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Abstract: A modified mathematical model describing the human immunodeficiency virus (HIV)
pathogenesis with cytotoxic T-lymphocytes (CTL) and infected cells in eclipse phase is presented and
studied in this paper. The model under consideration also includes a saturated rate describing viral
infection. First, the positivity and boundedness of solutions for nonnegative initial data are proved.
Next, the global stability of the disease free steady state and the endemic steady states are established
depending on the basic reproduction number R and the CTL immune response reproduction number
Rerr. Moreover, numerical simulations are performed in order to show the numerical stability for
each steady state and to support our theoretical findings. Our model based findings suggest that
system immunity represented by CTL may control viral replication and reduce the infection.
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1. Introduction

Human immunodeficiency virus (HIV) is known as a pathogen causing the acquired
immunodeficiency syndrome (AIDS), which is the end-stage of the infection. After that, the immune
system fails to play its life-sustaining role [1,2]. Indeed, it is well known that the cellular immune
responses play an indispensable role during the HIV viral infection, especially in people known as
elite controllers who are infected by HIV but maintain a normal CD4 count for many years and remain
asymptomatic or have a very delayed disease progression over the course of their HIV infection [3,4].

The basic viral infection model with CTLs immune was first studied in [5] and its global stability
was studied in [6,7]. A prevailing theory suggests that CTL cells are responsible for the sudden decrease
HIV virus load and the subsequent quasi-steady state level of the viral load after a sharp increase
during the primary infection phase [8-11]. In [12], the authors consider the interaction between CTL,
viruses and macrophages and study the global stability in a model with a mass action infection term.
With a saturated infection term, the same mathematical question was tackled in [13] with a model
consisting of four ordinary differential equations with a Beddington-DeAngelis infection term.

More recently, the model describing the interaction between the HIV viruses, CD4" T cells,
infected cells with a standard incidence rate function describing saturated viral infection is formulated
and studied in [14]. The authors study the local and global stability of the endemic states and illustrate
that their model can fit well with some clinical HIV infection data sets. In this paper, we extend
their work by incorporating the cytotoxic T lymphocytes (CTL) immune response. The dynamics
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of HIV infection with CTL response that we consider is given by the following nonlinear system of
differential equations:

k
X:)L—dlx— lxv,
xX+0v
k
= 1Yo —sz—sz,
x+v )

Y = kos —dzy — pyz,
0 =ay —dyv,

z=cyz— bz,

with the initial conditions x(0) = x¢, s(0) = s, ¥(0) = yo, v(0) = vy and z(0) = zo.
In this model, x, y, s, v and z denote the concentration of uninfected cells, infected cells, exposed
cells, free virus and CTL cells, respectively. Susceptible host cells CD4™1 T cells are produced at a rate

. . . kixv .
A, die at a rate dyx and become infected by virus at a rate xl 5 Exposed cells die at a rate dps and

become infected at a rate of kjs. Infected cells increase at rate kps and die at rate d3y and are killed
by the CTL response at a rate pyz. Free virus is produced by infected cells at a rate ay and decays at
a rate dyv. Finally, CTLs expand in response to viral antigen derived from infected cells at a rate cyz
and decay in the absence of antigenic stimulation at a rate bz. Note that this model (1) employs the

. o . kixo . . .
more realistic standard incidence rate function < ! . as in [14,15], which better describes the rate of

viral infection. The schematic representing the viral dynamics of the problem under consideration is
illustrated in Figure 1.
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Figure 1. Schematic of the model under consideration.

The rest of the paper is organized as follows. In Section 2, we study the positivity and boundedness
of solutions. We present the steady states and give a local stability result in Section 3. Section 4
is dedicated to the global stability results. Numerical simulations are performed in Section 5 and
we conclude the paper in the last section.

2. Mathematical Analysis of the HIV Model

2.1. Existence and Local Stability

For the problems deal with cell population evolution, the cell densities should remain non-negative
and bounded. In this section, we will establish the positivity and boundedness of solutions of the
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model (1). First of all, for biological reasons, the parameters xg, so, Yo, 7o and zg must be larger than or
equal to 0. Hence, we have the following result:

Proposition 1. For any non-negative initial conditions (xo, 50, Yo, Vo, 20), system (1) has a unique solution.
Moreover, this solution is non-negative and bounded for all t > 0.

Proof. The proof is given in Appendix A. O

Moreover, system (1) has an infection-free equilibrium E; = (d—, 0,0,0,0), corresponding to
1
the maximal level of healthy CD4" T-cells. The basic reproduction number of our problem is given
as follows: ‘ .
a
Roy=kj—2———, 2
O dy ko dydy @

7 _i ? is the proportion of exposed cells to become productively infected cells, di is the
2+ k2 3

1
number of free virus production by an infected cell and I is the average life of virus. From a biological
4

point of view, Ry stands for the average number of secondary infections generated by one infected cell
when all cells are susceptibles. Depending on the value of this basic reproduction number Ry; in other
words, depending on these three biological proportions, we will study the stability of the free-endemic
and the endemic equilibria.

In addition to the disease free equilibrium, system (1) has three endemic equilibria. The first of
them is Eq = (x1,51,Y1,v1,21), where

where

X1 = é,
di+ k(11— %)
. k1ARo(1 - o) ,
(d2 +ka)(d1 + ki (1= z-))((1 = g5)Ro +1)
_ dsARo(1- g;)
Ny kg (1- &)
_ ARo(1-g5)
A
z1 =0.

The second endemic steady state is E; = (x2, 52, Y2, U2, 22), where

—abdy — abky + Acdy + VA
2Cd1d4 !
o, _ 43Ro b(—abdy —abky + Acdy + VA)
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The third endemic steady state is E3 = (x3,Y3,v3, z3), where

_abdy + abky — Acdy + VA

Y= 2Cd1d4
5 — k1x303

(ko +da)(x3 +v3)"

b
Y3 = o

_ ba
U3 = @,
25 = koss — dsl/s/
pys

with A = (abky — Acdy)? + a?b?d? + 2a*b?dyky + 2Aabed,dy.

The last endemic steady-state E3 will not be taken under consideration since x3 < 0, which is
not possible biologically. On the other hand, from the components of Ej, it is clear that, when Ry > 1,
this endemic point exists. In what follows, we will make use of the following CTL immune response
reproduction number Rcry to classify the model system dynamics

o cdsARy(1 — R%)
Rerp === = > — 1
abdy + abky (1 . )

depending on the value of this CTL immune reproduction number Rcry; in other words, depending
on Rj and the parameters describing the effectiveness of CTL like c and b, we will study the stability
of the endemic equilibria.

First, observe that the second endemic state E; = (xp,¥2,02,22) exists when Rerp > 1.
This endemic state is also called an interior equilibrium.

We explain the existence of this endemic equilibrium E; as follows. We recall first that, in this
state, both of the free viruses and CTL cells are present. Assume that Ry > 1, in the total absence
d3ARy(1- ;)

of CTL immune response, the infected cell load per unit time is —————~.
adqy+akq (1— Ry )

Via the five equations

cdgARg(1— RLO)

——— = = cy.

adq+akq (17%0) Y
cdgAR(1—2-) cdgARp(1—2-)

1y = Rerp If —— 0=

abd+abky (1—¢-) abd; +ubk1(lfR—o)

have the existence of the endemic equilibrium Ej.

The local stability result of the disease-free equilibrium is given as follows.

of model (1), CTL cells reproduced due to infected cells stimulating per unit time is

The CTL load during the lifespan of a CTL cell is > 1, wewill

=)

Proposition 2. The disease-free equilibrium, Ey, is locally asymptotically stable for Ry < 1.

Proof. The proof is given in Appendix A. O

The local stability of the other steady states is quite similar to the first one. Hence, the rest of the
work will be devoted only to the global stability analysis of the problem under consideration.

2.2. Global Stability Results

This subsection deals with the global stability analysis of the disease-free and the endemic
equilibria. Our approach involves the construction of appropriate Lyapunov functions. First, we have
the following global stability result of the disease-free equilibrium.
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Proposition 3. If Ry < 1, then the endemic point E is globally stable.

Proof. The proof is given in Appendix B. [

For the global stability result of the endemic equilibrium E;, we have the following.
Proposition 4. If Ry > 1 and Rerp < 1, then the endemic point Eq is globally stable.

Proof. The proof is given in Appendix B. O

Finally, the global stability result concerning the last endemic point E; is given as follows.
Proposition 5. If Ry > 1 and Rcrp > 1, then the endemic point Ej is globally stable.

Proof. The proof is given in Appendix B. O

3. Numerical Results and Simulations

In order to perform the numerical simulations, system (1.1) will be solved numerically using
the fourth order Runge-Kutta iterative scheme. The parameter values or ranges used are presented
in Table 1.

Table 1. Parameters, their symbols and default values used in the suggested HIV model.

Parameters Meaning Value References
A Source rate of CD4™ T cells [0,10] [16]
kq Average of infection [2.5 x 1074,0.5] [14]
dq Decay rate of healthy cells 0.0139 [14]
dy Death rate of exposed CD4™" T cells 0.0495 [14]
ko The rate that exposed become infected CD4™ T cells 1.1 [14]
ds Death rate of infected CD4™" T cells, not by CTL killing 0.5776 [14]
a The rate of production the virus by infected CD4" T cells [2,1250] [14]
dy Clearance rate of virus [0.3466,2.4] [14]
P Clearance rate of infection 0.0024 [17]
c Activation rate CTL cells 0.15 [17]
b Death rate of CTL cells 0.5 [17]

Figure 2 shows the behavior of infection during the first 60 days. For the parameters used in
this figure, the basic reproduction number is Ry = 0.2209 < 1; we clearly see that the solutions of the
system converge to the disease-free equilibrium point E; = (827.22,0,0,0,0). This numerical result is
consistent with the theoretical result concerning the stability of Ef. In addition, the plots showing the
stability of this disease-free point in phase plane are given in Figure 3.

Figure 4 shows the behavior of the infection for the first sixty days. The chosen parameters
in this figure ensure that the basic reproduction number is greater than unity (Rg = 11.049 > 1)
and the immune response reproduction number is less than unity (Rcrp = 3.596 x 1071 < 1). Ttis
clearly seen that, in this case, all the solutions converge towards the CTL-free endemic equilibrium
E1 = (19.96,5.98 x 1071,1.14,199.78,0) that agrees with our theoretical finding concerning the stability
of Ej. Moreover, the plots showing the stability of this CTL-free endemic point in phase plane are
given in Figure 5.

Finally, Figure 6 illustrates the disease dynamics when both the basic reproduction number and
the immune response reproduction number are greater than unity. Indeed, for the chosen parameters in
this figure, we have Ry = 11.049 > 1 and Rerp = 4.13 > 1. It can be seen that the infection persists and
the convergence towards the infection steady state E3 = (285.12, 6.55, 3.33, 555.55, 660.86) is observed.
This numerical result is in good agreement with the theoretical result concerning the stability of the
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last endemic equilibrium. The plots showing the stability of this final endemic point in phase plane
are given in Figure 7. In these two last figures, we clearly observe the importance of CTL immune
response in maximizing the healthy cells and reducing the viral load. It is also noteworthy that the
CTLs do not vanish in this last case, which means that CTL cells will be always present when the
infection becomes chronic.
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Figure 2. The behavior of the infection dynamics for A = 10, d; = 0.0139, k; = 0.04, d, = 0.0495,
ky =1.1,d3 =0.5776,a = 2,d4 = 0.6, p = 0.0024, c = 0.15, b = 0.5. For the parameters used in this
figure, the basic reproduction number is Ry = 0.2209 < 1. Solutions of the system converge to the
disease-free equilibrium point E = (827.22,0,0,0,0).
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Figure 3. Selective phase portraits to illustrate the solution behavior of the infection dynamics when A = 10,
dy = 0.0139, k; = 0.04, dp = 0.0495, k, = 1.1,d3 = 0.5776,a = 2,d, = 0.6, p = 0.0024, c = 0.15, b = 0.5.
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Figure 4. The behavior of the infection dynamics for A = 1, d; = 0.0139, k; = 0.04, d, = 0.0495,
ky =1.1,d3 = 0.5776, a = 100, d4 = 0.6, p = 0.0024, c = 0.15, b = 0.5. For the parameters used in
this figure, the basic reproduction number is 11.049 > 1. The immune response reproduction number
Rerr = 3.596 x 1071 < 1. In this case, all the solutions converge towards the endemic equilibrium
E1 = (19.96,5.98 x 1071,1.14, 199.78,0).
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Figure 5. Selective phase portraits to illustrate the solution behavior of the infection dynamics when
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Figure 6. The behavior of the infection dynamics for A = 10, d; = 0.0139, k; = 0.04, d, = 0.0495,
ko =1.1,d3 = 0.5776,a = 100, d4 = 0.6, p = 0.0024, c = 0.15, b = 0.5. For the chosen parameters in
this figure, we have Ry = 11.049 > 1 and R, = 4.13 > 1. Solutions tending to the infection steady
state E3 = (285.12,6.55,3.33,555.55,660.86) are observed.
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Figure 7. Selective phase portraits to illustrate the solution behavior of the infection dynamics when
A =10,d; = 0.0139, k; = 0.04, dy = 0.0495, kp = 1.1, d3 = 0.5776, a = 100, dy = 0.6, p = 0.0024,
c=0.15b=05.

4. Discussion

The HIV dynamics involving the density uninfected cells, the density of the infected cells,
the density of HIV virus and the amount of CTL cells have been widely studied by means of a
different mathematical model starting from the work in 1996 by Nowak and Bangham [5] and two
years later in 1998 by [18]. Later, many mathematical approaches were developed in order to better
understand the complex dynamics of the fatal HIV disease.

Recently, in 2015, Conway and Perelson [19] studied the same issue by incorporating the treatment
into the HIV model. Motivated by all those previous works treating the dynamics of HIV along with
the CTL immune response, we have incorporated the CTL effect to a model suggested recently in
2015 by Sun et al. [14], in which the authors studied HIV dynamics by incorporating into the model
the treatment and a more realistic incidence functional that describes the infection rate taking into
account the crowd of the free viruses near the uninfected cells. In the latter work, the uninfected cells
need time to become infected after HIV virus contact. Indeed, there exists an eclipse phase that is
needed for the exposed CD4" T cells to become infected (see Figure 1). In this paper, we have taken
into account this phase and we have added the CTL immune response to the model.

In this paper, we have established the well-posedness of the suggested model that ensures that all
the solutions exist and are bounded. This agrees with the biological reality that the total cell amounts
of these populations are bounded. Moreover, three steady states of the problem are found and their
local and global stability results are determined depending on the basic reproduction number Ry and
the CTL immune response reproduction number Rery.

We have also presented some numerical results that confirm our theoretical findings. In addition,
several plots of the solutions in phase diagrams have been drawn in order to illustrate the stability
of the three steady states.

The model dynamics indicate that the immune response represented by the cytotoxic T
lymphocytes is efficient in controlling viral replication. Indeed, our numerical results show that,
in the endemic case (see Figure 6), the CTL immune response plays an essential role in maximizing
the effect of the uninfected CD4" T cells, minimizing the amount of the infected cells and reducing
the HIV viral load.

5. Conclusions

In this paper, we have studied the model of the HIV dynamics in the presence of the immune
response, which is represented by the cytotoxic T lymphocytes (CTL) cells. The model describes
the interaction between the healthy cells, the infected cells in eclipse phase, the productively infected
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cells and the immune cells. The model includes also a saturated rates in order to better describe
the viral infection. The positiveness and the boundedness of solutions are established. In addition,
we have studied the stability of both disease-free equilibrium and endemic equilibria. The disease free
steady state is locally and globally asymptotically stable when the basic reproduction number is less
than unity (Rp < 1). The existence of two other infection steady states when Ry > 1 is established.
The global stability of these endemic steady states depends on the basic reproduction number Ry and
the CTL immune response reproduction number Rcrp. Numerical simulations are performed in order
to show the behavior of infection during the days of observation. The theoretical and the numerical
results are in good agreement. In addition, our model based results suggest that the system immunity
represented by CTL can control viral replication and reduce the infection under appropriate conditions.
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Appendix A. Existence and Local Stability Results Proof

The proof of the existence result (Proposition 1) is as follows. First, by the classical differential
equations theory, we can confirm that system (1) has a unique local solution (x(t),s(t),y(t), v(t),z(t))
in [0, t).

First, the solution x(t) is strictly positive for all t € [0,t,,). Indeed, assume the contrary, and
let t; > 0 be the first time such that x(t;) = 0 and %(t;) < 0. From the first equation of system (1),
we have x(t;) = A > 0, which presents a contradiction. Therefore, x(t) > 0 for all t € [0, t,,). We also
have the following:
kixv >0
x+v

S|S:0 - 7
Yly=0 = k2s > 0,
’U‘U:O = a]/ 2 O/

and
Z|=9g=02>0.

This shows that s(t) > 0, y(t) > 0, v(t) > 0 and z(t) > O for all t € [0,t,). On the other hand,
for the boundedness of the solutions, assume first that

X=x+s+y;
then, we will have

X = A —dix — dos — d3y — pyz,

<A —-6X,

where 6 = min(dq,dy, d3). Therefore,
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By the same reasoning, concerning the fourth equation, we will have
a
v(t) < 0(0) + [yl
4
For the last equation, we will have

Z(t) 4+ bz(t) = cy(t)z(t)
(A = (&(t) +drx) — (3(t) + (d2 + ka)s) — (y(£) + d3y)),

from which, we will have
2(0) = (200 + 5 0) +5(0) +0) =) )
p b

( + / ((b—dy)x + (b= (da + ka)s) + (b — d3)y)e?Cdg — x — s — y)

T

c/A 1
( (0) 0) +s(0 )+y(0))>+p<b+bmax(0;b—d1))||x|oo
 max(0;b — (dy + ko)) ls]lo + max(0:b — @mwm)

this proves that the solutions x(t), s(t), y(t), v(t) and z(t) are bounded. Hence, every local solution
can be prolonged up to any time ¢,; > 0, which means that the solution exists globally.

For the local stability result (Proposition 2), the proof is stated as follows.

At the disease-free equilibrium, E r the Jacobian matrix is given as follows:

—d; 0 0 -k 0
0 —ky—dp 0 ki 0

J=| 0 k —d; 0 0 (A1)
0 0 a  —dy 0
0 0 0 0 —b

The characteristic polynomial of JE, is

Pg,(A) = —A° + (—di — dy — d3 — ky — d)A*
+ (—dy(dg + d3 + ko + do) — dads — dyky — dyds — dskp — d3dp)A°
- (—dy (dads + dak + dady + dsko + dsda) — dudsks — dadsdy + akoky)A2
— dy (dadsky + dadady — akoki)A.

Therefore,

Pe,(A) = (A +di)(A+b)(A° + (dg + d3 + ko + da)
A2 + (d4d3 + dyky + dydy + dsky + dgdz))\ + dydsky + dadsdy — akzkl),

and the two obvious first eigenvalues of the matrix g, are —b and —d;, which are non-positive. Denoting

ay =dg +dz+ky +dy,
ay = dyds + dako + dydy + dsky + dsda, (A2)
az = d4d3k2 + d4d3d2 - ﬂk2k1,
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it is easy to check that we have always a; > 0, a > 0 and aja; — a3 > 0. In addition, it is easy
to see that a3 > 0 when Ry < 1. From the Routh-Hurwitz criterion, it follows that E¢ is locally
asymptotically stable.

Appendix B. Global Stability Result Proof

The global stability proof of the endemic point Ef (Proposition 3) is given as follows. Consider
the following Lyapunov function:

dy + kzz
ky

d k ds(dr + k
2+2y+ 3(dy + ko)

L(x,y,s,0,z) =s+ % o

v+ P
c
The time derivative is given by:

dr + k ds(dy + k dr +k
2+ 244 s(datky)  pdatka,

Ly soz) =st ko aky T ky
5 kixv dr +k dr + k
ﬁ(x,y,s,v,z) = x1_|_ v - (dZ +k2>5 + 2 2 (sz — d3y) — 2k2 Zpyz
d3(da + ka) pdy+ky

T h (ay —dso) + o (cyz — bz)
' _ i dsdalda k) bpdath
L(x,y,5,0,2z) = praape aky T Tk -
L(x,y,5,0,z) <kov— WU

2
sl k) o
llkz

If Ry < 1, then £ < 0. Moreover, £ < 0 when v = 0. The largest compact invariant is
E={(x,y,579z) € Rf|[v=0},
according to LaSalle’s invariance principle, lim o v(t) = 0, the limit system of equations is

X=A— dlx,

¥ = —dps —kss,

$ = kos — d3y — pyz,
z =byz —cz.

We define another Lyapunov function and for implicity, using the same notation,

dr +k dr +k
2+ 2y+g 2+ 2,

1
L‘(x,s,y,z)zxo(xxoxoln;O>+s+ % %

Since xg = %, then
L(x,s,y,z) = dq <2_ X xO) - Ms _ PTbZ

since the arithmetic mean is greater than or equal to the geometric mean, it follows that

X X
2- = - <y
X0 X

therefore, £ < 0 and the equality holds if x = xp and s = y = z = 0, which completes the proof. [
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The global stability proof of the endemic point E; (Proposition 4) is given as follows. We employ

the following Lyapunov function:

X
L(x,y,5,0,z) =x—x1 —/ Mdu+s—sl —sllnsi
1

v, ko
u—+ v
dy + ky y ds (dz + k2) v
+ —y;—y1In + ——=(v—v;—7v1In—
ky Y—wm—-wn yl) aky ( 1 1 01)
pd2+k2
_—Z.
C k2

We have

: . x+oy, . s, dotk oy
L(x,y,s,0,z) =% (d2+k2)slk1xle—0—s SS+ ks (y y)

" d3(d2 + kz) (Z) B ﬁv) " Edz + kzz,.
aky v c ky
On the other hand, we have

A =dyxy + (d2 + k2)s1,

klxlvl
_— d k ,
P (d2 + k2)s1

v
Si:ésd4 Vvi_ds s1_d3

v, aky’ vy aly1 k'

Hence,

L(x,8,y,0,z) = (A —dyx — kixo ) (1 — (dy +k2)51x _H)l)

x+v k1xvy
kixv s1 [ kixv
+x+v—(d2+k2)5 s(x—l—v (dz-l-kz)S)
dy + ko dy +ky i

+ kos — dsy — pyz) — kos —dsy — pyz
Ry (ka8 —day —pyz) = === (kas — day — py2)

ds(dy + ko) d3(da + kp) v1
+ ako (ay = ds) aky v

pd2tke .
c ks (cyz — bz),

(ay — dyv)

and

. L B X+ 0 _ _ k1xv
L(x,5,y,v,2) =A —dix — (da + kz)s1 Foxor <)t dix x+v)
s1 [ kixv dy + ko
s <x+v)+<d2+k2)sl+ ko Pz
dy + kp)d dzdy(dy + k
+(2+ 2) 3y1—(d2+k2)sy—1— 3ds(d2 + 2)0
k2 akZ
dady(dz2 + ko) d3(do+ ko) vy da+kybp
+ 01 — a7 -z

aky ko v ky ¢
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Since

A—dyx =dixy + (da + k2)s1 — dqx,
+

kixv X X1 X+0o x+v
A—dlx—(dz—f—kz) k1x 1(/\ dl x1—|—0>_d1Xl <1——1 ! + 1)

X1 X x1+0v1 x1+01
x1 x+0 U X400
+(d2+k2)51 (1— ol 1 + — 1>

xx1+0v, vy x+v )’
s kixv S1 X0 x1+0
1( ! >+(d2+k2)51=1 1 1

s \x+0v s X101 X+ (d2 4 k2)s1 + (d2 + k2)s1,
we have
L=dix (1_x_xlx+vl x—i—vl)
X1 X x1+ 01 X1+ 01
X1 X+ 01 v X+1
k 1—= 2
tlht 2)81< xx1+01+v1 x—l—v)
d2+k2 51 (15136"09(1—%’01)
S X101 X+0
5
dz—l—kz Sl( —yl—>
Sly
% d +k b
+ (d2 + k2)s1 (1 ly) Zk 21— )
c
Therefore,
d101 )
———(x—x
x(xl—i-vl)( 1)
v vx+v; x40
+(d2—|—k2)51< 1 vl+le+v+x+vl)
X1 x+10p S] X0 x1+ 01 s11 yo1 )
dr + k - = _ Sy yur
+ (da + 2)51(5 X x{+v;  sxv X+v sy Yo x+vl>
dy + ko b
+PZT(y1—E),
which implies that
diovq

B _x(xl + 1) (x =21’

(d2+k2)51< *(o—0)? )

v1(x+01)(x+0)
X1 x40 Sy X0 x1+v1 S v x+v
+(d2+k2)sl<5—1 T s wnto sy xH )

X X1+ 701 S X101 Xx+70 1y y1v x+vq
dy + ky b

% (y1—-),

c

+ pz

since the arithmetic mean is greater than or equal to the geometric mean, it follows that

X1 X+ 01 S1 xv x1+01  Syi <0
X X1+ 01 S X101 X+70 -

In addition, when R < 1, we will have y; — % < 0, which means that . < 0, and the equality

hods when x = x1, y = y1, s = s; and v = v;. By the LaSalle invariance principle, the endemic point
E; is globally stable when Ry > 1. [
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Finally, the global stability proof of the endemic point E; (Proposition 5) is given as follows.
We employ the following Lyapunov function:

_ ¥ (dy +k2)s» s
L(x,s,y,v,z)—x—xz—./xzwduqts—sz—szlng
U+ vy
d +k do +ky) + (dr + ko) pz
+ 2Ry L) Dl TR B hp
Y2 aky
o v, pdatk, z
X (v—1; lenvz) S (z—2zp zzlnzz).
We have
L(x,y,s,0,2z) =% — (dy +ko)s YO s 2 +d2+k2( ﬂ)
' Y,8,7, 2 22k1x s i y— yy
+ds(d2+k2)+(d2+kz)i722(v_@Z})+Bd2+k2(z~_222)_
ako % c  kr z
Since,
A =dixo + (d2 +ka2)s2,
kixav2 = (x2 +v2)(d2 + k2)s2,
s2 _d3 pz Y2 _dy s2 _ dady | dupzm
Y2 k2 k2 (%] {1, (%] llk2 akz !
we have
; Xo X+ 0 U X+ 70
L(x,s,y,0,2) =A —dq1x xzxz_'_vz()\—dlx) ((d2+k2)52) ;+02 (dy +k2)s

_5 (klxv — (dy +k2)s> d2 k2 (kzs — d3y — pyz)

s \x+v
itk d(d2+k2) (d2 + k) pz2
ﬂkz

kos —d z
kg s sy —pyz)+

dg(dz + kz) (dp + kz)pZQ Uy

X (ay — dgv) — ( ay — dv)
akz
Pd2tke o py PRtk
+ % (cyz — bz) S (cyz — bz).

On the other hand, we have

A—dix =dixp +dr + kz)Sz —dqx,
Nedix— (d+k)sn 2 (A —gye— B0 Ly XXt
1 2 2 2k 1X X+U — U112 ¥

X+ vy X2 X+ Uy U X+ Uy
X I;H)Z) (d2+k2)52( X Xp + Up 172x+v) N
52 1X0 S XU X2+ 71
s x—l—v) (d2+k2)sz = (d2 + ka)s(1 S XpUp x+0 )
and dr + ky)d dy + ko)dsd
(d2 + k2) 3y2_(d2+k2)53/2 (d + 2)34
k2 ak2
S v dy+k v d, + k
= (dz + kz)sz (1 — gyyj — ;2 + <2k22>]922y202 — (zkzz)pZZyz,
dyds(dy + k ds(dy +kp) v %
& 3(011?2 2) vy — 3 iz 2) gzy: (dz—l-kz)sz( _yyzzf>
+(d2+k2) ¥ (d2 +k2) .
Tk pz2y= Tk pz2Y2,
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d +k y4 d +k — d +k )
(2ak22>p2(ay—d40) _ <2ak22)i’2;(ay_d40) _ (222);72},
(Dt ko)pzays v (d2+ka)pzoy 02 n (dy + ko) pzay2
gk ko %) P kk2 v ky d/ )
T z + Zp U z +
(2ak22)p2(ay_d4”> B (2ak22)pzz;2(”y—d40) - 2R (- )
(dotky) v _ (datks) (dothky) ~v2 (dathks)
+ kz pz22Yy2 (%) ko pz2y2 + ks pz2y o k2 pzays = 0.
All of these imply
o diva o
o x(x2+vz)(x x2)
x(0 —v2)? )
—(dr + k
(d2 +k2)s2 (02(X+02)(x+y)

Xo X +0 S XU Xo+ 70 s v X+
+(d2—|—k2)52 5_£ 2 _ 22 2 2 _SYa_ Y02 _ .
X X3 + U2 S XpUp X+ Sy YU X+ 03

Again, since the arithmetic mean is greater than or equal to the geometric mean, it follows that

X2 X+ U2 S, XU Xxp+vUy Sy  Yup xX+0

X Xp4+7y S XUy X470 Soy YU x+Uy T

which means that L < 0, and the equality hods when x = x5, s = sp, ¥ = y2, v = v; and z = z;. By the
LaSalle invariance principle, the endemic point E, is globally stable. [
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