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Featured Application: Nanoparticle suspensions are used in a variety of applications involving
the transport of reagents and products to and from structured material surfaces. The more efficient
alignment of particle layers adjacent to, and in contact with, a reactive surface, such as found in
a fuel cell, bio-medical and electrochemical device, is often reliant upon the effective control of
the dynamics of particle assembly in narrow conduits. One such control is possible by spectral
thermal pulsing to generate a controlled Brownian motion of particles. This is demonstrated by
numerical simulation here to be highly effective when particles are conveyed in viscous fluids
close to a neutrally buoyant condition.

Abstract: Inter-particle and particle-wall connectivity in suspension flow has profound effects on
thermal and electrical conductivity. The spectral impulse generation and the imparting of kinetic
energy on the particles is shown through a mathematical analysis to be effective as a means of
achieving an approximate equivalent of a Langevin thermostat. However, with dilute suspensions,
the quadratic form of the thermal pulse spectra is modified with a damping coefficient to achieve
the desired Langevin value. With the dense suspension system, the relaxation time is calculated
from the non-linear differential equation, and the fluid properties were supported by the viscosity
coefficient. A “smoothed” pulse is used for each time-step of the flow simulation to take care of the
near-neighbor interactions of the adjacent particles. An approximate optimal thermostat is achieved
when the number of extra pulses introduced within each time step is found to be nearly equal to
the co-ordination number of each particle within the assembly. Furthermore, the ratio of the particle
kinetic energy and the thermal energy imparted is found to be never quite equal to unity, as they both
depend upon the finite values of the pulse duration and the relaxation time.

Keywords: nanoparticle suspension; Brownian motion; spectral thermal pulsing; DEM simulations;
Nano-device applications

1. Introduction

The shallow flows of nano-particles in planar conduits is a common feature of many industrial
device applications, as well as being one of the primary generic routes used for transporting reagents
and products to and from structured material surfaces as part of selective heterogeneous surface
interactions, ranging from adsorptive separations to reaction catalysis; see for example (Pawar and
Lee, 2015) [1], (Merino-Garcia et al. 2018) [2].

The more efficient alignment of particle layers adjacent and in contact with a reactive surface,
such as found in fuel cell, bio-catalysis and electrochemical surface coating applications, is profoundly
important to the efficiency of the processes required to generate, store and release renewable energy, as
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well as providing uniform surface scaffolds for varied environmental emission detection and separation
devices. Previous work using pore-scale CFD simulations (see for example Crevacore et al. 2017) [3]
has investigated the effects of varying the direction of the acceleration due to gravity on colloidal
suspensions from orthogonal to parallel to the fluid flow direction, and the resulting impact on
Brownian motion and particle settling.

Albert Einstein (1956) [4] formulated the mathematical framework for the kinetics of the Brownian
motion of particles in suspension by considering the auto-correlation of fluctuating velocities and the
spectral density of the intensity of fluctuations. It is possible to augment the physics of pressure-driven
dense assembly flows of near-neutrally buoyant particles by combining the effects of (i) the lubrication
forces due to the conveying fluid-immersed particle interactions and (ii) the drag forces due to fluid
viscosity with those due to (iii) the thermal pulse-induced Brownian motion of particles.

In a series of DEM simulations of sub-micron Poiseuille flow in a narrow planar channel, the
amelioration effect of the quadratic pulse intensity is demonstrated for different combinations of
pulse intensity, relaxation time and time-step of simulations as a function of the solid fraction of
the suspensions. Most significantly, it is possible to re-direct the clustering of particles in better
alignment with the conduit wall surface when thermal pulses are applied. In the absence of pulses, the
pressure-driven flows tend to favor a shear-induced migration of particles towards the center of the
conduit, where the bulk shear gradient is reduced to zero due to symmetry; see (Davis et al. 2008) [5].

2. Modeling of Lubrication and Viscous Drag Forces

With dense particle suspensions, the forces between particle pairs are dominated by the lubrication
limit, which holds when the gap width between particles, h, is much smaller than their mean diameter,
.
h. The interaction needs to be modified to take account of the roughness of the particle surfaces
(no matter how small this may be) to avoid a singularity at h = 0. The interaction needs further
augmentation to indicate what happens at h = 0, and for this eventuality a simple collision rheology is
introduced as follows.

When two perfectly smooth particles in a fluid in slow flow come close together, the fluid
mechanics may be approximated by the lubrication limit. In this limit, the interactive force for approach
or departure normal to the smooth surfaces at the surface-to-surface distance h is proportional to

.
h/h.

It is therefore never possible for perfectly smooth particles to have a solid contact (h = 0) at a finite
velocity. In nature, physical surfaces are never perfectly smooth, and the interaction deviates from the
ideal. A roughness dimension has to be introduced. In a paper by Jenkins and Koenders (2005) [6], it is
argued that the rough surface effectively behaves as a permeable medium, so that the fluid in squeeze
flow can escape by flowing parallel to the surface through the asperities on the surface. In this case a
finite relative velocity is possible, and the interactive force behaves more like

.
h/(h + h0), where h0 is a

measure of the surface asperity size. Now it is possible to reach h = 0; the particles can touch.
For the purposes of the investigation, suspension flow is here approximated by the motion of an

aggregate of neutrally buoyant particles of more or less equal diameter. Then the lubrication force F12

is calculated by using the following equation;

F12 = −3πηD2/8 (h + h0) .((v1 − v2).n̂12) n̂12 (1)

where η is the viscosity, n̂12 is the unit normal vector pointing from the surface of particle 1 to the
surface of particle 2, D is the diameter of the particles, v1 and v2 are the velocities of particles 1 and
2. The force mediated by the fluid in this way works purely normal to the surfaces, and a detailed
discussion and derivation is in Vahid (2008) [7]. The tangential interaction is of an order less than the
leading term in Equation (1) behaving as

.
hln (h/D), see Jeffrey and Onishi (1984) [8].
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When particles touch at a finite velocity, a collision mechanism is invoked. The normal velocity is
updated using the coefficient of restitution, e using the unit normal vector

(v2 − v1)
/. n̂12 = −(1 − e) (v2 − v1). n̂12 (2)

n12 is introduced as the tangential vector such that n.n = 0. The tangential velocity is unaffected by the
collision, so

(v2 − v1)
/. n12 = (v2 − v1). n12 (3)

and momentum is conserved,
(m1v1 + m2v2) = m1v2 + m2v2 (4)

These equations have been solved (with a symbolic manipulation program) for v1
/ and v2

/ and
then implemented in the computer program.

In order to characterize the viscous drag forces in a particle suspension flow, two alternative
approaches may be introduced: The “ensemble-averaged” option, based on a continuum consideration
of the interstitial fluid, is to choose the width of the channel and the “suspension viscosity” that is the
viscosity of the particle-fluid mixture. In general, the mixture viscosity is a solid fraction dependent
factor greater than that of the interstitial fluid, see for example Thomas (1965) [9]. The second option is
to choose the particle diameter, and the viscosity of the interstitial fluid thus then allows the calculation
of a fluid-drag coefficient as a function of particle size and sphericity; see for example Seville et al.
(1997) [10].

For suspension, Reynolds numbers close to Re = 1 (i.e., Stokes dynamics) of the suspension
comprising near-neutrally buoyant particles, the effect of the fluid viscosity on the collisional dynamics
of the particles can be estimated with the “ensemble-averaged” approach. One such estimate is
provided by Davis et al. (2008) [5] where the following formula is derived for the shear viscosity of an
isotropic medium;

η = [3ηφNC /40]
(
D/h

)
(5)

Here, η is the suspension viscosity, Nc is the average number of nearby neighbors (Nc = 6 is a good
average for a dense suspension) and D/h is the ratio of particle diameter to mean surface-to-surface
distance, and is a solid fraction-dependent quantity that was estimated by Torquato et al. (1990) [11];

h/D = (1−φ)3/12 φ (2−φ) (6)

where the value of the solid fraction, φ typically ranges from 0.1 to about 0.5 through aggregation of
dilute to dense suspensions; see for example Clayton et al. (2012) [12].

3. Characterization of Dem Simulation Results of Pressure-Driven Suspension Flows

The simulation runs for the external pressure-driven particulate suspension flow case are most
easily characterized by means of the Péclet number (see also Morris and Boulay (1999) [13] and
Frank, et al. (2003) [14], which is defined as

Pe=
6πη

.
γ

kBT
r3 (7)

where η is the fluid viscosity,
.
γ is the shear rate, r is the mean radius of the particles, kB is the Boltzmann

constant and T is the thermodynamic temperature.
In order to determine these parameters, the graphs of the profiles generated by the simulations

are used. For
.
γ, the velocity profile is employed and an average is calculated from the maximum and

minimum velocities and the width of the channel Hp;

.
γ � 2(vmax − vmin)/Hp (8)
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kBT is estimated from the equi-partition assumption and is found from the value of the kinetic energy
profile at the center of the channel.

A number of 3D DEM simulation results is presented, both with and without Brownian motion
for external pressure driven flow depicted by the schematics in section 4 below. It is shown that the
simulation captures the migration effect very well, and shows that when the Brownian forces are
increased (i.e., reduction of the Péclet number) the migration effect fades. In Figure 1a, the solid fraction
profiles are calculated for different values of the Péclet number as a function of the dimensionless
distance across the channel yp in terms of the number of particle diameters. When the Brownian motion
is switched off; i.e., the Péclet number equals infinity, the case of the near parabolic solid fraction profile
is recovered as evidence of the high degree of migration towards the center of the planar channel in
Poiseuille flow. In contrast, Figure 1b shows the solid fraction profile for the Péclet number, Pe = 3,
evaluated at different time steps for the external pressure driven flow, and it is observed that, as for
the very low value of the Péclet number, the solid fraction profile is flatter and the migration effect
disappears; see Figure 1b.
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Figure 1. (a) Solid Fraction Profiles across the conduit at different Péclet numbers; (b) Solid Fraction
Profiles with Péclet number = 3 at different simulation time-steps.

The effects of the presence and absence of the Brownian motion on the solid fraction profiles and
the connectivity of the flowing particle assembly by the application of an external pressure for flow
show quite clearly that the maintenance of a uniform (flat) solid fraction profile is possible only with
a very low Péclet number, which according to Equation (7) also implies that the shear rate and the
viscosity are quite low. Hence, in the dilute suspension case depicted here, the increased Brownian
motion of the particles tends to encourage particle migration.

These results agree well with the near parabolic solid fraction and particle assembly velocity
profiles reported earlier by Morris and Boulay (1999) [13] and Frank et al. (2003) [14]. Statistics of
microscopic data, such as the particulate fluctuation energy, can also be presented from DEM simulation
results; see Ibrahim (2012) [15].

4. Implementation of Brownian Motion by Thermal Pulses

For small particles in the sub-micron range, Brownian agitation introduces extra fluctuations, but
this motion is thermally induced. While shear-induced fluctuations are position-dependent in flow in
a conduit, the thermal fluctuations are position-independent (assuming an isothermal set-up), and
therefore, when thermal fluctuations are greater or of the same order as the shear-induced ones, the
migration pattern previously observed with shear-induced particle motion is diminished by this effect.
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Brownian motion is implemented through a time-dependent, fluctuating force on the particles.
Starting from dilute aggregates, a fluctuating force spectrum is derived, which embodies the properties
of the fluid, and the momentum transfer from the fluid which can be carried over to the dense
suspension case; see Ibrahim (2012) [15] for details. By adding fluctuations, the aggregate increases its
energy, which has to be conducted away through the walls of the flow channel. The thermal conduction
process is initiated by giving the walls a fixed temperature.

A one-dimensional problem is examined in the presence of thermal fluctuations, which were
introduced to the simulation by the spectral intensity approach. The problem is studied for both cases,
dilute and dense slurries. The results for the dilute case were compared with the Langevin method; see
for example Davidchack et al. (2009) [16] and Koenders et al. (2012) [17]. Here, the quadratic velocity
gives the same answer, while the quadratic displacement is not adequately reproduced. Therefore the
quadratic equation is modified in the properties of the fluid in terms of the damping coefficient, and
the Langevin value is achieved for small values of the pulse duration compared to the relaxation time;
see Section 4.1 below.

The same exercise is done for the dense system where the relaxation is calculated from the
non-linear differential equation, and the fluid properties were supported by the viscosity coefficient.
It was also observed that the ratio of the kinetic energy and the thermal energy never equal to unity, as
they depend on the ratio of the pulse duration and the relaxation time.

The recent work by Ishizuka et al. (2016) [18] also has demonstrated the use of pulsed gas flow
in controlling the solids mass flow rate in the riser and downer sections of a triple-bed circulating
fluidized reactor. The modulations of pulse width and pulse density (frequency) are used to optimize
solids circulation rates by a combination of a low-pass filter and the electrical pulse voltage facilitated
by a switching power supply.

4.1. Spectral Intensity of Thermal Energy Fluctuations

In order to introduce thermal fluctuation to the suspension flow simulation, a spectral intensity
approach of impulse distribution has been used on particles for a given fluid viscosity and temperature.
The mean quadratic pulse intensity is dependent on the pulse duration and relaxation time, which is
calculated by an auto-correlation function, whilst assuming that the pulse duration λ is much smaller
than the relaxation time.

The mean quadratic impulse value is given by;

< I2 > =

∫
I2p(I)d2I = −

β

π
∂
∂β

∫
eβI2

d2I = 1/β (9)

The value of β is proportional to the mean kinetic energy imparted where β = m/
(
2b2 kB T

)
identified in two-dimensions for small values of the pulse duration, λ by replacing the mean kinetic
energy by kBT, instead of 1/2 kBT, (which is the one-dimensional value).

It also follows that b = 2
√

2m γ
λ , where m/γ is the mean relaxation time. Here, the pulse duration,

λ << m/γ.
To generate the impulse distribution, the angle is chosen to be entirely random. So, if the

probability to encounter a value of I with components between I1 and I1 + dI1 and I2 and I2 + dI2 is

p(I1, I2) =
β

π
e−βI2

dI1dI2, (10a)

then

p(I,θ) =
β

π
e−βI2

IdI1dθ (10b)
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Integrating over the angle then gives the distribution of the magnitude of the impulses yields;

p(I) = 2
β

π
e−βI2

IdI (11)

In practice, the impulses at very high values of I cannot be attained. In order to control this
limitation, consider the values generated up to a maximum Imax. Integrating the frequency distribution
in the interval 0 < I < Imax results in∫ u

0
P(I) =

∫ u

0
2βIe−βI2

= 1 − ebI2
max (12)

The value of Imax is chosen such that 99% of all values are covered. In practice values are stored
in an array, according to frequencies that correspond to Equation (11), up to the value of Imax, which
occurs only once. The angle is chosen at random between 0 and 2π.

The simulation results can then be analyzed in terms of three key parameters: Pulse duration,
relaxation time and simulation time step for particle motion.

4.2. Spectral Intensity Generation of Thermal Impulses in 1-D and 2-D Conduit Flows

Using the framework, which has been developed first for one-dimensional systems, the effects
of thermal agitation are also introduced as a fluctuating force in a two-dimensional setting. Thus,
the motion of a dense particle slurry that is driven through a conduit by a pressure, combined with
Brownian motion, can be studied. The applications for such a system are obviously in nano-technology
and in the separation and manipulation of systems in Chemical Engineering where small, sub-micron
sized particles are present.

The simplest simulation is an aggregate in a box that is agitated by thermal motion; see Figure 2
below. There are fixed walls at the top and bottom, and periodic boundary conditions left and right.
Initially, the wall particles in Figure 2 are given the same fluctuating velocity as the bulk particles; that
is, the thermal motion is imparted to them. This allows them to acquire velocity whilst they are kept in
the same position. Each particle in the bulk is given an impulse force from the distribution in Equation
(11). The resulting particle distribution in a box of 200 particles is shown in Figure 3a.
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If the walls are left completely “cold”, the effect disappears, but a significant migration away from
the walls appears as seen in Figure 3b. In order to experiment with the fluctuation velocity which the
wall particles attain, the mass of the wall particles is varied. It transpires that for a mass ratio of about
20/1, a uniform (flat) voidage profile is achieved within the conduit. However, this is found to be not
sustainable for larger time scales (t > 50,000). The particle migration effect can be suppressed by giving
the particles an extra number of pulses in each time-step, so that the effect is a “smoothed” impulse.
Further experimentation has established that if the number of extra pulses is equal to the number of
nearby interacting particles, an approximate optimum is achieved; see for example; Koenders et al.
(2012) [17].

These benchmark simulation experiments are believed to yield two very significant physical
outcomes which can facilitate potentially a practical means of controlling the nano-particle agitation
and particle separation in conduit flows. The effects suggest that (i) it is possible to impart controlled
migration towards the center, and (ii) it is also possible to “clump” particles next to the wall and/or in a
periodic cycle to alter the connectivity of the particle bed within the conduit. To achieve these effects in
real-life, we would need to impart pulsed impulses to the walls whose materials can be chosen to yield
a desired solid density ratio to the particles. A possible application is in the design and operation of
electrochemical batteries used for power generation, where the interactions between the electrodes
and the charge carrying particle bed can significantly effect the efficiency of electrical charge build-up
and controlled release with minimal leakage; see Figure 4 below for a schematic illustration, and refer
also to Kim et al. (2013) [19] and Bebelis et al. (2013) [20].
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5. Practical Methods to Enhance and Manipulate Brownian Motion in Nano Particle Suspensions

The literature on nanoparticle suspension conductivity (for example Jang and Choi (2004) [21]
and Keblinski et al. (2002) [22]) has considered four possible modes of energy transport in nanoparticle
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suspension flows: (1) The collisions between carrier fluid molecules, (2) thermal diffusion of
nano-particles in suspension, (3) collisions between nanoparticles and (4) thermal interactions between
dynamic nanoparticles and the carrier fluid molecules.

The earlier work has found that the temperature-dependent conductivity of nanoparticle
suspensions at a specific concentration normalized to the conductivity of the carrier fluid can reveal
increases by anything up to two-fold, depending on the fluid temperature. Jang and Choi (2004) [21]
present results for Al2O3 particles in water and CuO particles in ethylene glycol, and show that the size
of the nanoparticles has a very strong effect on the increase in normalized conductivity achieved. They
report that when the fluid viscosity is relatively high like in ethylene glycol, reducing the nanoparticle
size to < 10 nm, conductivity increases by two fold; however, when water is used as carrier fluid, the
conductivity is reduced with decreasing nanoparticle size.

These results therefore suggest a sensitivity of the ratio of collisions between the nano-particle
and carrier fluid molecules and the collisional frequency of the fluid molecules on the values of
conductivity achieved. If we also take on board the assertion by Keblinski et al. (2002) [22] that the
collisions between nanoparticles are an order of magnitude smaller than the collisions between the
nanoparticle and fluid molecules, then the ratio of the pulse intensity to mean relaxation time as a
key parameter (see Equation (9)), presented in the thermal pulse intensity spectra analysis presented
above, gains further prominence supported by these earlier results reported on the conductivity of
nanoparticle suspensions.

Keblinksi et al. (2005) [23] in a more recent study have also shown that the dynamic clustering and
aggregation of nanoparticles is more pronounced as the volume concentration of nanoparticles exceeds
5%. This in turn results in a more rapid conductivity due to the increase in particle-particle contacts
within the particle clusters. They report results of a several-fold increase in conductivity in consideration
of the transformation from randomly closely-packed to loosely-packed spheres; see Keblinksi et al.
(2005) [23]. This could only be due to the increased collisional activity of the nanoparticles in
loosely-packed particle assemblies providing enhanced connectivity of the nanoparticle assembly.

The pulse intensity spectra analysis presented here shows how the balance between fluid-fluid
molecule and fluid-nanoparticle interactions could be altered by affecting the Brownian motion of
nanoparticles as function of fluid viscosity and nanoparticle size. Furthermore, it may be possible to
make the water-based suspension to behave more like an ethylene glycol suspension, and vice versa, by
the imparting of optimal frequency of pulsing for a given concentration and size of nanoparticles. Hence,
according to the above analysis, the nanoparticle collisional frequency and its manipulation plays an
important role in achieving the optimal value of the ratio of the rate of particle kinetic and thermal
energy imparted. This in turn scales the macro-scale conductivity of the nanoparticle suspension
relative to the molecular conductivity of the carrier fluid as defined by the well-known Maxwell Model;
see Maxwell (1873) [24], which covers the original treatise on electricity and magnetism.

6. Comparison of Large-Scale Simulation Results

Figures 5 and 6 below compare the thermally pulsed assembly with that of the externally
pressurized flow after steady-state is achieved within the flow channel in 60 k simulation time steps
with 20,000 particles. The simulations were run for 120 k time steps to achieve accurate and reproducible
results. This duration of flow simulation, on average, pumps the whole aggregate through the channel
about 40 times, which corresponds to 12 s real-time.
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In both the external-pressure driven flow and thermal-pulsed assembly driven flow scenarios,
the suspension is advanced by the creation of periodic cavities adjacent to the planar channel walls
coupled with the migration of particles towards the channel center.

There is the significance of the choice of the value of the coefficient of restitution, e = 0.2 (e.g.,
pharmaceutical compacts; see for example (Bharadwaj et al. 2010) [25] and the fluid viscosity of η =

0.985 Pa-s (e.g., castor oil) with density similar to that of water in the simulation results presented here
to highlight the interactions between highly inelastic “soft” collisions in the presence of moderately
high fluid viscosity. These choices were made to allow the assembly simulations to reach “steady-state”
within a reasonable computational time frame; see for example, Koenders, et al. (2001) [26].

These results are significant in illustrating the similarity of the nano-conduit flow physics obtained
with the creation of Brownian motion in external pressure driven and thermal-pulsed conditions. The
advantage of the latter is likely to be realized in applications allowing the energy transfer between the
walls and the particle suspension, such as found in fuel cell and electrochemical battery applications.
The current DEM simulations, if extended to longer real time flows and larger particle systems, can
pave the way to our further understanding of the role of the particle-particle connectivity in particle
beds under both Brownian motion-enhanced and -suppressed conditions. The ability to control the
extent of Brownian motion in device flows such as seen in Figure 4 above may hold the key to mastering
controlled energy storage and delivery with much greater efficiencies achieved to date; see for instance,
Mateo et al. (2019) [27].

7. Conclusions

The results presented of the DEM simulations of neutrally-buoyant sub-micron particles in a flow
regime where Re � 0.8 (i.e., Stokes flow), concur well with the earlier observations made of channel
flow experiments of suspension flows, whilst highlighting the effects of the controlled Brownian
motion of particles via thermal pulsing. The amelioration of the shear-induced migration of particles
in planar channel flows is demonstrated by the use of a DEM simulation framework that uses particle
collisional dynamics in the presence of the fluid lubrication and viscous drag forces, which also allows
for the implicit consideration of the surface roughness of particles through the D/(h + h0) ratio. The
simulation results presented in Figures 5 and 6 demonstrate convincingly that the particle-particle
and particle-wall thermal and electrical conduction processes are controlled effectively, and could be
enhanced to suit practical purposes such as in electrode charging in fuel cells (Canizares et al. 2007) [28]
and photovoltaic cells for solar energy storage (Mellor et al. 2016) [29] by manipulating the Brownian
motion of the sub-micron particles. Conversely, the Brownian motion could be arrested to a measure to
reduce the particle/wall friction experienced in micro-fluidic flows such as in the targeted introduction
of bio-pharmaceuticals in the bloodstream, see Pele et al. (2015) [30].

The analytical framework of calculations presented here is capable of incorporation of short-range
inter-particle attractive forces and gravitational acceleration to account for particle settling effects,
and could be extended to flows in 3-D cylindrical tube configuration; see for example Crevacore et
al. 2017) [3]. However, near-planar channel flows (2D) are also of significance in many microfluidic
device applications. Most microfluidic devices rely on the operation of a peristaltic pump equivalent,
and the thermal pulsing analysis presented here could be adapted to model the effects of pulse width
and frequency modulation on collective particle motion in both surface (2D) and tubular (3D) flows;
see Ishizuka et al. (2016) [18] for the latter.
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