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Abstract: The reduction of train-induced ground vibrations by different railway lines and by mit-
igation measures in the propagation path is analysed in a unified approach by two-dimensional
finite element calculations where the reduction is expressed as the amplitude ratio between a specific
and the reference situation (the surface track without a mitigation measure). In general, there is
no reduction at low frequencies, and the reduction becomes stronger with increasing frequency. A
maximum reduction ratio of 0.1 at high frequencies is established with an open trench. Reduction
ratios between 0.7 and 0.2 have been found for the other situations, filled trenches, walls, plates, and
blocks, as well as for railway lines on embankment, in cuts and in a tunnel. Bridges can produce
amplifications due to their resonance frequencies, but also strong reductions due to the massive
bridge piers. The influence of some parameters has been analysed, the length of the bridge span, the
inclination of the embankment and the cut, and the stiffness of the soil and of the tunnel structure.
The dynamic track stiffnesses of a surface, bridge and tunnel track have been calculated by the 3D
finite-element boundary-element method for comparison with corresponding measurements.

Keywords: wave propagation; mitigation measures; trench; barriers; railway lines; embankment; cut;
tunnel; bridge; finite element; thin layer boundary; boundary-element method

1. Introduction

High-speed railway lines run often through tunnels, on bridges, in cuts, and on
embankments. The train-induced ground vibrations need to be predicted and—if necessary
—mitigated. The aim of this contribution is to analyse the reduction effects of special track
or line types and of mitigation measures in the propagation path by a unified approach.

Tunnel and bridge lines have been calculated by large finite-element models. These
analyses are usually for one line type only. Continuous bridge tracks (viaduct lines),
which are quite a standard in China, Japan and Taiwan, have been treated in [1–7]. The
numerical results are sometimes compared with measured ground vibrations, but not
with calculations of surface lines. Tunnel lines have also been analysed by large finite-
element models, for example in [8], and many tunnel studies exist for high-speed and
metro lines [9–13]. Simplified methods, for example in wavenumber domain [14] or with
substructuring [15,16] have been developed where the tunnel is assumed as imbedded
in an infinite soil medium (a full space). The original (full-space) boundary-element
method can simplify the geometry of the model [17,18]. According to the geometry of the
tunnel, also 2-dimensional [19–21] and 2.5 dimensional [22,23] finite-element and boundary-
element methods have been applied. Moreover, simplified phenomenological soil-structure
methods have been used in [24,25]. A few publications deal with more than one type of
railway line. In [26], tunnel and bridges have been analysed as substructures where little
influence on the vehicle dynamics and considerable influence on the track dynamics has
been found for models on a Winkler foundation. In [27], the ground vibrations from a
bridge and an embankment line have been compared indicating that the bridge generates
more low-frequency and a more specific high-frequency vibration whereas the embankment
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results in wider low and high frequency bands. In [28], railway lines on embankments,
in cuts and on the plane surface have been compared with some similar results as will be
demonstrated in the present contribution.

Mitigation measures for railway induced vibrations are well known at the track
(elastic elements, mass-spring systems) and at the building (base isolation). Mitigation
in the propagation path (trenches, obstacles, groups of piles) have been proposed, for
example in [29–37], and analysed in two or three dimensions. In the present contribution,
the reduction effects of various measures in the propagation path are analysed in the same
way as for the different types of railway lines. For the comparison of different railway
situations, the 2-dimensional calculation is an advantageous approach as it reduces the
number of parameters as well as the modelling and the calculation time.

The article is structured as follows. The two methods that are used here to represent
the infinitely large soil, the Thin Layer Method (TLM) and the Boundary-Element Method
(BEM) are shortly outlined in Sections 2.1 and 2.2 by referring to previous publications.
Both methods establish a boundary matrix which is coupled with the Finite-Element
Method (FEM) for an inner soil region, a track, tunnel or building structure. The Boundary-
Element Method uses the explicit full-space solution or—from integration in wavenumber
domain—the half-space solution whereas the Thin Layer Method uses discrete wave modes
from an eigenvalue problem. In Section 3, the results for the line load and the track load on
the surface are given as the reference for the comparison of the special situations. Section 4
presents the reduction effects of different obstacles in the propagation path, open and
infilled trenches, stiff walls, plates and blocks. The effects of different railway lines are
discussed in the following two sections, in Section 5 for embankments and cuts with
different slopes, and in Section 6 for tunnels and bridges. Corresponding measurement
results will be presented in a complementary paper. The novelty of the present contribution
is the unique approach (with models of similar system dimensions and on the same
homogeneous medium stiff soil) for the fair comparison of the reduction effects of different
railway lines and of mitigation measures in the propagation path which is rarely found in
the literature.

2. Methods of Calculation

In the following sub-sections, the Thin-Layer and the Boundary-Element Method are
described briefly. Both methods start with the solution for the infinite soil in frequency-
wavenumber domain that is for a time-harmonic plane-wave excitation. Special solutions
are obtained and a dynamic stiffness matrix for the boundary is established. This dynamic
stiffness matrix for the outer soil is combined with the dynamic stiffness matrix of an inner
finite-element region.

2.1. The Thin Layer Method (TLM)

The Thin Layer Method has been developed by Waas [38] and Kausel [39], and the
calculations of the present article have been performed with an adaptation of Rücker [19]
who added the damping elements of Lysmer [40] at the lower boundary. An example
model with tunnel, soil and building can be seen in Figure 1. It is a 2-dimensional model
with an interior finite element region including all details such as the tunnels, the soil
with specific inclusions, and the building. The infinite soil at the left and right side of
the finite-element region is represented by thin layers. The wave propagation in these
layer regions is approximated by piece-wise linear function of the depth and solved by
an eigenvalue problem for the wavenumbers. The dynamic stiffness matrices of the left
and right boundary are established by the superposition of the discrete wave modes. In
addition, the lower boundary is represented by damper elements which are adjusted to the
properties of the finite element soil.
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Figure 1. Finite-element model of a tunnel, the interior soil and a building; (the thin layers at the left
and right boundary and the viscous dampers at the bottom are not shown).

2.2. Boundary-Element Method (BEM)

The Boundary-Element Method uses special (fundamental, point-load, Greens‘ func-
tion) solutions to establish the dynamic stiffness matrix of the soil. One version uses the
explicit solution for the elastic full-space which is

uz/Fz(r∗, β) = [K0(ir∗)− iK1(ir∗)/r ∗+b0K0(iβr∗) + iβK1(iβr∗)/r∗]/4πGr

with
r∗ = rω/vS and β = vS/vP

and the modified Bessel functions of the second kind Ki. This holds for the vertical
(transversal) displacement component uz due to a vertical (transversal) force Fz.

Similar functions hold for the longitudinal displacement due to a longitudinal force
and for the stresses (three functions), see [21]. The corresponding explicit solutions in three
dimensions are given in [18].

The alternative version uses the solutions (the compliances uz/Fz) for a half-space
which are calcuated by a wavenumber integral

uz/Fz(ω, r, z1, z2) =
1

2π

∫ ∞

−∞
Nzz(ω, k, z1, z2) exp(ikx)dk

for a line load or

uz/Fz(ω, r, z1, z2) =
1

2π

∫ ∞

0
Nzz(ω, k, z1, z2)J0(kr)kdk
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for a point load. These infinite integrals for the vertical components as well as for the
horizontal components are evaluated numerically, and a proper truncation of the infinite
integral is necessary [41].

The dynamic stiffness matrix of the boundary (the outer soil region) is obtained by a
superposition of a set of point-load or line-load solutions. This boundary matrix is added
to the dynamic stiffness matrix of the inner region/the tunnel structure (Figure 2). The
stress-free surface of the soil must be discretized if the full-space solution is used. In this
contribution, the full-space method [21] is used to calculate the emission effect of a deep
tunnel where only the tunnel must be discretised. The half-space method [42] has its
advantages if a structure on the surface of the soil is analysed, such as the track structure in
Figure 3 which has been calculated for a tunnel, bridge, and surface line in Appendix A.
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Figure 3. Finite-element model of a railway track including 2 rails, 11 sleepers with 22 rail pads, under
sleeper pads, ballast, under-ballast mat, the soil is represented by the boundary-element method and
the Greens’ functions of the half-space.

2.3. The Benefit of 2-Dimensional Calculations

The structure of a railway line on the soil is usually homogeneous along the track. This
can be easily modelled in two dimensions. The excitation, however, is 3-dimensional with
local and (mostly) uncorrelated axle loads. The attenuation of the wave amplitudes with
distance is not reflected by a 2-dimensional calculation, neither in plane nor in axisymmetric
modelling. Therefore, the 2-dimensional analysis cannot predict the absolute values of the
ground vibration induced by railway traffic. Whereas the absolute amplitudes have no
meaning for the reality, the relative amplitudes, when two systems are compared, give a
relevant information. In many cases (for example for trenches of relevant lengths [29–31]),
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these frequency-dependent reduction functions can be held as an approximation of the
corresponding reductions in three dimensions and in reality and can be included in a
correct 3-dimensional prediction of train-induced ground vibrations.

3. The Reference System: A Surface Line on a Homogeneous Soil

The reference system is a surface track on a homogeneous medium stiff soil with the
material parameters shear modulus G = 8 × 107 N/m2, Damping ratio D = 2%, a Poisson
ratio of ν = 0.33, and a mass density of ρ = 2000 kg/m3 (resulting in shear and compressional
wave velocities of vS = 200 m/s and vP = 400 m/s). The track is a rigid strip foundation of
width b = 3 m, see also Table 1 for the standard parameters and the variations. All lose to
firm non-cohesive soils (sands, gravels, boulders) and cohesive soils (clays) are included by
the chosen range of wave velocities.

Table 1. Standard parameters and variations.

Parameter Symbol Value Variation

Soil
Shear modulus G 8 × 107 N/m2

Damping ratio D 2%
Poisson ratio ν 0.33
Mass density ρ 2000 kg/m3

Shear wave velocities vS 200 m/s 100, 150, 300, 500 m/s
Compressional wave velocities vP 400 m/s

Concrete
Young’s Modulus E 3 × 1010 N/m2

Mass density ρ 2500 kg/m3

Railway line
Track width b 3 m

Embankment height 5 m
Embankment width 5 m

Embankment inclination 1:1 1:2, 2:1
Cut depth 5 m
Cut width 5 m

Cut inclination 1:1 1:2, 2:1, ∞

Tunnel
Width 6 m 9 m
Height 6 m

Wall thickness 0.5 m 0.3, 0.7, 1.0 m

Bridge
Width 16 m 6, 11 m
Span 15 m 5, 10 m

Height 6 m
Wall thickness 0.5 m
Pier dimension 5 m × 5 m

Reduction measures
Trench depth 9 m

Trench thickness 0.5 m
Wall depth 9 m

Wall thickness 0.5 m
Plate length 9 m

Plate thickness 0.5 m
Box dimension 5 m × 5 m

Figure 4a shows the vibration mode at 80 Hz where waves can be observed along the
surface as well as down to the interior of the soil. The wavelength at the surface is λ ≈ 2.5 m
which means a wave velocity of v ≈ 200 m/s = vS. According to the deformation pattern,
this is the Rayleigh wave of the soil. The downward waves have twice the wavelength and
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are compression waves with vP = 400 m/s. (No reflections occur at the lower boundary
indicating that the boundary dampers work well.) The compressional waves are a special
effect of the wider excitation by the track (the strip foundation). In case of a concentratred
line load (Figure 4b), no compression waves are visible, but instead slower body waves
with a shorter wavelength appear, obviously shear waves. The Rayleigh waves at the
surface are stronger than for the track load. The reduction of the strip load compared the
line load in Figure 5 becomes stronger with frequency, approximately as uT/uL = 2vS/bω at
higher frequencies [43].

The frequency-dependent reduction effect of different railway lines and mitigation
measures is calculated as the ratio of the (averaged) amplitudes v of the specific situation
(for example with a trench) to the (averaged) amplitudes vR of the reference system. The
reference system with a surface track, which has been described in this section, will be used
throughout the text. Only in Section 7, the concentrated line load solution has been used as
the reference.
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4. Soft and Stiff Reduction Measures in the Propagation Path

Open and filled trenches and stiff obstacles are considered in this section. The reduc-
tion effect of an open trench can be clearly seen in the vibration mode of Figure 6. Behind
the trench, there is a shadow zone where the amplitudes are quite small. For an open
trench, no transfer of vibrations can occur and the soil behind the trench can only be excited
by the underlying soil layers. The frequency-dependent reduction ratio of the amplitudes
has been evaluated at the distances between 20 to 30 m (Figure 7). Reduction ratios down
to values of 0.1 are possible with an open trench (Figure 7c). This is in agreement with
previously published results in [29–31]. Note that the shortest wavelength at 80 Hz of
2.5 m is less than a third of the trench depth. Real trenches are usually stabilised by an
infill material. Softer materials provide a better reduction. The relevant parameter is the
compressional stiffness k′′ of the infill [44] which can be reduced by a softer material or by
a thicker trench.
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The wave propagation can also be impeded by a stiff material in the soil. If the „trench“
is filled with concrete, the reduction effect of a concrete wall is analysed in Figure 8. The
deformations of the near field and the surface waves are averaged over the depth by the
bending stiffness of the wall. The shorter wavelengths at higher frequencies are reduced
more efficiently. The frequency-dependent reduction ratios of the wall shown in Figure 7d
(circle markers) go down to high-frequency values of 0.3.
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Similar effects are found for a plate on top of the soil in Figure 9. The horizotal wave
motion is suppressed by the longitudinal stiffness and the vertical wave motion is reduced
by the bending stiffness of the plate. Wheras the impedance (the wave resistance) of the soil
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is constant, the bending stiffness is increasing with the wave number or the frequency. The
bending stiffness dominates above a certain frequency which is at 20 Hz for the present case,
and the amplitudes are reduced with increasing frequency (Figure 7d triangle markers).
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Figure 9. The vibration mode of a concrete plate at (a) 20, (b) 40, (c) 60, and (d) 80 Hz.

As a compact obstacle, a concrete block of dimension 5 m × 5 m is considered
(Figure 10). The reduction effect of compact obstacles is ruled by their width compared to
the wavelength [45] and it becomes stronger with increasing frequency. In a mid-frequency
range around 50 Hz, the reduction of the massive block (Figure 7d plus markers) is even
stronger than for a wall or plate, and almost as strong as for an open trench (Figure 7c).
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To summarize, the high-frequency reduction ratio of obstacles in the propagation path
is down to 0.2 for trenches (depending on the infill material), 0.2 for a concrete block, 0.4 for
a concrete wall and also 0.4 for a concrete plate on the surface of the soil.

5. Railway Lines on an Embankmnet and in a Cut

Embankments and cuts have been analysed for different inclinations. The vibration
modes are shown in Figure 11 for an inclination of 45◦ or a height to width ratio of
1:1 respectively. It can be recognised that a considerable part of the waves are directed
downwards to the interior of the soil whereas the surface waves are reduced. The frequency-
dependent reduction ratios of the cuts in Figure 12a show values down to 1/4 compared
to a surface line, independent of the inclination. The reduction begins at 15 Hz for all
investigated cuts.
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0 (reference), # 1:2,4 1:1, + 2:1, × ∞ (vertical) and (b) embankments with different inclinations of �
0 (reference), # 1:2,4 1:1, and + 2:1, compared to the reference case of a surface line.

The railway lines on an embankment show a more frequency-dependent and inclination-
dependent behaviour (Figure 12b). The reduction ratios start at a lower frequency and are
stronger for steeper embankments. Reduction ratios of 0.5 or 0.6 are typical values for
embankments, and also in [28] a cut was more effective than an embankment.

6. Railway Lines in a Tunnel and on a Bridge

The vibration mode of a tunnel in Figure 11c shows a reduction effect due to the wider
tunnel invert of b = 6 m compared to the width of a surface line (b = 3 m). The excitation at
depth generates less surface waves. The reduction ratio of the amplitudes is approximately
at 1/3 compared to the surface line. Figure 13a shows also results for a „tunnel“ near the
surface at 5 m depth (rather a concrete trough than a tunnel). The reduction is not as strong
so that it may be concluded that the covering of the tunnel by a certain portion of the soil is
necessary for the reduction effect.
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10 m and # 5 m (concrete cut); (b) of bridges with span lengths � 15, # 10,4 5 m, and + a concrete
bridge pier of 5 m × 5 m.

The effects of a bridge line on the ground vibrations is demonstrated by two simple
examples. The bridge span is simplified as a concrete plate of 0.5 m constant thickness and
of varying span length which is clamped at both ends in a concrete frame of 6 m height on
a corresponding foundation plate. The first to fourth resonance frequencies of the bridge
span of Table 2 are also found as amplifications of the soil response (Figure 13b). The strong
soil-structure interaction of the wide foundation plate shifts and considerably modifies the
resonances of the bridge span. On the other hand, strong reductions can be observed due
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to a massive bridge pier (Figure 13b plus markers). The heavy mass and the compliant soil
result in an eigenfrequency of 6 Hz and higher frequencies are strongly reduced.

Table 2. Observed resonance frequencies of the bridge-soil system.

Span Length f 1 f 2 f 3 f 4

15 m 6 Hz 38 Hz 56 Hz 100 Hz

10 m 12 Hz 50 Hz 90 Hz

5 m 28 Hz 72 Hz

These results are illustrative examples. The realistic bridge-pier-soil interaction needs
a three-dimensional calculation [46] where the co-action of the eigenfrequencies of the span
and the rigid mass (at about 10 Hz for the 2-dimensional analysis) are of importance for the
frequencies and the damping of the combined eigenmodes.

7. Wave Propagation Sideway from a Tunnel Line by 2D-FEBEM Calculation

The excitation of waves by a tunnel line has been further analysed for different
stiffnesses of the tunnel and the soil by the two-dimensional finite-element boundary-
element method. A 9 m wide and 6 m high tunnel and the amplitudes on a horizontal
propagation path in the interior of the soil are calculated for different thicknesses of the
tunnel invert and walls and for different wave velocities of the soil. The Figure 14a,b shows
the frequency-dependent reduction ratio of the tunnel excitation compared to a line load.
As before, the reduction becomes stronger with increasing frequency, and minimum ratios
of 0.1 are reached for stiff tunnels and soft soils. The reduction depends on the number of
waves that are averaged over the effective width of the tunnel. This effective width can be
somewhat increased by a stiffer tunnel invert. The stronger effect stems from the shorter
wavelengths of the softer soil. The high-frequency reduction ratios can be 0.1 for a soft soil
of 150 m/s, but almost no reduction can be found for a stiff soil of 500 m/s. (Note that the
ratios greater than 1 are due to the interference pattern of the reference system. There is no
soil-structure resonance effect for the tunnel.).
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Figure 14. The frequency-dependent reduction effect of the tunnel excitation compared with a line
load: (a) with variation in the thickness of the tunnel wall � 0.3, # 0.5, 4 0.7, + 1.0 m; (b) and
variation in the wave velocity of the soil vS = � 150, # 200,4 300, + 500 m/s.

The wave propagation from an interior load has also been investigated by 3-dimensional
calculations in wavenumber domain showing an overall reduction ratio of 0.5 compared to
a surface load [47].
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8. Conclusions

The effects of different railway lines and of different mitigation measures have been
analysed by 2D thin-layer finite-element (Sections 3–6), 2D boundary-element (Section 7), and
by 3D combined finite-element boundary-element methods (Appendix A). The frequency-
dependent reduction of the train-induced ground vibrations has been evaluated as an average
over far-field surface points in comparison to a surface line without mitigation as the reference
situations. Low frequencies are ususally not reduced, and the reduction ratio is decreasing with
frequency. The strongest reductions expressed as the ratio of the amplitudes with changes to
the amplitudes of the reference system go down to 0.1 at 80 Hz. A more realistic reduction is
summarised in Figure 15 as an average over the high frequencies between 40 and 80 Hz. An
embankment has an average reduction ratio of 0.7, wheras a cut and a tunnel have a stronger
reduction ratio of 0.3 for the railway lines. Mitigation measures in the transmission path are
effective with reduction ratios of 0.4 for plates and walls and 0.25 for a massive block. The
reduction of a trench depends on the (compressional) stiffness of the infill and reaches 0.2 for
very soft materials or for an open trench. Simultaneous measurements at a surface bridge and
tunnel line have been performed and will be discussed in a companion paper together with
the corresponding track stiffnesses calculated in the appendix of the present article. As pointed
out by FEM and BEM calculations (and by measurements), the reduction of a tunnel line is a
combination of different effects such as the depth of the excitation and the load distribution by
the stiff track structure.
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Appendix A. Calculation of Dynamic Track Compliances by 3-Dimensional FEBEM

When comparing different railway lines, it must be observed that also the railway
tracks are different, and the different vehicle-track interaction can also influence the exci-
tation of the environmental vibrations. For comparison with the measurements in [48], a
ballasted surface track, a ballast track on a bridge and a slab track in a tunnel are considered.
All tracks have the same UIC60 rails with bending stiff-ness EIR = 6.4 × 106 Nm2 and mass
per length m′ = 60 kg/m, and the same concrete sleepers with EIS = 5.2 × 106 Nm2 and
m = 338 kg. For each track, the stiffness of the material under the track (the ballast or the
subsoil of the slab) is varied.

Appendix A.1. Ballasted Track on the Surface of a Homogeneous Soil

The surface track consists of a 0.35 m ballast layer. The sub-soil has a shear wave
velocity of vS = 300 m/s. The rail pads are rather stiff with kP = 300 kN/m. The ballast is
varied as vS = 100, 150, 200, 300 m/s.

The dynamic compliances of the rails are given as amplitude and phase in Figure A1.
Although the ballast stiffness is varied by a factor of 9, the static compliance of the rail is in
the narrow range of u/F = 1.8 to 3.2 × 10−9 m/N, that means 0.2 to 0.3 mm displacement
under a 100 kN axle load. The stiff ballast yields an almost constant compliance and only a
small phase delay of 20◦. All softer ballast materials result in a stronger phase delay and a
related amplitude reduction starting at a certain frequency which is lower for the softer
ballast (for example at 60 Hz for the softest ballast of vS = 100 m/s). Moreover, the softest
ballast has the strongest contrast with the underlying soil of vS = 300 m/s, and this results
in moderate amplifications of the track amplitudes.

Appendix A.2. Ballasted Track on a Bridge (Rigid Base)

The ballasted track is the same on the bridge as for the surface line. The bottom of the
ballast layer is fixed, and the same variation of the ballast stiffness is analysed in Figure A1b.
The rigid base reduces the static compliances of the ballasted tracks to values between
u/F = 1.4 to 2.9 × 10−9 m/N. No radiation damping of the soil is present and only small
phase values due to the material damping can be observed. Clear resonances occur for the
softer ballast materials at f = 95 and 135 Hz for vS = 100 and 150 m/s. The phase decay at
the resonance is stronger than for the surface line.

Appendix A.3. Slab Track in a Tunnel (on a Layer over Bedrock)

The slab track in the tunnel has a 0.6 m thick concrete plate which lies on a 1.5 m
layer of softer soil material. The base is the tunnel invert which is assumed to be rigid.
Medium soft rail pads of kP = 60 kN/m are used to compensate the stiff track plate. The
compliance of the rail is ruled by these soft rail pads and is constant if the stiffness of the
sub-soil is varied between vS = 100 and 300 m/s. Moreover it does not change its static
value of u/F = 3.7 × 10−9 m/N with increasing frequency (see Figure A1d). The influence
of the sub-soil can be clearly seen for the plate compliance under the axle load (Figure A1c).
The massive plate yields low resonance frequencies of f = 20; 30; 40 and 60 Hz with the
compliances of the different sub-soils. The amplitudes of the plate are much smaller than
those of the rail. The amplitude ratio is 20 or 10% for the soft sub-soils and even less for
the stiff sub-soils. Such strong differences between rail and sleeper displacements are only
found for the tunnel track. The sleeper to rail displacement ratio of the ballasted tracks is
at 33 to 67% for the bridge track line and at 50 to 77% for the surface line. The differences
increase with a stiffer ballast material; but also with a softer rail pad.

Figure A1d shows the rail compliances of the three tracks, surface track with soft
ballast, bridge track with soft ballast, and tunnel track with a thick plate over a stiff sub-soil.
The rail compliance of the tunnel is increasing at 150 Hz, the end of the frequency range.
The resonance of the rail on the soft rail pads is expected at about 200 Hz. Whereas the
ballasted tracks show a phase drop below 100 Hz, the rail of the tunnel track shows almost
no phase delay.
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