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Abstract: Free space optics (FSO) technology has demonstrated an increasingly scientific and
commercial interest over the past few years. However, due to signal propagation in the
atmosphere, the operation depends strongly on the atmospheric conditions and some random
impairments, including turbulence and pointing error (PE) effects. In the present study, a single-input
multiple-output FSO system with wavelength, spatial, or time diversity over the turbulence and
non-zero boresight PE effects is thoroughly investigated. A versatile mixture composite model
which accurately describes both impairments is employed for the performance evaluation. Novel
mathematical expressions of the outage probability and the average bit-error rate assuming intensity
modulation/direct detection and optimal combining at the reception are provided.

Keywords: free space optical communications (FSO); receiver diversity; atmospheric turbulence;
pointing errors

1. Introduction

The research and commercial interest for free space optical (FSO) systems has rapidly increased
over the last few years, due to their inherent characteristics, including license-free high bandwidth
access and security along with low installation and operation cost [1]. However, their operation
depends strongly on the atmospheric phenomena and conditions that prevail in the region where
the transmitter and the receiver are deployed. One of the most significant performance mitigation
factors is the atmospheric turbulence effect, which causes rapid fluctuations of the signal irradiance as
a result of the variations in the refractive index, due to in-homogeneities in temperature and pressure
changes. Furthermore, the receiver irradiance suffers from misalignment-induced fading, also known
as pointing errors (PE) effect [2]. That effect consists of two components, i.e., the boresight, which
stands for the fixed displacement between the beam center and the center of the detector, and the jitter,
which is the random offset of the beam center at the detector plane [3,4].

In order to combat the impairments mentioned above, particular emphasis has been devoted to
the employment of diversity techniques. In principle, the use of diversity refers to the consideration of
multiple copies of the propagated signals in an attempt to overcome the poor transmission media state
and enhance the system performance. The diversity is realized in space, time, or wavelength. In spatial
diversity schemes, the FSO system incorporates multiple transmitters and receivers at different places,
which send and receive copies of the same part of the information signal. In time diversity, the system
uses a single transmitter-receiver pair, and each specific part of the information signal is retransmitted
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at different time slots. Finally, when wavelength diversity is employed, the signal is transmitted at the
same time, by different wavelengths [4].

In this work, we consider a single-input multiple-output (SIMO) free space optical (FSO) system
with wavelength, spatial, or time diversity at the receiver. For the first two cases, a single transmitter
is considered, which emits M copies of the same part of the information signal towards M receivers.
For the time diversity case, the transmitter is assumed to emit the M copies towards one receiver
at different M time moments. Each copy arrives at the receiver and remains at the buffer of the
system until all the M copies have been received. Hence, in all diversity cases, the information signals
propagate through different, or the same path(s), but with different channel characteristics. Therefore,
the total information signal at the receiver buffer is composed of M different versions of the same initial
signal. Intensity modulation/direct detection (IM/DD) method with on-off Keying (OOK) or L-symbols
Pulse Position Modulation (L-PPM) schemes and optimal combining (OC) for signal reception are
taken into account [4].

The signals propagate through the turbulent atmospheric channel with additive white Gaussian
noise (AWGN) and pointing error effects. After detection at the corresponding receiver, the
photodetector converts the optical signals to electrical ones [4]. We assume that the channel between the
transmitter and each receiver is memory-less, stationary, and ergodic. The turbulence effect is modeled
using the mixture Gamma (MG) distribution that has been suggested in [5] in order to approximate the
most frequent but complicated turbulence models, like Gamma-Gamma (GG) and Malaga distributions.
A non-zero boresight (NZB) PE model is considered, using the efficient approximation introduced
in [3]. The composite effect of these two impairments is described by another mixture distribution,
which readily occurs after combination [5]. In this context, the performance of the SIMO FSO scheme
is readily evaluated by deriving novel mathematical expressions for the outage probability (OP) and
the average bit error rate (ABER).

The remainder of the paper is organized as follows. In Section 2, we introduce the channel model,
composed of the atmospheric turbulence, and the NZB-PE sub-models, respectively. Next, in Section 3,
we proceed to the performance analysis of the SIMO FSO system in terms of the OP and the ABER,
while the corresponding numerical results are presented in Section 4. Finally, the concluding remarks
are presented in Section 5.

2. Channel Model

The statistical channel model is given as [4]:
Ym = NmXly +n, with m=1,2,..., M, (€))

where y,, represents the m-th of the M signal copies at the receiver, 1, is the effective photocurrent
conversion ratio of each receiver, I, stands for the normalized received irradiance of the optical signal,
x is the modulated signal, which takes the binary values “1” or “0”, and n represents the AWGN with
zero mean and variance equal to No /2. The irradiance can be expressed as:

I = Tomlpmlym, )

where I , and I, », represent the irradiance values due to the atmospheric turbulence and the pointing
error effects for the m-th of the M signal copies. Additionally, I; ,, stands for the deterministic path loss
parameter which without loss of generality is assumed to be equal to unity.
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2.1. Atmospheric Turbulence Model

The irradiance I, ;;; at the m-th receiver follows the MG distribution, which is a linear combination
of gamma distributions, with a probability density function PDF [5]:

f[a m Iu m Z wlﬁ Ia m = Z 1€—CJn,m, (3)

where N is the number of the summation terms, f;(x) = Cb bi~1e=Cx /T (b;) is the probability density
function (PDF) of a Gamma distribution, and a;, b; (;, are the parameters of the i-th Gamma component,

while w; = ;T (b )C " with Z w; = 1 and I'(.) stands for the Gamma function [6] (equation (8.310.1)).

The MG distribution can eff1c1ently approximate some of the well-known turbulence models by setting
proper parameter values for a;, b;, and ;. For example, the Malaga distribution with PDF [7]:

ﬁ,?’ﬂ

K -1 a’mﬁ’mE,m
S, Uam) = A 'l Kynr|2\[ == |/ 4)
m\Lam mk,Z_l mta,m a V,ﬁ’m'i_Q/
can be expressed through the MG distribution with parameters:
0; ’ a'mp
a4 = 0 bi=a'm G = e
L o) j (Bt Y)
a o' m—k (5)
ﬁ m a,mﬁ, 2 K-’ -1
6- = —wlk,; ﬂ K, m (‘)/I,Blm+0,) ti ’
where I = lIom/E[lom] with E[I,,,] = 1, and E[-] denotes the expected value of the enclosed.

Parameters w; and t; are the weight factors and the abscissas, respectively [5]. Furthermore, for the GG
distribution with PDF [8]:

a+p

. Z(Qmﬁm—i:z,m)T ~
o Uam) = mKam—ﬁm (2 \/amﬁmlu,M)/ (6)

the parameter values of the MG distribution are:

m m 1
0; AmPm (Uémﬁm) wlt St
G = b= o, G = 2, 0 = , )
-b; ti T (am)T(Bm)
Y er (b]')c.
j=1 !
while for the negative exponential (NE) distribution with PDF [9]:
fln,m (Ia/m) = eXP(_};,m)/ (8)
the parameter values can be extracted as:
N -1
—b;
a; = ei[; 0,T(b))C; f] L bi=1,G=1,0=1 )
]:

In the above equations, Ky(-) is the v-order modified Bessel function of the second kind [6]
(equation (8.432.1)), and a, B, are the effective number of small and large-scale eddies of the scattering
environment, respectively.
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and Q' = Q + 2pby + 2+/2pbpQcos(p — ). Q is the average power of the LOS component, 2b
represents the average power of the total scatter components, f’, is a natural number representing
the amount of turbulence, y” = 2by(1 - p), and o'y, is a positive parameter depending on the effective

number of large-scale cells of the scattering process. Furthermore, p, with 0 < p < 1, is the amount of
scattering power coupled to the LOS component, and ¢4, @p are the deterministic phases of the LOS
and the coupled-to-LOS components.

2.2. NZB-PE Model
The PDF of I, due to NZB-PE effects can be efficiently approximated as [4]:

Vi ¥2,-1

— m

ﬁp,m (Ip/m) - 2 Ip,m foro S Iprm S AO,mg'r‘ﬂr (10)

AO,m Im ) "

with le = Wz,eq,m / 2‘7mod,mr lpx ory,m = Wz,eq,m /20 or y,ms Im =
1/3

exp 1 1 __1 _ :“%,m _ #i,m and o2 _ SFlg,maé,mjL?’H%/,m U;,m +’52,m +‘73,~m

11[)311 z%%m Zw%/,m zaa%,m q’%,m zoi,m wi,m ! mOd’ m 2

The parameters iy, iym, denote the mean values and oy, and oy, symbolize the variance
of the horizontal and elevation displacement, respectively. Moreover, Ay, = [erf(un)]?, and
the equivalent beam radius at the receiver is given as wgleqlm = merf(um)w?,,/ (Zume_ugn),
U= Ty / \/iwz,m, where erf(.) represents the error function [6] (equation (8.250.1)), while ,, stands
for the receiver aperture radius and w; ;; represents the waist of the Gaussian beam spatial intensity
profile. The beam-width over relatively long distances of propagation can be approximated by
Wym = Omzm, where 0, describes the increase in beam radius, during the propagation of the optical
beam in the z;, distance away from the transmitter.

2.3. Composite Irradiance Model

By following the methodology described in [5], and after making the necessary modifications in
the PE model, the PDF of the composite model with turbulence effect along with NZB-PE, for I, > 0
can be derived as:

2 U1

finIn) = ————

(Aomgm)"™ im2

where I'(+, ) refers to the upper incomplete Gamma function and y (-, -) is the lower incomplete Gamma

function defined in [6] (equation (8.350.2)) and [6] (equation (8.350.1)), respectively. Furthermore,

the expression of the corresponding expected value for irradiance can be estimated through the general
integral for the k-th moment estimation, E [I’,‘,l] = fooo I* f1,,(Ln)dLy, by assuming k = 1, as follows [5]:

=

wbi Gil
a;ic! r(bi ~Yn, IT’;”), (11)

Y2 Aomgm v ~(1+b))
Elly] = =22 Y T (14 by) (12)
143, =
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3. Performance Analysis

3.1. Outage Probability

The PDF and the cumulative distribution function (CDF) of the instantaneous electrical
signal-to-noise ratio (SNR), v, = (nmlm)z/ Np, can be obtained in terms of the average electrical
SNR, tm = (m [Im])z/No as [10]:

Frnrm) = a3 ﬁ"mw%, o Jf; LR (13)
R
The CDF for I, is obtained by substituting the expression (13) into the integral [10]:
Y Vm 2
Eyn(rm) = [ Syt = [ 5z, jrar E[im]f; CEE (14)
Ko S o
Hence, a closed-form expression is extracted as [10]:
2
it = £ (525 ) -
s 8 VE) oo 22 )
Then, the OP of each specific optical link is given as [11]:
Poytm =P T(Vm = Vth,m) = Fy (Ytnm), (16)

where yy, i is a critical threshold value. Assuming independence for each link, the OP of the system,
Pout m, will be given as the product of all the probabilities of each one of the M links [11], i.e.,

M
Pout,M = H Pout,m' (17)
m=1

For a case with time diversity and all the considered approximations by the MG model, it is
assumed that ¢ = ¢y = ¢, Ag1 = Ag,m = Ao, and g1 = gm = §. The same assumption holds for the
effective photo-current conversion ratio of the receiver, 111 = 1, = 17, and the average electrical SNR,
f1 = pum = p. For the approximation of the GG distribution, we assume thata; = a,, = &, and 1 = =
B, while for the Mdlaga model the equalities 21" = a,,” =a’, p1” = B’ = p’, have been used. Thus, Poyt v,
is given as [11]:

Pout,M = P%t,m' (18)

3.2. Average BER

By considering the OC for signal reception, the aperture area of each detector is M times
smaller than the area of the detector without diversity. Hence, the variance of the noise in each
detector at the receiver is M times smaller than the noise variance of the system without diversity,
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ie, o2, = o02/M = Ny/(2M). Therefore, the ABER of the SIMO FSO system, with OOK modulation
scheme is obtained as [4]:

M
P0o%, = [ e Y Cro)? i, 1)
I m=1

wherel = [Il, I,..., IM} is the vector of the normalized irradiance at the receiver(s). By substituting the
approximation Q(x) ~ (e_xz/ 24 3e72%/3 ) /12 for the Q-function proposed in [12] into the expression
(19), an effective estimation yields as [4]:

M 2
POGKs~ B T [ exp(~fs i ()L
dT 0)
+ 1 H1 0 exp( 3MNmO )flm (Im>d1m
m=
Next, by substituting (11) into (20), we get:
OOK ., 7 Ynbiy
Pe,av M 12 H 1 (A, mgm)"m 121 a; C

i exp( 41%’\10 2 )1% (b -2, yir 'gm )dlm

’ y (21)

+l H le Z a; Clpm i
=1 o) 21

/ eXP( b )Ilp’” (bi—l,bm, Aojjgmlm)dlm.
0

The integrals in (21) can be solved using [13] (equation (2.10.3.9)), and hence, the ABER for the
OOK scheme is obtained as:

P~ 1| gwm], [ef " Jeaors or(3) i)+
(_) 1 Z(4 )}+% 11\_/1[ [—2 Z(ﬂ ]:Pm i) (22)
r

2 m=1 0,m m)V'” i=1
{—A(O)T( )T(%)¥1(3/4) + A()T(3,1) g)wz(3/4)+2(3)}

,b-—wz +x

2 . 2 2 2 3,/2
where, A(x) = T T(ry) = (MEI) T 7 () = COTVTUR/2) (P ] )
2(bi~92+x) (A gm) iV H H

bovh b1 bk xc2ME2[1m]) ¥ (b Y241 b+l 3 biyh+3 xC-zMEZ[Iml)
] = F( ,—1; ’ +]- = F s 75 ; ! ’
1( ) 252 2 272 (AOmgm) L 2( ) 2 2 2 2 (Ao,mgm)2.um

making the same assumptions as above, the ABER for time dlver51ty and OOK is obtained as:

PO ~ { o L i [-a0)7(4 0>r(5)‘1f1(4)+

Z (23)

+AT( DI )92 (4) + Z(4)]}M + —{ s
x[~A(0)T(3,0)r(§)¥1(3/4) + A()T(3, (2t +1)\1@(3/4) + z(3)]}M

Based on [4], the ABER of the FSO system for the L-PPM format can be derived as:

L Llog, L |
Pt = Eflﬁ(I)Q[\/%\ Z (mlm)? |dI (24)
m=1
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and by using the same approximation for the Q-function as [4], the expression (24) can be written as:

M 212
L-PPM . L o Llog, Li
Poawom = 2 11 b EXP(——gf/INomm f10 (I )AL
m

25)
Moo Llog, LA (
T exp(~ i )i, ()
m=
Next, by substituting (11) into (25) we obtain:
M 2
pL-PPM l Pin a C%
e,av,M 12 Hl (Ao, mgm)% zZ

T Llog, Lyl \ i Gi

) exp(—%)lﬁi (bi — 2, g Im)dlm

’ (26)

M
+l H le Z @ Clpm i
4 m=1 (AOmgm)l’D%”l 1

(e
Llogz Lr]m m le—l . 2
Ofex W Im T bl M Ay ngm dlm

The integrals in (26) can be solved using [13] (equation (2.10.3.9)) and hence, the ABER for the
L-PPM case can be estimated as:

M
pL-PPM o L T7|_—¥& _
e,av,M 24 1l ¢

» (ai jﬁ"h"){—A(o)B(s, o)r(4)¥s(2)+

! lwgm) "l M . e 27)
+A(1)B F( birl ) }+ gmlel m lZl(a] i )x
- A0)B(6 T ¥5(5/2) + A DT s 672 + a(6)
where (hiiy)/2 -2, /2
Bx, ):(%) e A(x) = r(b,-—w%,)zr( 2/2)(@;%1[});:{”) E
Y3(x) = 2F2(bi_2¢%"1 %/% 2 wm +1 Llogz(Li]:nAfj(EI:ifm) Hm)
W) = by, g b, V)

Additionally, the corresponding ABER for the time diversity scheme is given as:

oty ~ b < B o aoms on(s) ws

(Aog)¥

+A(1)B(8, )25 )¥4(2) + A(s)]}M + %{[(A:};)wz J Y ( 1]¢ i )>< (28)

x[~A(0)B(6,0)T(%)#3(3/2) + A(1)B(6, )T(22)¥4(3/2) + A6) ]}

4. Numerical Results

Some indicative numerical results are provided in this section to accompany the previous analysis.
Firstly, we have to mention that the approximation of (Equation (10)), is accurate enough for w , /¥ > 6,
which is satisfied for typical terrestrial FSO systems and thus, we consider w, /r,;, = 7 based on [34].
More precisely, by assuming a receiver aperture radius of r;, = 0.05 m, the waist of the Gaussian
beam spatial intensity profile becomes w;,; = 0.35. The variances and the means of the horizontal
and the elevation displacement take the values of 0y, = 0.1, Oym = 0.05, pym = 0.05, and Hy,m = 0.1,
respectively. Hence, u;; ~ 0.18 and, wieq’m ~ 0.125, while ¢, ~ 1.77 and ¢y, ~ 3.54. For the case of
the NE distribution, we assume that N = 1, while for the GG and Malaga cases, N = 10 is considered [5].
Moreover, without loss of generality and for simplicity reasons, for the GG and Malaga parameters, we
use the values a; = ay = a, fy = fm = pand o’y = a’y, = o/, p’y = p',, = p’ respectively, for all the
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M different branches of wavelength and spatial diversity schemes. Furthermore, we make the same
assumptions for the PE parameters, i.e., Y1 = i = ¢, Ag1 = Aom = Ao, §1 = §m = & and finally
for the average electrical SNR, u; = py = p. The parameter values used here are highlighted in
Table 1 below. Additionally, for the Malaga distribution approximation, we consider that p4 — ¢p =
/2, p = 0.9, by = 0.25, and ’ = 0.05. Hence, ()’ = 0.95, given the fact that the transmitted power is
normalized as () + 2by = 1 [10].

Table 1. Values of turbulence and pointing errors parameters.

Distributions xor B orp’ P Ap g
NE - - 2.52 0.04 0.79
GG 2 5 1.3 0.04 1.21
Madlaga 2 5 0.59 0.04 11.86

Figure 1 demonstrates the OP versus the normalized outage threshold 1t/ yy, , for the cases, where
the MG model approximates the GG or Malaga distributions, while Figure 2 shows the OP of NE cases,
accompanied by the corresponding Monte Carlo simulations with 1 x 10° samples. Figures 3 and 4
illustrate the ABER versus electrical SNR for the same approximations, using OOK, and 4-PPM schemes
respectively, with either wavelength, spatial, or time diversity. A significant decrease, in OP and ABER,
for both modulation schemes is evident as the normalized outage threshold or the average electrical
SNR increase, respectively, despite the stronger PE impact for the GG distribution, compared to the
NE approximation. This is well argued, since the NE distribution describes saturated conditions of
turbulence, while the GG one refers to weaker turbulence conditions, due to the selected values of
a and B. In the scenario where the MG approximates the Malaga distribution, we consider even a
stronger PE impact. Although the Malaga describes weaker turbulence conditions compared with
the NE case, a decreased performance in both terms OP and ABER is observed since the strong PE
effect dominates over turbulence. Moreover, the 4-PPM scheme is more efficient than OOK in all cases
examined. Furthermore, in all scenarios it is clear that the SIMO system outperforms the system with
only one transmission.

1 O(}

—

<
@]
T

—
(=)
1

(=]

Outage Probability
=

1 0-2(}

25 ‘ . ! | ‘ ‘
10 20 30 40 50 60 70 80
Normalized Outage Threshold, dB

107

Figure 1. OP performance versus the normalized outage threshold for GG and Malaga cases.
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Figure 2. OP performance versus the normalized outage threshold for NE case.
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Figure 3. ABER for OOK scheme versus the expected SNR.
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5. Conclusions

A SIMO FSO system, with wavelength, spatial, and time diversity, along with OOK or L-PPM
modulation and OC method at the receiver side, operating over the combined effect of atmospheric
turbulence and NZB-PEs, was investigated. In order to reduce the mathematical complexity of the
derived expressions, a mixture composite channel model was adopted. Novel mathematical
expressions of the OP and the ABER were deduced and appropriate numerical results were
graphically depicted.
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