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Featured Application: In this work the anomalous mechanical behavior of uranyl carbonate
mineral rutherfordine is unveiled by performing high-quality theoretical solid-state calculations.
This study provides a theoretical framework which may be utilized to study the mechanical
behavior of all types of solid materials. In the context of Radioactive Nuclear Waste Disposal,
this framework provides in a very detailed, safe, and cheap way, of obtaining these properties
which may be applied to the study of the main components of the spent nuclear fuel.

Abstract: The mechanical behavior of the uranyl carbonate mineral, rutherfordine, UO2CO3, was
studied by means of theoretical solid-state methods based in Density Functional Theory using plane
waves and pseudopotentials. The results of the computations reported in this work show that this
mineral exhibits the important negative Poisson ratio (NPR) phenomenon. In order to show that this
feature is not an artifact associated to the theoretical treatment employed, additional calculations
were carried out using very large calculation parameters. These calculations improved the mechanical
description of this mineral and confirmed its auxeticity, i.e., it shows NPR values. Rutherfordine is
a highly anisotropic material showing a maximum value of the NPR of the order of −0.3 ± 0.1 for
applied stresses directed along the X axis, the transverse direction being the Y axis perpendicular to
the structural sheets in rutherfordine structure. The underlying reason for this observation is that
under the effect of applied positive pressures, the interlayer space between the sheets of rutherfordine
vary in the opposite way to the expected behavior; that is, it decreases instead of increasing.
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1. Introduction

Since the uranyl carbonate mineral, rutherfordine, was shown to be a highly anisotropic
material [1], and there is a strong symmetry independent correlation between the value of the
elastic anisotropy index [2] and the values of the maximum and minimum Poisson’s ratios [3,4],
the mechanical properties of this material were reinvestigated with special emphasis in the study of the
associated Poisson ratios. The theoretical solid-state methods used here are based on Density Functional
theory using plane waves and pseudopotentials [5]. These methods have already been employed
successfully to study the structural, spectroscopic, mechanical, and thermodynamic properties of a
rich set of secondary phases of spent nuclear fuel (SNF) [1,6–15].

Several published works in which the theoretical methodology has been used in the research of
auxetic materials, i.e., exhibiting negative Poisson ratios (NPR) [16–18], are given in References [19–32].
For example, we may recall the papers by Keskar and Chelikowsky [19] and Grima et al. [20] on
crystalline SiO2, Grima et al. [21] on zeolitic compounds, Yao et al. [22] on crystalline cellulose,
Tan et al. [23,24] on zeolitic imidazolate frameworks (ZIFs), and Du et al. [25] on black phosphorus.
The description of solid-state crystalline compounds using computational modeling techniques appears
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to be sufficiently advanced nowadays to predict their mechanical properties in good agreement with
experimental values. A complete review of the literature concerning the NPR phenomenon has been
reported in Reference [33]. Very recent studies performed in our laboratory in which the theoretical
methods have been successfully employed in order to study the anomalous mechanical behavior
of several important solid materials are those of the cyclic oxocarbon acids [33], uranyl squarate
monohydrate [34] and oxalic acid [35].

In the context of radioactive waste management, the large expansion in volume and mechanical
stress resulting from the corrosion of spent nuclear fuel (SNF) during storage [36–40] is one of the main
hazards that must be avoided in the disposal of high level radioactive nuclear waste (HLRNW) [41].
The large increase in volume of SNF may result in the increase of the pressure suffered by the
components of the barrier system used in a deep geological disposal of HLRNW and can lead to
certain problems in the containment of the waste. The existence of potential problems related to the
containment and isolation of HLRNW should be reduced to a minimum in order to avoid as much as
possible the possibility of liberation of radionuclides to the environment.

In a previous study [1], a very small positive value of the averaged Poisson ratio for rutherfordine
was obtained, much lower than those found for other secondary phases of SNF, which were studied
in other recent works [7,9,11,14,15]. For this reason and the large mechanical anisotropy found
for rutherfordine mineral [1], the corresponding rutherfordine Poisson ratios as a function of the
direction of the applied stress for all the possible transverse directions, were determined in this
study. As a result, negative Poisson ratios in some directions were found. In order to confirm
this result, additional extensive computations aimed to obtain very high-quality theoretical results
were performed. Furthermore, the reason for the negative Poisson ratio found in rutherfordine
was encountered by performing theoretical solid-state calculations of rutherfordine structure under
increasing pressures.

In this paper, a theoretical framework has been developed, which may be utilized to study the
mechanical behavior of SNF components in a very detailed, safe, and cheap way, and may be applied
to the waste main components, such as non-stoichiometric uranium oxides. By modifying several
characteristics of the fuel components (as its composition), its mechanical behavior may be changed
and significantly improved. This methodology may also be used in order to study the mechanical
properties of the modified fuel components in order to confirm that these changes will be effective in
improving its mechanical behavior.

2. Methods

As in a previous work [1], the specialized version of Perdew–Burke–Ernzerhof functional for
solid materials [42] was used to study the mechanical properties of the uranyl carbonate mineral,
rutherfordine. This functional is implemented in the CASTEP (Cambridge Serial Total Energy Package)
program [43], a module of the Materials Studio package [44] (Dassault Systèmes BIOVIA, version
8.0, San Diego, 2017) which was employed in all the calculations. The pseudopotentials employed
for the carbon and oxygen ions in the unit cell of rutherfordine were standard norm-conserving
pseudopotentials [45] provided by the CASTEP program, and the norm-conserving relativistic
pseudopotential employed for uranium ion was developed in our laboratory in previous works [6,7].

The atomic positions and unit cell parameters of rutherfordine were optimized by using the
Broyden–Fletcher–Goldfarb–Shanno method [5,46] with a convergence threshold on atomic forces of
0.01 eV/Å. This method was also used in order to optimize the structure of the material considered
under the effect of different applied pressures. The calculation parameters used in this work, that is,
the kinetic energy cut-off and k-point mesh [47], 1050 eV and 9 × 4 × 10 (50 k points), respectively,
were much larger than the ones used in a previous work [1], 1000 eV and 5 × 3 × 6 (18 k points),
in order to confirm the previous results and to obtain a high quality description of the mechanical
behavior of rutherfordine mineral. The elastic constants required to calculate the mechanical properties
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of the considered material and to study the mechanical stability of its crystal structure were obtained
from stress-strain relationships using the finite deformation method [1,48].

From a theoretical point of view, the theoretical solid-state calculations reported in this paper
have been carried out with the best available methods applicable to the study of crystalline materials
and with very demanding high-quality calculation parameters. The present computations could be
improved by using more advanced energy-density functionals as hybrid or meta-functionals, but their
efficient implementation in the current solid-state codes is still under development. A restriction,
which could be removed from the calculations, is the core-valence approximation. This could be
made by including explicitly the inner uranium electrons in the calculations, thus avoiding the use
of pseudopotentials. However, the realization of all-electron calculations is very complicated and
expensive, especially for systems containing rare earth elements. The norm-conserving relativistic
pseudopotential developed in our laboratory [6,7] has permitted to perform very precise studies
of the structural, spectroscopic, mechanical, and thermodynamic properties of uranium containing
materials [6–15], and the results were in very good agreement with the experimental data in all the
cases in which they were available for comparison.

3. Results

3.1. Mechanical Stability

Materials with orthorhombic unit cells have 9 non-degenerate elastic constants in the symmetric
stiffness, C, matrix [49,50]. The computed values of these constants for rutherfordine mineral are given
in Table 1 together with the results obtained in a previous work [1]. In this table, the standard Voigt
notation for the indices of the elements of the stiffness matrix (Cij) is used [49]. For orthorhombic
systems, a set of necessary and sufficient conditions for mechanical stability are known [50,51]. These
conditions were adequately satisfied by the computed stiffness tensor. As it can be seen in Table 1,
the computed values of the elements of the stiffness matrix are in good agreement with those of the
previous work [1].

3.2. Mechanical Properties

The mechanical properties of polycrystalline rutherfordine were determined according to the
Voigt [52], Reuss [53], and Hill [54] schemes. As in the previous article [1], the Reuss approach was
chosen as the best one because it provided the best approximation to the bulk modulus computed from
the equation of state. The results obtained for the bulk, shear, and Young moduli and the Poisson ratio
(B, G, E, and ν, respectively) are given in Table 2. Also, the ductility [55], hardness [56], and universal
anisotropy [2] indices were determined. Rutherfordine is a brittle material because the ductility index,
D, is smaller than 1.75 [55,57,58]. The computed Vickers hardness, H, was 4.1, corresponding to a hard
material [7,56]. Finally, the computed universal anisotropy index, AU = 13.28, is even higher than that
found in our previous calculations. This large anisotropy is the consequence of the large difference
between the values of the elastic constants along the different directions and derives directly from the
differences in bonding strength between the atoms belonging to the unit cell of rutherfordine in the
different directions [1].
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Table 1. Computed elastic constants, Cij, for rutherfordine mineral.

ij Cij

Previous Work [1] Present Work

11 259.88 272.60
22 23.03 22.69
33 165.27 178.07
44 9.85 6.08
55 65.88 66.90
66 15.06 9.87
12 −8.33 −7.61
13 72.39 77.03
23 −5.18 −6.12

Table 2. Computed mechanical properties of rutherfordine. The values of the bulk, shear, and Young
moduli (B, G, and E) are given in in GPa.

Property Previous Work [1] Present Work

B Bulk modulus 17.97 17.90
G Shear modulus 19.47 14.12
E Young modulus 42.92 33.53
ν Poisson ratio 0.10 0.19
D Ductility index 0.92 1.27
H Hardness index 9.47 4.13

AU Universal anisotropy index 8.82 13.28

3.3. Negative Poisson Ratio

For a stress directed along a certain direction applied to a solid material, the Poisson ratio [16–18]
is defined as the negative value of the ratio of the resulting differential transverse and longitudinal
strains, ν = − δεtrans / δεlong. In this relationship, the strain, εi, is the variation of the solid size, ∆Li,
along direction i divided by the original size, Li, εi = ∆Li / Li. A positive sign is expected for the Poisson
ratio because when a positive pressure is applied along a certain direction to the solid, a contraction
along the longitudinal direction and an extension along all the transverse directions is usually found.
However, negative values of the Poisson ratio are theoretically possible and some materials exhibit
anomalous NPRs [16–18] for certain longitudinal and transverse directions. These solids laterally
expand when they are stretched or laterally shrink when compressed. These materials are known as
auxetic [59].

The visualization of the variation of the mechanical properties with the strain orientation is
generally quite complicated. The ElAM code was developed by Marmier et al. [4] in order to reduce this
difficulty to a large extent. 3D representations of the most important elastic properties of rutherfordine
were obtained employing this code and are displayed in Figure 1. For the case of the shear modulus
and Poisson ratios, depending on two directions (the longitudinal and transverse directions [4]),
Figure 1C,D give the representation of the surface of maximum G and ν, respectively; that is, the
surface formed with the maximum values of these properties for the given direction of the longitudinal
strain and all possible transverse directions. These maximum surfaces are usually very similar for
compounds with related structures [14,15] and are very useful to identify shearing effects in the phase
transformations between related materials [14,60]. While the surfaces of the minimum Poisson ratio
are very different even for related materials, their analysis is also very useful, since it may reveal
the existence of negative values of the Poisson ratio. The surface of the minimum Poison ratio of
rutherfordine obtained from the computed elasticity matrix is displayed in Figure 2, and shows that
rutherfordine is an NPR material, the value of the lowest Poisson ratio being νmin = −0.29. The
direction of the minimum Poisson ratio is UL

min = (1.0, 0.0, 0.0), and the corresponding transverse
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direction is UT
min = (0.0, 1.0, 0.0). The same effect was observed when the elasticity data obtained

in the previous work [1] was analyzed and the corresponding value of the lowest Poisson ratio was
νmin = −0.27.Appl. Sci. 2018, 8, x 5 of 10 
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Figure 2. Computed surfaces of the maximum (A) and minimum (B) Poisson ratio of rutherfordine.

4. Discussion: Crystal Structure Deformation as a Function of the Applied Pressure

The structure of this material under the effect of different pressures applied along the direction
of the minimum Poisson ratio was optimized to analyze the structural variations produced by the
application of pressure. The lattice parameters and volumes obtained for 11 different applied pressures
along this direction are reported in Table 3.

Table 3. Computed lattice parameters and volumes of the rutherfordine unit cell at different applied
pressures directed along UL

min.

P (GPa) a (Å) b (Å) c (Å) Vol. (Å3)

0.0 4.8257 9.3726 4.2740 193.3119
0.152 4.8172 9.3656 4.2768 192.9505
0.318 4.8062 9.3650 4.2823 192.7497
0.515 4.7959 9.3646 4.2854 192.4651
0.667 4.7865 9.3637 4.2899 192.2711
0.826 4.7763 9.3639 4.2951 192.0967
1.016 4.7670 9.3632 4.2981 191.8452
1.329 4.7494 9.3638 4.3053 191.4686
1.636 4.7317 9.3625 4.3133 191.0823
1.978 4.7146 9.3634 4.3195 190.6871
2.325 4.6975 9.3628 4.3277 190.3378
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The material is compressed along UL
min for positive pressures and, as a consequence, the unit cell

volume decreases (as the length along the UL
min direction, which in this case coincides with the [100]

crystallographic direction). However, although the c lattice parameter increases, the length along the
transverse direction (b axis) decreases instead of increasing. That is, the material shrinks laterally when
compressed, thus exhibiting negative Poisson ratios. Table 4 reports the values of selected interatomic
distances between the atoms in the structure of rutherfordine. The meaning of these distances may
easily be understood from Figure 3.

Table 4. Selected interatomic distances (in Å) in the rutherfordine crystal structure at different applied
pressures directed along UL

min. The last row in the table (∆) gives the variation of the bond distances
at P = 7.0 GPa with respect to those at P = 0.0 GPa.

P (GPa) U-O3 U-O2 U-O2’ U-O1 U-C C-O3 C-O2 <CO> C-O1 C-C R(IL)

0.00 2.436 2.429 2.532 1.764 2.916 1.301 1.280 1.287 2.966 4.274 4.686
0.48 2.433 2.428 2.534 1.764 2.915 1.301 1.279 1.286 2.961 4.277 4.683
1.02 2.427 2.428 2.534 1.764 2.912 1.302 1.278 1.286 2.961 4.282 4.683
1.54 2.423 2.427 2.532 1.764 2.909 1.302 1.278 1.286 2.960 4.285 4.682
2.01 2.418 2.427 2.532 1.764 2.907 1.303 1.277 1.286 2.960 4.290 4.682
2.51 2.414 2.427 2.532 1.765 2.904 1.303 1.276 1.285 2.960 4.295 4.682
3.02 2.409 2.427 2.530 1.765 2.901 1.304 1.276 1.285 2.959 4.298 4.682
4.00 2.400 2.428 2.529 1.765 2.895 1.305 1.274 1.284 2.959 4.305 4.682
4.96 2.392 2.427 2.529 1.765 2.890 1.306 1.273 1.284 2.958 4.313 4.681
6.00 2.384 2.427 2.527 1.766 2.884 1.307 1.272 1.284 2.958 4.319 4.682
7.00 2.376 2.427 2.527 1.766 2.880 1.307 1.272 1.284 2.958 4.328 4.681

∆ −0.060 −0.002 −0.005 0.002 −0.036 0.006 −0.008 −0.003 −0.008 0.054 −0.005
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U-C, C-C, and interlayer R(IL) distances given in Table 4. Color code: U-Blue; C-Grey; O-red.

As it can be readily observed in Table 4, the main variations of the distances resulting from the
application of increasing pressures directed along UL

min are the decrease of the U-O3 and C-C bond
distances, responsible for the decrease of the a lattice parameter caused by the application of pressure,
and the expected increase of the C-C bond distance yielding to the increase of the c lattice parameter.
However, the distance between the rutherfordine layers (or, equivalently, the b lattice parameter or
the distance along the transverse direction), which are held together only by van der Waals forces,
decreases. This last variation is opposite to the expected behavior. This is the reason of the negative
Poisson ratio (NPR phenomenon) in rutherfordine.
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5. Conclusions

The mechanical behavior of the uranyl carbonate mineral, rutherfordine, UO2CO3, was studied in
detail using theoretical solid-state methods based in Density Functional Theory using plane waves and
pseudopotentials. The results have shown that rutherfordine mineral exhibits the negative Poisson
ratio phenomenon. The theoretical calculations were performed with very large calculation parameters,
the results being of very high quality. The values of a large series of relevant mechanical properties,
including the bulk, shear, and Young moduli, the Poisson ratio, and ductility, hardness, and anisotropy
indices, were reported. These calculations provided a mechanical description of this mineral in very
good agreement with that obtained in our previous work [1] and confirmed the auxeticity of this
material. Rutherfordine is a highly anisotropic material showing a minimum value of the negative
Poisson ratio of the order of −0.3 ± 0.1 for applied stresses directed along the X axis, the transverse
direction being the Y axis perpendicular to the structural sheets in rutherfordine structure.

The negative Poisson ratio phenomenon in rutherfordine is the consequence of the anomalous
variation of the interlayer distance between the sheets in rutherfordine under the effect of the applied
pressures. The interlayer space varies in the opposite way to the expected behavior; that is, it decreases
instead of increasing. A similar mechanism leading to NPR values was recently found in the cyclic
oxocarbon [33] and oxalic [35] acids, which are also characterized by crystal structures involving
structural elements as sheets or chains, which are not bonded directly, but held together by means of
weak van der Waals interactions. Therefore, it is likely that other materials having this type of crystal
structure also exhibit the NPR phenomenon. These materials should be further analyzed due to the
importance of mechanical behavior in real systems, such as in the context of nuclear waste repositories,
where increments in volume may result in an unacceptable build-up of pressures high enough to
change the properties of the engineered barrier system or influence groundwater inflow.
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