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Abstract: The physical properties of granular materials (such as hydraulic, strength, and thermal
properties) are largely dependent on their density (or porosity) and particle size distribution.
In infrastructure design, the thermal properties of soils are now more important than in the past.
However, our understanding of the thermal properties of mixed granular materials is still poor.
In this study, the thermal conductivity of silica sands with different porosities and particle sizes
was experimentally investigated, based on ASTM D5334-14. The thermal conductivity of granular
materials is presented as a function of the porosity and proportion of fine particles. The thermal
conductivity tends to be low when the porosity is high and the proportion of fine particles is low
(and vice versa). When the fine particles are small enough to fill the pore body of the larger particles,
the coordination number increases; thus, the thermal conductivity increases when the proportion of
fine particles is high. Therefore, both the porosity and particle size distribution should be carefully
considered when the thermal conductivity of mixed silica sand is evaluated.
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1. Introduction

Soils and foundations are modeled as heat sources or sinks in infrastructures, such as geothermal
power plants, ground source heat pumps (GSHP), U-shaped borehole heat-exchangers (UBHE), ground
heat exchanger piles, and buried pipes for steam or hot water [1–7]. The thermal properties of
soil influence the performance of geotechnical structures (such as shallow and deep foundations,
pavements, dams, and embankments) against heaving and freezing propagation [8,9]. In addition,
the thermal properties of soils have become more important in the design of general infrastructures
because of heat-related issues in urban areas (such as heat islands, which are receiving increased
attention from the public).

It is well known that the amount of fine particles in granular materials influences engineering
properties such as stiffness, strength, and hydraulic conductivity [10,11]. For example, the shear
stiffness of granular materials increases with a larger proportion of fine contents at a constant
porosity [10]. However, our knowledge on the thermal properties as a function of the proportion
of fine particles is limited. In this study, the thermal conductivity (one of the important thermal
properties of silica sand) with the varying porosity and proportion of fine particles is experimentally
investigated. A transient method (ASTM D5334-14) was used to evaluate the thermal properties of
mixed silica sands.
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2. Thermal Properties

Thermal properties such as heat capacity, thermal conductivity, thermal expansion, and thermal
stress are required to model the heat transfer in soils [12,13]. Heat capacity is the measurable physical
energy required to increase the temperature of a material by 1 ◦C. Thermal conductivity is the ability
of a material to conduct heat from high- to low-temperature regions. Thermal expansion is the change
in volume of a material in response to a change in temperature. Thermal stress is the change in stress
of a material owing to a change in temperature.

Thermal conductivity plays an important role in heat transfer; for example, heat transfers at a low
rate in a material with low thermal conductivity. As such, a material with low thermal conductivity
can be used for thermal insulation, whereas a material with high thermal conductivity can be used as
a heat sink. Thermal conductivity is a property explaining the conduction, convection, and radiation
in granular materials [14]. Conduction is affected by the properties of the mineral and the contact
area between particles; convection is related to the properties of the fluid filling the sediment pores;
and radiation is related to the propagation of heat without any medium [14]. Thus, thermal conductivity
depends on the porosity, mineral type, effective stress, saturation, and properties of the pore fluid.
For example, thermal conductivity increases with a decrease in porosity, an increase in effective stress,
and an increase in degree of water saturation [15–20].

The thermal conductivity of granular materials can be estimated using a steady state or transient
method. In the steady state method, the thermal conductivity is evaluated based on Fourier’s law for
heat conduction, according to Equation (1):

λ =
Q·L

A·(T2 − T1)
(1)

where λ is the thermal conductivity (W/(m·K)), Q is the amount of heat passing through a cross section
of the specimen (W), A is the cross-sectional area of the specimen (m2), L is the length of the specimen
(m), and T2 and T1 are the temperatures at two locations (K).

In the transient method, the thermal conductivity of a material is evaluated based on the change
in temperature over time (after heat generation). It normally takes less time to conduct a test using
the transient method than to apply the steady state method; therefore, the moisture migration in
the material during the test may be minimized [21]. The temperature change ∆T (K) at time t (s),
when heating starts at t = 0 and stops at t = tp, can be represented through Equations (2) and (3)
(ASTM D5334-14):

∆T = − Q
4πλ

Ei
(
−r2

4Dt

)
0 < t ≤ tp (2)

∆T = − Q
4πλ

[
−Ei

(
−r2

4Dt

)
+ Ei

(
−r2

4D
(
t − tp

))] t > tp (3)

where, Q is the heat applied per unit length of the heater (W/m), r is the distance from the heat source
(m), and D is the thermal diffusivity (m2/s). Equations (2) and (3) can be simplified (using a non-linear
least-squares inversion method) into Equations (4) and (5), which are the basis for the evaluation of
thermal conductivity using the transient method (ASTM D5334-14):

∆T =
Q

4πλ
ln(t) 0 < t ≤ tp (4)

∆T =
Q

4πλ
ln
(

t
t − tp

)
t > tp (5)

Jafari and Jung [22] developed two theoretical models (the parallel and series models) for the
thermal conductivity of a soil matrix composed of soil, water, and air. They set the parallel model
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as the upper bound of thermal conductivity (Equation (6)) and the series model as the lower bound
(Equation (7)):

λmixture = λsolid·(1 − n) + S·λwater·n + (1 − S)·λair·n (6)

λmixture =
1(

1−n
λsolid

)
+

(
n(

S
λwater

)
+
(

1−S
λair

)
) (7)

where, λmixture, λsolid, λwater, and λair are the thermal conductivities of the soil matrix (mixture), solid
mineral, water, and air, respectively; n is the porosity; and S is the degree of saturation. According to
Equations (6) and (7), thermal conductivity is proportional to degree of water saturation, but inversely
proportional to porosity. They also considered the Hashin-Shtikman models [22,23] as the upper
(Equation (8)) and lower (Equation (9)) bounds of thermal conductivity:

λmixture = λsolid·
[

1 +
3(1 − n)(λVU − λsolid)

3λsolid + n(λVU − λsolid)

]
, (8)

where λVU = λwater·
[
1 + 3(1−S)(λair−λwater)

3λwater+S(λair−λwater)

]
and,

λmixture = λVL·
[

1 +
3n(λsoild − λVL)

3λVL + (1 − n)(λsolid − λVL)

]
(9)

where λVL = λair·
[
1 + 3S(λwater−λair)

3λair+(1−S)(λwater−λair)

]
.

3. Experimental Study

3.1. Materials

Three samples of poorly graded silica sands (samples A, B, and C) were selected as baseline
materials for the experiments. The coefficients of curvature (i.e., Cc = D30

2/(D10·D60)) of samples A, B,
and C were 0.93, 0.86, and 1.03, respectively, and their coefficients of uniformity (i.e., Cu = D60/D10)
were 1.41, 2.17, and 1.51, respectively. The particle-size distribution curves of the three samples are
shown in Figure 1a, and the mean particle sizes (D50) of samples A, B, and C were 0.84, 0.33, and
0.16 mm, respectively. The particle shapes were all bulky and round. Sample A indicates large particles,
while samples B and C are designated as fine particles in this article. In an attempt to explore the
effect of fine particles on the thermal conductivity of mixed granular materials, two baseline samples
(samples A and B, or samples A and C) were mixed with varying proportions of fine particles (B
and C), as shown in Figure 1b,c. The labels in Figure 1b,c represent the mixing proportion of the fine
particles B and C, respectively. For example, the 80% label in Figure 1b refers to a mixed specimen with
80% of fine particles B and 20% of large particles A in weight, whereas the 0% label indicates a pure
sample A without mixing of fine particles B. As shown in the figure, two baselines (100% sample A
and 100% sample B) and 12 mixed specimens (A–B and A–C mixed specimens) were considered in
this study. The initial void ratio of the 100% sample C was much higher than that of the others, and
therefore the thermal conductivity of the 100% sample C was not comparable. Thus, the results of the
100% sample C are not presented in this paper. All tests were conducted using dry specimens, but the
effects of water were not within the scope of this study.
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3.2. Experiment Procedure 

The tests for thermal conductivity were conducted based on the transient method, ASTM D5334-14, 
with a needle probe from the East 30 Sensors Company (Pullman, WA, USA). The transient method 
has the advantage that, owing to its short test duration, the moisture migration in the materials can 
be minimized compared to that in the steady state method [21]. Figure 2 shows a schematic of the 
experiment setup [22]. The length of the needle probe was 60 mm and its aspect ratio was larger than 
20. The dimensions of the needle probe were sufficient to generate a radial thermal transfer. The 
needle probe consisted of a heating wire to raise the temperature of the materials and a thermocouple 
to measure the change in temperature. The heating wire was connected to a DC (direct current) power 
supply and an amperage meter. The thermocouple was connected to a data logger for recording the 
temperature at every second during the tests. 

The specimens were placed in a transparent polyethylene cylinder with a 10.1 cm inner diameter 
and 9.3 cm height, and the needle probe was inserted vertically into the materials (Figure 2). They 
were kept in a room at a constant temperature until the temperature in the specimens became stable 
(24 ± 1 °C). After setting up the specimens, heat was generated by heating the wire for 1 min. The 
curve of temperature change versus time at the natural logarithm scale was plotted using the data 
measured during the heating process. The linear relationship between temperature and time can be 
used to estimate the thermal conductivity  of the specimen using Equation (10): = − × × ( ) × , (10) 
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Through compaction of the specimens, there was an attempt to achieve a uniform density, and 
as a result, the initial void ratio of the specimens was between 0.600 and 0.609 for all cases (Figure 3). 
To change the porosity of the samples, and eventually explore the impact of the porosity and the 
proportion of fine particles on the thermal conductivity during the tests, the specimens were loaded 
one-dimensionally in the cylinder at 12.5 to 1600 kPa with a constant load incremental ratio (LIR = 1), 
using a GeoJac automated loading system (Geotechnical Test Acquisition & Control). The loading 
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3.2. Experiment Procedure

The tests for thermal conductivity were conducted based on the transient method, ASTM D5334-14,
with a needle probe from the East 30 Sensors Company (Pullman, WA, USA). The transient method
has the advantage that, owing to its short test duration, the moisture migration in the materials can
be minimized compared to that in the steady state method [21]. Figure 2 shows a schematic of the
experiment setup [22]. The length of the needle probe was 60 mm and its aspect ratio was larger than 20.
The dimensions of the needle probe were sufficient to generate a radial thermal transfer. The needle
probe consisted of a heating wire to raise the temperature of the materials and a thermocouple to
measure the change in temperature. The heating wire was connected to a DC (direct current) power
supply and an amperage meter. The thermocouple was connected to a data logger for recording the
temperature at every second during the tests.

The specimens were placed in a transparent polyethylene cylinder with a 10.1 cm inner diameter
and 9.3 cm height, and the needle probe was inserted vertically into the materials (Figure 2). They were
kept in a room at a constant temperature until the temperature in the specimens became stable
(24 ± 1 ◦C). After setting up the specimens, heat was generated by heating the wire for 1 min.
The curve of temperature change versus time at the natural logarithm scale was plotted using the data
measured during the heating process. The linear relationship between temperature and time can be
used to estimate the thermal conductivity λ of the specimen using Equation (10):

λ = − I2 × Rm

4π
×

ln ( t2
t1
)

T2 − T1
× 1

L
, (10)

where λ is the thermal conductivity of the specimen (W/mK), I is the electrical current (A), Rm is the
electrical resistance of the heated wire (70 Ω in this study), T1 and T2 are the temperatures (K) at times
t1 and t2, respectively, and L is the length of the needle (m).

Through compaction of the specimens, there was an attempt to achieve a uniform density, and
as a result, the initial void ratio of the specimens was between 0.600 and 0.609 for all cases (Figure 3).
To change the porosity of the samples, and eventually explore the impact of the porosity and the
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proportion of fine particles on the thermal conductivity during the tests, the specimens were loaded
one-dimensionally in the cylinder at 12.5 to 1600 kPa with a constant load incremental ratio (LIR = 1),
using a GeoJac automated loading system (Geotechnical Test Acquisition & Control). The loading
interval was 30 min, which was determined through preliminary tests (most of the settlements were
completed within 2 to 5 min). At the end of each loading step, the thermal conductivity was measured
three times at different specimen locations, and the measurements obtained were very close. This paper
presents the average of the three measurements.
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4. Results and Discussion

4.1. Void Ratio with Change in Vertical Effective Stress

Figure 3 shows the compressional behavior of the specimens under one-dimensional loads.
At a vertical effective stress of 12.5 kPa, all the A–B mixed specimens started from a void ratio of
approximately 0.608 and presented a similarly decreasing void ratio with increasing load (although
the mixed specimens including 90% or 100% of fine particles B were less compressed than the others
(Figure 3a)). For A–C mixed specimens, the specimens with 20% and 40% of fine particles C started
from a low initial void ratio (e = 0.600–0.604) and showed significant decreases in the void ratio,
whereas the others showed a higher initial void ratio and lower compression (Figure 3b).

The theoretical pore body size of a simple cubic packing of spherical particles equals 0.414D,
which can be considered the loosest packing (Figure 4a). In addition, the pore body size of the
cubic tetrahedral packing of spherical particles equals 0.155D, which can be theoretically considered
the densest packing (in Figure 4b, note that D indicates the diameter of the largest particles) [24].
Silica sand, with a void ratio of e = 0.49–0.79, has been considered a material with a loose density [25].
Given the initial void ratio and particle size of the baseline specimen A (i.e., 0% B or 0% C), e = 0.608,
and D50 = 0.84 mm, respectively, its theoretically expected maximum pore body size is approximately
0.348 mm, which is obtained from 0.414D. Considering the particle size distribution of fine particles B
and C in Figure 1, they have D50 values of 0.33 and 0.16 mm, respectively. Fine particles C may easily
fill the pore spaces in sample A. As such, the large particles of sample A form the structural skeleton,
and the fine particles C in a range of 20% to 40% may be appropriate amount to fill the pore body
constructed by sample A and therefore decrease the void ratio of mixed specimens (see Figure 3b).
In addition, a change in compressional load increases both the coordination number and the contact
area of the particles, thereby decreasing the porosity (or void ratio), which has been consistently
reported in the literature [26–28].
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dimensional compression. It is noted that the thermal conductivity increases with the increase in load. 
Previous studies have also shown that increased vertical effective stress raises the thermal conduction 
between particles [26–28]. In Figure 5a, the 0% B specimen (that is, 100% sample A) shows the lowest 
thermal conductivity along the entire range of loads (because this specimen is the most uniform 
among all specimens (see Figure 1a) and has the lowest coordination number). The thermal 
conductivities of the A–B mixed specimens show similar trends and values, except within the range 
of 0% to 10% of fine particles B. In comparison to the A–B mixed specimens, the smaller size of the 
fine particles C influence more clearly the thermal conductivity of the A–C mixed specimens up to 
40% of fine particles C. 
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Figure 4. Theoretical pore body sizes of soil packing (D and d are a diameter of the host and fine
particles, respectively): (a) the loosest simple cubic packing and (b) the densest tetrahedral packing.

4.2. Thermal Conductivity with Change in Vertical Effective Stress

Figure 5 shows the change in thermal conductivity of the mixed specimens under
a one-dimensional compression. It is noted that the thermal conductivity increases with the increase
in load. Previous studies have also shown that increased vertical effective stress raises the thermal
conduction between particles [26–28]. In Figure 5a, the 0% B specimen (that is, 100% sample A) shows
the lowest thermal conductivity along the entire range of loads (because this specimen is the most
uniform among all specimens (see Figure 1a) and has the lowest coordination number). The thermal
conductivities of the A–B mixed specimens show similar trends and values, except within the range of
0% to 10% of fine particles B. In comparison to the A–B mixed specimens, the smaller size of the fine
particles C influence more clearly the thermal conductivity of the A–C mixed specimens up to 40% of
fine particles C.
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Figure 5. Thermal conductivity with respect to one-dimensional load.

4.3. Thermal Conductivity with Change in Porosity and Fine Particle Contents

Figure 6 shows the variation in thermal conductivity of the baseline and mixed specimens with
changes in porosity. The variation in initial porosities results from the particle shape, grain size
distribution, and chemical composition of the surfaces, even under the same compaction energy.
In general, the thermal conductivity increases with a decrease in porosity for all samples, which is
consistent with previously published data [14,16,29]. When the initial porosity is high, the coordination
number has a greater influence on the decrease in porosity than the contact area [30]. However, at a
low initial porosity, the change in contact area is more significant, affecting the thermal conductivity
more [30]. This implies that the increased effective stress results in a larger coordination number and
contact area, which causes a decrease in porosity and an increase in thermal conductivity.
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For the A–B mixed specimens in Figure 6a, the thermal conductivity of specimens containing 10%
to 100% of fine particles B is higher than that of the 100% sample A. However, the effect of the fine
particle contents on thermal conductivity of the 20% to 80% B specimens does not seem straightforward.
The fine particles B may fill the pore body of the baseline A for fine contents of up to 10%. But for fine
contents of 20% or more, the fine particles B may replace particles of the baseline A instead of filling
the voids (because the size of fine particles B (D50 = 0.33 mm) is not much smaller than the size of the
pore body of specimen A). Note that the expected pore body size of sample A is 0.348 mm.

On the other hand, the A–C mixed specimens show a clear trend, and the thermal conductivity of
the mixed specimens increases with an increase in fine particles C. The relatively smaller fine particles
C (D50 = 0.16 mm, as shown in Figure 1) seem to fill better the pore body of baseline A. The decrease in
pores (by adding fine particles C) causes the thermal conductivity to rise.

An attempt was made to relate the thermal conductivity of a mixed specimen to the properties
representing the size and packing of the particles. Various properties such as porosity, coefficient of
uniformity, and coefficient of curvature were investigated, but porosity showed better correlation than
the other properties. The results of the trials are not presented herein.

Figure 7 shows contours of thermal conductivity as a function of porosity and a proportion
of B or C fine particles. The label of the contour indicates the thermal conductivity of the mixed
specimens. From the plots, the effects of the porosity and proportion of fine particles can individually
be investigated. The results indicate the following. First, the thermal conductivity tends to increase
under the lower porosity and higher proportion of fine granular materials (i.e., fine particles B or C),
and vice versa. Second, compared to the A–B mixed specimens, the thermal conductivity of the A–C
mixed specimens show a clearer trend of increasing thermal conductivity, with increasing proportion
of fine particles C (Figure 7b). The sizes of the fine particles C are much smaller than the theoretical
pore body size of sample A (D50 of sample C is 0.16 mm, and the expected pore body size of sample
A is equal to 0.348 mm, based on Figure 4a). The fine particles C (which are smaller than particles B)
may effectively fill the pore space in sample A, elevating the coordination. The heating energy can
transfer better with the heightened coordination number; the increase in fine particles C results in
larger thermal conductivity.
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However, the size of fine particles B (D50 = 0.33 mm) is similar to the theoretical estimate of the
size of the pore body of sample A. The fine particles B may replace the particles of sample A rather
than fill the voids, and therefore the increment in fine particles B does not necessary lead to a raise in
thermal conductivity.

5. Conclusions

The thermal conductivity of silica sand, with a varying porosity and proportion of fine particles,
was experimentally investigated based on a transient method.
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A larger compressional load increases both the coordination number and contact area of the
samples and decreases their porosity (or void ratio). Thus, the thermal conductivity also increases
with increments in load, which coincides with the results reported in the literature. The most
uniformly graded specimen showed the lowest thermal conductivity, which can be explained by
the low coordination number of the uniformly packed particles.

This study attempted to relate the thermal conductivity of different samples to the properties
representing the size and packing of their particles. The thermal conductivity was presented as
a function of porosity and a proportion of fine particles. It was found that the thermal conductivity
tends to decrease under a high porosity and a low proportion of fine particles, and vice versa.
When the size of the smaller particles is adequate for filling the pore body of the larger particles,
the coordination number becomes greater with a larger proportion of fine particles, which causes the
thermal conductivity to increase. On the contrary, when the size of the fine particles is not appropriate
for filling the pore body of the large particles, the effects of fine contents on thermal conductivity is not
straightforward. Thus, both the porosity and particle size distribution should be carefully considered
when the thermal conductivity of mixed silica sand is evaluated.
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