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Abstract: Fractal-like nanoparticle two-dimensional patterns forming in diffusion-limited aggregation
show variant spatial patterns. However, they have invariant statistical properties in their network
topologies, even though their formation is completely in self-assembled processes. One of the outputs
from these topological properties is optical resonances at invariant frequencies, which is a required
feature of a metamaterial alternative. Fractal-like metallic patterns studied here in both experiments
and theoretical models exhibit similar resonance frequencies in the infrared-ray range, and they
depend on the unit length of nanoparticles composing arbitrary fractal-like structures. The scheme of
analysis applied here using complex network theory does not only reveal the topological properties
of the nanoparticle network, but points out their optical and possibly other physical potentials arising
from their geometrical properties.
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1. Introduction

Geometrical effects of metallic components in two- or three-dimensional space are key issues to
control electromagnetic waves [1,2]. In the research of metamaterials, the designs of the spatial shapes
of metals are being explored not only for microwaves or terahertz waves, but also for lights in the optical
range [1,3–10]. A careful design of the structure in each metamaterial unit leads to extraordinary
properties that are not realized in nature, such as negative-refractive-index states and cloaking
phenomena. The structures proposed so far have been elaborately fabricated as spatial periodic
patterns using a unit microstructure much smaller than the wavelength, and nano-size precision is
required for control in optics. For future photonic devices that have a visible size, a large volume
of metamaterial components with a huge number of nano-scale structures, in the millimeter scale
for instance, is required; fabrication processes based on photo masks will cost too much to use
such optical devices for daily uses. From this point of view, self-assembled configurations of
nano-structures [11,12] are quite favorable for optical metamaterials or similar required media.

As a self-assembled structure with potential functions similar to regular metamaterials, in this
report, we focus on fractals or fractal-like shapes [13,14] created without designed fabrication processes.
There exist a number of structures in nature that form without artificial designs, but according to
certain geometrical principles. Fractals are one of them, observed in the outer edges of clouds and
ocean coasts for instance, and they have self-similarity structures at every scale. Although their
optical properties have been investigated from several points of view [15], clear evidence for frequency
characteristics similar to metamaterials has not been confirmed in general self-assembled fractal
patterns. Regarding regular fractals designed artificially, several previous reports revealed their effects
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as being similar to metamaterials with spatial periodic structures [16,17]. Irregular fractal structures,
which include patterns created by nano-particles [18–21] and by nano-pores [22–25], also indicate
extraordinary optical properties, but the previous studies are related to resonances near the surface
plasmons in which dipole coupling between particles is frequently important [18–20] or broad-band
absorption [21], the property of which is far from the resonance features that are significant in
metamaterials with negative permeability. Recently, we reported the effects of a fractal-like nanoparticle
network structure with abnormal optical resonances [26], which triggers this study to reveal the
potentials of self-assembled fractal structures for optical metamaterial alternatives.

As widely investigated, fractal structures with seemingly random shapes have some geometrical
quantities that are common and constant, such as fractal dimension [13]; after its definition, the concept
of the dimension becomes one of the general measures for the topological invariants for material
microstructures, beyond fractal structures [14]. Further recognitions of common topological features
may be possible by complex network theory [27–29], which describes both microscopical properties
of constituent particles and their statistical ones in a macroscopic point of view. If the application of
network theory is successful for optical solutions, this analysis scheme described below will be a new
contribution of complex network theory.

In this report, we demonstrate theoretical analysis and experimental observations about the optical
responses of two-dimensional (2D) fractal-like metallic structures. The absorption spectra have similar
and constant resonance frequencies in all model structures with a fixed size of the individual unit and
in every pattern created in the experimental procedure with a certain range of parameters. The results
predict here that the size of the unit constituent is a key parameter for such features and may become
an optical metamaterial alternative at a designed frequency. We investigate such observed features by
applying network theory on nanoparticle structures, and suitable choices of centrality indices reveal
common topological principles in random fractal-like structures and also can predict possible optical
resonances without a rigorous numerical analysis of electromagnetic-wave propagation.

2. Theoretical Results on Structures Created in Diffusion-Limited Aggregation and Their
Optical Responses

We consider fractal-like structures forming in the diffusion-limited aggregation (DLA) [14].
Our theoretical model in this study, described in our previous report [26], is simple and conventional;
particles are mobile randomly by one grid step in every time on the 2D plane after setting an initial and
fixed particle, and they stop if they arrive at a grid position that is adjacent to the one at which another
particle has already stopped. For simplicity, we limit its mobile direction parallel to the two axes.
After confirmation of one particle stopping on the edge of the particle group or going out of the model
space, we put another at a random position. We impose absolutely no design for the final structure
until the last particle stops. Such a procedure is consistent with the DLA model. One exceptional
treatment is the addition of particles to remove checker-board structures [30], whose contact points are
infinitely small and difficult to treat in the usual numerical electromagnetic calculations.

Figure 1 shows one example of a fractal-like structure forming in this DLA model. The fractal
dimension of the created samples, measured by the box-counting method dbox [14], ranges from 1.6
to 1.7, which are typical values of DLA structures [14]. We assume that a particle is a square with
each side of 600 nm in our calculation hereafter. As shown in our previous report [26], when one
fixed particle is initially set in the center of the model space, the final shape of the aggregates is a
dendrite-type structure [21]. On the other hand, as shown in Figure 1, when two particles are given as
initial ones, the final structures share their domains in the model space. That is, geometrical outlooks
of the structures observed in calculations and in experiments depend on the number and positions of
initial fixed seed particles or the number of growing systems in parallel.
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Figure 1. Typical particle 2D aggregates created in the numerical simulation. Calculation is based on
the diffusion-limited aggregation (DLA) model [26], and open triangles indicate two initial particles
fixed at given positions.

When these particles are metallic ones, we can expect significant effects for the propagation of
electromagnetic waves. To investigate such responses, smaller structures are suitable for numerical
analyses within reasonable calculation times. Figure 2 displays three patterns of the structure composed
of 80 particles and created in the square region with 20 × 20 grids. These exhibit roughly fractal-like
shapes with arbitrary variations, and values of dbox measured by the box-counting method range
from 1.64 to 1.67, which means that they keep common topological properties throughout the created
samples. We use each structure, assuming that the components are perfect conductors, in the
model of electromagnetic-wave propagation in which this 2D plane is perpendicular to the direction
of the wave propagation. Using the commercially-available code based on the finite element method
(FEM) (HFSS 12.1.0.1, Ansoft Corp.) and setting the periodic boundary condition on each boundary,
transmittance is monitored at the output port, which is counter to the input port; both ports are set to
be parallel to the 2D structure plane. Electromagnetic waves propagate in the transverse electric field
(TE) mode, where electric fields are parallel to the 2D plane, while the magnetic field is perpendicular.

Figure 3 shows transmittance spectra in the calculation results, where transmittance is the intensity
ratio of propagating waves to the output port in comparison with the constant waves from the input
port. We observed several reduction peaks in the spectra, and we stress here that such spectra
have approximately similar frequencies of reduction (as a wavelength λ, ∼6600 nm, ∼7800 nm,
∼9000 nm and ∼10,200 nm). Their period between the adjacent dips in λ is about 1200 nm. To reveal
the origin of this scaling rule, we plot electric field profiles around λ = 6600 nm in Figure 2 for
three patterns calculated arbitrarily. In every case, locations with concentrated electric fields are
surrounded approximately by five particles, which is equal to the length of 3000 nm, almost half of λ.
The increment of λ in 1200 nm corresponds to the addition of one particle for 1/2λ. From the above
results, the dip spectra at the fixed wavelengths are mainly attributed to the resonant structures at
1/2λ, which are similar to half-wavelength dipoles and/or quadrupole closed waveguides composed
of several numbers of the unit structure.
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Figure 2. Three metallic particle 2D patterns based on the DLA model for targets in the numerical
calculation of electromagnetic-wave propagation in TE mode. Open dotted squares are particles of a
perfect conductor, and the boundary in the shape of a square (12 × 12 µm) is set to be periodic. Input
and output ports for electromagnetic waves are 20 µm apart from the 2D plane. Hereafter, patterns
shown in (a–c) are inferred to be DLA(a), DLA(b) and DLA(c). Contours indicate the intensity of the
electric field on the 2D plane at 6522 nm for (a), 6494 nm for (b) and 6383 nm for (c).
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Figure 3. Transmittance spectra calculated by finite element method (FEM) in infrared rays of 2D
metallic nano-structures. From the top, the target nano-structure is DLA(a), DLA(b) and DLA(c),
respectively. The last figure indicate superposed the effects of these three structures.
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3. Experimental Results on Fractal-Like Metallic Nanoparticle Patterns

To confirm these theoretical predictions, experiments were performed using similar equipment
under similar parameters described in our previous reports [26]. In brief, the atmospheric-pressure
plasmas in the gas flow of the Ar and NH3 mixture yield N2H4 with a concentration in the order of
1021 m−3. N2H4 is a reductant agent, and so far, we have observed the formation of Ag nanoparticles in
AgNO3 aqueous solutions and their aggregation as a conductive layer; the structures were fractal-like
ones in some range of experimental parameters, confirmed by the images from scanning electron
microscopy (SEM). When we also observed Ag nanoparticle aggregates on Si substrates, some abnormal
absorption spectra in the optical range were detected using the Fourier-transformed infrared (FT-IR)
spectroscopy method (FT-720, Horiba), but its origins have not been identified yet. As a reference,
in the case without N2H4 treatment, absorption by Ag+NO−

3 [31], which is a residue of the solutes,
was more or less observed at the spectrum around 7600 nm.

When we changed the AgNO3 concentration CAgNO3 , several patterns emerged in the formation
and aggregation of Ag particles. When CAgNO3 was low (Figure 4a), no significant patterns existed
and dbox was near one (shown in Figure 5). As increasing CAgNO3 up to CAgNO3 = 0.1 mol/L,
fractal-like patterns were observed (Figure 4b–d), and dbox increased and got saturated around 1.8
to 1.9. Regarding the particle distance sAg, measured from images in Figure 4 via particle allocation
shown in Figures 6a and 7, sAg was almost constant for CAgNO3 = 0.01 to 0.05 mol/L (although the
particle size itself somewhat increased) and increased at CAgNO3 = 0.1 mol/L (Figure 5). Figure 6
represents examples of the topological analysis proposed in this study for nanoparticle networks,
and Figure 7 shows various results based on this analysis; the details of this analysis method will be
described in Section 4.

Figure 8 shows the transmittance spectra of these samples shown in Figure 4, measured by the
FT-IR method as a function of λ. While sAg was almost constant (700 to 900 nm) for CAgNO3 = 0.01 to
0.05 mol/L, a significant abnormal absorption spectrum existed around 7300 nm. The wavelength
was almost constant, and it showed twin peaks with the Ag+NO−

3 absorption around 7600 nm. On the
other hand, when CAgNO3 was raised to 0.1 mol/L and sAg increased up to ∼1400 nm, the absorption
spectra were located around 11,800 nm and 14,200 nm. The absorption spectra are in a different range
from that of the conventional surface plasmon resonances around the visible light range [32] and also
show narrow resonance features different from the broad ones [21].

As discussed in the theoretical predictions, resonances in fractal-like structures take place around
1/2λ of combined branches, composed of several particles. Rough consistency is found, as described
in the following. In the cases with CAgNO3 = 0.01 to 0.05 mol/L, for λ ∼ 7300 nm, four particles
with 800 nm per each distance sAg correspond to 1/2λ, and for λ ∼10,400 nm, six particles with
sAg = 800 nm correspond to 1/2λ. In the case with CAgNO3 = 0.1 mol/L, for λ ∼ 11,800 nm,
four particles with sAg = 1400 nm correspond to 1/2λ, and for λ ∼14,200 nm, five particles with
sAg = 1400 nm correspond to 1/2λ. We again note that this comparison shows imperfect matching,
but these results indicate reasonable agreements with the theoretical comprehension described in
Section 2, which predicts that structural resonances are possible using nanoparticle fractal-like patterns.
Conventional spectra in the infrared ray range reported in the previous literature are almost attributed
to fixed absorptions coming from atomic lattice structures like stretching or bending modes, and we can
not identify the observed absorption peaks using such material-oriented absorptions in the literature.

We have dealt with the effects of self-assembled fractal-like structures on electromagnetic waves
whose wavelengths are almost several factors or one order of magnitude larger than one particle size.
Each resonant part in the structures is roughly identified. One may consider potential extrapolation of
such effects to waves with much longer wavelengths, which are larger by two orders of magnitude
than the particle size. Although the scale-free property is valid, the comprehension for possible
resonances is more complicated since each resonant part includes a much smaller self-similar shape,
which occupies some fractional area in itself. Another point we have to consider is that the theoretical
calculations shown in Section 2 are based on assumptions of spatial periodicity; such cases take place
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when several initial particles that become the cores of the following growth exist in one given space.
Such an approximate size of the entire structure forming in completion of the growth is a key factor for
the maximum wavelength, which we can expect for similar resonance effects.
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Figure 4. SEM images of observed Ag nanoparticle structures in experiments of AgNO3 aq. reduction
by N2H4 gas. Cases with CAgNO3 = 0.001 mol/L (a) 0.01 mol/L (b), 0.02 mol/L (c) (from [26]),
0.05 mol/L (d), 0.1 mol/L (e) and 1 mol/L (f).
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Figure 5. Particle distance and fractal dimension measured in SEM images shown in Figure 4a to
Figure 4e as a function of CAgNO3 . Particle distance is deduced from the allocation of particles in SEM
images as shown in Figures 6a and 7.
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Figure 6. Closeness-betweenness centrality index (CC − CB) diagrams for fractal-like and regular
shapes of node networks. (a) Irregular fractal-like case of part of Figure 4c, (b) the case of a line
(or linear chain) and (c) the case of a square lattice.
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Figure 7. CC − CB diagrams for various CAgNO3 conditions with specific nanoparticle networks used
for analysis. Cases with CAgNO3 = 0.01 mol/L (a) (analyzed with part of Figure 4b), 0.02 mol/L
(b) (part of Figure 4c), 0.05 mol/L (c) (part of Figure 4d) and 0.1 mol/L (d) (part of Figure 4e).
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Figure 8. Transmittance spectra of Ag nanoparticle patterns detected by the FT-IR method. From
the top, target corresponds to cases of AgNO3 concentration CAgNO3 = 0.001 mol/L, 0.01 mol/L,
0.02 mol/L, 0.05 mol/L and 0.1 mol/L in Figure 4. Arrows point out extraordinary absorption, and
hatched regions indicate artifact signals mixed in the calibration procedure for removing background
signals (H2O, etc.). The spectrum with CAgNO3 = 0.02 mol/L is from [26].

4. Derivation of Network Parameters from Experimental and Theoretical Nanoparticle Patterns

So far, we have investigated the effects of self-assembled fractal-like aggregates of metallic
nanoparticles with extraordinary optical features for electromagnetic waves. The results have been
analyzed mainly according to the empirical scaling. Here, to derive more common and general features
that such nano-structures possess macroscopically and statistically, we analyze the fractal-like network
properties of nanoparticles using centrality measures [29]. For several previous decades, besides
the general definition of dimensions in the fractal structures [13,14] used in Figure 5, measures for
network topology have been already proposed in bonding structures and reaction paths in chemical
reactions, like the Wiener index and topological efficiency index [33–35], which might also work for
the characterization of observed structures. Here, however, we use others, developed in network
theory [29,36], closely relevant to and based on electric circuit models [37], by considering
the importance of electric conductivity over nanoparticle network structures in our study.
Since nanoparticles make contact with each other in fractal-like patterns, we define the nodes of
a network by nanoparticles and edges by their adjacency. Although this analysis is based on network
theory [29], another point this approach can clarify is the prediction of the possible presence of optical
resonance structures in the observed nanoparticle patterns, as described below.

Examples of results obtained in this analysis are shown in Figure 6. The following is the procedure
for analyzing nanoparticle networks. Picking up an isolated cluster and allocating nodes and edges to
the observed nanoparticles, we calculate two network indices: closeness centrality and betweenness
centrality [29]. The measure of closeness centrality for a given node CC is defined as an the inverse
of the sum of path lengths between the node and the others; the measure becomes large if the node
is located in the center of the network structure. The measure of betweenness centrality for a given
node CB is defined as a relative probability of the occupation of a position along the shortest path
among all nodes; CB becomes large when the node is located near the center and the channel of the
network becomes narrow. In relative perspectives, CC is sensitive to the aspect ratio of the entire



Appl. Sci. 2018, 8, 1310 10 of 13

network configuration (e.g., square or rectangular shapes), whereas CB is sensitive to the deformation
of the network configuration into singular patterns. We plot these two measures for all nodes in one
2D diagram, since correlation between CC and CB will clarify topological properties of nanoparticle
networks. In the general analysis of complex networks, other statistical parameters like degree
distributions and cluster coefficients also become measures of network topology, but a nanoparticle
network in our cases has a restriction of 2D patterns in which the maximum degree or number of
edges for each node is four at most, and shortcuts to remote nodes are prohibited; correlation between
CC and CB will be favorable instead.

Figure 6a shows the case of the nanoparticle network with 33 nodes found in the SEM image
shown in Figure 4c, with CAgNO3 at 0.02 mol/L. The network shown here is not huge, but it contains
typical topological parameters observed throughout the SEM images for analysis. In the CC − CB

diagram, we recognize a triangle area in which the dots corresponding to the nodes scatter in less
regularity. Several microscopic views give us further information on the topological roles of nodes.
For instance, the nodes with the number 16 and 17 are located near the top of the triangle, around the
maximum values of both CC and CB. Near the left apex of the bottom side, the nodes with the numbers
1, 32 and 33 are located, which are far from the center of the structure with the largest distances.
In contrast, although located on the bottom side, the node with the number 23 is around the right
apex with a large value of CC, which means that it is near the center, but at the top of a chain structure.
Inside the triangle, nodes scatter according to edge distributions that include similar structures in
every scale, which is the definition of fractals.

In comparison, regularly-arranged patterns as a line (Figure 6b) and a square lattice (Figure 6c)
show different dot distributions in the diagram. The line-shape linear network in Figure 6b includes
36 nodes, and all dots in the diagram are on one curve without dot scattering, which means that the
roles of nodes as joints of the network are regular; as the sum of the distances from a given node
(indicated by CC) decreases as the probability as a node on the shortcut between arbitrary pairs of
nodes increases (indicated by CB). A similar regular arrangement is observed in the case of the square
lattice, as shown in Figure 6c. The number of dots is smaller due to the symmetry in the square shape,
and CC is larger since the dots are distributed in a compact space, but the dots are almost on one curved
line. These facts indicate that the CC − CB diagram in Figure 6a properly represents the geometrical
properties of the fractal-like structure observed in the nanoparticle network.

Further analysis of experimentally-observed nanoparticle networks in Figure 4 is performed,
as shown in Figure 7. In all of the CC − CB diagrams, similar triangles to Figure 6a form with slight
changes of the dot distributions. If the number of nodes is larger, CC ranges in smaller values since
the closeness is less found in a large network, and the values of CB are larger due to the enhanced
importance as connected joints because we consider fractal structures that have winner-take-all crossing
points. Except these size effects, we can find similar triangles in the CC − CB diagrams for fractal-like
networks; there exist nodes in the center that are close to all points and edges that provide distributed
nodes in every scale of one spatial structure.

In comparison, theoretical DLA patterns used for simulating local electric fields in Figure 2
are also analyzed, as shown in Figure 9. We also find similar triangles, which indicate that the DLA
model used in this study imitates network structures observed in the nanoparticles networks in
Figures 6a and 7a–d. Using these diagrams, we can find the common rules in patterns that create
local resonances. In each figure, we pick up intensified resonances with the surrounding nodes (in red
and green circles) from Figure 2. The nodes form reversed ‘U’ shapes in all cases in the CC − CB

diagrams, indicated by connected lines in the corresponding colors. The nodes near the end of the
resonance structure have low values of CB, and those in the center have larger CB values, while CC
gradually changes along the resonance structure due to variation of distances to the center. These facts
indicate that, using a CC − CB diagram and searching for reversed U shapes in a series of nodes in a
given network, the prediction of possible optical resonances may be possible in fractal-like metallic
nanoparticle networks.
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Figure 9. CC − CB diagrams for various theoretical cases with specific nanoparticle networks used for
analysis. (a) Cases of DLA(a), (b) DLA(b) and (c) DLA(c). A red or green line in the CC − CB diagram
corresponds to a red or green circular mark in the network display.

5. Conclusions

In this report, we verified that topological network properties of fractal-like metallic nanoparticle
patterns affect optical resonances and showed their potentials as metamaterial alternatives. We stress
three points that are clarified using experimental and theoretical results: self-assembly of structures
with irregular shapes, invariant optical outputs based on an invariant nanoparticle network topology
and possible predictions of optical properties using network topological parameters. The formation of
aggregates is based on the DLA model, and irregular microscopic shapes include resonance structures
at invariant optical frequencies of electromagnetic waves. The characteristic frequencies depend
on particle distances in a nanoparticle network. Centrality indices developed in network theory



Appl. Sci. 2018, 8, 1310 12 of 13

generate a diagram for the macroscopic and geometrical properties of the nanoparticles’ network well,
and the prediction of resonance microstructures may be partially possible without the calculation
of electromagnetic-wave propagation. These three findings are neither focusing on self-assembled
properties of nanoparticles, nor indicating design rules of optical metamaterials, but suggest the
importance of interdisciplinary approaches (e.g., via complex network theory) when we consider
phenomena related to a large number of nanoparticles.
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