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Abstract: Wing rock is a highly nonlinear phenomenon when the aircraft suffers undesired
roll-dominated oscillatory at high angle of attack (AOA). Considering the strong nonlinear and
unsteady aerodynamic characteristics, an uncertain multi-input and multi-output (MIMO) nonlinear
wing rock model is studied, and system uncertainties, unsteady aerodynamic disturbances and
external disturbances are considered in the design of wing rock control law. To handle the problem of
multiple disturbances, a robust control scheme is proposed based on the extended state observer (ESO)
and the radial basis function neural network (RBFNN) technique. Considering that the effectiveness
of actuators are greatly decreased at high AOA, the input saturation problem is also handled by
constructing a corresponding auxiliary system. Based on the improved ESO and the auxiliary system,
a robust backstepping control law is proposed for the wing rock control. In addition, the dynamic
surface control (DSC) technique is introduced to avoid the tedious computations of time derivatives
for the virtual control laws in the backstepping method. The stability of the closed-loop system is
guaranteed via rigorously Lyapunov analysis. Finally, simulation results are presented to illustrate
the effectiveness of the ESO and the proposed wing rock control approach.

Keywords: wing rock; RBENN; unsteady aerodynamics; extended state observer; robust attitude
control; backstepping control

1. Introduction

Wing rock motion is an undesired roll-dominated oscillatory coupled with yaw oscillation for the
aircraft flying at subsonic speed and high angle of attack (AOA). When an aircraft suffers the wing
rock motion, the large amplitude and high frequency oscillatory of the rolling and yawing angle will
severely limit the maneuverability, tracking accuracy, and operational safety of the aircraft. Hence,
the wing rock phenomenon should be paid more attention, and the corresponding wing rock controller
should be further studied.

In past decades, many researches have been done to analyze the mechanism of the wing
rock. Mathematically, three possible nonlinear factors were considered as the inducements of
the wing rock phenomenon, which are the variation of damping in roll with angle of sideslip,
cubic variation of lateral derivatives with roll rate and sideslip, and the aerodynamic hysteresis
in steady-state rolling moment [1,2]. Meanwhile, different wing-rock models have been developed
[3-6]. Based on these simplified models, many control schemes were developed to suppress the
influence of wing rock. Adaptive feedback linearization technique was employed for the wing
rock in [7,8]. An L; adaptive controller was designed for the wing-body rock motion [9]. Fuzzy
adaptive approaches have been employed in the wing rock during the last decade [10-12]. The neural
network technique and backstepping approach have been also extensively studied [13-15]. In [16-18],
simplified single degree-of-freedom wing-rock models were studied, and the disturbance observer
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or traditional extended state observer (ESO) was adopted in the design of robust wing rock control
law. However, the yaw oscillation was often ignored in the design of wing rock controller for the
convenience of research. Considering the serious coupling effect between the roll and yaw motion,
multi-degree-of-freedom wing rock models should be further studied.

In this paper, an uncertain multi-input and multi-output (MIMO) nonlinear wing rock model is
studied, and the coupling effect between the roll oscillation and yaw oscillation will be fully considered
in the design of the wing rock controller. Meanwhile, to enhance the system robustness, the ESO
and radial basis function neural network (RBFNN) techniques are combined to tackle the external
disturbances and system uncertainties, respectively. Up to now, more and more researchers have paid
attention to the study of the ESO or RBFNN based control techniques[19-21]. In [22], an adaptive
neural network based control law was developed for an uncertain MIMO system with unknown
control coefficient matrices and input nonlinearities. In [23], the observer and adaptive neural network
(NN) techniques were combined to tackle the uncertainties. To tackle the state constraint problem,
the adaptive neural network technique was employed for an uncertain robot system [24]. And the
ESO technique was firstly proposed in the active disturbance rejection control (ADRC) [25]. It has
been successfully used in many challenging engineering problems [26,27]. The main advantage of the
traditional ESO is that it can handle various disturbances with little model information, and it takes
both structured and unstructured uncertainties as generalized disturbances. Hence, considering the
satisfactory uncertainty estimation performance, the ESO and RBFNN are fully combined in the design
of the robust wing-rock control law. Meanwhile, except for uncertainties, the input saturation problem
will also cause adverse effects on the performance of the wing rock control.

Input saturation is a challenging problem in the wing rock control. With the increase of AOA,
the aircraft will lose the control efficiency gradually, which severely degrades the closed-loop system
performance. During the past decades, there exist extensive researches on the control of mechanical
systems with input saturation [28-30]. In [31], an adaptive neural tracking control was considered for
a class of stochastic nonlinear systems with input saturation, and a smooth nonaffine function of the
control input signal was designed to approximate the input saturation function. In [32], a modified
fault tolerant control law was designed to handle the input saturation problem. Constrained adaptive
backstepping control was proposed based on the command filters in [33]. Inspired by [34], the auxiliary
system is designed to weaken the influence of the input saturation based on the backstepping technique
in this paper.

The backstepping design method has been widely employed in the control of nonlinear systems.
In recent years, many robust control methods have been introduced to combine with backstepping
technique for the uncertain MIMO nonlinear systems [35-39]. However, the ESO-based robust
backstepping technique should be further developed for the wing-rock motion due to the relatively
easy realization. Inspired by the above discussions, a robust attitude tracking control law is proposed
for the wing-rock motion in the presence of unsteady aerodynamic disturbances, external disturbances,
system uncertainties and input saturation.

In this paper, considering the characters of different disturbances, efficient processing methods are
adopted. The system uncertainty is estimated online by adaptive RBFNN. By taking full advantage of
the output of the RBFNN and the known model information of the unsteady aerodynamic disturbance,
the ESO is employed to estimate the compounded disturbance, which consists of the unsteady
aerodynamic disturbance, external disturbance, and the unknown neural network approximation error.
By making full use of the known information of the system, the disturbance estimation performance
will be greatly improved. In addition, it is meaningful in the wing rock control at high AOA.

The paper is organized as follows. Problem formulation and preliminaries are described in Section
2. Section 3 presents the detailed design process of the disturbance observers. In Section 4, the robust
backstepping wing rock control law is developed considering the input saturation. In Section 5,
simulation results are given to demonstrate the effectiveness of the proposed robust tracking control
scheme, followed by concluding remarks in Section 6.
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2. Problem Formulation and Preliminaries

2.1. Problem Statement

According to the typical characteristics of wing rock motion, the following nonlinear MIMO
lateral attitude motion model is considered [40]:

X1 = fi(x1) +g1(x1)x2 +Af (x1) +dy ()
tp = folx,x2) + go(x, x2)u(v) + Afa(x1,x2) + Goha +da (1)
]/ = X1 (1)

where x1 = [B, y]T € R? is an attitude angle vector which includes sideslip angle and flight-path roll
angle, respectively; x, = [p,7]" € R? is the body-axis angular rate vector; y is the output; fi(x1) € R?,
f2(x1,x2) € R? are known nonlinear function vectors; g1(x1) € R**2, g2(x1,x2) € R**?, G5 € R>*? are
known invertible function matrices; Af; (x1) and A f,(x1, x2) are the system uncertainties which include
the modeling errors and the perturbation of aerodynamic coefficients; di(t), d»(t) are the unknown
external disturbance vectors; v = [01,v;] is the designed control input; u (v) = [u1 (1), (v2)] =
[5u, 5y] T denotes the practical control input; J, is the aileron deflection angle and 4, is the lateral thrust
vectoring angle; hy = [hy, Iy T ¢ R?is the unsteady moment aerodynamic coefficient vector, and hy, hy,
are unsteady rolling moment aerodynamic coefficient and unsteady yawing moment aerodynamic
coefficient, respectively.

On the basis of work in [41], the unsteady aerodynamic coefficient can be modeled by first-order
linear differential equation which is given by

hy = =By (B) ha — A2 (B) %1 ()

where By (B) = diag {by1 (B) , b2z (B)}, A2 (B) = l ZZ Eg; 8 ]'and ba1 (B) > 0,02 (B) > 0,a21 (B),

ap; (B) are known bounded function variables of B.

At high AOA, the lateral attitude motion of (1) becomes unstable. When system (1) suffers no
disturbances, simulation results for an angle of attack of 55° with initial conditions of [B (0), 1 (0)] T—
15°,0°], [p (0),7 (0)]T = [0°/s,0°/] are given in Figures 1 and 2. From Figures 1 and 2, it can be
observed that the roll angle exhibits large amplitude oscillatory motion, and the sideslip angle motion
also exhibits considerable oscillation. Meanwhile, the maximum amplitude of the sideslip motion is
closed to 20°, which is very dangerous for aircrafts at high AOA.
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Figure 1. Roll angle oscillation without disturbances.



Appl. Sci. 2017, 7, 219 40f29

20

10

-10

0 100 200 300 400 500

Figure 2. Sideslip angle oscillation without disturbances.

When system (1) suffers the disturbances, simulation results for an angle of attack of 55° with
initial conditions of [ (0),u (0)]T = [5°,0°], [p (0),7 (0)]" = [0°/;,0°/s]" are given in Figures 3
and 4. And the equations of the system uncertainty, unsteady aerodynamic disturbance and external
disturbance will be given in details in the simulation section. In Figure 3 and 4, the states of the aircraft
diverge quickly, then stable wing rock appears after 50 s. Comparing Figures 3 and 4 with Figures 1
and 2, it can be concluded that the disturbances will further aggravate the oscillation. Thus, it is very
important to design a robust controller to suppress the wing-rock motion, and render the roll angle
and sideslip angle converge to zero quickly.

Considering that the wing rock motion is characterized by uncommanded roll-dominated
oscillatory coupled with yaw oscillation, the aileron deflection angle J, and the lateral thrust
vectoring angle &, are chosen as the practical control input. However, with the increase of AOA,
the aileron control efficiency is reduced drastically [40]. Hence, the input saturation must be taken into
consideration in the wing rock control. And the input saturation model can be written as

sign (v;) up., |o;| > up
u; (v;) = sat (v;) = { vg (o)t Ivl: - uﬁl 3)
1 1 i

where 1y, is the bounds of u;(t),i=1, 2.
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Figure 3. Roll angle oscillation with disturbances.
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Figure 4. Sideslip angle oscillation with disturbances.

2.2. Neural Networks

The RBFNN has been widely employed to tackle unknown nonlinear functions due to its
satisfactory approximation ability. Considering an unknown function f (x) : R™ — R, the RBFNN
approximation output over a compact set (3, C R™ can be written as [22]

Fx) = W'S(x) + 0 (4)

where W* € RP is the optimal weight value and /* is the smallest approximation error; S(x) =
[s1(x),s2(x),- -+ ,sp(x)]T € RP is a basis function vector, which can be written in the form of

si(x) = exp[—(x — ;)T (x — ;) /(267)] =12+ ,p ®)

where ¢; and b; are the center and width of the neural cell of the ith hidden layer.
The optimal weight value of the RBFNN is given by [42]

W* = arg min [ sup
WeQy “xey,

[ (6) = W7 (x)|] ©)

where W is the estimation of the optimal weight value W*; Qy = {W : |W|| < M} is a valid field
of the parameter and M is a design parameter; (), is an allowable set of the state vector. Using the
optimal weight value yields

fx) =Ws(x)| = (x) | <1 @)
where 7 > 0.

2.3. Review of the Extended State Observer

An uncertain nonlinear single-input and single-output dynamic system is given by [43]
yO ) = £ (@), (0),d () + bu(h) (®)

where d(t) is the external disturbance; b # 0 is the control gain; f (y’("_l) (t),---,y'(t),d (t)) is the
unknown nonlinear function.
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Treat f as an extended system state and define x,,11 = f. Then, the system (8) can be written in
the following augmented state space form [44]:

X1 = X2

Xn = Xni1+bu )
Xny1 = h

v = x

T
where 1 represents the time derivative of f, x = [X1, X2 - - » Xns Xnt1] " = {y’,y”,~ . ,y’(”_l),f] €

R"™1, 1 € Rand i’ € R are the state, input and output of the system, respectively.
Hence, an ESO can be constructed as [44]

z1 = zp—hr (z1—Y)

Zn1 = Zn—ly—1¢Pn (Zl - ]//) (10)

Iy = Zp41 — lﬂ¢” (Zl _y/) + bu
Zns1 = —lipiPni (21 —Y)

where z = [z1,2p, - ,zn+1]T € R""! is the state vector of the ESO; I;,i = 1,2,--- ,n + 1, are the
observer gain parameters, and ¢;,i = 1,2, --- ,n + 1 are the linear functions or nonlinear functions of
(z1 — ') to be chosen.
If the functions ¢;,i = 1,2,--- ,n + 1 and the observer gain parameters /;,i =1,2,--- ,n + 1 are
chosen properly [45,46], we can obtain
limz;=yx;, i=12,---,n+1 (11)
t—o0
In this paper, the RBFNN and ESO technique are combined to improve the robustness of the wing
rock controller. Based on the output of the RBFNN and ESO, a robust backsteping attitude control

law will be developed. To promote the control law design, the following lemma and assumptions
are required.

Lemma 1. [22]: For bounded initial conditions, if there exists a C' continuous and positive-definite Lyapunov
function V (x) satisfying 11 (||x||) < V (x) < o (||x]|), such that V (x) < —«V (x) + ¢, where 711, 715 :
R™ — Rare class K functions, « and c are positive constants, then the solution x(t) is uniformly bounded.

Assumption 1. All the states of the uncertain nonlinear MIMO lateral model (1) are measurable.

Assumption 2. For the uncertain nonlinear MIMO lateral model (1), the time derivatives of d;,i = 1,2
are bounded.

Assumption 3. For the uncertain nonlinear MIMO system (1), the desired system output y; and the derivatives
Y4, g are bounded. Namely, the set 1y = {(yd,y'd,yd) yall® + 5all® + 741> < MO} exists, where
My > 0 is an unknown positive constant.

Assumption 4. For the uncertain nonlinear MIMO lateral model (1), there exist unknown positive constants
A; such that Amax (gi ng) < Ai(i = 1,2) where Amax (o) denotes the maximum eigenvalue.
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Remark 1. Considering that the wing rock motion is a typical lateral attitude motion, the flight speed can be
assumed to be constant. In practice, the wing rock motion is a limit-cycle oscillation, and the aerodynamic angle
B is bounded in the wing rock motion. Hence, invoking the expression of the gain matrices g1(x1), and g2(x1,x2)
in [40], Assumption 4 is reasonable.

Remark 2. The unsteady aerodynamic effect denoted by hy is induced by the periodical separation and
attachment of the vortical flow. Meanwhile, the unsteady aerodynamic effect is also limited by the breakdown of
the vortical flow. Hence, hy is bounded in practice.

3. Design of Disturbance Observer

3.1. Design of Disturbance Observer for the First Subsystem

According to (1), the first subsystem can be written as

X1 = fi(x1) +g1(x1)x2 + Afy (x1) +dq (¢) (12)

In (12), the system uncertainty Af; (x;) and external disturbance d;(t) are considered
simultaneously. In traditional ESO method, Af; (x1) and d; (t) are merged into a single equivalent
uncertainty. To improve the disturbance estimation performance, it is necessary to introduce different
mechanisms to handle the system uncertainty and the external disturbance separately.

To efficiently tackle the unknown function vector Afj (x1), the RBFNN is employed to
approximate it. The approximation output of the RBFNN can be written as

Afy (x1) = WiTSy (1) + 44 (13)

where J; = x1, W;T = [Wl*l,Wl*z]T € R¥*P1, 51 (J;) € RP1, 1 € R¥*L,
Substituting (13) into (12), we obtain

21 = fi(x1) + &1 (x1)x2 + Wi'Sy (1) + Dy (14)

where D = dq (t) +47.
Extending D; as an additional state variable, i.e., defining x3 = D1, (14) can be rewritten as

1 = fi(x) +g1(x1)x2 + WiTSy (1) +x3
X3 = M (t) (15)

where x3 = [x31, x32]T; T = [h1, h12]T is an unknown bounded time derivative function vector of D;.
According to the structure of extended system (15), a linear ESO combined with the RBFNN can
be constructed as

21= Ala)+g1(x)x2+ WIS (1) + %3 — hs ¥y
%3 = —hs¥ (16)

. . . A A A 4T
where %1, £3 are the states of the observer (16); %1 is the estimation of x1; WlT = [Wn, W12] € RZ*m
is the estimation of Wj; %3 is the estimation of x3; ¥ = £ — x1; And ly; = diag{ls1,hs2} > O,
ls = diag{lys1, l2sp} > 0 are design matrixes.
Invoking (15) and (16), we obtain

¥ = WIS () + % — s
X3 = —hi—In (17)
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o . qT
Define [811,812]T = [3211,3212]T, [831,832}T = [%, %} . Then (17) can be written as

1 €1
. = w1;Asi
€3i €3j

~ fq:
+ By WyiS1 (J1) — Csiwfh

1i

i=1,2 (18)

where Ag; = | p; 0 0

2
wy;

s ] [ 1 [ 0 ] . . .

, Bsi = ,Csi = 1 ; And wq; > 0,7 = 1,2 is a design constant.
Hence, it can be easily proved that Ag; is Hurwitz, if [15; = 2kgjwq;, s = kgiw%i,i =1,2,and ky; is

a positive constant. Thus, there exists a positive definite matrix Py;, i = 1,2 satisfying the following

Lyapunov equation:

AP + PiAg = =21 (19)

In this subsection, the disturbance observer (16) for the first subsystem (12) has been proposed.
Selecting the parameters of (16) by the given method, A,; has been proved to be Hurwitz. And the
positive definite matrix Py;, i = 1,2 will be used in the design of the Lyapunov function (38), which is
very important in the stability analysis of the proposed observer (16) and the closed-loop system.

3.2. Design of Disturbance Observer for the Second Subsystem

According to (1), the second subsystem can be written as

12 = fo(x1,%2) + 82(x1, x2)1(0) + Afa(x1,%2) + Gohy + da () (20)

It is more complicated that multiple disturbances are considered in (20). Afy(x1,x2) is the
unmodeled system uncertainty, which is an unknown function of the system states. hy is the
unmeasurable unsteady moment aerodynamic coefficient vector whose model can be achieved by wind
tunnel experiments. And d;(t) represents the external disturbance. Similarly, different mechanisms are
adopted to handle these different disturbances in this section. Meanwhile, to improve the disturbance
estimation performance, the model information of the unmeasurable unsteady moment aerodynamic
coefficient vector h; is fully utilized.

Invoking (2) and (20), the augmented second subsystem state equations can be written as

X = falxn,xa) +go(x1,x2)u(0) + Afa(x1,x2) + Goho + da (£)
hy = —By(B)ha— Az (B) ¥ (21)

where G, = diag {Gy1, G2}, and Gy > 0, Gy > 0 are constants.
Similar to (13), considering the neural network approximation of Af,(x1, x2), (21) can be written as

fo(x1,x2) + g2(x1, x2)u(0) + W3TS5 (J2) + Goha + Dy
hy = —By(B)hy— Az (B) %1 (22)

X2

where Dy = dy (1) + 1, Afa (x1,%2) = WiTSy (J2) + 85 Jo = [T, x0T, Wi T = [Wg, W3] " € R2*P2,
Sy (]2) € RP2, l; € R%x1,
Defining x4 = Glzhz + D, and invoking (14), the time derivative of x4 is given by

iy = Ghala+D,
= G (‘Bz (B) h2 — Az (B) <f1 (x1) + &1 (x1)x2 + WiTSy (1) + Dl)) 4D,
= —By(B) x4 — G242 (B) (fi(x1) + g1(x1)x2) — G'2A2 (B) WSy (J1) (23)

fGlez (ﬁ) Dy + By (,3) Dy + Dz
= —By(B)xs— G242 (B) (fi(x1) + g1(x1)x2) — G2 A2 (B) WSy (J1) + x5
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where x5 = —GIZAZ (,3) D1+ By (‘3) Dy + D2 .
Then, invoking (23), the extended system of (22) can be written as

ty = folxy,x2) + ga(x1, x2)u(v) + WS (J2) + x4
iy = —By(B)xs— GyAz (B) (fi(x1) + 1(x1)x2) — GoAz (B) WiTSy (J1) + x5 (24)
X5 = hy(t)

where i, = [fip1, hzz]T is an unknown bounded time derivative function vector of xs.
Then, a linear type of the ESO can be constructed as

22 = folxy,x2) + g2 (x1,x2)v+ W) Sp (J2) + £ — lapa
$2 = —Ba(B) 21— GyAz (B) (fi(x1) + g1 (x1)x2) — GoAs (B) WY S1 (J1) + %5 — lasTr  (25)
X5 = —lsphn

where %, is the estimation of x;; %4 is the estimation of x4; &5 is the estimation of xs; WZT =
[W21,W22]T € R?<P2 is the estimation of W5T; % = £ — xp; And iy = diag{13f1,13f2} > 0,
lyf = diag {l4f1,l4f2} >0, Isf = diag {l5f1,l5f2} > 0 are design matrixes.

Invoking (24) and (25), we have

¥ = WzTSz (J2) + %4 — lgf.‘fg
#3 = —By(B)%a— GyAr (B) WISy (1) + %5 — lyp o (26)
¥5 = —l5ff2 —hy (i’)

. . T T
Defining [e21, €20]" = [%21, ¥20]", [ea1, €2)" = [ﬂ, m] , [es1,e50)” = { 3L, stz} , we have

=

wa1” W wy " Wy,

éo; €;

_ 1 _

ey | = wyAy | ey | +BisiWgiS2 (J2) — By~ Gaitai (B) W{1S1 (1) — B3f1 hzz (1) @7
€si €5 . w3

—l3fi

@ 1 0 1 0 0

—HAfi —Up; . .

where Afi = w%f w; 1 , Blfi = 01, BZfi = 1|, B3fi = 0 |,i=1,2 wy >0is
—I5gi 0 0 1
) 0 0

a design constant.
According to the Routh-Hurwitz criterion, it can be easily proved that if the parameters of

(25) can be chosen as {l3f1,l3f2} = {3kf1w21,3kf2wz2}, [l4f1,l4f2} = [3k}1w21,3k2 } [l5f1,l5f2} =

f 31,k3 ] and kg; > 0, kg > 0 are design constants, Ay; will be Hurwitz. Thus, there exists

a positive deﬁmte matrix Py;, i = 1,2 satistying the following Lyapunov equation:
A}ipfi + PriAg = —21 (28)

In this subsection, the disturbance observer (25) for the second subsystem (20) has been proposed.
Selecting the parameters of (25) by the given method, Ay; has been proved to be Hurwitz. And the
positive definite matrix Pf,«, i = 1,2 will be used in the design of the Lyapunov function (44), which is
very important in the stability analysis of the proposed observer (25) and the closed-loop system.

Now, we have illustrated the design process of disturbance observers (16) and (25). However,
according to (18) and (27), we still can’t prove their stability due to the coupling between the observers
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and the RBFNN which will be design later. Hence, the stability of the disturbance observers will be
proved in the stability analysis of the closed-loop system.

4. Design of Robust Backstepping Attitude Control Based on Disturbance Observer

At high AOA, the aerodynamic characteristics of the flow field around an aircraft is quite
complicated. Any small changes of the attitude of an aircraft may cause drastic changes of
the aerodynamic force and aerodynamic moment, which will severely degrade the aircraft flight
performance. Hence, the robust backstepping attitude tracking control law should be further developed
for the aircraft at high AOA. To compensate for the matched and unmatched disturbances, the ESOs
proposed in Section 3 are employed to estimate them. And the disturbance estimations will be
introduced into the design of the virtual control law and the practical control law.

Invoking (15) and (24), the system (1) can be written as

1 = filx) +g1(x1)x2+WiTSy () + x3
fa(x1,22) + §2(x1, x2)u(0) + W3Sy (J2) + x4 (29)

X
Considering the input saturation problem, the following auxiliary system is constructed:

él = &1 (xl) 52 - kauxlgl
62 = —kaux282 + & (xlr xZ) Au (30)

where &, & € R Au = u(v) — v; kyy1 = kguxl >0, kguo = kr{uxz > 0 are design matrixes.
Considering the backstepping control law design method, we define

er = x1—Ya—&1
e = X2—Xc— 02 (31)

where xy, is the virtual control law which will be designed later.

In the following, we consider the robust backstepping attitude control design for the wing-rock
motion. In the attitude control design, the adaptive RBFNN and the ESO are combined, and the
detailed design process is appended as follows.

Step 1: Considering the first equation in (29) and differentiating e; with respect to time yields

& = X1—Ya—&

f1(x1) + g1(x1) 2+ WiTS1 (1) + x5 — Ja — 81 (1) &2 + Kaux1 &1

= filx) +g1(x1) (2 +x2c + &) + Wi TS1 (1) + 23 — Vg — 81 (x1) &2+ kaumi & (32)
= filx1) +g1(x1) (2 + x2c) + WiTSy (1) + %3 — ¥4 + kaun1 &1

The ideal virtual control law %y, for x; is designed as
%o = —g7 ' (x1) [fl(xl) + WISy (J1) + %3 — Ja + creq + kauxlgl} (33)

where ¢; = ¢ > 0is a matrix to be designed.
And the weight value of RBFNN is updated by

Wi = A1 (81 (h) el —pia) (34)

where A; = AT >0, p; > 0 are the design parameters.
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The dynamic surface control (DSC) technique technique is adopted to obtain the approximation
of the time derivative of x;.. Introducing a first-order filter with time constant I'y = diag {71, 712},
and passing ¥y through it yields

TiXoe + xpc = %pe %2¢(0) = %2¢(0) (35)
Defining ¢ 1= X2c — Xoc and invoking Equation (35), we have

‘é—fl = Xy — X

a3Z2c . a3Z2c A ach;\ aJ?2c . ach .. ach :
— P2, — - - - 36

oy 1 TR TS X3 34 Ya 3 §a = 3z, 1 (36)

== _rflgfl + Ml(xlr Wl/je?)/ glr 52/ ]/d,]}d/ ]/d)

= —r;1£f1 + My (O)

= —f;lgfl + | =

where M; (e) is the sufficiently smooth function vector about Iy and IT; : (xq, Wy, %3, ¢1,82). Since the
set Iy and IT; are compacts, [Ty x I is also compact. Therefore, M;(e) has a maximum M; on
H() X Hl-
Then, we have
éfl < —Fl_lef1+]\711 (37)

Choose the Lyapunov function candidate as

1 1 1 1, (T 1 1
Vi= 56{61 + 58}1€f1 + E Z [811',831'] Psi[Sli,Sg,i}T —+ Et?’ (WlTAl lW]) + EC{@] (38)
i=1
Define €13, = [€1;, 831']T, then the time derivative of V4 can be written as

. 1- _
Vi < elgi(x1)er — (c1 - E/\l - max{wli}) ele — (Amax (1"1 1) - 1) SJTflel
2 3o —IM2. o — Mbpc;
(P LN 2 _(4 u—oMpps1— "aw ) ¢ o
( 5 T) || W | +Z; o (B e15:Psie13i (39)

1- 1 2 Mpc.T 1_
~el k1 + 5ME G+ 5880+ ) ( > M%) + 5 M+ B Wi
=1\ “ii

where || P;;Csi|| = Mpc,,, ||| < Mp,,, ||PsiBsill [|S1 (J1)]| < Mppsy, and T > 0 is a design constant.
The detailed analysis of the time derivative of V; is shown in Appendix A.

Step 2: Invoking (29), differentiating e, yields

by = X—dx—C
= falxy,x2) + g2 (x1, x2)u (v) + W3T S5 (J2) + x4 — %o + kauxala — 2 (x1,%2) Au (40)
= folxr,x2) +g2(x1,%2)0 + W5TSy (J2) + x4 — e + kaunala

The control law v is designed as
v=—g ' (x1,%2) (fz(xler) + WSy (J2) + £ — doc + coer + g1 (x1) €1 + kauxzﬁz) (41)
where ¢, = CZT > 0 is a design matrix, and W, is updated by

Wz = Az (Sz (]2) ezT — psz) (42)
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where py > 0, Ay = Al > 0 are design parameters.
Substituting the controller v into Equation (40), we obtain

by =—g1 (x1)e1 — W3 Sy () — %1 — 202 (43)

where W, = W, — W3, X4 = %4 — x4 are the estimation errors.
Define e545; = [€2i, €44, € 51']T,i = 1,2, and consider the Lyapunov function candidate as

1 12 1 for 4 1
Vo=-ejer+ 5 Y enysiPrigoasi + = tr (WzTAz 1W2) + 08 (44)
2 2 &= 2 2

The time derivative of V; is given by

. 1 -
Vo < —elgl (x1)e; — (co — max{wy;})ele, — (‘022 - T) HW2H2

MPB .
L Wi TAf2 __T_ M2 __f
2 (WZz i 217'PBS2 T 202 Mg asi 4T

=1 Amax (sz‘)

1 ~ 1- 1
+; le H2 - ggkaux2€2 + EAzéggz + EAuTAu

+§(

£345i Pfi€2usi (45)

Mprl.T

o hzz.)+2|| i

where ‘ ’ PfiBlfi
The detailed analysis of the time derivative of V; is shown in Appendix B.

Then, the above robust backstepping wing rock control design procedure can be summarized in
the following theorem.

1S2 (2)]I < Mppsa,

’PfiBZfiG2ia2i (5)“ 151Ul < Mppasi, ||PriBsfi|| < Mpgy,

Theorem 1. Considering the nonlinear MIMO lateral model (1) in the presence of unsteady aerodynamics
disturbances, external disturbances, system uncertainties, and input saturation, the disturbance observers are
designed as (16), (25), the auxiliary system is designed as (30), the filter is designed as (35), and the robust
backstepping attitude control law is proposed as (41). Then, the attitude tracking error is convergent and bounded
under the proposed adaptive robust backstepping control scheme.

Proof. To analyze the stability of the closed-loop system, the following Lyapunov function candidate
is chosen as
V=Vi+W (46)

Then, differentiating V and invoking Equations (39), (45), we have
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V = i+ W
1s T -1 T
= - (q - EM - max{wli}> eje1 — (Amax (Fl ) — 1) €r1€f1
2 3 IMZ _ Mpcsi
01 2> — (4 1= 2Mpgs1— T4 ) ¢
—| = ——=)[|[W]| + - €13; Psi€13i
(5-2) I+ 2 T R
(2~ max ) fer — (2= 1) e )
Mpg...
3 2 2 i
2 (4‘*’21‘ — 3Mppsr — 25% Mbpasi — —a% T
+3 |- €345 Pri€245i
i=1 Amax (Pfi)

- <)\min (kauxl) - ;/_\1) 6{51 - ()\min (kaux2) - %/_\2 - ;) CzTCz

2 2, (Mpp;T 1o p1 2, P2 2, 1
+Z< S Mh1,>+2< wf M? >+2M%+2||W{‘| + 5 W3 | +§AuTAu

i=1 i=1 2i
< —xV+C
where

2 (o1 = 34— max{wri}) 2 (Amax (1) = 1) ,2(5 - 2)

2 3&)1‘ TM2 MPCSi
WL 2°VipBS1T T 4T

T2 (e - max{wah),2 (3 - 1)
K = max MpBy; (48)

3 2 2
2 (Z“’Zi_ 7 Mppsa— 25% Mppasi——%
1
Amax (Pri)
13 1
2 (Amin (kuux2) - j/\z - j)

2, [ Mpc,T 2 [ Mpg,T . )
¢ 2( h11> +21< i Mhzz) o KB+ 2 5 Wi I +p IW31? + AuTAu
1 1=

,2 ()\min (kuuxl) - %/_\1>

11 21

According to Equation (47) and Lemma 1, we obtain

0<V< S [V(O) - C} e (49)
K K
Considering Equations (31), (46), (49), we obtain
161l < V2V
Then, we obtain
tim [~ yall < B (b —ya— Gl + 6a]) =2/ 2 61)
A el = B G =y = el el =27

Hence, it is obvious that the attitude tracking error is convergent and bounded under the
proposed adaptive robust backstepping control scheme. Similarly, we can conclude that the disturbance
estimation errors €13;, €245;,1 = 1,2 of the disturbance observers (16) and (25) are also convergent
and bounded.

This concludes the proof. [
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5. Simulation Study

In this section, the simulation results are given to verify the effectiveness of the proposed robust
control scheme in suppression of wing rock motion at high AOA. In this section, the aircraft model
in [40] and the unsteady model in [41] are adopted to demonstrate the attitude control performance
and the disturbance rejection performance of the above designed controller.

In simulations, initial conditions for the aircraft are take as a = 55°, x; (0) = [5°,0°]7, x, (0) =
[0°/5,00/5] 7, whereas initial conditions for the proposed ESO are taken as (%] (0), 2] (0)] =[5.7,0,0,0],
(1 (0), %] (0),21 (0)] =[0,0,0,0,0,0]. And the initial condition for the auxiliary system is chosen as
[¢T,¢T] =[0,0,0,0]. The time constant for (35) is designed as 'y = diag {0.08,0.08}.

It is very important to choose suitable parameters for the ESO. And the observer gains of the error
dynamics (18) and (27)are designed by placing the observer error dynamics poles around [—15, —15]
and 15, —15, —15], respectively. Hence, [ks1, ks2] = [15,15], [kﬂ, k fz} = [15,15), [wi1, wia] = [6,6],
[w21, wn] = [6,6]. Large kg, ki, wij, wa;,i = 1,2 will improve the disturbance performance, and
make the disturbance estimation errors arbitrarily small. Meanwhile, large k;; and ky; will reduce the
conservatism of the controller proposed in this paper.

The parameters for the controller (41) are chosen as [clT , CZT ] = [6,6,10,10]. Large control
parameters [c],c]] will improve the control performance and reduce steady-state tracking errors.
However, large control parameters will also induce serious input saturation. The parameters for
the auxiliary system (30) is designed as [kaTM . kaTuxz] = [6,6,60,60]. The parameters for the adaptive
RBFNN s (34) and (42) are chosen as A1 =40, p1 = 0.5, A2 =1, pp =0.8.

In the simulation study, the system uncertainties Af; (x1) and Af; (x1, x2) are assumed as +40%
variation of the force and moment aerodynamic coefficients. In addition, we assume that the unknown
time-varying disturbances imposed on the aircraft are

][5 0][n
i |~ L0 5 || hy

p (52)

| —0.02
—0.05

o | | _ [ 0.01(sin (0.57t) + sin (0.27t) +0.1) )
! diy | 0.02 (sin (0.57t) + sin (0.272¢) 4-0.1)
g — dy | | 0.01(sin (5t) 4 sin (2t) +0.3) (54)
27 | dy | | 0.01(sin(5¢) +sin (2t) +0.3)

According to Figures 14, the states of the aircraft diverge rapidly when the wing rock motion
appears. Hence, it is necessary to adopt appropriate control scheme immediately after the wing
rock phenomenon is detected. In the following simulations, we assume that the wing rock motion is
detected at 5 s, and then the controller (41) is executed immediately.

To facilitate the description, we define the compounded uncertainties ¥, ¥ as following

Yo = [¥a,Yal = AA (n) +di (1)
T
Tf = |:“Ff1,lff2:| = Afp (x1,x2) + Géhz +dp () (55)
. . . . T T
Meanwhile, we define the two estimation errors eys = [eys1, eysn] ', ey = |:€11J 1,6y fz} as

eys = ¥o—¥s=W[Si (1) +%— ¥,
eyp = Yi—¥;=W]Sy () + % — ¥ (56)
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5.1. Wing Rock Control

In this subsection, the control objective is to track a desired attitude command while suppressing
the wing-rock motion. The simulations are given by considering a reference attitude angle trajectory as

po = 0°
He 20sin (0.47tt)° (57)

The controller is executed at 5 s after the wing-rock motion appears, and the simulation results are
presented in Figures 5-14.

Figures 5 and 6 show that the wing rock motion appears, and the aircraft starts to oscillate at the
beginning. Then, after the controller (41) is executed in the fifth second, the states y, § converge to
the desired attitude command (57) quickly, which means that the controller can achieve satisfactory
tracking performance while suppressing the wing rock motion. Figures 7-10 show that the ESO can
estimate the uncertainty quite accurately. In Figure 7, the compounded disturbance ¥ diverged
quickly in fifth seconds, and the proposed disturbance observer can still estimate the disturbance well.
The estimation errors are plotted in Figures 11 and 12, which show that the proposed disturbance
observer not only has good steady-state performance, but also has good transient performance.
Meanwhile, the corresponding control input histories are given in Figures 13 and 14, respectively.

From the simulation results, we know that the developed ESO based robust control law is valid
for the nonlinear MIMO lateral model of an aircraft with system uncertainty, unsteady aerodynamic
disturbance, and input saturation.

30 T T T T r

20

0 5 10 15 20 25 30
t(s)

Figure 5. Roll angle tracking.

control execution

0 5 10 15 20 25 30
t(s)

Figure 6. Sideslip angle tracking.



Appl. Sci. 2017, 7,219 16 of 29

0.03 T T T T T

0.02 -

0.01

st

-0.01

-0.02 b

-0.03 i

-0.04 1 1 1 1 1
0 5 10 15 20 25 30

t(s)

Figure 7. Estimation of ¥ in attitude tracking.
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Figure 8. Estimation of ¥, in attitude tracking.
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lIlﬂ
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-0.15
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Figure 9. Estimation of ¥ 71 in attitude tracking.
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Figure 10. Estimation of ¥y, in attitude tracking.
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Figure 11. Estimation error of '¥.
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Figure 12. Estimation error of ¥ .
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30 T T T T T

25 b

20+ 1

0 5 10 15 20 25 30
t(s)

Figure 13. The aileron deflection angle output in attitude tracking.

10 - - - - -

-10

-15 : : : :
0 5 10 15 20 25 30

Figure 14. The lateral thrust vectoring angle output in attitude tracking.

One of the focuses of this paper is the robust control of wing rock motion suffering multiple
disturbances. To enhance the system robustness, an improved ESO is proposed combined with the
RBFNN. Next, the simulation will be carried out to compare the performance of the proposed ESO
with existing traditional ESOs.

5.2. Comparison with Traditional ESO

In the traditional ESO design method, all the uncertainties are merged into a single compounded
uncertainty. Hence, we rewrite (4) as follows

X1 = fi(x1) +g1(x1)x2 +¥s
X2 = fa(x1,x2) + g2(x1, x2)u(v) + ¥y (58)

Considering that a linear ESO is developed in this paper, the traditional linear ESO (LESO) is
considered for comparison instead of traditional nonlinear ESO. Meanwhile, the use of linear ESO
offers certain advantages. Firstly, the close loop stability for nonlinear ESO is hard to established
conclusively. Secondly, the LESO is easy from hardware implementation point of view.
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In [18], the authors have presented the wing rock control law based on the linear ESO. Hence,
according to [18], the LESO for (58) is designed as

fs = fila) +g1(x)x+ ¥ — I paeLs

Yo = 1ol (59)
frp = falxy,xo) +go(x, x2)u(v) +¥pp — U e 1f

li’fL = —l/szelLf

N . . % 3 3 T. . . o PO
where X is the estimation of x1; ¥, = [TSLLTSLZ] is the estimation of ¥; e'1s = £15 — x1; X5 is the

estimation of x»; ‘i’fL = {‘T’fu,‘i’fu} ! is the estimation of ¥¢. I'151, I'1s2, I'1f1, ' f2 are the positive
observer gains.

Similar to the developed disturbance observer in this paper, the observer gains are obtained by
following the pole placement technique by placing the observer error dynamics poles at [—15, —15].
Hence, I'1s1 = 30, I'psp = 225,1'1 41 = 30, I’ r, = 225. And initial conditions for the traditional LESO

(59) are taken as [£], (0),¥I (0)] = [5.7,0,0,0], [ﬁ{f (0) ,‘?’} (0)} = [0,0,0,0]. The simulations are
carried out by tracking the trajectory (57), and the other design parameters are the same as stated
earlier. To facilitate the description, we define e'ys = %1 — ¥s, ¢’ yf = ‘i’fL - ¥y

The estimation output of the LESO (59) is presented in Figures 15-18. In (58), all the uncertainties
are merged into a single compounded uncertainty, which leads to a larger value of the time derivative
of the compounded uncertainty. Hence, obvious estimation errors can be observed in the output
of LESO. Comparing Figures 11 and 12 with Figures 19 and 20, it is obvious that the disturbance
observer proposed in this paper can achieve better estimation performance under the same conditions.
Meanwhile, we can conclude that the developed disturbance observer not only has good steady-state

performance, but also has good transient performance.

s1

-0.04 1 1 1 1 1
0 5 10 15 20 25 30

t(s)

Figure 15. Estimation of ¥;; using LESO.
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Figure 16. Estimation of ¥, using LESO.
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Figure 17. Estimation of ¥ ) using LESO.
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Figure 18. Estimation of ¥, using LESO.
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Figure 19. Estimation error ey,.

— — —é

/
Wil

012

/
Cyr2

0.1} -
008} -
0.06 | -
0.04 | -

0.02

-0.02

-0.04

0 5 10 15 20 25 30
t(s)

Figure 20. Estimation error e}, £

5.3. Wing Rock Control under Narrow-Band Disturbances

In many classes of applications like active vibration control and active noise control, the broadband
and band-limited disturbances have been considered, which can be of narrow band type (simple or
multiple) or of broad band type. To make the simulation more realistic, a narrow-band disturbance
(NBD) will be considered in the wing rock control. Usually, a common framework is the assumption
that the broadband and band-limited disturbances are the results of a white noise or a Dirac impulse
passing through the shaping filter. Similar to [47], the transfer function of the shaping filter is taken to
be m. The mean, variance and sample time of the white noise are set as 0,150, and 0.1 s.
And the output of the filter is the NBD which is indicated by d,,,.

All the design parameters, the considered disturbances, and the reference attitude angle trajectory
are the same as stated in Section 5.1, except for the external disturbance d, which is written as (60).
Comparing (54) and (60), it is obvious that the NBD d,;;, is considered in the external disturbance.

(60)

g, | 4| _| 001 (sin (5t) + sin (2t) +0.3) +d,
2T dn | | 001 (sin (5t) + sin (2¢) +0.3) +d,;
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The simulation results are presented in Figures 21-28. From Figure 21 and 22, it can be observed
that the proposed controller can still achieve satisfactory tracking performance in the presence of the
NBD. The disturbance estimation results are presented in Figures 23-26. Especially Figures 25 and 26
indicate that the observer proposed in this paper can still achieve satisfactory disturbance estimation
performance in the presence of the NBD. And the corresponding control input histories are given in
Figures 27 and 28, respectively.

25 T T T T T

20

15

10

0 5 10 15 20 25 30
t(s)

Figure 21. 1 under NBD.

B(°)

6 1 1 1 1 1
0 5 10 15 20 25 30

t(s)

Figure 22. p under NBD.
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Figure 23. Estimation of ¥ under NBD.
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Figure 24. Estimation of ¥, under NBD.
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Figure 25. Estimation of ¥ ; under NBD.
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Figure 26. Estimation of ¥y, under NBD.
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Figure 27. §; under NBD.
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Figure 28. 6, under NBD.
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6. Conclusions

In this paper, a robust attitude control scheme has been developed for wing-rock motion control
with the system uncertainties, unsteady aerodynamic disturbances, external disturbances, and input
saturation. To be more consistent with the practical wing rock phenomenon, a uncertain MIMO
nonlinear wing rock model was studied. To address the issues of multiple disturbances, an improved
ESO was developed combined with the RBENN technique, which relaxed the known boundary
requirement of the uncertainties and disturbances. Furthermore, the input saturation problem was
considered, and a corresponding auxiliary system was designed to weaken the effect of the input
saturation. Finally, a robust backstepping control scheme has been designed. Exclusive simulations
have proven that the improved ESO can achieve satisfactory disturbance estimation performance,
and that the proposed control scheme is valid in the wing rock control.
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Appendix A

The detailed analysis of the time derivative of Lyapunov function V; is given as following:
The Lyapunov function V; is given by

1 1 12 1l o 1
Vi = §€1T€1 + 58}1%‘1 +3 l; e1i, €3] Psile1i €3] + St (W1TA1 1W1) + §§1T§1 (A1)
Defining e13; = [e1;, £3i]T, and considering the following facts:
tr (WIATYW, ) = tr (WS WIW, ) < eTWIs Wi | + 2wy |12
(Wi AWy r(WIS1 (1) ef — o1 Wi Wi ) <efWSy () — || [ > Wil
_elel” = - Z wiie1i€3i < Z ( 81318131) + max {wy; } el €1 (A2)
the time derivative of V; is given by
Vi =¢; (81(x1)€2 +gi1(x)en — WISt (Jh) — %3 — 01€1> —enlylep +ef M (o)
- 1 ~ 4.
+ Z (—wlis{3isl3i + &15, P B WS (J1) — Msfﬁpsicsihli) +tr (WZT A; 1w2)
~ ;

+ nggl (xl) g - g{kuuxlgl

<ej gl(x1)ez + /\181 e1 + sflefl —e W1 S1(lh) + Z (‘01161 e1 + 1 81318131> — c1elTel (A3)
i=1
1 1 2
—Sfl Tlep + €f1€f1+ SMT +ef Wi Sy (1) - HW1|| +2 5 W]
- 1
+ Z <_W1i5{3i813i + 15 PiBsiW1iS1 (J1) — m€{3ipsicsih1i>
— i

1- 1
— & kqun &1 + E/\1§1T§1 + §§2T§2
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Furthermore, considering the following facts:

1 1 Mpc MPCSI
——elyPuCatni < —— el | IPaCail il < = elyenai + g M3,
w1 w1 4t 2 i
3 _ —
e13:PsiBsiWy;S1 (1) < Mpgst [|erzi| || Whil| < EM%3515{31€131‘ + ﬂHWh‘H (A4)

the time derivative of V] can be written as
. 1-
V1 <— (Cl - 5/\1 - max{wli}> efe; — (/\max (F* > - 1) ep1€f1 + Z HW11||

2

wy; Mpc,

+eigi(x)ea+ ) (— (‘Uli - f - §M123351 4> 8{318131>
i=1 T

PCSZ 1. 1
+Z< Mw) + 58 = BV |+ B wi |
1- 1
= &l kun1 + 5086+ 580 (A5)
1- _
§eng1(x1)ez — (cl — 5)\1 — max{wli}> elTel — (Amax (1"1 1) — 1) s}lsfl

T As2
i — §MPB51 T T4t

3
1 B 2 Z(JJ
(- (BB
i=

MPCsi >

MPC T 1. *
él auxlérl + Algl (:1 + 52 52 + Z ( M%u) + EM% + %HWl ”2

11

where || P;;Csi|| = Mpc,,, ||| < Mp,,, ||PsiBsill [|S1 (J1)]| < Mpps, and T > 0 is a design constant.
This concludes the analysis.

Appendix B

The detailed analysis of the time derivative of Lyapunov function V; is given as following:
The Lyapunov function V; is given by

Vy =

1 1 & 1 fom o 1
eler+ 5 Y b Pricassi + St (W2T A, 1w2) +z&le (A6)
2 2 &~ 2 2

Similar to (A2), considering the following facts:

tr (WgA;lWZ) =tr (WZTSZ (]2) eg—pQWgWQ> 52 (]2 ||W2H + pZHWzH
2
=Y enfyi = Z wyi€i€4i < Z ( 6245182451) +max {wy} el e (A7)
i=1

Then, the time derivative of V, can be written as
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Vo =—elgl (x1) e —ed WIS, (Jo) — Z egiXy; — Coed ey 4 tr (W;A;lwz)

N i < —wyied ysilenssi + €145 PfiB1 W3Sz (J2) — é_eg@l’ﬂBsﬁhzi (t) )
i1 —%2,-35451'Pfi32ﬁ(32i612i (B) W11 (1)
— & kauxala + §3 82 (x1,%2) Au (A8)

T
< — ezgl (x1)e1 —e; W2 So (o) + Z ( 8245182451) + max {wo; } ez ey — 2856

N i ( —wigsil€045i + 345:PfiB1£iW5:S2 (J2) — é?g@ipfiBSﬁhZi (t) )
—%2,5%145ipfiB2fiG2i”2i (B)W],S1 (J1)

i=1
1- 1
+32W;S2 (]2 ||W H + pz”WzH égkaux2§2+ §A2€g€2+ EAMTAM

Furthermore, considering the following facts:

€245 PfiB17iWg;S2 (J2) < H€§45i priBlfi [[Wail| 152 (J2)
T 1,
< EM%3525§451‘52451‘ + 5= HWZH
1 1 -
- @55451'Pfi32fiG2i52i (B) W{1S1 (h) < o €345 przBZszm“Zz )H HW1T1H 151 (o
1. .-
— W A9
= ZWZIMPBASz£24518245l ZTH IH (A9)
1 1.1
—€345: fiBafifiai () < 72H€245i priBsfi (1722 ]
w3, wy;
Mpg,, Mpg,T
fi T fi
< in €245:€245i + o fin;

2i

Then, (A8) can be written as

2
Vo < —elgl (x1)e; — eI WSS, (J2) + ) ( 1 824518245,) +max {wy;} edes — crel ey
i=1

oI . TAf2 T
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< 2 Mpsg Mpp ;T
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1- 1
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i 2 2 fi
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+ Z - €245iPfi€245i
i=1 Amax (Pfl)

152 1. 1
+ 7HW1 || - ggkauxZéZ + E/\zngfz + EAMTAL{
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+ Z ( 1 h2,> + 2 w3

’PfiBZfiGZiIZZi (5)“ 1S1 J)I < Mppasi,
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where priBlfi
(1724 ]| < M-
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This concludes the analysis.
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