating unbalance re-
sponse. While for FEM, the model is closer to real rotors and unbalance responses obtained
by FEM are more accuracy than Ricatti method because the factors such as moment of
inertia, gyroscopic moment and shear deformation are considered. CRDAM is closer to
FEM than Ricatti. Hence, CRDAM can be considered as an effective method for calculating
unbalance responses of rotors.

According to the above conclusion, the unbalance responses of all points of g1.5
and g5.5 at the frequencies which are away from the critical frequencies, are obtained in
Figures 19 and 20. For h1.5, the frequencies 1 Hz, 10 Hz, 25 Hz, 45 Hz, 65 Hz, 100 Hz, 130 Hz,
220 Hz, 180 Hz and 280 Hz are selected. For h5.5, they are 100 Hz, 300 Hz and 400 Hz.
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Figure 19. Calculated unbalance response of point #1–61 of g1.5 at ten fixed frequency: (a) 1 Hz;
(b) 10 Hz; (c) 25 Hz; (d) 45 Hz; (e) 65 Hz; (f) 100 Hz; (g) 130 Hz; (h) 180 Hz; (i) 220 Hz; (j) 280 Hz.

According to Figure 19, it is found that using CRDAM, FEM and Ricatti, the three
obtained curves, which represent the relation between unbalance responses and positions
of the 61 points on the shaft at a fixed rotating frequency, are well coincident. The curve
obtained by Ricatti are well coincident with the CRDAM and FEM curves when the
frequency is 1 Hz, 10 Hz, 25 Hz, 45 Hz, 65 Hz, 100 Hz, 130 Hz and 220 Hz, but not well
coincident with the two curves at 180 Hz and 280 Hz. According to Figure 19h, the curve
obtained by Ricatti are not coincident with the other two curves at #48–49 points when
the frequency is 180 Hz. According to Figure 19j, the curve obtained by Ricatti are not
coincident with the other two curves at #34–35 and #45–56 points when the frequency
is 280 Hz. According to Figure 20, the three obtained curves are still well coincident.
According to Figure 20b,c, the curve obtained by CRDAM is better coincident with the curve
obtained by FEM than the curve obtained by Ricatti. The curve obtained by Ricatti are not
coincident with the other two curves at #58–59 points in Figure 20b and the curve obtained
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by Ricatti are not coincident with the other two curves at #11–12 points in Figure 20c. It
indicates that the CRDAM method is closer to FEM than Ricatti.
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Figure 20. Calculated unbalance response of point #1~61 of g5.5 at three fixed frequency: (a) 100 Hz;
(b) 300 Hz; (c) 400 Hz.

(2) Numerical stability

According to simulation of g4.4, unbalance response angle obtained by CRDAM
changes frequently and suddenly from positive to negative with frequency when the
frequency is high. It indicates that the numerical instability occurs and the unbalance
response cannot be correctly calculated by the proposed method.

Moreover, similar phenomena can be found in simulations of g5.5, g1.4, g1.5, h4.4,
h5.5, h1.4 and h1.5 whose results are shown in the Figures 21–27. According to Figure 21
obtained using g5.5, the phenomenon of numerical instability of CRDAM is obviously
when the rotating frequency is higher than 800 Hz. According to Figure 22 obtained using
g1.4, numerical instability of CRDAM occurs after 600 Hz and becomes more serious
when the frequency increases. For g1.5, numerical instability of CRDAM occurs after
400 Hz and becomes more serious when the frequency increases according to Figure 23.
For h4.4, the numerical instability occurs at 630 Hz and becomes obvious from 700 Hz to
1000 Hz according to Figure 24. According to Figure 25, numerical instability of CRDAM
in h5.5 occurs after 500 Hz. According to Figure 26, it occurs after 580 Hz and becomes
more serious from 650 Hz to 1000 Hz. According to Figure 27, it occurs after 400 Hz and
becomes more serious from 500 Hz to 1000 Hz. Whereas for FEM and Ricatti, there is no
numerical instability phenomenon although their curves still do not coincide according to
Figures 16 and 21–27.
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Figure 21. Calculated unbalance response of point #2 in g5.5 from 550 Hz to 1000 Hz.
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Figure 22. Calculated unbalance response of point #2 in g1.4: (a) 500~750 Hz; (b) 750~1000 Hz.
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Figure 23. Calculated unbalance response of point #2 in g1.5: (a) 320–500 Hz; (b) 500–1000 Hz.
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Figure 24. Calculated unbalance response of point #2 in h4.4: (a) 600–700 Hz; (b) 700–1000 Hz.
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Figure 25. Calculated unbalance response of point #2 in h5.5 from 500 Hz to 1000 Hz.
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Figure 26. Calculated unbalance response of point #2 in h1.4: (a) 540~650 Hz; (b) 650~1000 Hz.
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Figure 27. Calculated unbalance response of point #2 in h1.5: (a) 270~500 Hz; (b) 500~1000 Hz.

When Matlab performs inversion of the matrix M11 at some frequencies, the alarm
that results may be inaccurate because M11 is close to singular or badly scaled occurs.
Therefore, the reciprocal condition of a matrix is used to investigate the numerical stability
which is caused by the singular matrix M11. If a matrix is well conditioned, its reciprocal
condition number is near 1. If a matrix is badly conditioned, its reciprocal condition is
near 0. Figures 28–31 which show the reciprocal condition numbers of M11, are obtained
by the function round( ) of Matlab.
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Figure 28. The reciprocal condition of the matrix M11: (a) 1~16 Hz; (b) 17~629 Hz; (c) 630~640 Hz;
(d) 640~773 Hz; (e) 774~1000 Hz.
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Figure 29. The reciprocal condition of the matrix M11: (a) 1~9 Hz; (b) 10~349 Hz; (c) 350~360 Hz;
(d) 361~435 Hz; (e) 436~1000 Hz.
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Figure 30. The reciprocal condition of the matrix M11: (a) 1~9 Hz; (b) 10~349 Hz; (c) 350~360 Hz;
(d) 361~435 Hz; (e) 436~1000 Hz.
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Figure 31. The reciprocal condition of the matrix M11: (a) 1~9 Hz; (b) 6~278 Hz; (c) 279~1000 Hz.

According to Figures 28–31, the general trend is that the reciprocal condition of M11
decrease with the increase of frequency. It is indicated that M11 becomes more badly
conditioned when the frequency increases. For g1.4, h1.4, g4.4 and h4.4, the alarm appears
at 357 Hz and from 436 Hz to 1000 Hz. For g5.5 and h5.5, the alarms appear from 279 Hz to
1000 Hz. For g3.3 and h1.3, the alarms appear at 634 Hz and 635 Hz and from 774 Hz to
1000 Hz. Moreover, the reciprocal condition numbers of M11 are exactly equal at the same
frequency for g4.4, h4.4, g1.4, h1.4. According to Equations (19) and (20) and Equation A1,
the elements of the matrix M11 are only related to the parameters of the rotor-shaft and
the rotating frequency. The parameters of shaft of the four rotors are same from Table 3.
Consequently, similar rule can also be obtained from Figures 28–31. A possible solution of
the singular M11 and the numerical stability is improving on calculation accuracy which is
dependent on the development of Matlab software and computes. When using CRDAM, a
proper alarm value of the reciprocal condition of M11 can be used to ignore the incorrect
results due to the numerical stability.
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3.4. Calculating Speed

Figure 32, which represents the time consumption of calculating unbalance response
of each computational example by CRDAM, FEM, and Ricatti, is obtained. From Figure 32,
the calculating speed of FEM is the slowest among the three methods. When calculating
rotor g1.1, g2.2, g1.2, g1.3, h1.1, h2.2, h3.3, h1.2 and h1.3, the calculating speed of CRDAM
is faster than that of Ricatti. When calculating rotor g3.3, g4.4, g5.5, g1.4, g1.5, h4.4, h5.5,
h1.4 and h1.5, the calculating speed of CRDAM is slower than that of Ricatti. It means
that when the rotor becomes complicated, the calculating speed of CRDAM is slower
than of Ricatti. For example, calculating the unbalance response of rotor g5.5 and h5.5
by CRDAM needs 93.53 s and 231.8 s, respectively. However, it cost 34.91 s and 57.82 s
using Ricatti. Moreover, the calculation time is very long for g5.5 and h5.5, which means
complex rotors may take more calculation time than simple rotors when using CRDAM.
The average time consumption of CRDAM, FEM and Ricatti is 44.64 s, 154.84 s and 30.45 s,
respectively. Moreover, the time consumption of CRDAM increases with the complexity of
the calculation instance according to Figure 32.
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Figure 32. Time consumption of calculating the unbalance response from 0 Hz to 1000 Hz by CRDAM,
FEM and Ricatti methods using the 18 computation examples: (a) for rotors with rolling bearings;
(b) for rotors with oil journal bearings.

In addition, by dividing the shaft into more elements, more calculating time are needed
for FEM and Ricatti, but the time consumption of CRDAM remains unchanged theoretically.
Hence, the calculating speed of CRDAM can be the fastest.

4. Conclusions

For the multi-disc and multi-span rotor-bearing system, CRDAM, which can be used
for further studies on identification of rotor unbalance and bearing coefficients, is proposed.
Numerical experiments are conducted to validate the proposed method by comparing it
with FEM and Ricatti. The results of this paper are concluded as follows:

(1) The functional relationship between the unbalance response and location on the
shaft, rotor unbalance (amplitude and angle), each bearing’s stiffness and damping
coefficients and rotor’s inherent parameters is obtained based on CRDAM.

(2) Numerical simulations indicate that the obtained unbalance response calculated by
the three methods are almost equal when the frequency is away from the critical
frequency, but they are different when the frequency is near the critical frequency.
Moreover, CRDAM is closer to FEM than Ricatti. Although the critical frequencies
calculated by them are almost equal to each other, the critical frequency calculated
by CRDAM is closer to the critical frequency calculated by FEM than the critical



Appl. Sci. 2022, 12, 4351 27 of 41

frequency obtained by Ricatti. The unbalance response obtained by CRDAM is also
closer to the unbalance response obtained by FEM than the unbalance response by
Ricatti, especially when the frequency is smaller than the low order frequency.

(3) Numerical simulations indicate that the calculating speed of CRDAM is the second
fast among the three methods, but the speed of CRDAM becomes faster than Ricatti
when the rotor is complicated. Simulations also show that the numerical stability of
FEM and Ricatti is better than CRDAM. However, the numerical instability of CRDAM
occurs when the frequency is high, often higher than the fifth order frequency.

In engineering practice, actual rotors work at the speed, which must be away from
each critical frequency, to avoid sympathetic vibration. Hence, CRDAM is applicable to
calculating unbalance response of multi-disc and multi-span rotor. High speed rotors are
just across third critical frequency. Therefore, the proposed method can be applied to actual
high speed rotors. However, complex rotor systems, such as the reducer gear transmission
systems, which have multi shafts parallel in space, cannot be modelled by the proposed
method. FEM and Ricatti should be applied for these complex rotors.

For further study, the loss factor could be considered for modelling the continuous
rotor. Timoshenko model could be used in the model of the rotor. The forward problems of
the continuous rotor dynamics for the multi-disc and multi-span rotors, is solved in this
paper. Inverse problems of the continuous rotor dynamics could be conducted based the
proposed CRDAM. For example, identification of rotor unbalance and bearing stiffness and
damping of without test runs and external excitations, which has the advantages of easy
implementation and low cost, should be studied in the future. It can be achieved by solving
equations which are built using unbalance responses at some positions on rotor-shaft as
known conditions based on the proposed functional relationship.
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Appendix A
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k2·yx + i · wc2·yx
)
Gu(q1b, q2b)

(
k2·yx + i · wc2·yx

)
Gu(q2b, q2b) · · ·

(
k2·yx + i · wc2·yx

)
Gu(qnb, q2b)

...
...

...
...(

kn·yx + i · wcn·yx
)
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(
kn·yx + i · wcn·yx

)
Gu(q2b, qnb) · · ·

(
kn·yx + i · wcn·yx

)
Gu(qnb, qnb)


n×n

(A17)

H44 = −L


(k1·xx + i · wc1·xx)Gv(q1b, q1b) (k1·xx + i · wc1·xx)Gv(q2b, q1b) · · · (k1·xx + i · wc1·xx)Gv(qnb, q1b)
(k2·xx + i · wc2·xx)Gv(q1b, q2b) (k2·xx + i · wc2·xx)Gv(q2b, q2b) · · · (k2·xx + i · wc2·xx)Gv(q2b, qnb)

...
...

...
...

(kn·xx + i · wcn·xx)Gv(q1b, qnb) (kn·xx + i · wcn·xx)Gv(q2b, qnb) · · · (kn·xx + i · wcn·xx)Gv(qnb, qnb)


n×n

(A18)

Appendix B

Table A1. Calculated critical frequencies of rotor g1.1 and h1.1.

g1.1 h1.1

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 33 33 33 0.000 0.000 33 33 33 0.000 0.000
2th 209 209 209 0.000 0.000 212 212 212 0.000 0.000
3th 355 352 360 0.852 2.273 598 597 596 0.168 0.168

Table A2. Calculated critical frequencies of rotor g2.2 and h2.2.

g2.2 h2.2

Order CRDAM
(Hz)

FEM
(Hz)

Ricatti
(Hz)

C/F
(%)

R/F
(%)

CRDAM
(Hz)

FEM
(Hz)

Ricatti
(Hz)

C/F
(%)

R/F
(%)

1th 16 16 16 0.000 0.000 16 16 16 0.000 0.000
2th 104 104 104 0.000 0.000 104 104 104 0.000 0.000
3th 294 294 294 0.000 0.000 295 295 295 0.000 0.000
4th 568 568 571 0.000 0.528 570 570 573 0.000 0.526
5th 774 773 777 0.129 0.517 799 798 799 0.125 0.125
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Table A3. Calculated critical frequencies of rotor g3.3 and h3.3.

g3.3 h3.3

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 14 14 14 0.000 0.000 92 92 92 0.000 0.000
2th 91 91 91 0.000 0.000 258 258 260 0.000 0.775
3th 256 256 258 0.000 0.781 433 433 436 0.000 0.693
4th 390 390 392 0.000 0.513 458 457 458 0.219 0.219
5th 431 431 434 0.000 0.696 562 562 567 0.000 0.890
6th 549 549 555 0.000 1.093 892 892 911 0.000 2.130
7th 928 916 962 1.310 5.022 947 934 982 1.392 5.139

Table A4. Calculated critical frequencies of rotor g4.4 and h4.4.

g4.4 h4.4

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 143 143 144 0.000 0.699 265 265 267 0.000 0.755
2th 253 253 255 0.000 0.791 303 303 305 0.000 0.660
3th 259 259 260 0.000 0.386 451 451 458 0.000 1.552
4th 279 279 280 0.000 0.358 534 531 550 0.565 3.578
5th 447 447 454 0.000 1.566 / / / / /
6th 529 526 544 0.570 3.422 / / / / /
7th 739 738 759 0.136 2.846 / / / / /

Table A5. Calculated critical frequencies of rotor g5.5 and h5.5.

g5.5 h5.5

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 171 171 172 0.000 0.585 122 122 123 0.000 0.820
2th 341 340 350 0.294 2.941 192 192 193 0.000 0.521
3th 484 483 497 0.207 2.899 199 199 200 0.000 0.503
4th / / / / / 206 206 207 0.000 0.485
5th / / / / / 243 241 242 0.830 0.415
6th / / / / / 429 428 442 0.234 3.271

Table A6. Calculated critical frequencies of rotor g1.2 and h1.2.

g1.2 h1.2

Order CRDAM
(Hz)

FEM
(Hz)

Ricatti
(Hz)

C/F
(%)

R/F
(%)

CRDAM
(Hz)

FEM
(Hz)

Ricatti
(Hz)

C/F
(%)

R/F
(%)

1th 22 22 22 0.000 0.000 22 22 22 0.000 0.000
2th 87 87 87 0.000 0.000 87 87 87 0.000 0.000
3th 198 198 199 0.000 0.505 198 198 199 0.000 0.505
4th 329 329 330 0.000 0.304 329 329 330 0.000 0.304
5th 517 517 520 0.000 0.580 518 517 521 0.193 0.774
6th 749 747 757 0.268 1.339 753 750 749 0.400 0.133
7th 952 948 963 0.422 1.582 965 960 977 0.521 1.771
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Table A7. Calculated critical frequencies of rotor g1.3 and h1.3.

g1.3 h1.3

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 10 10 10 0.000 0.000 10 10 10 0.000 0.000
2th 39 39 40 0.000 2.564 39 39 40 0.000 2.564
3th 86 86 86 0.000 0.000 86 86 86 0.000 0.000
4th 151 151 152 0.000 0.662 151 151 152 0.000 0.662
5th 225 225 226 0.000 0.444 225 225 226 0.000 0.444
6th 335 334 338 0.299 1.198 335 335 338 0.000 0.896
7th 425 424 429 0.236 1.179 426 425 431 0.235 1.412
8th 526 525 531 0.190 1.143 529 529 535 0.000 1.134
9th 686 683 700 0.439 2.489 691 688 705 0.436 2.471

10th 847 843 868 0.474 2.966 853 848 874 0.590 3.066

Table A8. Calculated critical frequencies of rotor g1.4 and h1.4.

g1.4 h1.4

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 22 22 22 0.000 0.000 22 22 22 0.000 0.000
2th 49 49 49 0.000 0.000 49 49 49 0.000 0.000
3th 86 86 86 0.000 0.000 86 86 86 0.000 0.000
4th 125 125 126 0.000 0.800 125 125 126 0.000 0.800
5th 237 237 239 0.000 0.844 190 189 191 0.529 1.058
6th 298 298 301 0.000 1.007 238 238 240 0.000 0.840
7th 383 382 389 0.262 1.832 299 299 302 0.000 1.003
8th 470 469 480 0.213 2.345 384 384 391 0.000 1.823
9th / / / / / 471 470 481 0.213 2.340

Table A9. Calculated critical frequencies of rotor g1.5 and h1.5.

g1.5 h1.5

Order CRDAM FE Ricatti C/F(%) R/F(%) CRDAM FEM Ricatti C/F(%) R/F(%)

1th 4 4 4 0.000 0.000 4 4 4 0.000 0.000
2th 14 14 14 0.000 0.000 14 14 14 0.000 0.000
3th 32 32 32 0.000 0.000 32 32 32 0.000 0.000
4th 81 81 82 0.000 1.235 55 55 55 0.000 0.000
5th 120 120 121 0.000 0.833 81 81 82 0.000 1.235
6th 153 153 154 0.000 0.654 120 120 121 0.000 0.833
7th 193 193 194 0.000 0.518 153 153 154 0.000 0.654
8th 245 245 249 0.000 1.633 193 193 195 0.000 1.036
9th 301 300 307 0.333 2.333 246 246 250 0.000 1.626

10th / / / / / 301 301 308 0.000 2.326
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Figure A1. Unbalance response of point #2 in g1.1: (a) 0~150 Hz; (b) 150~250 Hz; (c) 250~450 Hz;
(d) 450~700 Hz; (e) 700~1000 Hz.
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Figure A2. Unbalance response of point #2 in g2.2: (a) 0~50 Hz; (b) 50~150 Hz; (c) 150~400 Hz;
(d) 400~600 Hz; (e) 600~1000 Hz.
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Figure A3. Unbalance response of point #2 in g1.2: (a) 0~50 Hz; (b) 50~100 Hz; (c) 100~250 Hz;
(d) 250~400 Hz; (e) 400~600 Hz; (f) 600~800 Hz; (g) 800~1000 Hz.
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Figure A4. Unbalance response of point #2 in g1.3: (a) 0~50 Hz; (b) 50~180 Hz; (c) 180~400 Hz;
(d) 400~500 Hz; (e) 500~600 Hz; (f) 600~800 Hz; (g) 800~1000 Hz.
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Figure A5. Unbalance response of point #2 in h1.1: (a) 0~100 Hz; (b) 100~400 Hz; (c) 400~800 Hz;
(d) 800~1000 Hz.
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Figure A6. Unbalance response of point #2 in h2.2: (a) 0~50 Hz; (b) 50~400 Hz; (c) 400~700 Hz;
(d) 700~1000 Hz.
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Figure A7. Unbalance response of point #2 in h3.3: (a) 0~150 Hz; (b) 150~300 Hz; (c) 300~500 Hz;
(d) 500~700 Hz; (e) 700~1000 Hz.
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Figure A8. Unbalance response of point #2 in h1.2: (a) 0~50 Hz; (b) 50~150 Hz; (c) 150~250 Hz;
(d) 250~400 Hz; (e) 400~600 Hz; (f) 600~800 Hz; (g) 800~1000 Hz.
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Figure A9. Unbalance response of point #2 in h1.3: (a) 0~60 Hz; (b) 60~120 Hz; (c) 120~200 Hz;
(d) 200~300 Hz; (e) 300~370 Hz; (f) 370~470 Hz; (g) 370~600 Hz; (h) 600~800 Hz; (i) 800~1000 Hz.
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Figure A10. Unbalance response of point #2 in g5.5: (a) 0~300 Hz; (b) 300~400 Hz; (c) 400~550 Hz.
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Figure A11. Unbalance response of point #2 in g1.4: (a) 0~100 Hz; (b) 100~200 Hz; (c) 200~500 Hz.
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Figure A12. Unbalance response of point #2 in g1.5: (a) 0~40 Hz; (b) 40~140 Hz; (c) 140~320 Hz.
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Figure A13. Unbalance response of point #2 in h4.4: (a) 0~290 Hz; (b) 290~350 Hz; (c) 350~500 Hz;
(d) 500~600 Hz.
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Figure A14. Unbalance response of point #2 in h5.5: (a) 0~150 Hz; (b) 150~220 Hz; (c) 220~300 Hz;
(d) 300~500 Hz.
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Figure A15. Unbalance response of point #2 in h1.4: (a) 0~100 Hz; (b) 100~150 Hz; (c) 150~210 Hz;
(d) 210~250 Hz; (e) 250~420 Hz; (f) 420~540 Hz.
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