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Abstract: Inhomogeneous materials, variable foundations, non-uniform cross-sections, and non-
uniformly distributed loads are common in engineering structures and typically complicate their
mechanical analysis considerably. This paper presents an accurate and efficient numerical method
for the dynamic analysis of non-uniform functionally graded beams resting on inhomogeneous
viscoelastic foundations subjected to non-uniformly distributed moving load and investigates the
effects of non-uniformities and inhomogeneities on material, foundation, and load. Based on the
Timoshenko beam theory and a Chebyshev spectral method, a consistent discrete dynamic model
is derived, which can deal with all axially varying properties. A series of numerical experiments
are carried out to validate the convergence and accuracy of the proposed method. The results are
compared with those obtained through finite element analysis or in the literature, and excellent
agreement is observed. Then, the dynamic response of an axially functionally graded beam resting
on an inhomogeneous viscoelastic foundation and subjected to a non-uniformly distributed moving
load is investigated. The results show that the material gradient and the inhomogeneous foundation
can alter the vibration amplitudes and critical speeds of the beam significantly. Compared with
more realistic non-uniformly distributed moving load models, idealized concentrated and uniformly
distributed moving load models produce apparent computation errors in vibration amplitudes.

Keywords: inhomogeneous foundation; non-uniform beam; functionally graded material; Chebyshev
polynomials

1. Introduction

The dynamic analysis of beams on elastic foundations is a fundamental problem of
great theoretical and practical significance in many engineering fields, such as railways [1],
web processing and laminating lines [2], airport pavements [3], etc. Numerous researchers
have carried out various studies on different aspects of this problem, ranging from material,
foundation, geometry, and loading.

Some of them are interested in beams made of new materials, represented by function-
ally graded materials (FGMs), and are concerned with the effects of material gradients on
the static and dynamic responses of beams. For example, Fallah and Aghdam [4] inves-
tigated the bending and free vibration of three-dimensional functionally graded porous
beams resting on elastic foundations. Ermis et al. [5] studied the free vibration of an axially
functionally graded (AFG) curved beam on orthotropic Pasternak. Vu et al. [6] researched
the dynamic behaviour of bidirectional functionally graded sandwich beams under a
moving mass with partial foundation supporting effect. Jena et al. [7] applied a shifted
Chebyshev polynomial-based Rayleigh–Ritz method and Navier’s technique to the analysis
of the free vibration of FGM beams embedded in Kerr elastic foundations. Nguyen et al. [8]
proposed an improved first-order beam theory by separating the variables for bending
and buckling analysis of thin-walled functionally graded sandwich I-beams resting on a
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two-parameter elastic foundation. Calim [9] analyzed the free and forced vibrations of
AFG Timoshenko beams on a two-parameter foundation using a complementary functions
method. Yas and Samadi [10] found that the functionally graded distributions of carbon
nanotubes through the thickness can increase the fundamental frequencies as well as critical
buckling loads of beams on elastic foundations.

Another interesting topic in this area is the effect of foundation inhomogeneities and
non-uniform cross-sections on beam dynamics. Beam structures resting on viscoelastic
foundations are often encountered in engineering practice. Compared with uniform-cross-
section beams, beams with variable cross-sections are widely applied in various engineering
fields due to their preferable mechanical, structural, functional, and economical charac-
teristics. The dynamic analysis of FGM beams with variable cross-sections resting on a
viscoelastic foundation will provide help for the application of functionally graded ma-
terials in engineering. Li et al. [11] proposed an analytical solution for the free vibration
of FGM beams with variable cross-sections resting on Pasternak elastic foundations and
discussed the effect of variable cross-sections on vibration frequencies and mode shapes.
Nayak et al. [12] carried out a stability analysis of an exponentially tapered beam on a
variable Pasternak foundation. Nayak et al. [13] investigated the free and forced vibration
of coupled beam systems resting on variable viscoelastic foundations. Coskun et al. [14]
analyzed the elastic stability of variable cross-section columns by means of some analytical
approximation techniques. Kumar [15] analysed the dynamic behaviour of axially function-
ally graded beams resting on variable elastic foundations. Jorge et al. [16] developed a FEM
program to analyze the dynamic response of simply supported beams on a non-uniform
nonlinear foundation subjected to moving loads. Zarfam et al. [17] gave an optimal control
algorithm for suppressing the vibration of beams on elastic foundations under a moving
vehicle and random lateral excitations.

In addition, the dynamic response of beams under different types of loads, especially
moving loads, has also been extensively studied. Esen [18] discussed the dynamic response
of an FGM Timoshenko beam on two-parameter elastic foundations subjected to a variable-
velocity moving mass. Li et al. [19] analysed the dynamic response of Euler–Bernoulli
beams with discrete viscoelastic supports under sinusoidal loadings. Çalım [20] stud-
ied the dynamic behavior of beams on Pasternak-type viscoelastic foundations subjected
to time-dependent loads. Younesian et al. [21] investigated the vibration responses of a
Timoshenko beam on a random viscoelastic foundation subjected to a harmonic moving
load. Kargarnovin and Younesian [22] researched the response of a uniform Timoshenko
beam supported by a Pasternak-type viscoelastic foundation subjected to an arbitrarily dis-
tributed harmonic moving load. Wang et al. [23] developed a high-order shear deformable
beam model and investigated the transient response of a sandwich porous beam acted upon
a non-uniformly distributed moving mass. Zhang [24] analyzed the steady response of an
infinite beam on a viscoelastic foundation with a uniformly distributed mass moving along
it. Nguyen et al. [25] investigated the dynamic behavior of a bidirectional functionally
graded sandwich beam under the moving point load. Wang et al. [26] proposed a novel
material parameter-dependent model to investigate the nonlinear vibration of a beam
under a moving load within a finite deformation framework. Assie et al. [27] investigated
the dynamic responses of thick Timoshenko perforated beams under a moving load using
the Ritz method.

However, there are rarely are works considering the inhomogeneities and non-
uniformities in material, foundation, cross-section, and loading simultaneously. The
works on beams under moving loads mostly model the loads as concentrated point loads
or uniformly distributed loads, except for a few works which consider non-uniformly
distributed loads. To the best of the authors’ knowledge, works on the dynamic analysis
of FGM beams on inhomogeneous viscoelastic foundations subjected to arbitrary non-
uniformly distributed loads are nearly unreported.

Thus, the objective of this paper is to compare the modeling accuracy of different load
models and to analyze the influence of inhomogeneous foundations and material gradient
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on vibration amplitude and critical velocity. First, given that the inhomogeneities or non-
uniformities in material, foundation, cross-section, and load are so common, the paper is
going to propose a consistent dynamic model to tackle all the axially varying properties,
including foundations, moving distributed loads, functionally graded materials, and cross-
sections, based on the Timoshenko beam theory and a Chebyshev spectral method. A series
of examples are given to validate the convergence and accuracy of the proposed method.
After that, the dynamics of a square AFG beam resting on an axially inhomogeneous
foundation subjected to a non-uniformly distributed load are discussed. The effects of
non-uniformly distributed moving loads, axially varying foundations, and AFG materials
are investigated, including the variations in the maximum displacement and the critical
velocity of the beam, etc.

2. Problem Description

Consider a beam resting on a viscoelastic foundation, as shown in Figure 1. Its cross-
section, material properties, as well as the foundation’s parameters, all vary along the
beam’s axial direction. That is to say, they are all functions of the coordinate x.

k f = k f (x), c f = c f (x), ρ = ρ(x), E = E(x), G = G(x), A = A(x), I = I(x) (1)

where k f and c f are the foundation stiffness and damping coefficient, respectively. ρ is the
material density, E is the Young’s modulus, G is the shear modulus, A is the area of the
cross-section, and I is the area moment of inertia.

y

x

Timoshenko Beam
( )v v t=

( ), ( ), ( )( , ( ), ( )),f f f f xk k x c c x E E x G G x A A xr r= = = == =

( ),q q x t=

lɶ

Figure 1. A non-uniform AFG beam on an inhomogeneous viscoelastic foundation subjected to a
non-uniformly distributed moving load.

The first problem is to give a general and simple numerical method for the dynamic
analysis of this kind of beam and to derive its discrete governing equation of motion. The
second problem is to investigate the dynamic response of the beam under a non-uniformly
distributed moving load and analyze the key factors affecting the maximum displacement,
critical speed, vibration amplitude, etc.

3. Theoretical Formulation

In this section, firstly, the kinetic energy and potential energy of the beam are given.
Then, a Chebyshev spectral approximation, proposed by Yagci et al. [28] and modified by
the authors [29], is briefly reviewed, which is employed to approximate all the spatially
varying parameters. By using the Chebyshev spectral method, the discretization of a system
of partial differential equations with variable coefficients can be more easily performed and
implemented. Moreover, compared with the finite element method and finite difference
method, the Chebyshev spectral method adopts high-order shape functions, and can give
a better approximation of the gradually varying material properties by setting fewer nodes,
so it is accurate and has fast convergence compared to the FEM [30–32]. Finally, the discrete
equations governing the bending and vibration of the beams are derived from Lagrange’s
equation, and a projection matrix method is introduced to apply boundary conditions.
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3.1. Kinetic Energy and Potential Energy of the System

Denote the transverse displacement of the Timoshenko beam as w(x, t), the bending
angle is α(x, t), and the length is L, the kinetic and the strain energy of the beam are given by

T =
1
2

∫ L

0

[
ρ(x)A(x)ẇ2 + ρ(x)I(x)α̇2

]
dx (2)

Ub =
1
2

∫ L

0

[
E(x)I(x)

(
∂α

∂x

)2
+ κG(x)A(x)

(
∂w
∂x
− α

)2
]

dx (3)

where ẇ = ∂w/∂t, α̇ = ∂α/∂t.
The reaction of the viscoelastic foundation is assumed to be

p(x) = −k f (x)w(x)− c f (x)ẇ(x) (4)

The elastic potential energy of the foundation is

U f =
1
2

∫ L

0
k f (x)w2dx (5)

The Rayleigh dissipation function of the reaction of the viscoelastic foundation is
given by

D =
1
2

∫ L

0
c f (x)ẇ2dx (6)

The work carried out by the non-uniformly distributed load is

Wq =
∫ xq(t)+l̃

xq(t)
q(x, t)w(x, t)dt (7)

where l̃ is the span of the applied load.
The Lagrangian function of the system is

L = T − (Ub + U f ) (8)

3.2. Chebyshev Spectral Approximation

One of the core problems of computational mechanics is the discretization and approx-
imation of structural displacement fields. Another core problem for the beam in Figure 1
is the discretization and approximation of the spatial variation law of the material, cross-
section, foundation, and load parameters. A Chebyshev spectral approximation method is
used to solve these two problems. This method is described as follows.

The Chebyshev spectral approximation is based on the Chebyshev polynomials of the
first kind. The Chebyshev polynomials are a group of recursive orthogonal polynomials
defined by

T0(x) = 1, T1(x) = x, Tk+1 = 2xTk(x)− Tk−1(x), k ≥ 1 (9)

where k is an integer and x ∈ [−1, 1]. For the sake of approximating functions defined on
an arbitrary interval [`1, `2], define the scaled Chebyshev polynomials as

Tk(x) = Tk(ξ(x)), ξ(x) =
2

`2 − `1
x− `2 + `1

`2 − `1
(10)
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Then, an infinitely differentiable and square-integrable function y(x, t) in the interval
[`1, `2] can be approximated uing a truncated Chebyshev series expansion as follows:

y(x, t) =
N−1

∑
k=0

ak(t)Tk(x) (11)

Adopting Gauss–Lobatto sampling,

xk =
`1 + `2

2
− `2 − `1

2
cos[kπ/(N − 1)], yk = y(xk, t) (12)

where k = 0, 1, . . . , N − 1. There exists a one-to-one mapping between the expansion
coefficients vector a = {ak} and the sampling value vector y = {yk}, which can be
expressed as in reference [28]:

a = ΓFy, y = ΓBa (13)

where ΓF is an N × N forward transformation matrix, and ΓB is its inverse matrix.
The n-th spatial derivative of y(x, t) can be obtained by the following [28]:

y(n) = Qny (14)

where Qn is the n-th derivative matrix, a N × N matrix with constant elements determined
by the interval [`1, `2], and the number of the Chebyshev polynomials used, i.e., N.

The inner product of two functions f (x) and g(x), both of which are infinitely differ-
entiable and square-integrable, can be calculated by the following [29]:

∫ l2

l1
f (x)g(x)dx = f TV g (15)

where V is called the Chebyshev inner product matrix, a diagonal constant matrix deter-
mined by N and [`1, `2].

Likewise, the weighted inner product between f (x) and g(x) about a weight function
h(x) can be given by the following [29]:

∫ `2

`1

f (x)h(x)g(x)dx = f TVhg (16)

where Vh is the weighted inner product matrix about the weight function h(x), which is
also a diagonal constant matrix determined by N, [`1, `2], and the values of h(x) at the
Gauss–Lobatto sampling points.

Based on the Chebyshev polynomial approximation and the discrete point sam-
pling in Equations (11) and (12), the calculation formulas of the derivative, inner product,
and weighted inner product of the functions in Equations (14)–(16) can be obtained, and
the calculus calculation of functions is transformed into matrix operations between dis-
crete vectors. Since Qn, V , and Vh are all constant matrices, the calculation efficiency is
greatly improved.

3.3. Discrete Dynamic Equation

In this section, according to the kinetic energy and potential energy of the system in
Section 3.1 and the Chebyshev spectral approximation in Section 3.2, the discrete dynamic
equation of the AFG beam with a variable cross-section on an inhomogeneous foundation
subjected to a non-uniformly distributed moving load is derived.
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The displacement fields w(x, t) and α(x, t) can be approximated using Chebyshev expan-
sions:

w(x, t) =
N−1

∑
k=0

a1k(t)Tk(x), α(x, t) =
N−1

∑
k=0

a2k(t)Tk(x) (17)

and be discretized by sampling points

xk =
L
2
− L

2
cos[kπ/(N − 1)], wk = w(xk, t), αk = α(xk, t). (18)

where k = 0, 1, 2, . . . , N − 1.
Define

h1(x) = ρ(x)A(x), h2(x) = ρ(x)I(x), h3(x) = E(x)I(x),

h4(x) = κG(x)A(x), h5(x) = k f (x), h6 = c f (x)
(19)

Denote the vector {wk} as w, {αk} as α. According to Equations (2) and (16), the kinetic
energy of the system can be computed as

T =
1
2

ẇTVh1 ẇ +
1
2

α̇TVh2 α̇ (20)

where ẇ and α̇ are the sampled vectors of ẇ and α̇ at the Gauss–Lobatto points, respectively.
According to Equations (3) and (16), the potential energy of the beam can be com-

puted as

Ub =
1
2

αT
(

QT
1 Vh3 Q1

)
α +

1
2

wT
(

QT
1 Vh4 Q1

)
w−wT

(
QT

1 Vh4

)
α +

1
2

αTVh4 α (21)

Similarly, the formula for calculating the elastic potential energy of the foundation and
the Rayleigh dissipation function of the viscoelastic foundation reaction can be obtained:

U f =
1
2

wTVh5 w, D =
1
2

ẇTVh6 ẇ (22)

where Vhi
is the weighted inner product matrix about the weight function hi, i = 1, 2, . . . , 6,

Q1 is the first derivative matrix, as shown in Equation (14).
To calculate the work done by the non-uniformly distributed moving load q, define a

moving frame õ− x̃ỹ, as shown in Figure 2. The range of the moving load is indicated by the
red dotted line, which is denoted as w̃(x̃, t). Appling the Chebyshev spectral approximation
and the Gauss–Lobatto sampling on the interval [0, l̃], the work can be computed by

Wq =
∫ l̃

0
q(x̃, t)w̃(x̃, t)dx̃ = q̃TṼ w̃ (23)

where Ṽ is the Chebyshev inner product matrix defined in Equation (15) and where the
superscript ˜ is used to indicate its integral domain [0, l̃]. q̃ and w̃, respectively, are the
Gauss–Lobatto sampling vectors of functions q(x̃, t) and w̃(x̃, t) on the interval [0, l̃] in the
coordinate system õ− x̃ỹ. Denote the coordinates of these sampling points in the coordinate
system o− xy as

{x0, x1, x2, . . . , xN−1} (24)

The value of elements of w̃ can be calculated using Equation (17)

w̃ =



w(x0, t)
w(x1, t)
w(x2, t)

...
w(xN−1, t)

 =



T0(x0) T1(x0) T2(x0) . . . TN−1(x0)

T0(x1) T1(x1) T2(x1) . . . TN−1(x1)

T0(x2) T1(x2) T2(x2) . . . TN−1(x2)
...

...
... . . .

...
T0(xN−1) T1(xN−1) T2(xN−1) . . . TN−1(xN−1)





a10

a11

a12
...

a1N−1

 (25)
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The above equation can be abbreviated as w̃ = T qa1. Considering Equations (13) and (23),
it holds that

Wq = q̃TṼ w̃ = q̃TṼT qa1 = q̃TṼT qΓF1w = FT
equalw (26)

where Fequal = (q̃TṼT qΓF1)
T is the equivalent point load applied at the points (xk, wk).

x

y

( ),w x t

oɶ xɶ

yɶ

o
L

lɶ

( ),w x tɶ ɶ

( ),q x tɶ

( )qx t

Figure 2. The work carried out by the non-uniformly distributed moving load.

Define the generalized coordinates for the beam system as follows η:

ηT =
[
wT, αT

]
(27)

The governing equation of motion can be derived by employing Lagrange’s equation

d
dt

∂L
∂η̇i
− ∂L

∂ηi
+

∂D
∂η̇i

= Fequali, i = 1, 2, . . . , 2N (28)

where ηi is the i-th entry of the column vector η, and the obtained discrete governing
equation is given by

Mη̈+ C η̇+Kη = F (29)

M =

[
Vh1 0
0 Vh2

]
, C =

[
Vh6 0
0 0

]
, F =

[
Fequal

0

]
K =

[
Q1

TVh4 Q1 + Vh5 −Q1
TVh4

−Vh4 Q1 Q1
TVh3 Q1 + Vh4

] (30)

Boundary conditions, such as pinned-pinned (PP), clamped-clamped (CC), clamped-
pinned (CP), and clamped-free (CF), are handled by a projection matrix method in refer-
ence [28]. All linear boundary conditions can be written in the following form:

βTη = 0 (31)

where β is a 2N column vector. For example, for a beam clamped at the left end, both the
displacement and the slope must be zero, i.e.,

w|x=0 = 0, α|x=0 = 0 (32)

This can be written in a discrete form as[
e1

T

eN+1
T

]
η = 0 (33)

where ei is a 2N column vector whose i-th element is unity and all other elements are zero,
i.e., β1 = e1, β2 = eN+1. Similarly, for a beam pinned at the right end, the displacement
must be zero, i.e.,

eN
Tη = 0 (34)

This equation indicates that the N-th element of η, which is the value of the displace-
ment w at the right end, is zero.
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If there are m boundary conditions in the form of Equation (31), they can be written in
a matrix form, as follows: β1

T

...
βm

T

η = Bη = 0 (35)

Every row of the matrix B represents a boundary condition.
Now, the problem evolves into solving the equation Mη̈ + C η̇ + Kη = F which

satisfies Bη = 0. The projection matrix method introduced in reference [28] is an effective
way to impose these boundary conditions. The solution can be expressed as

η = Pη̂ (36)

where P is a 2N × (2N −m) projection matrix.
Multiplying both sides of Equation (29) by PT, the global governing equation becomes

M̂ ¨̂η+ Ĉ ˙̂η+ K̂η̂ = F̂ (37)

where
M̂ = PTMP, Ĉ = PTCP, K̂ = PTKP, F̂ = PTF (38)

Solving the above equation, the static and dynamic response of non-uniform AFG
beams resting on variable foundations and subjected to non-uniformly distributed loads
can be obtained. The standard implicit Newmark time integration method is chosen to
solve the differential dynamic equilibrium equations. Therefore, the dynamic equilibrium
equation can be discretized as(

M̂+ γ∆tĈ + δ∆t2K̂
)

¨̂ηt+∆t =

F̂t+∆t − Ĉ
( ˙̂ηt + ∆t(1− γ) ¨̂ηt

)
− K̂

(
η̂t + ∆t ˙̂ηt + (0.5− δ)∆t2 ¨̂ηt

) (39)

The values of displacements η̂t+∆t and velocities ˙̂ηt+∆t at the time t + ∆t can be
gradually deduced according to the time step ∆t, respectively, as

η̂t+∆t = η̂t + ∆t ˙̂ηt + (0.5− δ)∆t2 ¨̂ηt + δ∆t2 ¨̂ηt+∆t (40)

˙̂ηt+∆t =
˙̂ηt + ∆t(1− γ) ¨̂ηt + γ∆t ¨̂ηt+∆t (41)

The coefficients δ = 0.25 and γ = 0.5 provide the weight of the contribution of
acceleration to the change in velocity and displacement.

4. Method Validation

In this section, the convergence and accuracy of the proposed method are validated.
The numerical model and method are implemented in the Julia programming language.
Two numerical experiments are performed. The current results, including natural frequen-
cies and dynamic responses, are compared with those obtained by FEM or in the literature.

4.1. A Uniform Beam Resting on a Homogeneous Viscoelastic Foundation

The first example is a uniform beam on a homogeneous viscoelastic foundation. The
parameters of the beam include a length L = 25 m, a cross-sectional area A = 1 m2, and a
second moment of area I = 1 m4. Its material density ρ = 2700 kg/m3, the Young’s
modulus E = 70 GPa, the shear correction factor κ = 2/3, the Poisson’s ration µ = 1/3,
and the shear modulus G = E/2(1 + µ). The two ends of the beam are simply supported.
Define the dimensionless natural frequency and foundation parameters as follows:

ω̄ =

√
ωL2

√
ρA/(EI), k̄ f = k f L4/(EI), c̄ f = c f L2/

√
ρA/(EI) (42)
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where k̄ f and c̄ f are the dimensionless foundation stiffness and damping coefficient, respectively.
The convergence of the proposed method is first considered. Two foundation stiffness

coefficients are considered, i.e., k̄ f = 1 and k̄ f = 104. The damping coefficient c̄ f is set
to zero. The results are shown in Figure 3, where 1st, 2nd, and 3rd denote the first three
modes. It can be seen that a rapid convergence is observed, and the values stabilize in a
very small range when more than eight Chebyshev polynomials are used.

6 7 8 9 10 11 12 13 14 15 16
3.0913

3.0914

3.0915

N

kf = 1, 1st

6 7 8 9 10 11 12 13 14 15 16
5.80

5.84

5.88

N

kf = 1, 2nd

6 7 8 9 10 11 12 13 14 15 16
10.7

10.8

10.9

11.0

11.1

N

kf = 1, 3rd

6 7 8 9 10 11 12 13 14 15 16
9.9844

9.9845

9.9846

N

kf = 10 4, 1st

6 7 8 9 10 11 12 13 14 15 16
10.17

10.18

10.19

N

kf = 10 4, 2nd

6 7 8 9 10 11 12 13 14 15 16
7.6

8.0

8.4

8.8

N

kf = 10 4, 3rd

Figure 3. Convergence of the first three dimensionless natural frequencies.

Then, the accuracy of the proposed method is validated by comparing the results
with those found in the literature or obtained by the FEM. When c̄ f = 0, the viscoelastic
foundation reduces to a Winkler foundation, Table 1 compares the first three frequency
parameters calculated here with the exact solutions computed from the frequency equations
reported in reference [33] and the results presented by Hou [34]. The exact solutions were
obtained from the coupling differential equations for the transverse vibrations of uniform
Timoshenko beams on constant elastic foundations. Hou presented approximate solutions
obtained from FEM, where five cubic elements were used. It should be noted that, although
the three kinds of results agree well, the present results approach the exact results more
closely in mode 3 when compared with the FEM results.

Table 1. Dimensionless natural frequency ω̄ of the uniform beam on a Winkler foundation.

k̄ f Mode FEM [34] Exact [33]
Chebyshev

N = 8 N = 12 N = 16

1
1 3.092 3.092 3.092 3.092 3.092
2 5.882 5.881 5.881 5.881 5.881
3 8.305 8.301 8.300 8.301 8.301

104
1 9.984 9.984 9.984 9.984 9.984
2 10.187 10.187 10.187 10.187 10.187
3 10.905 10.903 10.901 10.903 10.903

When c̄ f 6= 0, complex mode analysis is performed to investigate the transverse
vibration of the beam. Assume the solutions of the system’s characteristic equation are
as follows:

λn = −δn + vni (43)

then, the damped natural frequency ωn =
√

δ2
n + v2

n. Define the dimensionless parameters

ω̄n =

√
ωnL2

√
ρA/(EI), δ̄n = δnL2

√
ρA/(EI). (44)

Table 2 tabulates the results computed using the Chebyshev spectral method, along
with those obtained by the FEM. The finite element analysis is carried out by the COMSOL
Multiphysics 6.0 simulation software, using 100 Timoshenko beam elements. Excellent
agreement is observed between the two sets of results, which demonstrates the validity of
the proposed method.
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Table 2. Dimensionless natural frequency ω̄n and decrement coefficient δ̄n of the uniform beam on a
viscoelastic foundation.

B.C. Mode

k̄ f = 1, c̄ f = 1 k̄ f = 104, c̄ f = 1

ωn δn ωn δn

Present FEM Present FEM Present FEM Present FEM

PP
1 3.0915 3.0915 0.4931 0.4931 9.9845 9.9845 0.4916 0.4916
2 5.8815 5.8816 0.4803 0.4803 10.1869 10.1869 0.4769 0.4769
3 8.3011 8.3016 0.4710 0.4710 10.9029 10.9029 0.4672 0.4672

CC
1 4.4046 4.4047 0.4944 0.4944 10.0619 10.0619 0.4930 0.4930
2 6.8241 6.8243 0.4847 0.4847 10.4307 10.4307 0.4821 0.4821
3 8.9414 8.9422 0.4776 0.4776 11.2323 11.2327 0.4750 0.4750

Finally, the dynamic response of the beam under a distributed step load is also investi-
gated.

q(x, t) =

{
q0, t < 0.6 s

0, t ≥ 0.6 s
(45)

where q0 = 100 kN/m. The foundation parameters are assumed to be k̄ f = 1, c̄ f = 1.
Figure 4 depicts the displacement responses at the point x = L/4 and the point x = L/2.
The black lines and the red dashed lines are the results obtained using the Chebyshev
spectral method and the FEM, respectively. The former uses 16 Chebyshev polynomials,
and the latter uses 100 finite elements. It can be seen that the two sets of lines almost
overlap, indicating their excellent agreement. The accuracy of the proposed method is
demonstrated again.
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Figure 4. Vibration of the uniform beam on a viscoelastic foundation under a distributed step load.
(a) x = L/4; (b) x = L/2.

4.2. A Non-Uniform AFG Beam on an Inhomogeneous Viscoelastic Foundation

The second example is a non-uniform AFG beam resting on a variable viscoelastic
foundation, as shown in Figure 1. Its material, cross-section, foundation, and load are all
non-uniform or inhomogeneous. The beam is of a length L = 2 m, and its cross-section
varies along the longitudinal direction.

b(x) = b0e−(x−L/2)2/2, h(x) = h0e−(x−L/2)2/2 (46)

where the width and the height b0 = h0 = 0.05 m. The material parameters also vary
axially, following the laws

ρ(x) = ρ1 + (ρ2 − ρ1)(x/L)n, E(x) = E1 + (E2 − E1)(x/L)n (47)

where the material gradient index n = 2. The material properties of the Zirconia component
are E1 = 200 GPa, ρ1 = 5700 kg/m3, µ1 = 1/3, and those of the Aluminum component are
E2 = 70 GPa, ρ2 = 2702 kg/m3, µ2 = 1/3.
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The varying foundation stiffness and damping coefficient can be given by:

k f (x) = k f 1 +
(

k f 2 − k f 1

)
(x/L), c f (x) = c f 1 +

(
c f 2 − c f 1

)
(x/L) (48)

where
k f 1 = k̄ f E1 I0/L4, k f 2 = 2k̄ f E1 I0/L4, (49)

c f 1 = c̄ f
√

ρ1 A0E1 I0/L2, c f 2 = 2c̄ f
√

ρ1 A0E1 I0/L2 (50)

where k̄ f = 0.6π4 is the dimensionless foundation stiffness, c̄ f = 1 is the dimensionless
foundation damping coefficient, and A0 = b0h0, I0 = b0h0

3/12.
Define the dimensionless natural frequency and decrement coefficient as follows:

ω̃n =

√
ωnL2

√
ρ1 A0/(E1 I0), δ̃n = δnL2

√
ρ1 A0/(E1 I0), (51)

A total of 16 Chebyshev polynomials are used in the Chebyshev spectral method,
and 100 Timoshenko beam elements are used in the FEM. Both of their results are shown in
Table 3. It can be found that, under all kinds of boundary conditions, the complex mode
results are in good agreement with the finite element results, and the difference between
the two sets of results is rarely small.

Table 3. First three modes of the non-uniform AFG beam on an inhomogeneous viscoelastic founda-
tion.

B.C.
ω̃n1 ω̃n2 ω̃n3 δ̃n1 δ̃n2 δ̃n3

Present FEM Present FEM Present FEM Present FEM Present FEM Present FEM

PP 3.7578 3.7578 5.8360 5.8361 8.5965 8.5967 1.2124 1.2124 1.0052 1.0052 1.1484 1.1484
PC 3.8772 3.8773 6.2037 6.2041 9.0365 9.0368 0.9753 0.9753 1.1004 1.1004 1.1662 1.1662
CP 3.9899 3.9901 6.3003 6.3006 9.1046 9.1052 1.0360 1.0360 1.1571 1.1571 1.2148 1.2148
CC 4.1898 4.1901 6.6886 6.6893 9.5596 9.5605 0.9974 0.9974 1.1082 1.1082 1.1697 1.1697

The dynamic response of the non-uniform AFG beam under three types of uniformly
distributed loads is also studied. They are given by

Sinusoidal: q(x, t) = q0 sin(2πωt) (52a)

Pulse: q(x, t) = q0
1√
2πσ

e
x
L−

(t−t1)
2

2σ2 (52b)

Moving: q(x, t) = q1δ(x− vloadt) (52c)

where q0 = 1 kN/m, q1 = 1 kN, ω = 60 Hz, t1 = 5 ms, σ = 0.5, δ(·) is the Dirac delta
function, and vload is the moving velocity of the load. The left end of the beam is simply
supported and the right end is clamped.

Figure 5 shows the displacement responses of the beam at three points, i.e., x = L/4,
x = L/2, and x = 3L/4, under sinusoidal and pulse loads. A total of 100 Timoshenko
beam elements are used in the FEM, and 16 polynomials are used in the Chebyshev spectral
method. In the case of the moving load, the number of finite elements increases from
100 to 250, while the number of polynomials of the Chebyshev spectral method remains
unchanged. The results of the moving load case are shown in Figure 6, where two speeds
of the moving load and two values of the foundation damping coefficient are considered.
By comparing the calculation results, it can be seen that the calculation results of the
Chebyshev spectral method agree very well with those of the finite element method for all
types of varying cross-sections, material properties, foundation parameters, and loads.
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Figure 5. Dynamic response of the non-uniform AFG beam. (a) Sinusoidal load, x = L/4; (b) Pulse
load, x = L/4; (c) Sinusoidal load, x = L/2; (d) Pulse load, x = L/2.
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Figure 6. Dynamic response of the non-uniform AFG beam under a moving load. (a) vload =

100 m/s, c̄ f = 1; (b) vload = 100 m/s, c̄ f = 5; (c) vload = 500 m/s, c̄ f = 1; (d) vload = 500 m/s,
c̄ f = 5.

5. Results and Discussion

Using the validated method, this section focuses on investigating the effects of non-
uniformly distributed loads, inhomogeneous foundations, and axially functionally graded
materials on the dynamic response of beams. Consider the square AFG beam resting on
an inhomogeneous viscoelastic foundation and simply supported, as shown in Figure 7,
with length L = 2 m, and width and height b = h = 0.1 m. Different types of FGMs,
foundations, and loads are considered in order to gain a deeper insight into these effects.
They are given by the following formulations.
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Figure 7. An AFG beam on an inhomogeneous viscoelastic foundation subjected to a non-uniformly
distributed moving load.

Two types of axially functionally graded materials are taken into account, including:

• Power:

ρ(x) = ρ1 +(ρ2− ρ1)
( x

L

)n
, E(x) = E1 +(E2− E1)

( x
L

)n
, G(x) =

E(x)
2(1 + µ)

(53)

• Exponential:

ρ(x) = ρ1 exp
[

ln
(

ρ2
ρ1

)( x
L

)n
]

, E(x) = E1 exp
[

ln
(

E2
E1

)( x
L

)n
]

, G(x) =
E(x)

2(1 + µ)
(54)

where the subscripts 1 and 2 represent the aluminum and zirconia components, respectively.
Their properties ρ1 = 5700 kg/m3, ρ2 = 2702 kg/m3, E1 = 200 GPa, E2 = 70 GPa,
the Poisson’s ration µ = 1/3. The shear correction factor κ = 2/3. n is the material gradient
index, which determines the variation of the material properties along the x direction,
as shown in Figure 8.

1E

2E
2r

1r

(a) (b)
Figure 8. Variations of the material properties with material gradient index n. (a) Young’s modulus;
(b) Material density.

Two kinds of inhomogeneous viscoelastic foundations are considered, whose founda-
tion parameters are given by the following:

• Linear:

k f (x) = 2k f 1

(
1− λ1

L− x
L

)
, c f (x) = 2c f 1

(
1− λ2

L− x
L

)
(55)

• Parabolic:

k f (x) = 2k f 1

[
1− λ1

(
L− x

L

)2
]

, c f (x) = 2c f 1

[
1− λ2

(
L− x

L

)2
]

(56)
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where λ1, λ2 are the variation coefficients of the foundation, and

k f 1 = k̄ f E1 I/L4, c f 1 = c̄ f
√

ρ1 AE1 I/L2, (57)

the dimensionless parameters k̄ f = 0.6π4, c̄ f = 1. The moment of inertia I = bh3/12,
and the area of the cross-section A = bh. The variation of the foundation properties with
variation coefficients λ1 and λ2 is shown in Figure 9.

12 fk

12 fc

2
(N

s
m
)

×

(a) (b)
Figure 9. Variation of the foundation stiffness and damping with variation coefficients λ1 and λ2.
(a) Foundation stiffness; (b) Damping coefficient.

To model the moving load, three load models are employed, including the realistic
non-uniformly distributed load, the idealized uniformly distributed load, and the idealized
concentrated load, as shown in Figure 10.

( )q xɶ

Oɶ xɶ

yɶ

lɶ

v
load

Oɶ xɶ

yɶ

lɶ

v
load

v
load

Oɶ xɶ

yɶ

lɶ

/ 2lɶ

(a) (b) (c) 

uq cq

Figure 10. Three models for the moving load. (a) Non-uniformly distributed moving load; (b) Uni-
formly distributed moving load; (c) Concentrated moving load.

The non-uniformly distributed moving load can be expressed in the moving coordinate
system õ− x̃ỹ as

q(x̃) =
q0√
2πσ

e−(x̃−l̃/2)2/(2σ2) (58)

where l̃ is the span of the distributed load, σ = l̃/6. Both the concentrated load model
and the uniformly distributed load model are commonly used as simplified models for
simulating loads that are actually non-uniformly distributed. The relationships between
them can be expressed as

∫ l̃

0
q(x̃)dx̃ = qu l̃ = qc = q0 = 10 kN (59)

The errors resulting from the simplification of the concentrated and uniformly dis-
tributed load models are investigated in order to confirm their available situations.

5.1. Comparison of Moving Load Models

It is assumed that vload = 100 m/s, l̃/L = 0.3, λ1 = λ2 = 0.5, n = 2. Figure 11
compares the displacement histories of the midpoint of the beam under the three kinds of
loads in different situations. It can be seen that there are apparent differences between the
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dynamic responses computed by the three load models in all cases. For example, in the
case of power material gradient and a linear varying foundation, as Figure 11a shows,
compared with the first peak displacement under the non-uniformly distributed load, that
under the concentrated load is 4.82% higher, while that under the uniformly distributed
load is 3.33% lower. For another example, in the case of exponential material gradient and
parabolic varying foundation, the first peak displacement under the concentrated load is
4.70% higher than that under the non-uniformly distributed load, while the one under the
uniformly distributed load is 3.17% lower than that. In the other two cases, as shown in
Figure 11b,c, similar phenomena are also observed.
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Figure 11. Comparison of the displacement histories at the midpoint computed by the three load mod-
els. (a) Power material, linear foundation; (b) Power material, parabolic foundation; (c) Exponential
material, linear foundation; (d) Exponential material, parabolic foundation.

The load models also affect the calculated results of the maximum displacement
Wmax = max(|w(x, t)|) as the loads travel through the beam, as shown in Figure 12.
Compared with the maximum displacement computed by the non-uniformly distributed
load model, the results computed by the concentrated load model are greater, while the
results calculated by the uniformly distributed load model are smaller, regardless of the
travel speed. The maximum difference between the results obtained by the non-uniformly
distributed load model and the concentrated load model is 5.41% in the case of the power-
graded material and linearly varying foundation, as shown in Figure 12a. In the other three
cases, this value is respectively 5.45%, 5.46%, and 5.39%. The maximum difference between
the results obtained by the non-uniformly distributed load model and the uniformly
distributed load model in the four cases are respectively 3.33%, 3.24%, 3.20%, and 3.17%. It
should be pointed out that these differences increase as the ratio of the load span to the
length of the beam (l̃/L) increases, as shown in Figure 13. For non-uniformly and uniformly
distributed loads, the increase in the load span reduces the maximum displacement, which
is more obvious for the uniform one. This can be concluded by comparing the downward
trend of the green and red lines in Figure 13.
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Figure 12. Comparison of the maximum displacement when the moving loads travel through.
(a) Power material, linear foundation; (b) Power material, parabolic foundation; (c) Exponential
material, linear foundation; (d) Exponential material, parabolic foundation.
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Figure 13. Influence of the load span on the maximum displacement, exponential material and parabolic
foundation. (a) vload = 25 m/s; (b) vload = 50 m/s; (c) vload = 100 m/s; (d) vload = 200 m/s.

Although the total work of the concentrated moving load is equivalent to that of the
non-uniformly distributed moving load, the concentrated load model makes the external
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force act on the concentrated point, which is difficult to make appear in practice, and the
concentrated load will increase the local displacement, resulting in the distortion of the
calculation results. In addition, the load is simplified to a uniformly distributed load,
resulting in a difference between the distribution of the load and the actual load, so that the
calculated displacement is less than the actual displacement, also resulting in a distortion of
the calculation results. In addition, the variable local characteristics of non-uniform cross-
section functionally graded beams also lead to errors in different load models. The above
results indicate that, although the concentrated load model and the uniformly distributed
load model are usable idealized models of realistic non-uniformly distributed loads in some
situations, their errors cannot be ignored. The concentrated load model can produce values
larger than the real results. The uniformly distributed load, on the contrary, produces
smaller results.

5.2. Effects of the Inhomogeneous Viscoelastic Foundation

To investigate the effects of the inhomogeneous foundations on the dynamic re-
sponses of the beam, the displacement histories of the midpoint for various foundations
are computed and plotted in Figure 14. The following parameters are used, including
vload = 100 m/s, l̃ = 0.2L, and n = 2. It can be seen that, compared with the dynamic
responses in the homogeneous foundation case, where λ1 = λ2 = 0, those in the inhomoge-
neous foundation cases are higher, especially the peak values. Their oscillation periods are
also longer than those of the homogeneous foundation case. The differences are more obvi-
ous in the case of linear foundations. Furthermore, the velocity of moving load also affects
the maximum displacement of the beam when the magnitude is unchanged. Figure 15a
indicates that the maximum displacement of the beam increases with the increase of the
moving velocity initially and then decreases slowly. There exist critical velocities which
result in maximum vibration amplitudes, as the circles show. A valuable discovery is
that the variation of λ1 results in remarkable changes in the critical velocity. On the other
hand, the variation of λ2 has almost no influence on the critical velocity, as shown in
Figure 15b. These results indicate that the inhomogeneous foundation can significantly
affect the dynamic response of beams under moving loads. The reason for the change in
vibration amplitude is that the inhomogeneous foundation affects the stiffness and mode of
the whole system. The influence on the critical velocity of the system is due to the fact that
the critical velocity of the system is related to the wave velocity of the beam–foundation
system because the occurrence of the inhomogeneous foundation reduces the wave velocity
of the system and thus reduces the critical velocity.
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Figure 14. Effects of the foundation variation coefficients λ1 and λ2 on the dynamic response at
the midpoint. (a) Power material, linear foundation; (b) Power material, parabolic foundation;
(c) Exponential material, linear foundation; (d) Exponential material, parabolic foundation.
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Figure 15. Effect of inhomogeneous foundation on maximum displacement, linear foundation, and
power AFG material. (a) λ2 = 0; (b) λ1 = 0.

5.3. Effects of the AFG Material

This section investigates the effects of the AFG materials on the dynamic response of
the beam. In the analysis, the non-uniformly distributed load model and the parabolically
varying foundation are adopted. The following parameters are used: vload = 100 m/s,
l̃ = 0.2L, λ1 = λ2 = 0.5. The effects of the material gradient index n on the mid-point
displacement of the beam are shown in Figure 16, considering both types of AFG mate-
rials. It shows that the AFG materials change the forced vibration response of the beam
considerably. The maximum displacements of the mid-point and the value of the first peak,
are reduced, compared with the case of homogeneous material (i.e., n = 0). However,
the values of the other peaks are increased. Furthermore, the vibration periods of the AFG
beams are longer than those of the homogeneous beam. The variation of the maximum
displacement of the whole beam as the material gradient index increases is shown in
Figure 17. The maximum displacement decreases as the index increases, initially rapidly
and then slowly. When n > 4, its value is nearly unchanged as the index increases. These
results indicate that the AFG materials can reduce the maximum displacement of the beam.
This conclusion can be further confirmed by Figure 18, which shows the variation of the
maximum displacement of the beam as the velocity of the moving load changes. Compared
with the beam made of homogeneous material, i.e., n = 0, the AFG beams made of the two
components have smaller maximum displacements. The material gradient increases the
overall stiffness of the system, so that the peak value of the vibration amplitude decreases,
while the other peak values decrease because, under the same foundation, the material
gradient reduces the amplitude of the first vibration and weakens the damping effect of
the foundation. The above results inspire the idea that the FGMs can be used to optimize
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the dynamic response of beams under moving loads, especially to reduce the maximum
displacement of the beams as the loads travel through.
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Figure 16. Effect of material gradient index n on the mid-point displacement. (a) Power material
gradient; (b) Exponential material gradient.
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Figure 17. Variation of the maximum displacement as the gradient index increases.
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Figure 18. The variation of the maximum displacements of the AFG beams as the load’s moving
velocity changes. (a) Power material gradient; (b) Exponential material gradient.

6. Conclusions

This paper analyzes the dynamics of AFG beams resting on inhomogeneous viscoelas-
tic foundations subjected to non-uniformly distributed moving loads. A consistent discrete
governing equation that can tackle all the axially varying properties, including viscoelastic
foundations, moving distributed loads, functionally graded materials, and cross-sections,
is derived based on the Timoshenko beam theory and a Chebyshev spectral method. High-
order Chebyshev expansions are employed to approximate the spatial variation of all
these variable properties in a unified way and boundary conditions are imposed using a
projection matrix method. Two numerical examples are given to evaluate the convergence
and accuracy of the proposed method. The results, including natural frequencies and
dynamic responses, are compared with those obtained by the FEM or in the literature.
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Good convergence and excellent accuracy are observed, demonstrating the validity of the
proposed method.

The validated method is then used to investigate the effects of inhomogeneous vis-
coelastic foundations, AFG materials, and non-uniformly distributed moving loads on the
dynamic response of beams. First, a comparison of three moving load models is carried
out. They include the realistic non-uniformly distributed moving load model and two
idealized equivalent models, i.e., the concentrated moving load model and the uniformly
distributed load model. The results show that they are equivalent in most cases, but have
some non-negligible differences in some cases. The calculated dynamic response, based on
the idealized concentrated load model, including the peak displacements and the maximum
displacement when moving loads travel through, will be greater than those based on the
non-uniformly distributed moving load model. Conversely, the results obtained by the
uniformly distributed load model will be smaller. Second, the effects of inhomogeneous
viscoelastic foundations are studied. It can be found that the varying properties of the foun-
dations can alter the maximum displacement and critical speed of beams under moving
loads significantly. Finally, the dynamic responses of different AFG beams are compared
with those of corresponding homogeneous beams. The results demonstrate that the AFG
materials apparently affect vibration amplitudes and periods.

The proposed numerical method and computational model are available for beams
with arbitrary axially varying properties, including AFG materials, inhomogeneous vis-
coelastic foundations, non-uniform cross-sections, and that are non-uniformly distributed,
thus having a wide scope of application. The application of functionally graded materials
in high-speed moving loads, such as electromagnetic rail guns and rocket sleds, will make
it possible to reduce structural vibration and improve structural stability, thus further
improving the limiting speed of the structure. The results of the analysis in this paper
provide important support for the design and application of functionally graded materials
in complex engineering structures.
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