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Featured Application: A novel material stress-strain characterization model is presented herein,
which is capable of precise and robust approximation of the full range of the nonlinear
hardening portion of the stress-strain curve, notwithstanding the presence of a yield plateau.
Parameterization of the stress-strain curve is, therefore, improved using two “shape“ constants,
and material behavior is easily incorporated in the test matrix for semi-empirical modeling of the
mechanical response of structural systems under various loading conditions.

Abstract: Pipelines typically exhibit significant inelastic deformation under various loading
conditions, making it imperative for limit state design to include considerations for the deformational
capacity of pipelines. The methods employed to achieve higher strength of API X80 line pipe
steels during the plate manufacturing process tend to increase the hardness of the pipe material,
albeit at the cost of ductility and strain hardenability. This study features a simple and robust
material stress-strain characterization model, which is able to mathematically characterize the
shape of a diverse range of stress-strain curves, even for materials with a distinct yield point
and an extended yield plateau. Extensive parametric finite element analysis is performed to
study the relationship between relevant parameters and the deformational capacity of API X80
pipelines subjected to uniform axial compression, uniform bending, and combined axial compression
and bending. Nonlinear regression analysis is employed to develop six nonlinear semi-empirical
equations for the critical limit strain, wherein the shape constants of the material model are adapted
as dimensionless parameters. The goodness-of-fit of the developed equations was graphically and
statistically evaluated, and excellent predictive accuracy was obtained for all six developed equations.

Keywords: buckling; critical limit strain; deformational capacity; nonlinear regression equation;
parametric analysis; semi-empirical model; shape constant; stress-strain model; X80 pipeline

1. Introduction

Pipelines are commonly used as the primary means for transmission of hydrocarbon fluids in
the energy industry, and for transportation of water resources in the public utility industry. Previous
investigations into the main causes of damages and loss of mechanical and structural integrity in
pipelines have highlighted the detrimental impacts of geological conditions or environmental actions
associated with various time-dependent thermomechanical phenomena, such as ground subsidence,
soil liquefaction and land sliding, discontinuous frost heave/ or thaw settlement, fault movement
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due to seismic action, etc. [1–3]. Large displacements tend to induce significant strains in the wall of
pipe segments, which may ultimately result in the failure of a pipeline either due to tensile rupture,
especially at welded regions, or due to bulging or wrinkling deformation of the pipe under the
influence of compressive stresses [4–6]. As a result of the inevitable requirement for pipelines to
traverse large geographical areas, a majority of pipelines in the onshore energy and public utility
industry are installed below the soil surface. It is observed that, compared to above-ground pipelines,
the mechanical behavior of buried pipelines is significantly influenced by the geophysical properties
of the surrounding soil. Hence, the intricacies of the mutual interaction between the pipe and the
surrounding soil are regarded as an important consideration in the design of buried continuous
pipelines [7–10].

The common consequence of ground movement and thermal buckling deformation on pipelines
is the experience of high longitudinal stresses and strains. Conventional pipeline design procedures
are generally based on an “allowable stress” concept, which aims to limit the resultant longitudinal
and circumferential stresses in pipelines, either due to load-controlled or displacement-controlled
conditions, to a prescribed fraction of the specified minimum yield strength (SMYS) of the pipe material.
Unfortunately, the allowable stress design (ASD) approach tends to be severely limited by its inability
to distinguish between stable and unstable failure modes, as well as between loss of serviceability
and loss of containment [11]. A strain-based design (SBD) approach has therefore been regarded
as more appropriate, and has been recently more adopted by various pipeline design standards
(e.g., API RP 1111 [12], DNV-OS-F101 [13], ABS 2006 [14], CSA Z-662 [15]) for design of pipelines
expected to experience high longitudinal strains caused by displacement-controlled environmental
and operational conditions in service [16,17]. SBD circumvents the inherent conservativeness of
the ASD approach by permitting a limited amount of plastic strain, while maintaining relevant
ultimate and serviceability limit state considerations. However, rather than consider the SBD and ASD
approaches as independent techniques, best design practice recommends the application of SBD as a
complementary tool to the more traditional ASD procedure [18]. SBD employs a limit state design
approach, whereby the in-service longitudinal tensile or compressive strain that a pipeline is expected
to experience due to displacement-controlled loading conditions (i.e., strain demand) is evaluated and
compared to the tolerable limit of strain which the pipeline has intrinsic ability to withstand (i.e., strain
capacity). Estimation of strain demand in pipelines typically involves a rigorous and often complex
process, which requires all-inclusive consideration of numerous interrelating factors related to various
environmental and geological conditions, and the pipe’s mechanical properties. The strain demand is
also highly dependent on a number of peculiar, and sometimes transient, environmental conditions,
making the development of deterministic prediction models difficult, and often necessitating the use
of probabilistic and reliability-based estimation techniques for the SBD [19,20]. Unlike strain demand,
evaluation of the strain capacity is essentially based on the inherent mechanical resistance of the pipe
segments and has relatively less dependency on external factors, hence analytical evaluation and
deterministic prediction of strain capacity is relatively more straightforward, as parameterization of
influencing factors for incorporation in the SBD is relatively less complicated.

Extensive studies have been conducted by a number of researchers to investigate the limit load
instability and deformational capacity of pipe segments, and cylindrical shells in general, subjected
to various loading conditions. The earliest recorded investigations on the buckling behavior of
pipe segments were analytical studies, known as the classical shell buckling theories, performed by
Lorenz [21], Timoshenko [22], and Southwell [23] at the inception of the 20th century, which focused
on deriving constitutive theoretical formulations for predicting the elastic critical buckling stress of
perfect isotropic cylindrical shells subjected to pure axial compression. Subsequent experimental and
analytical studies [24–28] pointed out some shortcomings of the classical shell buckling theories, and
prescribed the extension of the classical equations to include nonlinear large-deflection considerations,
as well as adequate characterization of material, geometric, and boundary characteristics. An analytical
study by Brazier [29] on the circumferential flattening mode of distortion (referred to as “ovalization”
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or “Brazier instability”) observed in an infinitely long, circular tube subjected to pure bending led to the
derivation of an expression for the limit moment. Brazier’s theory is based on the relationship between
the strain energy per unit tube length and the change in axial curvature, such that the limit moment
is directly related to the ovalization of the circular tube. Subsequent experimental studies [30–33],
however, indicate that bifurcation instability (buckling) in the form of longitudinal wrinkling or
bulging may precede the limit moment in pipes subjected to bending due to increase in axial stress on
the compression side of the pipe. Corona and Kyriakides [34] explained that bifurcation instability is
more likely to precede Brazier instability in “thinner” tubes, and vice versa in “thicker” tubes. They
further speculated that the transition between one preceding instability phenomenon and the other
occurs in the range of D/t (diameter/thickness) ratios between 35 and 45. Mathon and Limam [35]
performed statistical evaluation of results obtained from (1) experimental tests of circular tubes under
pure bending [36], (2) empirically-derived analytical formulations for cylinders under combined axial
compression and bending [37], and (3) semi-empirical derivation of the critical buckling stress for
pressurized circular tubes subjected to uniform bending [38]. They observed that the critical buckling
stress of cylinders under pure bending is generally between 20 to 60% higher, depending on the
diameter-to-thickness ratio (D/t ratio), than that of cylinders under pure axial compression.

Using a special-purpose non-linear finite element technique, Houliara and Karamanos [39] studied
the structural stability of long uniformly pressurized thin elastic tubular shells subjected to in-plane
bending. They observed that external overpressure reduces the buckling moment and corresponding
curvature but increases the buckling wavelength, whereas internal overpressure tends to increase the
buckling moment but reduce the cross-sectional ovalization and the buckling wavelength. Following a
systematic series of experiments and by Limam et al. [40] involving stainless steel tubes bent to failure
at fixed values of internal pressure, it was shown that cross-sectional ovalization and circumferential
extension occur simultaneously, due to bending and internal pressure, respectively. Ref. [40] also
performed computational simulation of the evolution of wrinkling and its eventual localization
using a finite element (FE) shell model, and observed that internal pressure tends to stabilize the
structure and increase the wavelength of the wrinkles, while also shifting the initiation of buckling
towards the plastic range of the material. Ref. [40] indicates that accurate simulation of the structural
stability of tubular shells requires accurate characterization of the nonlinear inelastic properties of
the material stress-strain behavior, including yield anisotropies, as well as adequate representation of
initial geometric imperfections. Highlighting the significant effect of the material properties on the
moment-curvature relationship, Ref. [34] established that for pipes with D/t ratios less than 200, the
mechanical and structural instabilities of the structure are strongly influenced by the interaction of the
induced ovalization and the plastic and nonlinear characteristics of the material.

This study focuses on the deformational capacity of high-strength API-X80 [41] grade pipelines
subjected to various loading conditions. The continuous increase in world energy demand has
compelled the hydrocarbon industry to venture into more remote and more environmentally hostile
environments in search of fossil fuels. This predicament necessitates the construction and operation of
pipelines with the best possible transport efficiency and at the lowest possible cost, therefore initiating
a tendency towards using line pipes of larger diameter or maintaining higher operational pressures.
High-strength steel grades provide the advantage of forming line pipes with high material yield
strength, thus reducing the wall thickness requirement for internal (or external; in the case of deep to
ultra-deep offshore environments) pressure containment [42]. Suzuki and Toyoda [43] explained that
the peak moment strain, and invariably the deformational capacity of line pipes, is strongly influenced
by the strain-hardening characteristics of the pipe material. In a numerical study of API-X100 line pipes
subjected to axial compression or bending moment, Suzuki et al. [44] pointed out that high-strength
pipe steels tend to have inferior strain hardening properties, and consequently lower deformational
capacity, compared to conventional pipeline steels of lower yield strength. However, results of a
few experimental studies have shown that by carefully manipulating the thermomechanical control
processes (TMCP) of slab reheating, rolling, and cooling during the manufacture of parent steel plates,
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the microstructural and mechanical properties of steel can be adjusted to produce line pipe steels with
improved deformability, toughness, and resistance to strain-aging [45–47].

Kong et al. [48] explained that the basic morphology of most high-strength pipeline steels is a
multiphase structure composed of ferrite, bainite, and martensite. While bainite and martensite
ingredients naturally improve the strength and hardness of line pipe steel, ductile and plastic
deformation capacities tend to be compromised. Also, variability in manufacturing processes of
parent steel plates makes it inevitable for line pipes of the same grade classification to exhibit slight
differences in material properties [49,50]. While manufacturing variability may be regarded as the
primary cause of difference in the strain-hardening characteristics of materials with the same grade
classification, other factors, such as strain aging, have also been observed to cause significant alteration
of the material properties, leading to higher yield strength but lower deformational capacity [51].
Moreover, it has been established that the buckling response of pipes is highly sensitive to the material
behavior, especially in the nonlinear range of the stress-strain relationship. Hence, it is imperative
that the mathematical model that serves for characterization of the material stress-strain relationship
should simultaneously provide reasonable simplicity and representative accuracy. Recent studies
by Ndubuaku et al. [52–55] have led to the development of a novel stress-strain expression, referred
to as the “Ndubuaku model”, which has proven to be exceptionally convenient and effective for
parameterizing the true stress-true strain relationship of any metallic material with a non-negative
gradient throughout the stress-strain curve, including materials with a distinct yield point and an
extended yield plateau. The “Ndubuaku model” approximates the material stress-strain curve over
the full range of strains using only two constitutive model constants (or “shape” constants), referred to
as the “knee” constant and the “heel” constant.

The procedures implemented in this study for estimating the peak moment strain and the
compressive limit strain take a cue from the semi-empirical modeling approach adopted by various
prominent pipeline design standards [12–15]. ABAQUS CAE [56] was employed to create FE (finite
element) pipe models for this study and three different loading conditions were studied: uniform
axial compression, uniform bending, and combined axial compression and bending. Four variations
of a constant net-section compressive axial stress were applied to the pipe models prior to bending
to simulate combined axial compression and bending. Four and five variations of the D/t ratio
and applied internal pressure, respectively, were also applied to the pipe models. The “Ndubuaku
model” was used to create two sets of stress-strain curves according to the two main classifications
of stress-strain curves for metallic materials, i.e., round-house type (RHT) curves and yield-plateau
type (YPT) curves. Four and five variations of RHT and YPT curves, respectively, were created so
that the numerical analyses performed in this study culminated in a total of 1080 separate FEA (finite
element analysis) runs; 180 runs for uniform axial compression, 180 runs for uniform bending, and
720 runs for combined axial compression and bending. Advanced nonlinear regression techniques were
subsequently employed to develop mathematical expressions for predicting the critical limit strain
(CLS) for each loading condition using a powerful computational package, Wolfram Mathematica [57].
The strain-hardening peculiarities of the stress-strain curves were parameterized by the model “shape”
constants of the “Ndubuaku model” and incorporated in the derived semi-empirical models.

2. Characterization of Material Stress-Strain Behavior

The “Ndubuaku model” was adopted in this study to adequately capture the slight variations
that are generally observed to exist in the stress-strain response of metallic materials. Details of the
fundamental concept and successive steps for developing the adopted material model have been
previously presented in recent publications by Ndubuaku et al. [52–55]. The mathematical form of
the material model derives the true stress (σ) as a function of the true strain (ε), using two “shape”
constants, the “knee” constant (knm) and the “heel” constant (hnm):
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σ =


Eε σ ≤ σpl

σpl +
(

σup − σpl

)(
ε−εpl

εup−εpl

)knm(
ε−ε pl

εup−ε pl
)

hnm

σ > σpl

(1)

where E is Young’s modulus of elasticity, σpl and εpl are the proportionality limit stress and the
proportionality limit strain, respectively, and the ultimate proof stress and corresponding ultimate
proof strain are represented by σup and εup, respectively. The first part of Equation (1) represents
the linear (elastic) portion of the stress-strain curve, where the relationship between the stress and
the strain is simply defined by the elastic modulus, E, while the second part characterizes the entire
nonlinear portion of the stress strain curve, beginning at the proportionality limit stress (PLS) and
terminating at the nominal ultimate proof stress (UPS).

The “Ndubuaku model” is easily applicable for generating any desired number of idealized strain
curves by simply specifying two stress control points (σc1 and σc2) and corresponding strain control
points (εc1 and εc2) according to the following expressions [54]:

knm =
εR1

(hnm) In(σR1)

In(εR1)
or

εR2
(hnm) In(σR2)

In(εR2)
(2)

hnm =
In
[

In(εR1).In(σR2)
In(σR1).In(εR2)

]
[In(εR1)− In(εR2)]

(3)

where, σR1 =
σc1−σpl
σup−σpl

, σR2 =
σc2−σpl
σup−σpl

, εR1 =
εc1−εpl
εup−εpl

, and εR2 =
εc2−εpl
εup−εpl

.
To ensure conformity with the API 5L [41] specifications for X80 grade line pipe steels, the

material model was employed such that all the stress-strain curves for this study (shown in Figure 1)
are characterized by the same nominal yield stress (YS) and nominal ultimate proof stress (UPS), but
different strain hardening properties.
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Figure 1. Idealized variations for stress-strain curves of (a) X80-YPT, and (b) X80-RHT materials.

As indicated by the plots in Figure 1, the nominal yield stress (YS = 586 MPa) was maintained
at the stress corresponding to a total strain of 0.5% (i.e., σ0.5), while the nominal ultimate proof stress
(703 MPa) was maintained at the stress corresponding to a total strain of 10% (i.e., σ10). The value of the
elastic modulus was selected as 205,800 MPa. The strain hardening for the YPT materials was varied
by simply changing the yield plateau length (YPL) of the stress-strain curves, while the various strain
hardening properties of the RHT curves were obtained by adjusting the proportionality limit stress
(PLS) of the stress-strain curves. The numeric designations of the elements of the graph legends for the
stress-strain curves in Figures 1a and 1b represent the YPL and the PLS, respectively. The YPLs are
defined in terms of the total strain in percentage (%) units, while the PLSs are defined in megapascal
(MPa) units.

The constitutive model constants which define the shapes, and invariably the strain-hardening
characteristics, of the generated stress-strain curves are presented in Table 1.
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Table 1. Model shape constants for the derivation of stress-strain curves.

YPT RHT

Curve Label Kf = 1/KNM Hf = 1/HNM Curve Label Kf = 1/KNM Hf = 1/HNM

YP-1.00 83.7395 0.5187 PL-486 11.5448 3.9814
YP-1.25 115.2048 0.4221 PL-446 21.1099 2.7531
YP-1.50 162.9859 0.3510 PL-406 35.3391 2.1374
YP-1.75 240.2443 0.2953 PL-366 69.2445 1.5847
YP-2.00 374.3178 0.2501

For better representation of the shape constants two new designations, the “knee” factor (K f ) and
the “heel” factor (H f ) are defined in Table 1 as inverse functions of the “knee” constant, Knm, and the
“heel” constant, Hnm, respectively.

3. Methodology of Numerical Analysis

Pipelines made of API X80-grade line pipe steel were numerically simulated in this study using
a tubular FE shell model developed with ABAQUS/Standard, in order to study the stability of
steel pipelines when subjected to uniform axial compression, uniform bending, or combined axial
compression + bending. The parameters investigated in the FE study were selected according to three
factors considered to be most influential to the buckling response and respective limit strains of tubular
shell structures, i.e., the dimensional factor (related to the D/t ratio), the load factor (related to internal
or external overpressure), and the strain hardening factor (related to shape of stress-strain curve).
Four variations of the D/t ratio were specified thus: DT1 = 41.152, DT2= 64.078, DT3 = 82.156, and
DT4 = 104.622. The D/t ratio was varied by maintaining the pipe’s outer diameter (OD) at a constant
nominal pipe size (NPS) of 36 inches (914.4 mm), and respectively changing the wall thickness of the
pipe models thus: t1 = 22.22 mm (for DT1), t2 = 14.27 mm (for DT2), t3 = 11.13 mm (for DT3), and
t4 = 8.74 mm (for DT4). In addition to non-pressurized conditions, four levels of internal pressure
corresponding to 20%, 40%, 60%, and 80% of the yield pressure in the circumferential direction were
applied to the pipe models. To properly account for the influence of the material’s strain hardening
properties on the CLS, three material-related parameters each were derived for both YPT curves and
RHT curves. The two parameters obtained for both RHT and YPT pipes comprised the two model
“shape” constants (Knm and Hnm), while the yield plateau length (YPL) was applied as the third
parameter for YPT pipes and the ratio of the PLS to the UPS (herein referred to as the “PLUS” ratio)
was considered as the third parameter for RHT pipes.

The pipe geometry was modeled as a 3D deformable shell structure, and for computational
efficiency, symmetric boundary conditions were applied in the longitudinal and transverse directions
of the pipe, so that only a quarter of the full pipe specimen (half of the specified length and half of the
circumference) was modeled. The numerical analysis procedure conducted in this study is a geometric
and material nonlinear type; hence, the boundary conditions applied to create the X- and Z-symmetries
for the assumed quarter models are able to provide an accurate representation of the actual response of
the full pipe models. With the application of the Z-symmetry boundary condition (symmetry across the
X-Y plane), the quarter pipe models were therefore extruded to three times the pipe diameter (3.0*D).
The assigned length of the pipe model was selected according to the recommendations of Liu et al. [58]
to ensure that there are no interactions between the end boundary conditions and the strain and stress
distribution at the pipe mid-length, where initiation of local buckling deformation is expected to
occur. At the loading end of the pipe model (i.e., the end where the rotation or axial displacement
was applied), a reference point was created at the center of the pipe cross-section and restrained such
that only translation along the Z-axis was allowed for uniform axial compression, and rotation about
the X-axis plus translation along the Z-axis was allowed for uniform bending and combined axial
compression + bending. A kinematic coupling constraint was then assigned for connecting the nodes
at the loading end to the reference point to allow the end of the pressurized pipe to expand in the
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radial direction throughout the applied loading. The kinematic coupling constraint was defined in the
cylindrical coordinate system to permit only one degree of freedom, i.e., circumferential extension,
thereby inducing a uniform stress field and consequently facilitating the initiation of buckling at the
mid-length cross-section of the pipe segment.

The four-node reduced-integration shell elements (S4R) with hourglass control in the ABAQUS
element library were used for all the analyses, enabling up to five integration points through the wall
thickness of the pipe models. The S4R elements are suitable for the analysis of thin to moderately
thick shell structures with material and geometric nonlinearities. A mesh convergence study was
conducted to establish the optimum number of elements required for the FE simulation, and a mesh
size approximately equal to 3% of the pipe diameter (0.03*D) was applied respectively to all the FE
pipe models. A large-strain von Mises plasticity model with isotropic hardening was applied to the
line pipe steel material. Calibration of the material response is assumed to be related to the true stress
vs. true strain relationship from a uniaxial tensile test performed on a coupon specimen of the pipe
materials, hence, respective stress-strain curves were assigned to the pipe models using the standard
multilinear material definition facility in ABAQUS.

For the three different loading conditions considered in this study, two loading steps (an initial
load-controlled step followed by a displacement-controlled step) were defined in addition to the default
“Initial” step in ABAQUS CAE for each simulation. To adequately track the nonlinear equilibrium
path of deformation at the reference critical portions of the pipe segment, recording of the resultant
moment and resultant compressive force, as well as the corresponding limit strains, was performed
at the displacement-controlled stage of each simulation. In the initial load-controlled step of the
simulation for uniform axial compression, specified levels of internal pressure were applied to the pipe
models, while a monotonically-increasing uniform axial displacement was applied to the loading-end
reference point in the following displacement-controlled step. Internal pressure was applied in the
load-controlled step for uniform bending, while a monotonically-increasing rotation was subsequently
applied to the loading-end reference point in the displacement-controlled step. For the load-controlled
phase of the combined axial compression and bending, a finite compressive axial force was applied to
the loading-end reference point, while respective percentages of the circumferential yield pressure were
simultaneously applied to the internal surface of the pipe models. A monotonically-increasing rotation
was then applied to the loading-end reference point in the second step. For combined axial compression
+ bending, the compressive axial force applied to the pipe prior to the monotonically-induced curvature
was measured as respective percentages (20%, 40%, 60%, and 80%) of the peak force under uniform
axial compression.

The measurement scheme for the average compressive strain is adopted for this study in line
with the recommendations of Liu et al. [58]. For uniformity of estimation, the same measurement
scheme was employed to determine the average values of compressive strain in the pipe models.
The measurement scheme was defined with reference to the pipe model under uniform bending by
evaluating the average value of the compressive strain of all the meshed elements within the reference
gauge area on the compressive side of the pipe model. The measurement area was selected immediately
adjacent to both the Z-symmetry plane and the X-symmetry plane, and corresponded to a longitudinal
distance equal to the pipe diameter (1.0*D), and a circumferential distance approximately equal to
one-eighth of the pipe diameter (0.125*D), respectively (shown in Figure 2). The critical limit strain was
derived from the results of the individual FE runs in this study based on a “peak load criterion” [59],
which regards the “critical” value as the resultant compressive longitudinal strain measured at the
onset of local buckling, and is derived as the average strain that corresponds to the onset of “softening”
in the load-deformation response (i.e., the X-Y plot of the average compressive strain on the X-axis
versus the loading-end reaction moment or the loading-end reaction force on the Y-axis). A cylindrical
coordinate system (with the origin at the center of the pipe cross-section) was assigned to the pipe
model for obtaining the average longitudinal strains, while the loading-end reaction moment and the
loading-end reaction force were obtained in the default Cartesian coordinate system.
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Figure 2. Meshed area for average strain measurement.

4. Numerical Results

Based on the stipulated parameters, and using the above numerical simulation techniques, the
post-processing module in ABAQUS CAE was used to extract field output data after each run, such
that the recorded incremental values for the reaction force (“RF3”) or reaction moment (“RM1”), and
the corresponding average compressive strains over the gauge length area were exported to a Microsoft
Excel spreadsheet to estimate the critical limit strain of the API X-80 grade steel pipeline models. The
individual variable functions that form the semi-empirical models generated in this study emanate
from the observed trends of the CLS, with respect to the various parameters investigated.

4.1. Validation of Numerical Model

The pilot FE pipe model was validated by comparing the result obtained for pure bending of an
unpressurized pipe model of D/t ratio = 64 to the result of an experimental study by Mohareb et al. [60],
and satisfactory correspondence between the FE result and the experimental result was obtained for the
end reaction bending moment vs. average induced curvature response, as well as the diamond-shaped
wrinkling deformation at failure (Figure 3).
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Figure 3. Comparison of FEA result with experimental result (UGA508) by Ref. [60].

4.2. Evolution of Stress in Pipes

The evolution of the resultant stress along the length of pipe segments due to applied loads
and induced deformation is portrayed in the following figures using contour plots of the von Mises
stress. The contour plots are captured at various points along the path of the load-displacement (or
moment-curvature) curve, which coincide with three of the strategic stages of the load-deformation
response, i.e., pre-buckling, limit load, and post-buckling. Figures 4a and 5a represent the axial
load-displacement plots of YPT pipes and RHT pipes, respectively, under uniform axial compression.
Figures 6a and 7a represent the moment-curvature plots of YPT pipes and RHT pipes, respectively,
under uniform bending. The longitudinal distribution of the von Mises stress at the extreme of the
compression side of the pipe’s cross-section, which is aligned with the bending plane, is plotted
in Figures 4b and 5b for YPT pipes and RHT pipes, respectively, under uniform axial compression.
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The longitudinal stress distribution is plotted in Figures 6b and 7b for YPT pipes and RHT pipes,
respectively, under uniform bending. Contour plots of the von Mises stress at specified stages of the
load-deformation response are respectively presented in Figures 4c and 5c for YPT pipes and RHT
pipes under uniform axial compression, while the contour plots for YPT pipes and RHT pipes under
uniform bending are presented in Figures 6c and 7c, respectively. The results presented in Figures 4–7
are for DT4 pipes with fp = 0.4; where the YPL = 1.0% for the YPT pipes and the PLUS ratio = 0.691 for
the RHT pipes. The von Mises contour plots are longitudinally aligned with the longitudinal stress
distribution plots such that the left end is the load end and the right end is mid-length cross-section of
the pipe.

The plots presented in Figures 4–7 indicate that the von Mises stress is constant over the entire
length at the compression zone of the pipe in the pre-buckling stage (i.e., from the beginning of
load application until buckling occurs). Buckling is associated with the formation of a longitudinal
wrinkle, and may either precede the limit load, as in Figures 5a, 6a and 7a, or coincide with the limit
load, as in Figure 4a. The limit load is typically reached when the von Mises stress in the extreme
compression fibers of the pipe reach the yield stress of the pipe material, after which localization of
strains and resultant stresses commences at the mid-length region of the pipe, and the remaining
portions of the pipe experience a stress relief. Attainment of the limit load is essentially followed by
load collapse and softening of the load-deformation response. The above plots indicate that, beyond
the limit load, the von Mises stresses in the compression zone evolve such that the stresses around the
mid-length cross-section advance towards the UPS, while the stresses in the remaining portions of the
pipe continue to decrease.
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Figure 4. Axial load-displacement response and stress evolution in YPT DT4 pipes under uniform axial
compression (YPL = 1.0%, fp = 0.4).
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Figure 5. Axial load-displacement response and stress evolution in RHT DT4 pipes under uniform
axial compression (PL/US = 0.691, fp = 0.4).
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Figure 6. Moment-curvature response and stress evolution in YPT DT4 pipes under uniform bending
(YPL = 1.0%, fp = 0.4).
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Figure 7. Moment-curvature response and stress evolution in RHT DT4 pipes under uniform bending
(PL/US = 0.691, fp = 0.4).

4.3. Results of Parametric Analysis

The influence of the D/t ratio, internal pressure, and material strain-hardening (represented by
the YPL for YPT pipes, and PLUS ratio for RHT pipes) on the CLS of X80 pipes is outlined herein for
the three different loading conditions considered. The PLUS ratios, defined as the ratios of respective
values of the proportionality limit stress (as indicated by the stress-strain curve labels in Figure 1) to
the specified value of the ultimate proof stress (703 MPa), are obtained as: PL486 = 0.691, PL446 = 0.634,
PL406 = 0.577, PL366 = 0.520. The ratio of applied internal pressure to the circumferential yield
pressure is herein referred to as the “pressure factor”, fp, and various levels of internal pressurization
are assigned numeric designations (0.0, 0.2, 0.4, 0.6, and 0.8) according to respective percentages
(0%, 20%, 40%, 60%, and 80%) of the yield pressure. For combined axial compression + bending, the
ratio of the applied stress to the limit stress of the pipe (obtained under uniform axial compression
conditions) is herein referred to as the “compression factor”, fc, and various levels of axial compression
are assigned numeric designations (0.2, 0.4, 0.6, and 0.8) according to respective percentages (20%,
40%, 60%, and 80%) of the limit stress.

4.3.1. Influence of D/t Ratio

The plots in Figures 8 and 9 illustrate the relationship between the CLS and the D/t ratio of YPT
and RHT pipes, respectively. The plots in Figure 8 are obtained for YPT pipes with YPL = 1.50%, while
the plots in Figure 9 are obtained for RHT pipes with PLUS ratio = 0.634. The plots for combined axial
compression + bending in Figures 8c and 9c are both obtained for pipes subjected to compression
factor, fc = 0.6. The CLS trends are presented for all five levels of internal pressure considered.
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Figure 8. Plots of CLS vs. D/t ratio of YPT pipes with YPL = 1.50% for (a) uniform axial compression,
(b) uniform bending, and (c) combined loading (fc = 0.6).
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Figure 9. Plots of CLS vs. D/t ratio of RHT pipes with PL/US = 0.634 for (a) uniform axial compression,
(b) uniform bending, and (c) combined loading (fc = 0.6).

The most obvious aspect of the plots above is the nonlinear negative correlation between the CLS
and the D/t ratio. The plots indicate the tendency for the CLS to reduce as the D/t ratio increases, and
even more evident is this phenomenon in YPT pipes, especially at high levels of internal pressure. It
is also reasonable to deduce that the influence of internal pressure on the CLS vs. D/t ratio trends is
minimal in RHT pipes compared to YPT pipes, as the change in the slope of the CLS vs. D/t ratio
trends for RHT pipes is observed to be generally much lower than for YPT pipes. The relationship
between the CLS of YPT pipes and the D/t ratio becomes nearly linear at internal pressure = 80%. For
intermediate D/t ratios (DT2 and DT3) and high D/t ratios (DT4), RHT pipes are observed to have a
higher deformational capacity than YPT pipes at internal pressure ≤ 60% YS. However, at high internal
pressure ( fp = 0.8) and/or low D/t ratio (DT1), the deformational performance of YPT pipes tends
to supersede that of RHT pipes. The CLS of pipes under uniform bending is generally observed to
surpass the CLS under uniform axial compression, while the CLS under combined axial compression
and bending is somewhat bounded by the uniform axial and uniform bending CLS values.

4.3.2. Influence of Internal Pressure

The relationship between the CLS and internal pressure for YPT and RHT pipes is illustrated
by the plots of CLS vs. fp in Figures 10 and 11, respectively. The plots in Figure 10 are obtained for
YPT pipes, with YPL = 1.25%, while the plots in Figure 11 are obtained for RHT pipes, with PLUS
ratio = 0.691. Similar to the plots in Figures 8 and 9, the plots for combined axial compression +
bending in Figures 10c and 11c are both obtained for pipes subjected to compression factor, fc = 0.6.
The CLS trends are presented for all four D/t ratios considered.

Unlike the relationship between the CLS and the D/t ratio, the correlation between the CLS
and internal pressure is characteristically positive and is more evident in YPT pipes. In conformance
with the deductions from the CLS vs. D/t ratio plots in Figure 9, variation of the internal pressure
is observed to have a negligible influence on the CLS of RHT pipes for all D/t ratios. On the other
hand, the influence of internal pressure on the CLS of YPT pipes is only minimal at intermediate D/t
ratios (DT2 and DT3) and high D/t ratios (DT4) for internal pressures ≤ 60% YS. The most significant
influence of internal pressure is observed in YPT pipes of low D/t ratios (DT1).



Appl. Sci. 2019, 9, 322 13 of 23

Appl. Sci. 2019, 9, x FOR PEER REVIEW 13 of 23 

Figures 10c and 11c are both obtained for pipes subjected to compression factor, 𝑓  = 0.6. The CLS 
trends are presented for all four D/t ratios considered. 

(a) (b) (c) 

Figure 10. Plots of CLS vs. fp of YPT pipes with YPL = 1.25% for (a) uniform axial compression, (b) 
uniform bending, and (c) combined loading (fc = 0.6). 

(a) (b) (c) 

Figure 11. Plots of CLS vs. fp of RHT pipes with PL/US = 0.691 for (a) uniform axial compression, (b) 
uniform bending, and (c) combined loading (fc = 0.6). 

Unlike the relationship between the CLS and the D/t ratio, the correlation between the CLS and 
internal pressure is characteristically positive and is more evident in YPT pipes. In conformance with 
the deductions from the CLS vs. D/t ratio plots in Figure 9, variation of the internal pressure is 
observed to have a negligible influence on the CLS of RHT pipes for all D/t ratios. On the other hand, 
the influence of internal pressure on the CLS of YPT pipes is only minimal at intermediate D/t ratios 
(DT2 and DT3) and high D/t ratios (DT4) for internal pressures ≤ 60% YS. The most significant 
influence of internal pressure is observed in YPT pipes of low D/t ratios (DT1). 

4.3.3. Influence of Strain-Hardening Properties 

The strain-hardening properties relate to the YPL of the stress-strain curve for YPT pipes, and 
the PLUS ratio for RHT pipes. The influence of variations in D/t ratio on the relationship between the 
CLS and the strain-hardening properties is considered to be significant, and is therefore included in 
the CLS-trend illustrations in Figures 12–15. The plots in Figures 12 and 13 are both obtained for YPT 
pipes, with D/t ratio = 41.15 and 82.16, respectively, while the plots in Figures 14 and 15 are both 
obtained for RHT pipes, with D/t ratio = 41.15 and 82.16, respectively. The plots for combined axial 
compression + bending in Figures 12c, 13c, 14c, and 15c are all obtained for pipes subjected to 
compression factor, 𝑓  = 0.2. 

  

0

0.005

0.01

0.015

0.02

0.025

0.0 0.2 0.4 0.6 0.8

Cr
it.

 st
ra

in
 (ε

cr
)

pressure factor (fp)

DT1
DT2
DT3
DT4

0

0.005

0.01

0.015

0.02

0.025

0.0 0.2 0.4 0.6 0.8

Cr
it.

 st
ra

in
 (ε

cr
) 

pressure factor (fp)

DT1
DT2
DT3
DT4

0

0.005

0.01

0.015

0.02

0.025

0.0 0.2 0.4 0.6 0.8

Cr
it.

 st
ra

in
 (ε

cr
) 

pressure factor (fp)

DT1
DT2
DT3
DT4

0

0.005

0.01

0.015

0.02

0.025

0.0 0.2 0.4 0.6 0.8

Cr
it.

 st
ra

in
 (ε

cr
) 

pressure factor (fp)

DT1
DT2
DT3
DT4

0

0.005

0.01

0.015

0.02

0.025

0.0 0.2 0.4 0.6 0.8

Cr
it.

 st
ra

in
 (ε

cr
) 

pressure factor (fp)

DT1
DT2
DT3
DT4

0

0.005

0.01

0.015

0.02

0.025

0.0 0.2 0.4 0.6 0.8

Cr
it.

 st
ra

in
 (ε

cr
) 

pressure factor (fp)

DT1
DT2
DT3
DT4

Figure 10. Plots of CLS vs. fp of YPT pipes with YPL = 1.25% for (a) uniform axial compression, (b)
uniform bending, and (c) combined loading (fc = 0.6).
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Figure 11. Plots of CLS vs. fp of RHT pipes with PL/US = 0.691 for (a) uniform axial compression,
(b) uniform bending, and (c) combined loading (fc = 0.6).

4.3.3. Influence of Strain-Hardening Properties

The strain-hardening properties relate to the YPL of the stress-strain curve for YPT pipes, and
the PLUS ratio for RHT pipes. The influence of variations in D/t ratio on the relationship between
the CLS and the strain-hardening properties is considered to be significant, and is therefore included
in the CLS-trend illustrations in Figures 12–15. The plots in Figures 12 and 13 are both obtained for
YPT pipes, with D/t ratio = 41.15 and 82.16, respectively, while the plots in Figures 14 and 15 are
both obtained for RHT pipes, with D/t ratio = 41.15 and 82.16, respectively. The plots for combined
axial compression + bending in Figures 12c, 13c, 14c and 15c are all obtained for pipes subjected to
compression factor, fc = 0.2.Appl. Sci. 2019, 9, x FOR PEER REVIEW 14 of 23 
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Figure 12. Plots of CLS vs. YPL of YPT DT1 pipes for (a) uniform axial compression, (b) uniform
bending, and (c) combined loading (fc = 0.2).
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Figure 13. Plots of CLS vs. YPL of YPT DT3 pipes for (a) uniform axial compression, (b) uniform
bending, and (c) combined loading (fc = 0.2).
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Figure 14. Plots of CLS vs. PLUS ratio of RHT DT1 pipes for (a) uniform axial compression, (b) uniform
bending, and (c) combined loading (fc = 0.2).
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Figure 15. Plots of CLS vs. PLUS ratio of RHT DT3 pipes for (a) uniform axial compression, (b) uniform
bending, and (c) combined loading (fc = 0.2).

The plots above indicate that the influence of the strain hardening properties of the pipe material
is more prevalent in pipes with low D/t ratios (DT1) for YPT pipes; as the D/t ratio of the pipe
increases, the influence of the YPL on the CLS diminishes. For YPT pipes of low D/t ratio (DT1),
a positive relationship is observed between the YPL and the CLS at a high internal pressure ( fp = 0.8).
The YPL indicates a progressively negative correlation with the CLS as the internal pressure drops
below 60% YS. On the other hand, a negative correlation between the PLUS ratio and the CLS is more
apparent at higher D/t ratios and the influence tends to diminish as the D/t ratio decreases. As is the
case for YPT pipes with low D/t ratio (DT1), a positive (but relatively less significant) relationship
between the PLUS ratio and the CLS of RHT pipes with low D/t ratio (DT1) is also observed at high
internal pressure ( fp = 0.8).

4.3.4. Influence of Compressive Net-Section Axial Force for Combined Loading

The effect of a compressive net-section axial force on the CLS of pipes subjected to
monotonically-increasing curvature is depicted in Figures 16 and 17. The relationship between
the CLS and the compression factor, fc, is represented by the plots in Figure 16 for YPT pipes, with
D/t ratio = 64.08 and YPL = 1.25%. Figure 17 comprises CLS vs. fc plots for RHT pipes, with D/t
ratio = 41.15 and PLUS ratio = 0.577. Each plot corresponds to a respective level of internal pressure,
as indicated by the elements of the graph legends.

Appl. Sci. 2019, 9, x FOR PEER REVIEW 15 of 23 

between the PLUS ratio and the CLS of RHT pipes with low D/t ratio (DT1) is also observed at high 
internal pressure (𝑓  = 0.8). 

4.3.4. Influence of Compressive Net-Section Axial Force for Combined Loading 

The effect of a compressive net-section axial force on the CLS of pipes subjected to 
monotonically-increasing curvature is depicted in Figures 16 and 17. The relationship between the 
CLS and the compression factor, 𝑓 , is represented by the plots in Figure 16 for YPT pipes, with D/t 
ratio = 64.08 and YPL = 1.25%. Figure 17 comprises CLS vs. 𝑓  plots for RHT pipes, with D/t ratio = 
41.15 and PLUS ratio = 0.577. Each plot corresponds to a respective level of internal pressure, as 
indicated by the elements of the graph legends. 

 
Figure 16. Plots of CLS vs. fc for YPT DT2 pipes with YPL = 1.25%. 

 
Figure 17. Plots of CLS vs. fc for RHT DT1 pipes with PL/US = 0.577. 

An inverse relationship is observed between the compression factor and the CLS for both YPT 
and RHT pipes. Observation of various parametric combinations of the factors investigated in this 
study shows a strong and general indication that the upper and lower bounds of the CLS for pipes 
subjected to combined axial compression + bending is coincident with the CLS under uniform 
bending and the CLS under uniform axial compression, respectively. The observed upper and lower 
bound phenomenon is portrayed accordingly on the horizontal axes of the plots in Figures 16 and 17. 
such that a 𝑓  = 0 represents uniform bending and 𝑓  = 1 represents uniform axial compression. It 
can therefore be inferred that for all combinations of investigated parameters, the CLS of both YPT 
and RHT pipes reduces progressively and somewhat nonlinearly from a state of uniform bending to 
a state of uniform axial compression as the compressive net-section axial force is increased from 0% 
to 100% of the limit axial stress. 
  

0

0.006

0.012

0.018

0.024

0 0.2 0.4 0.6 0.8 1

Cr
it.

 st
ra

in
 (ε

cr
)

compression factor (fc )

0.0 0.2 0.4 0.6 0.8

0

0.006

0.012

0.018

0.024

0 0.2 0.4 0.6 0.8 1

Cr
it.

 st
ra

in
 (ε

cr
) 

compression factor (fc )

0.0 0.2 0.4 0.6 0.8

Figure 16. Plots of CLS vs. fc for YPT DT2 pipes with YPL = 1.25%.
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Figure 17. Plots of CLS vs. fc for RHT DT1 pipes with PL/US = 0.577.

An inverse relationship is observed between the compression factor and the CLS for both YPT
and RHT pipes. Observation of various parametric combinations of the factors investigated in this
study shows a strong and general indication that the upper and lower bounds of the CLS for pipes
subjected to combined axial compression + bending is coincident with the CLS under uniform bending
and the CLS under uniform axial compression, respectively. The observed upper and lower bound
phenomenon is portrayed accordingly on the horizontal axes of the plots in Figures 16 and 17. such
that a fc = 0 represents uniform bending and fc = 1 represents uniform axial compression. It can
therefore be inferred that for all combinations of investigated parameters, the CLS of both YPT and
RHT pipes reduces progressively and somewhat nonlinearly from a state of uniform bending to a state
of uniform axial compression as the compressive net-section axial force is increased from 0% to 100%
of the limit axial stress.

5. Derivation of Semi-Empirical Models

5.1. CLS Derivation

The CLS trends obtained with respect to the various considered parameters were examined to
derive appropriate individual variable functions for each parameter, while taking any significant
inter-relationships between the constitutive factors into consideration. Taking a cue for successful
development of semi-empirical models for prediction of mechanical performance in pipelines from
recent numerical studies [58,59,61], a multiplicative approach was employed for development of six
nonlinear mathematical expressions, each formed as a product of the individual variable functions for
the respective constitutive parameters. The basic form of the nonlinear expressions for the CLS of YPT
and RHT pipes under the three loading conditions investigated is:

εcr = fcr[π1, π2, π3, π4, π5, π6] = f1. f2. f3. f4. f5. f6 (4)

where f1, f2, f3, f4, f5, and f6 represent the D/t ratio function ( fdt), the pressure factor function ( f f p),
the strain hardening function ( fsh), the heel factor function ( fh f ), the knee-to-heel ratio function ( fkh),

and the compression factor function ( f f c), respectively. Here, π1 represents the D/t ratio
(

D
t

)
, π2

represents the pressure factor
(

p
py

)
, π3 represents the yield plateau length (YPL) for YPT pipes or

the PLUS ratio
(

σpl
σus

)
for RHT pipes, π4 represents the heel factor (h f ), π5 represents the “knee-to-heel”

ratio
( k f

h f

)
, and π6 represents the compression factor ( fc).

For simplicity of presentation, the three loading conditions investigated are hereafter assigned the
following alphanumeric designations: LC1 for uniform axial compression, LC2 for uniform bending,
and LC3 for combined axial compression + bending.

An iterative process was thoroughly implemented for deriving the final form of the individual
variable functions by targeting the highest possible value of the coefficient of multiple determination
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(R2). An R2 value greater than 0.95 was considered to be a satisfactory goodness-of-fit between the
FEA-derived CLS values and the predictions of the derived nonlinear expressions.

The individual variable functions for YPT pipes are outlined thus:

f1 = fdt = a1.(π1)
b1

f2 = f f p =

[
a2 + (b2 + c2π1).Exp(π2)

(d2+e2π4)

a2π4 + (b2 + c2π1).Exp(π2)
(d2+e2π4)

]
(LC1 & LC3)
(LC2 only)

f3 = fsh = a3π4 + (b3π2 + c3π1).(π3)
d3 (LC3 only)

f4 = fh f =

[
a4 + (b4π1 + c4π2).(π4)

d4

a4 + (b4π1).(π4)
c4

]
(LC1 & LC2)
(LC3 only)

f5 = fkh = a5 + (b5π3).(π5)
c5

f6 = f f c = a6 + (b6π2 + c6π1).(π6)
d6 (LC3 only)

(5)

The individual variable functions for RHT pipes are given by:

f1 = fdt = a1.(π1)
b1

f2 = f f p = (a2 + b2.π2).[c2 + (d2 + e2π1).Exp(π2)
( f2)]

f3 = fsh = a3 + (b3π2 + c3).(π3)
d3

f4 = fh f = a4 + b4.(π4)
c4

f5 = fkh = a5 + b5.(π5)
c5

f6 = f f c = a6 + (b6π1).(π6)
c6 (LC3 only)

(6)

The nonlinear regression coefficients and coefficients of multiple determination (R2), obtained by
advanced nonlinear regression analysis using the “NonlinearModelFit” command in the powerful
computational package (Wolfram Mathematica [57]), are presented in Table 2.

Table 2. Nonlinear regression coefficients.

REG. COEFF.
YPT RHT

LC1 LC2 LC3 LC1 LC2 LC3

a1 0.07582 0.003171 0.7302 1.586 1.231 0.1829
b1 −2.192 −2.386 −4.256 −0.5804 −1.112 −0.6736
a2 0.06014 18.57 −386.2 2.919 0.4872 0.947
b2 0.005009 −0.000358 −7.111 0.7857 −0.1282 −0.2245
c2 −0.00003623 8.397 × 10−6 0.02827 −218.1 −48.49 170.2
d2 8.186 11.66 7.735 −34.63 −16.93 6.393
e2 0.6897 3.537 −2.354 0.1272 −0.2596 −0.02223
f 2 - - - 3.565 1.335 2.82
a3 - - 72.59 −1.513 0.500779 7.783
b3 - - 182.2 −1.234 6.915 × 10−5 14.71
c3 - - 1.116 3.225 −0.501086 1.263
d3 - - 3.632 0.2451 0.0002846 4.778
a4 86.44 15.09 −30.34 −2.608 −1.272 3.37183
b4 0.5966 0.004361 −1.788 1.392 2.396 −3.37182

c4 −136.5 1.019 1.665 −0.1513 2.458 −1.127 ×
10−6

d4 0.07415 −3.204 - - - -
a5 40.73 271.9 2.464 × 10−5 −1.40902 −0.2618 −5.336
b5 −0.0003071 −1.189 1.216 1.40905 0.4994 4.04
c5 1.274 0.6593 −1.615 4.185 × 10−6 0.9315 −0.1044
a6 - - 30.23 - - −18.19
b6 - - −200.4 - - 0.03894
c6 - - 3.893 - - 2.456
d6 - - −0.199 - - -
R2 0.962034 0.990746 0.983041 0.997271 0.998619 0.997224
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The applicable ranges for the constitutive factors of the developed semi-empirical models are
determined by the range of the parameters used in the FE analyses, given in Table 3 as follows.

Table 3. Applicable range for dimensionless parameters.

Par.
YPT RHT

≥ ≤ ≥ ≤
π1 41 105 41 105
π2 0.0 0.8 0.0 0.8
π3 1 2 0.520 0.691
π4 0.250 0.519 1.58 3.98
π5 161 1497 2.9 43.7
π6 >0.0 <1.0 >0.0 <1.0

5.2. Limit Stress Derivation

The nonlinear regression procedures employed for deriving the above semi-empirical equations
for the CLS were extended to obtain two nonlinear expressions for the limit stress, for YPT pipes and
RHT pipes. The values of the limit stress were obtained based on the values of the peak load on the
axial load vs. axial deformation plots for pipes subjected to uniform axial compression. The following
regression equations are required for determining the appropriate fractions of the limit stress that
feed into the semi-empirical equations for evaluating the CLS of pipes subjected to combined axial
compression + bending:

For YPT pipes,

σlim,YP = 6.16262(586) ∗ [(8.49601 − 7.19159.π2) ∗ (π1
−0.307568)]

∗[(−8.36548) + 8.36562 ∗ (Exp(π2)
5.59778∗10−6

)]

∗[(1.52236.π1) + 350.286 ∗ (π3
−0.038848)]

(7)

For RHT pipes,

σlim,RH = 5.45103(586) ∗ [(7.32071 − 6.48533.π2) ∗ (π1
−0.107001)]

∗[(8.45167) + 6.90582 ∗ (Exp(π2)
0.843233)]

∗[(5.23197) + 7.78213 ∗ (π4
−0.451323)]

∗[(−5.67028) + 5.67057 ∗ (π5
−2.72452∗10−6

)]

(8)

6. Goodness-of-Fit

In addition to highlighting the coefficients of multiple determination, which indicate the level
of correspondence between the predictions of the developed semi-empirical equations and the FEA
results, the plots in Figures 18 and 19 are presented to provide graphical illustrations of the accuracy
of the developed models. The model-predicted CLS values were plotted against the FEA-derived CLS
values in Figures 18 and 19, respectively, for YPT pipes and RHT pipes subjected to (a) uniform axial
compression, (b) uniform bending, and (c) combined axial compression + bending.
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Figure 18. Model prediction vs. FEA results for YPT pipes for (a) LC1, (b) LC2, and (c) LC3.
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Figure 19. Model prediction vs. FEA results for RHT pipes for (a) LC1, (b) LC2, and (c) LC3.

7. Discussion of Results

The results obtained for YPT and RHT pipes indicate that the CLS varies inversely with the D/t
ratio for all combinations of parameters. For the CLS of RHT pipes, however, the effect of varying the
D/t ratio is observed to be mild for all cases considered. The observed deformation behavior, with
respect to the D/t ratio, may be attributed to the somewhat dichotomous phenomenon associated with
the buckling response of cylindrical shell structures as the initiation of buckling transitions from the
elastic region of the material stress-strain curve (elastic buckling) to the nonlinear region of the material
stress-strain curve (inelastic or plastic buckling). RHT pipes exhibit continuous strain-hardening,
and invariably a gradual reduction in the tangential modulus of the stress-strain curve beyond the
proportionality limit point, and therefore do not experience significant changes in deformational
capacity due to the delay of buckling initiation. The effect of D/t variation on the CLS of RHT pipes
can therefore be deduced to be predominantly influenced by the increase in axial or bending rigidity
of the pipe due to decrease in slenderness of the pipe wall, and vice versa. YPT pipes, on the other
hand, feature a sudden zeroing of the slope of the stress-strain curve at the proportionality limit,
and subsequent strain hardening that commences toward the end of a significantly-extended yield
plateau. The existence of a distinct yield point in the stress-strain curve tends to cause an automatic
trigger of buckling instability in YPT pipes once the initiation of buckling extends beyond the elastic
region of the pipe material. However, there exists the possibility of recovery from initial softening
of the load-deformation or moment-curvature response if intrinsic properties (e.g., D/t ratio) or
loading conditions (e.g., internal pressure) provide additional stiffness that sufficiently counteracts the
detrimental impact of the yield plateau on the deformational response of the pipe.

The deformational response of a pipe to uniform axial compression is characteristically different
from the response to bending, even with the additional application of a compressive force. Under
uniform axial compression, the entire cross-section of the pipe is susceptible to buckling, and the
pipe relies on geometric, material, loading, and boundary conditions for sustenance against induced
deformation. Under bending, however, the pipe gains additional stiffness due to the counteractive
interaction between tensile and compressive stresses in the pipe’s cross-section. This can, therefore,
be considered to be responsible for the more apparent effect of D/t variation on the CLS of YPT
pipes subjected to uniform bending and combined bending, and axial compression at pressure levels
between 0% and 60% YS. The deformational response of a YPT pipe subjected to all three loading
conditions at a high level of internal pressure ( fp = 0.8) is analogous to the deformational response
of RHT pipes, as an almost-linear relationship is observed between the CLS and the D/t ratio. This
is attributable to the tendency that a pressure level of fp = 0.8 significantly increases the stability of
the pipe’s response, such that catastrophic collapse leading to failure of the pipe inevitably takes
advantage of the strain-hardening portion of the stress-strain curve at the end of the yield plateau.
This also implies that the influence of D/t ratio variation on the CLS will be predominantly impelled
by the stiffness of the pipe response associated with pipe wall slenderness factors.

The results presented for the influence of internal pressure on the CLS further substantiate the
assertion that increase of the internal pressure in a pipe results in a corresponding increase in the
stability of the pipe’s response to loading. Internal pressure hinders the localization of wrinkling and
bulging deformation, and also increases the tendency for buckling to be initiated further along the
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stress-strain curve. The results indicate a negligible influence of internal pressure variation on the CLS
of RHT pipes at all levels of pressure. On the other hand, the CLS of YPT pipes tends to be unaffected
by changes in internal pressure between 0% and 60% YS, whereas at higher pressure ( fp = 0.8), there is
a spike in the CLS depending on the D/t ratio.

For YPT pipes, varying the length of the yield plateau is observed to have a higher effect on the
CLS as the D/t ratio of the pipe decreases. For YPT pipes with D/t ratio = 41.15, the CLS is likely
to be negatively affected by an increase in YPL at levels of internal pressure between 0% and 60%
YS, whereas the YPL positively correlates with the CLS at a high level of internal pressure ( fp = 0.8).
Unlike YPT pipes, varying the PLUS ratio tends to have a less significant influence on the CLS of RHT
pipes as the D/t ratio decreases. At DT1, however, the influence of the PLUS ratio on the CLS of RHT
pipes is observed to be negligible, except at a level of pressure equal to 80% YS. It can be inferred
from the results for YPT pipes that improvement of the CLS for pipes with lower D/t ratio or high
internal pressure is not necessarily automatic, as the length of the yield plateau exhibits a secondary,
but significant, influence on the deformational capacity. Figure 12b,c further illustrate that subjection
of a pipe to bending considerably enhances the stiffness response of the pipe, even at zero-to-low
levels of internal pressure. Enhanced stiffness is, therefore, accompanied by an increased tendency for
buckling to be initiated in the nonlinear region of the material stress-strain curve. The higher stiffness
of a pipe under bending, compared to a pipe under uniform axial compression, leads to a relatively
greater positive effect of a longer YPL on the CLS of a pipe under bending, especially at internal
pressures as high as 80% YS. However, additional benefits of a longer yield plateau tend to diminish
once the YPL exceeds 1.75%. For levels of internal pressure between 0% and 60% YS, increasing the
length of the yield plateau results in a reduced ability of the pipe to recover from initial softening of the
mechanical response before reaching the actual peak stress or moment. A decrease in the PLUS ratio
for RHT pipes implies a lower proportionality limit point, and invariably, ‘superior’ strain hardening
and vice versa. At higher D/t ratios, initiation of buckling tends to occur before the yield point of the
material is reached, implying that materials with a lower proportionality limit earlier experience a
softer inelastic response, which translates to higher deformability. As the D/t ratios become lower,
initiation of buckling shifts towards the yield point of the material, where the stress-strain curves of
materials with different PLUS ratios are likely to converge, hence the effect of PLUS ratio variation
becomes negligible. However, beyond the yield point, the stress-strain curve of higher-PLUS ratio
materials exhibits a softer post-YS response; hence, if the initiation of buckling is delayed beyond the
yield point of the material (as is likely the case when internal pressure is as high as 80% YS), a higher
PLUS ratio (i.e., inferior strain hardening) may have a positive effect on the deformational capacity of
an RHT pipe, and vice versa.

8. Conclusions

The relationships between the CLS of pipelines and the relevant influencing parameters
was studied herein, and a comparison was made between three different loading conditions; uniform
axial compression, uniform bending, and combined axial compression and bending. The distinction in
the nonlinear strain-hardening of YPT and RHT pipes has been observed in previous studies [62–66]
to significantly impact on the deformational capacity of pipes, but marginally affect the limit
stress and limit moment. An extensive parametric study was, therefore, conducted to derive the
functional relationships between nondimensionalized parameters representing the relevant factors
and the deformational performance of pipes made of API X80 grade line pipe steel, while separately
considering the material behavior under YPT and RHT classifications.

The shape constants of a new material model were used to fully describe the shape of the
nonlinear portion of the stress-strain curve of the material, and were included as dimensionless
parameters in developing semi-empirical models for predicting the CLS. Individual variable functions
were developed to mathematically represent the trends of the CLS with respect to the parameters
that constitute the semi-empirical models. Advanced nonlinear multiple regression was performed
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using Wolfram Mathematica to obtain the nonlinear regression coefficients for each of the derived
semi-empirical equations, and effort was made to achieve the highest possible R2 value for each
nonlinear expression by accounting for the complex interrelationships between the different parameters.
The nonlinear regression analysis yielded high R2 values (>0.95), indicating an excellent goodness-of-fit
between the model prediction and the FEA-derived results of the CLS.

The semi-empirical models developed in this paper are considered as handy tools for evaluating
the deformational capacity of both unpressurized and pressurized API X80 line pipes. The results
clearly demonstrate that the CLS values for combined axial compression + bending typically exist
in a spectrum between the CLS for uniform bending and the CLS for uniform axial compression. It
is, however, the prerogative of the designer to determine the level of axial compression to consider,
especially in the case of displacement-controlled loading conditions, where the axial stress is not
readily derivable. For cases such as this, it may be necessary to conservatively adopt the models for
uniform axial compression as a lower bound measure of the CLS.
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