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Abstract: Spot hover and high speed capabilities of underwater vehicles are essential for ocean
exploring, however, few vehicles have these two features. Moreover, the motion of underwater
vehicles is prone to be affected by the unknown hydrodynamics. This paper presents a novel
negative-buoyancy autonomous underwater vehicle equipped with tri-tilt-rotor to obtain these
two features. A detailed mathematical model is derived, which is then decoupled to altitude and
attitude subsystems. For controlling the underwater vehicle, an attitude error model is designed
for the attitude subsystem, and an adaptive nonlinear controller is proposed for the attitude error
model based on immersion and invariance methodology. To demonstrate the effectiveness of the
proposed controller, a three degrees of freedom (DOF) testbed is developed, and the performance of
the controller is validated through a real-time experiment.

Keywords: negative-buoyancy; tri-tilt-rotor; autonomous underwater vehicle (AUV); immersion
and invariance

1. Introduction

With the increasing demand for marine equipment over the past decades, different types of
marine vehicles have been developed to expand human exploration capabilities [1] from the surface to
the bottom of the ocean. Underwater vehicles perform various missions, such as collecting samples [2],
acquiring data [3], and repairing marine structures [4].

In accordance with the level of autonomy for self-driving vehicles, underwater vehicles can be
classified into remotely operated underwater vehicles (ROV) [5], autonomous underwater vehicles
(AUV) [6,7], and human occupied vehicles (HOV) [8]. ROV consist of a cable that is used for power
supply and as a communication line, which is used by the operator to remotely control the ROV [2,9];
an AUV is autonomous, and it performs motion control and mission planning [10–12]; an HOV
has a life support system, and a pilot inside the vehicle controls the movement of the HOV for
precise movement. ROV and AUV are unmanned underwater vehicles, and therefore, they have the
advantages of no risk to life and long operation time. However, the densities of these vehicles are
similar to that of the water owing to the buoyancy of the material used [13,14]. This increases the
size and drag force, which considerably slows down the speed of the vehicle [15]. In some scenarios,
a high-speed underwater vehicle is required to perform time-sensitive missions. Moreover, with the
development of deep sea mining [16], a spot hover is a necessary capability for missions such as
recharging and payload transition.

Traditional underwater vehicles have a cylindrical shape or an open frame. Cylindrical-shaped
underwater vehicles have the advantage of a low drag force. They are propelled using fixed thrusters,
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and some of these vehicles are equipped with vertical and horizon thrusters to provide extra control
forces. An ocean glider is an autonomous underwater vehicle used for ocean science [15,17]; it uses
a small change of buoyancy in order to ascend and descend. A fixed wing converts the vertical motion
to horizontal motion [18], thus acting like a saw tooth pattern [19]. The energy effect is so high that
the glider can continually glide over hundreds of kilometers for months. Open frame vehicles such
as an ROV can operate at one spot with the help of multiple rotors [20]; the AUV cannot achieve
this [21]. However, the cable connecting the ROV to the mother ship limits the work range of the
ROV [2]. A kind of negative buoyancy vehicle is designed to achieve high speed and long cruise range,
it is more efficient than traditional AUV at high speed. However, it has to fly in the water to maintain
depth, besides, spot hover capability is not achieved [22].

The design and control of an underwater vehicle involves many problems such as the nonlinearity
of the model [13,21,23], underactuation [24], and the influence of the ocean current, waves,
and turbulence [25].

In this paper, we present a negative-buoyancy tri-tilt-rotor autonomous underwater vehicle
(NTAUV) to achieve the capability of spot hover and high-speed motion. The NTAUV is illustrated
in Figure 1. The NTAUV is heavier than water, has negative buoyancy, and it balances the weight
by buoyancy and lift force generated by the fixed wing or thrusters. Further, it operates under three
modes: hover, horizontal motion, and transition between them. The NTAUV can hover or slowly
cruise by controlling the rotor speed and the tail rotor angle in the hover mode. The hover motion
control of NTAUV uses a hierarchical control scheme. The outer layer is position control, and the inner
layer is attitude control. Attitude control is the fundamental function of the underactuated system.
This paper focuses on hover mode modeling and control, especially attitude control. We design an
adaptive nonlinear attitude controller using the immersion and invariance (I&I) methodology.
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Figure 1. Configuration of NTAUV with Earth-fixed and body-fixed frame.

The article is structured as follows. Section 2 introduces some preliminaries, including the
kinematic equations, mechanical structure, mathematical model, and subsystems of altitude and
attitude. Section 3.1 presents the attitude error model. In Section 3.2, an adaptive nonlinear I&I
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controller is designed for the attitude subsystem. The stability analysis is presented in Section 3.3.
A three degree of freedom testbed is designed and the experiment results are shown in Section 4.

2. Preliminaries

2.1. Kinematics and Kinetics

Modeling a marine vehicle involves the study of statics and dynamics. The 6 DOF motion of
a marine vehicle is analyzed by defining two coordinate frames, as illustrated in Figure 1. ObXbYbZb
is fixed to the vehicle and is called the body-fixed frame. OXYZ is fixed to the earth and is called
the earth-fixed frame. The origin of the body-fixed frame is the center of gravity (CG). The center of
buoyancy locates at CG.

The notations of the frames used in this paper are [1]

η = [η>1 , η>2 ]>; η1 = [x, y, z]>; η2 = [φ, θ, ψ]> (1)

ν = [ν>1 , ν>2 ]>; ν1 = [u, v, w]>; ν2 = [p, q, r]> (2)

here η denotes the position and orientation of the vehicle and ν denotes the linear and angular velocity
of the vehicle.

The rigid body kinematics of the vehicle are given by [1]

η̇1 = J1(η2)ν1 (3)

η̇2 = J2(η2)ν2 (4)

in which

J1(η2) =

 cψθ −sψcφ + cψsθsφ sψsφ + cψcφsθ

sψcθ cψcφ + sφsθsψ −cψsφ + sθsψcφ

−sθ cθsφ cθcφ

 (5)

J2(η2) =

1 sφtθ cφtθ
0 cφ −sφ

0 sφ/cθ cφ/cθ

 (6)

where s· = sin(·), c· = cos(·), t· = tan(·).
The mathematical model of the 6 DOF rigid body dynamics is

MRBν̇ + CRB(ν)ν = τRB (7)

where
τRB = τH + τP (8)

τH denotes the hydrodynamic forces and moments, and τP denotes the propulsion forces and moments.
τH can be calculated as

τH = −MAν̇− CA(ν)ν− D(ν)ν (9)

For underwater vehicles, if the movement is at low speed, it can be assumed that the vehicle
performs a non-coupled motion. For simplicity, MA and D(ν) have a diagonal structure with only
linear damping terms on the diagonal

MA = −diag{Xu̇, Yv̇, Zẇ, K ṗ, Mq̇, Nṙ} (10)
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The Coriolis terms of added mass are

CA(ν) =



0 0 0 0 −Zẇw Yv̇v
0 0 0 Zẇw 0 −Xu̇u
0 0 0 Yv̇v Xu̇u 0
0 −Zẇw Yv̇v 0 −Nṙr Mq̇q

Zẇw 0 −Xu̇u Nṙr 0 −K ṗ p
Yv̇v Xu̇u 0 −Mq̇q K ṗ p 0


(11)

The damping terms are

D(ν) = −diag{Xu, Yv, Zw, Kp, Mq, Nr} (12)

For the rigid body, the inertia matrix MRB is

MRB =

[
mI3×3 0

0 I0

]
(13)

where

I0 =

 Ix −Ixy −Ixz

−Iyx Iy −Iyz

−Izx −Izy Iz

 (14)

The Coriolis and centripetal terms are

CRB(ν) =

[
03×3 −mS(ν1)

−mS(ν1) −S(I0ν2)

]
(15)

Remark 1. The skew-symmetric matrix S(λ) is defined as

S(λ) =

 0 −λ3 λ2

λ3 0 −λ1

−λ2 λ1 0

 (16)

where λ = [λ1, λ2, λ3]
>. S satisfies x>S(ν2)x ≡ 0, x, ν2 ∈ R3.

Based on the mechanical structure of the vehicle, the propulsion forces f and moments τ acting
on the vehicle are [26–28]

f =

 0
f3sinα

− f1 − f2 − f3cosα

 (17)

τ =

 l1( f1 − f2)

l2( f1 + f 2)− l3 f3cosα− τ3sinα

−l3 f3sinα + τ1 − τ2 + τ3cosα

 (18)

where the force and torque generated by each rotor is

τi = kτω2 (19)

fi = k f ω2 (20)
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The total moments (18) can be considered as the sum of the following two terms

τm =

 l1( f1 − f2)

l2( f1 + f2)− l3 f3cosα

−l3 f3sinα

 (21)

τtail =

 0
−τ3sinα

τ1 − τ2 + τ3cosα

 (22)

Rotor 1 and rotor 2 rotate in the opposite directions; therefore, the moments of the rotors are
counteracted. Moreover, kτ � k f , and τtail is much smaller compared to the control force, and it can
be neglected [26]. Thus, the control force and moment are

τP =

[
f

τm

]
(23)

Note M = MRB + MA, C(ν) = CRB(ν) + CA(ν). Therefore, the whole system can be written as

Mν̇ + C(ν)ν + D(ν) = τP (24)

The system (24) has four inputs and six outputs; therefore, it is an underactuated system.
We can see that the challenge is the lateral force f3sinα of f in (17). Consider f as

f = [0, 0, fz]
> + Φτm (25)

where

Φ =

0 0 0
0 0 −1/l3
0 0 0

 (26)

and
fz = − f1 − f2 − f3cosα (27)

Note that (21) and (27) define a diffeomorphism, and therefore, the control inputs [ f1, f2, f3, α]> can be
recovered from [ fz, τ>m ]> [27].

2.2. Altitude and Attitude Subsystems

The lateral component f3sinα of (17) is the main contributor of the yaw control input; therefore,
the 6 DOF system can be decoupled to an altitude subsystem and an attitude subsystem. fz is the
altitude control input and τm is the attitude control input.

The altitude equation is

(m + Zẇ)z̈− Zw ż− (W − B) = fzcosφcosθ (28)

where W = mg is the rigid body weight in the air, B = ρg∇ is the buoyancy in the water, g is the
gravity constant, and ∇ is the displacement.

The attitude equation is

(I0 + IA)ν̇2 + (−S((I0 + IA)ν2))ν2 + Dν2 = τm (29)

where
IA = −diag{K ṗ, Mq̇, Nṙ} (30)
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D = −diag{Kp, Mq, Nr} (31)

As S((I0 + IA)ν2)ν2 = S(ν2)(I0 + IA)ν2, we rewrite the attitude equation

(I0 + IA)ν̇2 − S(ν2)(I0 + IA)ν2 + Dν2 = τm (32)

The whole underactuated system is decoupled into two fully actuated subsystems: altitude
subsystem and attitude subsystem. We could design the controller separately to control the whole
system. The attitude control is the core function of NTAUV; we design the attitude controller in Section 3.

3. Attitude Controller Design

For the NTAUV, which is heavier than water, the attitude control is the essential function for
maneuvering control. In general, an attitude controller is designed as the inner loop of a higher level
controller, such as path following or trajectory tracking.

In this section, an adaptive I&I attitude controller is designed. I&I is a nonlinear controller design
method, and it yields a stabilizing scheme that counters the effect of the uncertain parameters adopting
a robustness perspective [29–31]. The stability of the controller is proved in Section 3.3.

3.1. Attitude Error Model

Without loss of generality, the reference attitude is η2d = η2d(t), therefore, the tracking error is

η̃2 = η2 − η2d, ν̃2 = ν2 − J−1
2 (η2)η̇2d (33)

We define the energy function, which is the sum of the potential and kinetic energy, as

H(η̃2, ν̃2) =
1
2

η̃>2 K1η̃2 +
1
2

ν̃>2 I2ν̃2 (34)

where K1 = K>1 > 0 (positive definite matrix), I = I0 + IA = [I>1 , I>2 , I>3 ]>.
The partial derivative of H are

∂H>

∂η̃2
= K1η̃2 (35)

∂H>

∂(Iν̃2)
= Iν̃2 (36)

Then, the derivatives of the reference attitude (33) are

˙̃η2 = η̇2 − η̇2d

= J2(η2)ν2 − J2(η2)(ν2 − ν̃2)

= J2(η2)ν̃2

= J2(η2)I−1 Iν̃2

= J2(η2)I−1 ∂H>

∂ν̃2

(37)

˙̃ν2 = ν̇2 − J̇2(η2)η̇2d − J2(η2)η̈2d (38)
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The product of I and ˙̃ν2 is

I ˙̃ν2 =Iν̇2 − I J̇2(η2)η̇2d − I J2(η2)η̈2d

=S(ν2)Iν2 − Dν2 + τm − I J̇2(η2)η̇2d − I J2(η2)η̈2d

=S(ν2)I(ν̃2 + J−1
2 (η2)η̇2d)− Dν2 + τm − I J̇2(η2)η̇2d − I J2(η2)η̈2d

=S(ν2)Iν̃2 + S(ν2)I J−1(η2)η̇2d − Dν2 + τm − I J̇2(η2)η̇2d − I J2(η2)η̈2d

+ I−1 J>2 (η2)K1η̃2 − I−1 J>2 (η2)K1η̃2

=S(ν2)
∂H>

∂ν̃2
− I−1 J>2 (η2)

∂H>

∂η̃2
+ τm −M+ κ

(39)

where
M = Dν2 (40)

κ = S(ν2)I J−1
2 (η2)η̇2d − I J̇2(η2)η̇2d − I J2(η2)η̈2d + I−1 J>2 (η2)K1η̃2 (41)

in which J̇2(η2) can be obtained as follows

J̇2(η2) = −S(ν2)J2(η2) (42)

Then, the attitude error system is[
˙̃η2

I ˙̃ν2

]
=

[
03×3 J2(η2)I−1

−I−1 J>2 η2 S(ν2)

]  ∂H>
∂η̃2

∂H>
∂(Iν̃2)

+

[
0

τm −M+ κ

]
(43)

The system states are ˙̃η2 and I ˙̃ν2.
The η2 state will follow η2d if the system (43) converges to the zeros.

3.2. Controller and Estimator Design

Define unknown parameters ϑ = −[Kp, Mq, Nr]>, which are the diagonal of D. The estimator
error is

zi = ϑ̂i − ϑi + βi(ν2i) (44)

where βi is a continuous function.
For the convenience of controller design, we rewriteM as

M = Dν2 =

D11ν21

D22ν22

D33ν23

 =

ϑ1ρ1(ν21)

ϑ2ρ2(ν22)

ϑ3ρ3(ν23)

 (45)

where ρi is a continuous function.
The controller can be constructed as

τm =

(ϑ̂1 + β1(ν21))ρ1(ν21)

(ϑ̂2 + β2(ν22))ρ2(ν22)

(ϑ̂3 + β3(ν23))ρ3(ν23)

− κ − K2 Iν̃2 (46)

where K2 is a positive-defined matrix valued function.
With the control input (46), the closed-loop system (43) can be written as[

˙̃η2

I ˙̃ν2

]
=

[
03×3 J2(η2)I−1

−I−1 J>2 (η2) S(ν2)− K2

] [
∂H>
∂η̃2

∂H>
∂Iν̃2

]
−

[
0
∆

]
(47)
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where
∆i = ziρi(ν2i) (48)

The estimator can be designed as

˙̂ϑi = −
∂βi

∂(ν2i)
[ν̇2i + ∆i] (49)

We can see that ∆i can be obtained from (47), which is

Iν̇2 + ∆ = Iν̇2 +
[
−I−1 J>2 η2 S(ν2)− K2

] [ ∂H>
∂η̃2

∂H>
∂Iν̃2

]
− I ˙̃ν2

=
[
−I−1 J>2 η2 S(ν2)− K2

] [K1η̃2

Iν̃2

]
+ J̇2(η2)η̇2d + J2(η2)η̈2d

(50)

As a result, [Ii ν̇2 + ∆i] in (49) is a function of ν2, η2, η̇2d, η̈2d, and they are measurable or can be
calculated from the given reference signal.

The continuous function βi can be selected as

βi(Iiν2) = γi

∫ ν2i

0
ρi(ζ)dζ =

1
2

γiν
2
2i (51)

where γi > 0, which implies that
∂βi
∂ν2i

= γiρi(ν2i) (52)

The control scheme is illustrated in Figure 2.

NTAUV Attitude 

Model
I&I Controller

Estimator

2 2
,
d d

2 2
,

m

Figure 2. I&I control scheme.

3.3. Stability Analysis

The derivative of (44) is

żi =
˙̂ϑi − ϑ̇i + β̇i(ν2i)

= − ∂βi
∂(ν2i)

[ν̇2i + ziρi(ν2i)] +
∂βi

∂(ν2i)
(ν̇2i)

= −γiρi(ν2i)ρi(ν2i)zi

(53)

where ϑi is assumed to be a constant.
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The Lyapunov function is W(z) = Σ3
i=1

1
γi
|zi|2, then

Ẇ(z) = Σ3
i=1

2
γi

zi żi

= Σ3
i=1

2
γi

zi(−γiρi(ν2i)ρi(ν2i)zi)

= −2Σ3
i=1ziρi(ν2i)ρi(ν2i)zi

= −2∆>∆

= −2|∆|2 ≤ 0

(54)

which means that ϑ̂→ ϑ as t→ ∞.
We want the whole system to be stable, which means (η̃2, ν̃2, z)> has the equilibrium point

(0, 0, 0)> that is stable.
Consider the Lyapunov function V = H(η̃2, ν̃2) + W(z). The derivative of V is

V̇ =
∂H
∂η̃2

˙̃η2 +
∂H

∂(Iν̃2)
(I ˙̃ν2) + Ẇ(z)

=
∂H
∂η̃2

J2(η2)I−1 ∂H>

∂ν̃2
+

∂H
∂(Iν̃2)

(−I−1 J>2 (η2)
∂H>

∂η̃2
+ (S(ν2)− K2)

∂H>

∂ν̃2
− ∆)− 2∆>∆

=
∂H

∂(Iν̃2)
(−K2

∂H>

∂ν̃2
− ∆)− 2∆>∆

= − ∂H
∂(Iν̃2)

K2
∂H>

∂ν̃2
− ∂H

∂(Iν̃2)
∆− 2∆>∆

= − ∂H
∂(Iν̃2)

(K2 −
1

2
√

2
I3×3)

∂H>

∂ν̃2
− ∂H

∂(Iν̃2)
(

1
2
√

2
I3×3)

∂H>

∂ν̃2
− ∂H

∂(Iν̃2)
∆− 2∆>∆

select K2 such that K2 − 1
2
√

2
I3×3 > 0; then, V̇ ≤ 0.

4. Experiment Results

4.1. Testbed

A 3 DOF testbed is designed for verifying the performance of the presented controller. The testbed
includes three parts: the unmovable base, 3-DOF ball joint, and NTAUV. The ball joint enables a maximum
±40◦ roll and pitch angle and 360◦ yaw angle. The 3 DOF ball joint of the testbed is illustrated in Figure 3.

The mechanical parameters of the NTAUV are listed in Table 1.
We designed our own control system. A desktop PC running ground station software was used

as the host computer. This computer sends commands and receives attitude data via a serial port.
An STM32 Nucleo F401RE board, with 512 KB memory and 84 MHz CPU frequency is used as the
controller board. The computation power guarantees the capability to apply an advanced control
algorithm, dealing with complex matrix calculation running at 100 Hz.

The attitude sensor module reads raw three-axis accelerometers, gyroscopes, and magnetometers
data from MPU9250, runs a Kalman filter algorithm, and sends the attitude and angular speed to the
controller board. The rotor is a brushless DC motor; a propeller is mounted on the top of the motor,
and it can provide maximum thrust of 15 N. The servo provides a maximum torque of 0.15 N· m,
and the maximum speed of rotation is 6.9 rad/s .
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Table 1. Mechanical parameters of NTAUV.

Parameters Value Unit (SI)

l1 0.13 m
l2 0.075 m
l3 0.15 m
m 1 kg
B 3 N

Ixx 0.0061 kg/m2

Iyy 0.006 kg/m2

Izz 0.0118 kg/m2

b
X

b
Y

b
Z ball joint

max : 40

tail servo

tail rotor

b
O

Figure 3. Testbed.

4.2. Experiment Results and Discussion

Attitude control is essential for under actuated rigid body vehicles, such as airplanes, surface
vessels, helicopters, and multi-rotor aerial vehicles. Attitude control is often designed as the inner
loop of path or trajectory control, named as hierarchical control. η2d is the output of the higher layer
controller. As a fundamental function of attitude control, η2d = [0, 0, 0]> is an essential state that needs
to be stabilized under the influence of disturbance, such as hydrodynamic moments generated by
constant fluent or turbulence, and collision.

4.2.1. I&I Control Experiment

The parameters of the I&I controller are selected as follows: K1 = diag{0.02, 0.1, 0.03},
K2 = diag{5, 5, 5}, γ = [0.4, 0.4, 0.4]>.

To validate the anti-disturbance performance of I&I controller, disturbances are applied to each
axis. Each axis is disturbed by a collision. The I&I controller regulates the state to η2 = [0, 0, 0]> .
The roll, pitch, and yaw control results of I&I control are shown in Figure 4.

The experiment results show that: (1) the attitude error generated by the collision is near 10◦;
(2) the attitude converges to η2d in less than 0.8 s; (3) the roll and pith control have shorter adjust time
than the yaw control, which is because the yaw axis has a higher moment of inertia and a lower control
moment, resulting from the mechanical design of the rotor arrangement; and (4) when no disturbance
is applied, the control accuracy of roll and pitch is better than yaw; this is mainly for the unmodeled
dynamics of the tail servo.

The control torque is shown in Figure 5. The roll and pitch control toques are generated by the
change in the speed of the rotors, which is quick, whereas the yaw control torque is generated by the
servo sway, which is slow and has a slight chattering.
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Figure 4. Attitude of NTAUV under I&I control with disturbance on each axis.
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Figure 5. I&I control torque.

4.2.2. PI Control Experiment

We compare experiment results generated by the I&I controller with the ones generated by the
typical cascaded proportional integral (PI) controller. The parameters of PI controller are selected
carefully to get good performance. The parameters of PI approach are as follows: angular velocity
loop controller kv

p = 0.2, kv
i = 1, angular position loop controller kp

p = 0.08, kp
i = 0.001. The experiment

results of PI control are shown in Figures 6 and 7. It shows that it takes more than 1.3 s to converge to
desired attitude, and the yaw control takes even more than 3 s.
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Figure 6. Attitude of NTAUV under PI control with disturbance on each axis.
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Figure 7. PI control torque.

4.2.3. Comparison Between I&I and PI Control

The comparisons of the roll, pitch and yaw control performance between I&I and PI control are shown
separately in Figures 8–10. The I&I control performs higher accuracy than PI control under disturbance.
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Figure 9. Pitch Control Comparison between I&I and PI Control.
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Figure 10. Yaw Control Comparison between I&I and PI Control.

The hydrodynamic force and moment are complex as the underwater vehicle works at a low
Reynolds number (Re) condition, especially when hovering and for low-speed horizontal moving.
The actual hydrodynamic force is very complex, because there is no stable flow field around.
The disturbance rejection performance of I&I control is validated.

5. Conclusions

In this paper, a negative-buoyancy tri-tilt-rotor autonomous underwater vehicle was presented
and an attitude controller was designed for attitude stabilization. The full mathematical model of the
NTAUV was established, and it was decoupled to attitude and altitude subsystems. Then, the attitude
subsystem was investigated, and an adaptive attitude controller was designed based on the I&I
theory. A parameter estimator was applied to estimate the unknown parameters. The global stability
of the controller was proved. Finally, the performance of the proposed controller was validated
through a real-time attitude stabilization experiment. The experimental results indicated a satisfactory
performance compared with a well designed PID controller.
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