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Abstract: Ultrasonic Lamb wave testing has been successfully applied in nondestructive testing.
However, because of Lamb wave multimodal and dispersion characteristics, the received signals are
often multimodal and overlapping, which makes them very complicated. This paper proposes a mode
separation method by combining dispersion compensation with the independent component analysis
of fourth-order cumulant. Taking two-mode overlapped signals as an example, the single-mode
dispersion compensation is performed according to the measured distance difference between the
two sets of signals. The two sets of signals are returned to the same distance. The fourth-order
cumulant independent component analysis method is further used to process the Lamb wave signals
of different superposition situations at the same distance. The corresponding mode signal contained
in the two sets of signals is separated through the joint diagonalization of the whitened fourth-order
cumulant matrix. The different modes are compensated and separated successively, achieving the
multimodal signal separation. Experimental results in steel plates show that the presented method
can accurately achieve mode separation for the multimodal overlapping Lamb waves. This is helpful
for the signal processing of multimodal Lamb waves.

Keywords: Lamb wave; dispersion compensation; blind signal separation; mode separation;
independent component analysis

1. Introduction

The ultrasonic Lamb wave technique has been successfully applied in the nondestructive testing
(NDT) of plates. It has the advantage of a long propagation distance, which is particularly suitable for
testing large areas through the thickness of the waveguide [1–4]. However, several challenges still exist
in Lamb wave nondestructive testing. Lamb waves are multimodal waves within a frequency region
with a dispersive nature because their velocities are frequency dependent. In the actual testing, Lamb
wave signals have different modes for any given plate thickness and excitation frequency, and the
dispersion of each mode is different; that is, different frequency components of a specific propagation
mode propagate at different speeds, which leads to the signal stretching in time and reducing the
spatial resolution [5]. It can be seen from the dispersion characteristics that the phase velocities of some
modes are very close under certain excitation conditions. Lamb wave signals are often overlapped in
both time and frequency domains, and signal interpretations are often difficult.
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In recent years, many signal processing methods have been applied to the dispersion
compensation and mode separation of Lamb waves [6–10]. Hilbert-Huang transform (HHT) [9]
obtained high time-frequency resolution through empirical mode decomposition [10] and Hilbert
spectrum. Xu et al. [11] used the spectral phase and signal delay function to model the guided wave
dispersion and used the single-mode compensation function to compensate the mixed guided wave
signals, making the single-mode dispersion signal back to the excitation signal. They effectively
extracted each of the multimodal guided waves. However, in the actual measurement, the specific
excitation signals are unknown, resulting in a large error in the separation result. To separate dispersive
multimodal Lamb waves overlapped in time and frequency domains, the separation method based
on dispersion compensation and fractional differential [12–14] is presented. Chen et al. [15] and
Xu et al. [16] proposed the wavelet ridge algorithm to extract the time-frequency ridges of modes,
reconstructing their waveforms with their respective time-frequency information. The ridges extracted
for adjacent modes with similar dispersion characteristics are often overlapped, which increases the
difficulty of identification. Song et al. [17] proposed the multimodal guided wave signal separation
in long bones based on the time-frequency blind signal separation. The experiment only derives
the relevant group velocity problem based on the separated signal, and does not give an intuitive
separation result to the actual measurement signal. Moreover, the time-frequency distribution may
be interfered with by factors such as cross terms, resulting in a decrease in the accuracy of the
separation result.

In order to separate multimodal overlapped Lamb waves effectively, this paper proposes a
mode separation method by means of the combination of dispersion compensation with independent
component analysis (ICA) [18] of fourth-order cumulant. ICA is a type of blind signal separation
method, and it can avoid the influence of cross terms in the time-frequency distribution method. In the
proposed method, taking two-mode overlapped signals as an example, the single-mode dispersion
compensation is performed according to the measured distance difference between the two sets of
signals. The two sets of signals are returned to the same distance. The fourth-order cumulant ICA
method is further used to process the Lamb wave signals of different superposition situations at the
same distance. The corresponding mode signal contained in the two sets of signals at the same position
is separated. The different modes are compensated and separated successively, thereby achieving the
multimodal signal separation.

2. Methods

2.1. Lamb Wave Dispersion Compensation

The Lamb wave dispersion can be expressed as the function of the phase velocity changing with
the frequency. The dispersion function is described as different frequency components of a certain
excitation signal passing through the transformation system. Let the excitation signal be k(t). The
received Lamb wave y(t) propagating a certain distance can be expressed as

y(t) =
1

2π

∫ +∞

−∞
K(ω)ejω(t− d

c(ω)
)dω (1)

where t is the time, K(ω) is the spectrum of k(t), ω is the angular frequency, d is the propagation
distance, c(ω) is the phase velocity of the Lamb wave [19], and j is the imaginary unit.

According to the Lamb wave dispersion compensation theory, the dispersion compensation is the
inverse process of the dispersion transformation. The theoretical dispersion transformation function
is known to perform dispersion compensation on the received Lamb wave signal. The dispersion
compensation function is

H−1(ω) =
1

H(ω)
= ej ωd

c(ω) (2)
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Therefore, the original signal can be expressed as

k(t) =
1

2π

∫ +∞

−∞
Y(ω)H−1(ω)ejωtdω (3)

where Y(ω) is the spectrum of y(t).

2.2. Mode Separation for Multimodal Overlapped Lamb Waves

Multimodal Lamb wave signal separation based on dispersion compensation and fourth-order
cumulant ICA includes two steps - multimodal Lamb wave dispersion compensation to the measured
signals and ICA blind separation for Lamb wave signals after the compensation. For the convenience
of description, it is assumed that the received mixed Lamb wave signals consist of two-mode signals.
They have different dispersion characteristics. The mixed Lamb wave signals, y(t)1 and y′2(t),
corresponding to the positons at a and b along the propagation path, are measured. The distance
between a and b is d. It is set that the two-mode signals of the Lamb wave at position a are x1(t) and
x2(t). The mode separation is to estimate x1(t) and x2(t) according to the measured signals of y1(t)
and y′2(t).

First, the mixed signal at the position b is compensated by using the dispersion characteristic
of the first mode and the compensation distance is d. The signal after compensation is denoted as
y2(t), then

y2(t) =
1

2π

∫ +∞

−∞
Y′2(ω)H−1

p (ω)ejωtdω (4)

where H−1
p (ω) is the compensation function of the pth (p = 1,2) mode obtained according to

Equation (2), and Y′2(ω) is the frequency spectrum of y′2(t).
The signal matrix is set to Y(t) = [y1(t), y2(t)]

T . Its covariance matrix is defined as R(t).
R(t) = E[Y(t)YT(t)]. The fourth-order cumulant ICA algorithm is used to get the signals of the modes
from the signal matrix Y(t).

The fourth-order cumulant ICA blind signal separation is generally expressed as follows. When
both the mode Lamb wave signal and propagation parameters are unknown, each mode signal is
retrieved from received multimodal overlapped Lamb wave signal matrix Y(t) [20–22]. The matrix
is whitened and the fourth-order cumulant matrix of the whitened matrix is calculated. Then the
diagonalization of the cumulant matrix is performed to find the best estimation matrix.

The whitened Y(t) is defined as Z(t),

Z(t) = VY(t) (5)

where V is the whitening matrix. It can be obtained by eigenvalue decomposition of the
covariance matrix

V = ED−
1
2 ET (6)

where E is the orthogonal matrix corresponding to the eigenvectors of R. D is the diagonal matrix
of Y(t).

The fourth-order cumulant matrix of Z(t) is defined as CZ [23],

C = cum{Z, Z∗, Z∗, Z}
= E

{
(Z⊗ Z∗)(Z⊗ Z∗)H}− E{(Z⊗ Z∗)}•E

{
(Z⊗ Z∗)H}− E

{
(ZZH)

}
⊗ E

{
(ZZH)∗

} (7)

To speed up the computation, the Givens transformation [24] is used to optimize the
diagonalization of the cumulant matrix CZ.

For the cumulant matrix CZ, the Givens matrix is used as

GTCZG (8)
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To make CZ become a diagonal matrix, G is the rotation matrix. Let

CZ =

[
cz11 cz12

cz12 cz22

]
(9)

θ =
1
2

arctan

[
2cz12(cz11 + cz12)

c2
z11 − c2

z22

]
(10)

then, [
cos(θ) − sin(θ)
sin(θ) cos(θ)

][
Cz11 Cz12

Cz21 Cz22

][
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
=

[
C′z11 0

0 C′z22

]
(11)

Therefore,

G =

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
(12)

Finally, the estimated Lamb wave signal matrix is defined as D,

D = GTRzY (13)

Here, RZ is the covariance matrix of Z(t).
It is worth noting that the two sets of measured signals after the first mode dispersion

compensation only contain the same first mode signals, and the other modes have different dispersion.
Therefore, only the first mode signal at position a can be separated at this time.

If the signal at position b is compensated with the dispersion characteristic of the second mode,
the signal of the second mode at the position a can be estimated by repeating the above operation.
The effect of the separation can be evaluated by superimposing the estimated signals and comparing
with the original measured signals.

3. Results

In order to verify the feasibility of the above method, it has been applied to experimentally
obtained Lamb wave signals. The Olympus MX2 flaw detector was used to send the excitation
signal and receive mixed Lamb wave signals. The workpiece was a stainless-steel plate with the
thickness of 1 mm. The multimodal Lamb waves were excited and received by oblique transducers
of 10 mm × 10 mm with the central frequency of 2.5 MHz and the incident angle of 26◦. A coupling
agent was used to facilitate the effective transmission of acoustic energy between the transducers and
the steel plate. The data measured by the detector were imported into the computer and processed on
the Matlab platform. The whole experiment is shown in Figure 1.
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Figure 1. Experimental schematic.
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Theoretically, it can be known from the Lamb waves incident angle dispersion curve, as shown
in Figure 2, that A1 and S1 modes can be excited when the incidence angle is 26◦. Although the two
modes are very close to each other at a certain frequency domain, there is always no intersection,
which will not lead to conversion between modes. Their corresponding center frequencies are 3 MHz
and 3.15 MHz, respectively.
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Figure 2. Lamb waves incident angle dispersion curve.

The multimodal Lamb wave signals at the propagation distance of 1.6 cm and 2.7 cm are recorded
and shown in Figure 3.
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Figure 3. Multimodal Lamb wave signals at the propagation distance of (a) 1.6 cm and (b) 2.7 cm.

According to the above method, the A1 mode signal at the distance of 1.6 cm is retrieved, as
shown in Figure 4. The multimodal Lamb wave signal at the distance of 2.7 cm after compensation
using the A1 mode dispersion characteristic is shown in Figure 4a. The separated A1 mode signal
using the proposed method at the distance of 1.6 cm is shown in Figure 4b. Its amplitude spectrum is
shown in Figure 4d, and its time-frequency distribution is shown in Figure 4f. The separated A1 mode
signal using the time-frequency blind signal separation method at the distance of 1.6 cm is shown in
Figure 4c. Its amplitude spectrum is shown in Figure 4e, and its time-frequency distribution is shown
in Figure 4g.
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Figure 4. (a) The compensated multimodal Lamb wave signal at the distance of 2.7 cm; (b) separated
A1 mode time domain waveform using the proposed method; (c) separated A1 mode time domain
waveform using the time-frequency blind signal separation method; (d) amplitude spectrum of
A1 mode separated using the proposed method; (e) amplitude spectrum of A1 mode separated
using the time-frequency blind signal separation method; (f) time-frequency distribution of A1 mode
separated using the proposed method; (g) time-frequency distribution of A1 mode separated using the
time-frequency blind signal separation method.
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The S1 mode signal at the distance of 1.6 cm is also retrieved, as shown in Figure 5. The multimodal
Lamb wave signal at the distance of 2.7 cm after compensation using the S1 mode dispersion
characteristic is show in Figure 5a. The separated S1 mode signal using the proposed method
at the distance of 1.6 cm is shown in Figure 5b. Its amplitude spectrum is shown in Figure 5d
and its time-frequency distribution is shown in Figure 5f. The separated S1 mode signal using
the time-frequency blind signal separation method at the distance of 1.6 cm is shown in Figure 5c.
Its amplitude spectrum is shown in Figure 5e, and its time-frequency distribution is shown in Figure 5g.
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Figure 5. (a) The compensated multimodal Lamb wave signal at the distance of 2.7 cm; (b) separated
S1 mode time domain waveform using the proposed method; (c) separated S1 mode time domain
waveform using the time-frequency blind signal separation method; (d) amplitude spectrum of
S1 mode separated using the proposed method; (e) amplitude spectrum of S1 mode separated
using the time-frequency blind signal separation method; (f) time-frequency distribution of S1 mode
separated using the proposed method; (g) time-frequency distribution of S1 mode separated using the
time-frequency blind signal separation method.
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In order to further verify the proposed method, the separated A1 and S1 mode signals are added
and shown in Figure 6a,b. The original measured mixed Lamb wave signal at the distance of 1.6 cm is
also shown in the figure. In Figure 6a, the reconstructed signal is obtained using the time-frequency
blind signal separation method. In Figure 6b, the reconstructed signal is obtained using the proposed
method. The time-frequency distributions of the original signal and the reconstructed signal are shown
in Figure 6b,c, respectively.
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Figure 6. (a) The reconstructed multimodal signal using the time-frequency blind signal separation
method and the original signal at the distance of 1.6 cm; (b) the reconstructed multimodal signal
using the proposed method and the original signal at the distance of 1.6 cm; (c) the time-frequency
distribution of the original signal at the distance of 1.6 cm; (d) the time-frequency distribution of the
reconstructed signal at the distance of 1.6 cm.

4. Discussion

From Figure 3, the signal start time at the distance of 1.6 cm is about 2.8 µs and the signal start
time at the distance of 2.7 cm is about 3.6 µs. With the increase in distance, both A1 and S1 modes will
continue to disperse. The amplitude of the signals will decrease, and the duration will extend.

The A1 mode signal at the distance of 1.6 cm is retrieved, as shown in Figure 4. The multimodal
Lamb wave signal at the distance of 2.7 cm after compensation using the A1 mode dispersion
characteristic is shown in Figure 4a. The signal start time after compensation has been compensated
back to around 2.8 µs. The separated A1 mode signal using the proposed method at the distance of
1.6 cm is shown in Figure 4b. The separated A1 mode signal using the time-frequency blind signal
separation method at the distance of 1.6 cm is shown in Figure 4c. Their amplitude spectra are shown
in Figure 4d,e, respectively. Their time-frequency distributions are shown in Figure 4f,g, respectively.
It can be seen from the time signals that the extracted signal using the time-frequency blind signal
separation method has large errors due to the influence of Lamb wave dispersion and the source signal
cross-term interference or local correlation under the calculation of global time-frequency distribution.
It can be seen from the amplitude spectra and the time-frequency distributions that the separated A1

mode signal using the time-frequency blind signal separation method still contains some part of the
S1 mode signal. There is still some part of the S1 mode amplitude on the right side of the amplitude
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spectrum, and the tail energy remains in the time-frequency distribution. Therefore, the separation
precision is low. However, the accuracy of separation is improved by using the proposed method. The
separation result has better smoothness, which is consistent with the dispersion of the A1 mode Lamb
wave. From Figure 4f, the time-frequency of the extracted A1 mode signal is non-stationary. From
Figure 4d, the central frequency of the extracted A1 mode signal is 2.98 MHz, and the frequency range
is from 2.5 to 3.35 MHz.

The S1 mode signal at the distance of 1.6 cm is retrieved, as shown in Figure 5. The multimodal
Lamb wave signal at the distance of 2.7 cm after compensation using the S1 mode dispersion
characteristic is shown in Figure 5a. The separated S1 mode signal using the proposed method
at the distance of 1.6 cm is shown in Figure 5b. The separated S1 mode signal using the time-frequency
blind signal separation method at the distance of 1.6 cm is shown in Figure 5c. Their amplitude
spectra are shown in Figure 5d,e, respectively. Their time-frequency distributions are shown in
Figure 5f,g, respectively. It can be seen from the time signals that the extracted signal using the
time-frequency blind signal separation method has large errors due to the influence of Lamb wave
dispersion and the source signal cross-term interference or local correlation under the calculation of
global time-frequency distribution. There are even some irregular signals in the time signal. It can
be seen from the amplitude spectra and the time-frequency distributions that the separated S1 mode
signal using the time-frequency blind signal separation method still contains some part of the A1 mode
signal and lacks some part of its mode signal. Therefore, the separation precision is low. However, the
accuracy of separation is improved by using the proposed method. The separation result has better
smoothness, which is consistent with the dispersion of the S1 mode Lamb wave. The right part of the
amplitude spectrum is slightly irregular, which means it has some minor errors. From Figure 5f, the
time-frequency of the extracted S1 mode signal is non-stationary. From Figure 5d, the central frequency
of the extracted S1 mode signal is 3.14 MHz, and the frequency range is from 2.7 to 3.55 MHz.

The experimental results from Figures 4 and 5 show that the proposed method can separate the
single mode contained in the multimodal mixed signals. The separated signals and spectra indicate
that the results have better smoothness. The dispersion degree of the A1 mode is slow, delaying on
the time domain, and the time waveform changes less along the distance. On the contrary, the phase
speed of the S1 mode changes quickly in the low frequency band; the time signal changes significantly
along the distance, and the amplitude becomes smaller and the duration longer with the increase of
the distance. Figures 4d and 5d show the amplitude spectra of the separated A1 mode and S1 mode.
Except for a slight irregularity at both ends, it is in line with the theoretical analysis of the Lamb wave
dispersion. The A1 mode center frequency is 2.98 MHz, and the S1 mode is 3.14 MHz.

In order to further verify the proposed method, the separated A1 and S1 modes are added and
compared with the experimental original measured signal at the distance of 1.6 cm in Figure 6. From
Figure 6a, to the time-frequency blind signal separation method, the reconstructed signal is very
different from the original signal. The result is obvious because the extracted signal mode signals
are inaccurate and incomplete. In this method, the dispersion of Lamb waves are not considered
resulting in the inaccuracy and incompleteness of single mode separation. On the contrary, to the
proposed method, from Figure 6b, it can be seen that the mixed signals after separation and addition
is the same as the original signal. The start and end time points are also the same. The front part of
the reconstructed signal is more consistent with that of the original signal, and only a few peaks are
slightly larger than the original signal. The tail of the signal is slightly less than that of the original
signal. Considering that the tail of the signal is almost the main component of the S1 mode and its
dispersion degree is relatively fast, there may have been incomplete compensation in the dispersion
compensation, which might lead to errors in the signal separation. Figure 6c,d are the time-frequency
distributions of the original Lamb wave signal and the reconstructed Lamb wave signal, respectively.
It can be seen that their time-frequency energy distributions are consistent. The maximum energy
distribution is about 4.5 µs, which implies that the separated A1 mode and S1 mode are consistent with
the original single modes.
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5. Conclusions

The dispersion and multimodal characteristics of Lamb waves have demonstrated the difficulty of
signal separation for each component modes. The blind signal separation method has also been used
in the field of ultrasonic guided waves. However, the separation method used in the past can only deal
with the signals separated under certain conditions, and the experimental conditions are harsh. For
the conventional one-shot and one-receiving Lamb wave signals, one location point can only measure
a set of signals, and it is impossible to directly use the blind separation method for signal separation.
On the basis of summarizing the advantages and disadvantages of previous blind separation methods,
combining with the dispersion compensation method, the signal dispersion is simplified and then
combined with the blind separation method. The multimodal Lamb wave signal could be separated.

Aiming at the separation, we have presented a mode separation method for multimodal ultrasonic
Lamb waves using dispersion compensation and fourth-order cumulant ICA in this paper. The
four-order cumulant ICA algorithm is used to separate each mode signal from the overlapping Lamb
wave signals after the dispersion compensation. Experimental results confirm the effectiveness of
the proposed method. It is also noticed that there are some errors for the separated signals in the
experiments. The introduction of particle swarm optimization or their optimization methods [24–26]
to the present method might reduce the errors further. Regardless, the present method is helpful for
the signal processing of multimodal Lamb wave dispersion.
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