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Abstract: Trajectory tracking is an essential requirement in robot manipulator movement and
localization applications. It is a current research topic of interest, and several researchers have
proposed different schemes to achieve the task accurately. This research proposes efficient control of
a hydraulic non-linear robot manipulator using a modified sliding mode control, named proportional
derivative sliding mode control with sliding perturbation observer (PDSMCSPO), to overcome
parameter uncertainties and non-linearity. The proposed new control strategy achieves higher
accuracy and better time convergence than the previous one. A positive derivative gain, which has
a value less than one, is multiplied with the velocity error term of the sliding surface. The proposed
control (PDSMCSPO) also achieves robustness. Results show that by introducing the derivative
gain, the chattering from the system has been reduced more than classical sliding mode control
(SMC). The reason is that during reaching phase this small gain multiplies with the perturbation and
minimizes the effect of perturbation on the system. A smaller value of switching gain K is required as
compared to SMC, and the transfer function between sliding surface and perturbation in proportional
derivative sliding mode control (PDSMC)has low pass filter characteristics. The proposed PDSMCSPO
has a faster response than previous sliding mode control with sliding perturbation observer
(SMCSPO), and the output and sliding surface convergence to the desired value is much quicker than
conventional logic. Some other characteristics such as error in the output are small because of more
attenuation of the perturbation signal. Simulation and experimental results are presented for a link
between the hydraulic robot manipulator and the mass damper system.

Keywords: sliding mode control; proportional and derivative sliding mode control; sliding observer;
sliding perturbation observer

1. Introduction

Decommissioning or dismantling nuclear power plants gained attention all over the world
after the Fukushima nuclear power plant incident in Japan. Because of the dynamic or hazardous
environment of a nuclear power plant it is better to use a robot, whether it is fully autonomous or
semi-autonomous. For the dismantling of massive structures, hydraulic operated robot manipulators
have been widely used as high-power actuator [1] and should be controlled by tele- operation because
of high radioactive environment problem [2–8]. Hydraulic systems are highly non-linear in nature
because they have a lot of uncertainties and non-linearity’s. Due to the nature of a hydraulic system,
it is complicated to control the system with conventional or linear control logic. To overcome this
problem, a robust or non-linear control is needed.

In the last few decades, using sliding mode control (SMC) as a kind of non-linear control has
gained much attention among researchers because of its robust nature [9–14]. The main idea is to
design a desired sliding surface and force the system states to move towards it by using gain switching.
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It is used as a robust controller for a system with non-linearity. However, there is a problem with
conventional SMC when the system reaches the sliding surface, because it is difficult to remain along
the sliding surface due to a high gain switching control system output crossing back and forth around
the sliding surface which causes chattering [15–17].

Chattering can be reduced by perturbation compensation where the perturbation consists of the
uncertainties of a system, error of the dynamics, and external disturbances. Perturbation measurement
or estimation is a challenging task for researchers because measuring external forces using a force
sensor is not feasible in all instances, and by using a sensor we cannot estimate system uncertainties, etc.
To overcome this problem Olgac et al. proposed using a sliding perturbation observer (SPO) [2]. SPO is
the combination of a perturbation observer and a sliding observer (SO) [3]. SPO used partial state
feedback from the non-linear system to estimate other variables in the high-performance state estimator.
It can observe low-frequency perturbation accurately because of its mathematical design. SPO is similar
to extended state observer (ESO) [18,19]. Both algorithm estimates not only system states, but also
perturbation, which can be further used for perturbation compensation or disturbance rejection.

Sliding mode control with sliding perturbation estimation (SMCSPO) is a fusion of SMC and
SPO, which utilizes only partial state feedback to estimate the system states and perturbation with
reasonable accuracy. SMCSPO has good state estimation accuracy. This estimation of perturbation is
useful in the reduction of chattering by using perturbation compensation techniques [2,3]. SMCSPO is
a highly accurate control scheme for the estimation of state and perturbation in control of surgical
robots and hydraulic robot manipulators [20–23]. The purpose of this estimation is used to reduce the
chattering from system output by perturbation compensation. However, in conventional sliding mode
control, during the sliding phase, the gain K should be greater than the upper bound of perturbation
in order to satisfy the Lyapunov stability criteria. The greater the value of gain K, the larger the
chattering at the system output, which is a highly undesirable phenomena in mechanical systems.
Different techniques have been applied to reduce chattering from SMC, like the introduction of
a boundary layer and perturbation compensation techniques [3]. The greater value of gain K increases
the breaking frequency of the low pass filter between the sliding surface and perturbation because
the system becomes sensitive to high-frequency perturbation. SMCSPO is a robust control scheme
for trajectory tracking and perturbation estimation, but its characteristics can be further improved by
reducing the reaching time, decreasing the error from the system output, and making the system more
insensitive from the incoming perturbation signal.

In this research, efficient control of a hydraulic non-linear robot manipulator with modified
sliding mode control named proportional derivative sliding mode control with sliding perturbation
observer (PDSMCSPO) is proposed to reduce more chattering from the output of conventional SMC.
Chattering can be reduced by decreasing the value of the switching gain K for it to become more
insensitive to high-frequency perturbation as compared with SMC. From the proposed controller with
SPO, a more robust controller has been achieved, which reaches the desired state faster and has a better
performance at reducing error as compared with SMCSPO. This proposed PDSMCSPO has reduced
the convergence time, decreased the error from the output, and made the system more insensitive to
the perturbation signal as compared with previous SMCSPO [24].

The manuscript is organized in this way: Section 2 of this paper presents the control theory
and details the previous one, and our proposed scheme and their characteristics are discussed.
Section 3 describes the simulation and experimental results of both schemes and their comparison are
mentioned. Section 4 entails the concluding remarks to this study.

2. Control Design

In this section, 3 different types of controllers are discussed and compared including (SMCSPO,
PDSMC and PDSMCSPO). Proportional derivative sliding mode control (PDSMC) is an improved
controller with less chattering. SMCSPO and PDSMCSPO are more robust controllers with perturbation
compensation. First, the system dynamics is defined. After that, SPO and its integration with SMC are
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discussed, and our proposed scheme of PDSMC integrated with SPO is discussed. Finally, the last
design procedure is described.

2.1. Dynamics of aHydraulic System

The hydraulic robot manipulator is shown in Figure 1. This system consists of two hydraulic
operated links, and one link is servo motor operated. The last link of the robot manipulator is used
for simulation and experimental purposes. The dynamics of this third link is extracted from the
signal compression method [25] which used an equivalent compressed signal to identify the system’s
linear parameters.
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Figure 1. Hydraulic robot manipulator.

The schematic diagram of the third link of the robot manipulator is shown in Figure 2, and its
mathematical model is shown below.

(J + ∆J) ·
..
θ + (B + ∆B + ϕ) ·

.
θ + 0.5 ·M · g · L · sinθ + D = F · L (1)
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In the equation above, F is the force applied by the hydraulic cylinder, L is the length of the
link, J and ∆J are inertia terms and their uncertainty, whereas B and ∆B are damper terms and its
uncertainty. D is the external disturbance of the environment. ϕ is the viscosity term of the cylinder.
The perturbation is defined below:

ψ = ∆J + ∆B + D + ϕ (2)
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After solving further, the following equation is obtained:

..
θ =

1
J
(u− B ∗

.
θ + ψ) (3)

where ψ is the perturbation which is defined in Equation (2). The other parameters of Equation (1)
were identified by the signal compression method. The values of the linear parameters are shown
below in Table 1.

Table 1. Hydraulic link parameters.

Serial No Moment of Inertia (kg·m2) Damper (kg·m2/s)

1 303 15,355

2.2. Sliding Mode Control with Sliding Perturbation Observer (SMCSPO)

In this section, the control theory of SMCSPO is explained in detail. First, the structure of
the sliding perturbation observer (SPO) is explained, then the integration of the SMC and SPO,
mentioned above, is discussed.

2.2.1. Sliding Perturbation Observer (SPO)

SPO is a non-linear observer that uses partial state feedback (position) to estimate the system
states and perturbation [1]. The structure of the second order system can be presented as:

.
x1j = x2j

.
x2j = f j(x) + ∑n

i=1 bji(x)ui + ψj(x, t)
(4)

where ψj(x, t) is the perturbation which is defined in Equation (2). Where X = [x1x2]
T is the state

vector and x1 is the only measurable state of encoder data from the hydraulic link joint (system
output). The observer’s function was to estimate state vector X despite uncertainties. The term f j(x)
corresponds to non-linear driving terms. So the estimation state of the system is defined as:

.
x̂1j = x̂2j.

x̂2j = f j(x̂) + ∑n
i=1 bji(x̂)ui + ψ̂(x̂, t)

(5)

where ψ̂j(x̂, t) is the estimated perturbation. Before integrating the sliding observer into SMC, it was
convenient to decouple the control variable using the following transformation [2], as shown below:

f j(x̂) +
n

∑
i=1

bji(x̂)ui = α3j · uj (6)

In above Equation (6), α3 is a positive constant and u is a new control variable. u has the same
unit as the control input u (N.m).

The control input u can be defined as:

u = B−1col
[
α3 · u− f j(x̂)

]
(7)

where u = [u1 . . . un]
T and B = [bji(x̂)]n∗n are control input vectors, and Col means column vector.

The difference bji(x̂) − bji(x) is considered as a part of the term ∆bji in Equation (2). Equation (7)
allows the system dynamics to be rewritten as:

..
x1 = α3 · u + ψj. (8)
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A new state variable was introduced to estimate the perturbation and the relation between this
new variable and perturbation is shown in the following equation:

x3j = α3j · x2j −
ψj

α3j
(9)

The derivative of the above relation is shown below:

.
x3j = α3j ·

.
x2j −

.
ψj

α3j
(10)

We assume that the constant α3 is selected as a larger value such that
.
ψj
α3

becomes negligible as
compared with other terms in the equation. The sliding perturbation observer (SPO) equations can be
described as: .

x̂1 = x̂2 − k1 · sat(x̃1)− α1 · x̃1.
x̂2 = −k2 · sat(x̃1) + α3 · u− α2 · x̃1.

x̂3 = α2
3 · (α3 · x̂2 + u− x̂3)

(11)

ψ̂ = α3(α3 · x̂2 − x̂3) (12)

where k1, k2, α3, α1, α2 are constant and their values are greater than 0 and sat (x̂1) is the saturation
function which is defined below.

sat(x̃1) =

{ x̃1
|x̃1|

if |x̃1| > εo
x̃1
εo

if |x̃1| ≤ εo
(13)

where x̃1 = x̂1 − x1 is the state estimation error and εo is the boundary layer of the sliding observer.
It is assumed that the observer starts at the sliding surface and remains when time (t = 0)

x̃1 = 0, x̃2 = 0. To fulfill this assumption, the gain k2 should be greater than the perturbation
(k2 > ψ(x, t)). Because of this, the attractive damping coefficient becomes zero.

The observer state error dynamics become:

.
x̃1 = x̃2 −

(
k1
εo

)
· x̃1

.
x̃2 = −

(
k2
εo

)
· x̃1 + ψ̃

.
x̃3 = α2

3(−x̃3 + α3 · x̃2) +
.
ψ
α3

.

(14)

During the sliding phase, the relation between the state estimation error and perturbation
estimation error is a low pass filter as shown,

x̃2

ψ̃
=

1

p + k2
k1

(15)

The relation between the state estimation error x̃2 and the actual perturbation is derived as shown
below which is a low pass filter.

x̃2

ψ
=

p
(

p + k1
εo

)
p3 + p2 ·

(
k1
εo

)
+ p ·

(
k2
εo

)
+
(

k2
εo

)
· α2

3

(16)

2.2.2. Integration of SMC and SPO (SMCSPO)

Integration of SMC into SPO generates SMCSPO [1] which is a robust control against perturbation.
SMCSPO uses a perturbation compensation technique. It is a combination of a controller and observer;
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it estimates the system states and perturbation and uses that information to control an uncertain
system. An estimated sliding surface is defined as:

ŝ =
.
ê + c · ê (17)

where ê = x̂1 − xd is the estimated error and c is a constant value greater than 0.
The estimated error of the sliding surface is shown below.

s̃ = ŝ− s (18)

The estimated error of a sliding surface is computed as:

s̃ =
.
x̃1 + c · x̃1 (19)

The control u is selected such that it satisfies the following condition during the reaching phase.

ŝ ·
.
ŝ ≤ 0 (20)

For the above condition, the
.
ŝ dynamic is selected as shown below.

.
ŝ = −K · sat(ŝ) (21)

The definition of sat (ŝ) is defined as:

sat(ŝ) =

{
ŝ
|ŝ| if |ŝ| > εc
ŝ
εc

if |ŝ| ≤ εc
(22)

After taking the derivative of Equation (17) and using Equation (11), we get the following equation:

.
ŝ = α3 · u− x̃1

{
k2

εo
+

c · k1

εo
−

k2
1

ε2
o

}
− k1

εo
x̃2 + c

(
x̂2 −

.
xd
)
− ..

xd + ψ̂ (23)

In Equation (23), it is assumed that x̃2 = 0 to enforce Equation (20).
After putting the value of

.
ŝ in Equation (21), we get the following control input u.

u =
1
α3

[−K · sat(ŝ) + x̃1

{
k2

εo
+

c · k1

εo
−

k2
1

ε2
o

}
+

..
xd − c

(
x̂2 −

.
xd
)
− ψ̂] (24)

After substituting Equation (24) into Equation (23), the resulting dynamics
.
ŝ have the effect of

state estimation error as shown.
.
ŝ = −K · sat(ŝ)− k1

εo
x̃2 (25)

The above relation shows that during the reaching phase, the
.
ŝ dynamics are affected by the

estimation error of state x̃2. To enforce the condition of Equation (20), the following condition should
be fulfilled.

K >
k2

1
εo

(26)

As we know that |x̃2| ≤ k1.
When the system reached the sliding surface or prescribed manifold |ŝ| ≤ εc, the actual s dynamics

was obtained as shown below.

.
s +

K
εc

s = x̃1

{
k2

εo
−
(

k1

εo
− K

εc

)(
c− k1

εo

)}
− x̃2

{
K
εc

+ c
}
− ψ̃ (27)
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2.3. PD Sliding Mode Control (PDSMC)

In this section, the details of the proposed scheme are discussed, and in the next section,
the proposed scheme is integrated with SPO to achieve robust control with faster convergence and
better characteristics as compared with SMCSPO.

As the main idea was to generate a sliding surface which was the sum of the derivative and
proportional gain of PID control or to introduce the derivative gain in the structure of the sliding
surface as shown below.

s = kd ·
.
e + kp · e (28)

kp&kd are the proportional and derivative gain where e is the error as defined in the above section.
The value of kp > 0, 0 < kd < 1 . In PDSMC, during the reaching phase, the

.
s dynamics is

shown below.
.
s = −K′ · sat(s) + kd · ψ (29)

In order to fulfill the sliding condition s · .
s ≤ 0 the gain K′ should be greater than the kd · ψ as

shown below.
K′ > kd · ψ (30)

As it can be seen in Equation (30) that during the reaching phase, the gain kd multiplied with
perturbation and reduced the effect of perturbation because the value of this gain was kd < 1,
but greater than 0. Because of this small value of switching gain, Small K′ was required as compared
with conventional SMC switching gain K. This reduced chattering from the system output and its
sliding surface. When the system reached the sliding surface, or within the boundary layer, the

.
s

dynamics become as shown below.
.
s = −K′

εc
s + kd · ψ (31)

After taking the Laplace transform, the transfer function of the sliding surface over perturbation
is obtained as shown below.

s
ψ

=
kd

p + K′
εc

(32)

The above equation is a low pass filter between the sliding surface and perturbation, with breaking
frequency K′

εc
.

Consider a mass damper system as Equation (3). After taking the derivative of Equation (28) and
substituting Equation (3) into it, the following relation was obtained.

.
s = kd

{
1
J
[
u− B · .

x− ψ
]
− ..

xd

}
+ kp ·

.
e (33)

As we know that to fulfill the sliding condition s · .
s ≤ 0.

.
s should be equal to

.
s = −K · sat(s)

kd

{
1
J
[
u− B · .

x− ψ
]
− ..

xd

}
+ kp ·

.
e = −K · sat(s) (34)

After rearranging the above equation, the following controller output is obtained for PDSMC.

u = − J · K · sat(s)
kd

+ J · ..
xd −

J · kp ·
.
e

kd
+ B · .

x (35)

2.3.1. Proposed Scheme Characteristics

The proposed logic outperformed conventional SMC as:

a. Less Chattering



Appl. Sci. 2019, 9, 1284 8 of 21

In our proposed scheme during the reaching phase, the gain kd was multiplied with perturbation
ψ and reduced the effect of perturbation more than conventional SMC. That’s why in PDSMC, a small
switching gain K′ was required as compared with conventional SMC gain K. Due to the large gain
K in SMC, the chattering was observed in the output of SMC, whereas there was small chattering
in PDSMC.

b. Insensitive to High Frequency Perturbation

When the system reached the sliding surface, or was inside the boundary layer |s| ≤ εc, a transfer
function which was a low pass filter between the sliding surface and perturbation was obtained
in PDSMC. The breaking frequency of this filter K′

εc
, was smaller than the breaking frequency K

εc
of

conventional SMC (K′ < K). This meant that during the sliding phase, our proposed scheme was
insensitive to the high-frequency perturbation signal.

The two points mentioned above are the advantages of PDSMC. In the next section, PDSMC is
integrated with SPO, and its characteristics will be compared with conventional SMCSPO.

2.3.2. Integration of PDSMC and SPO (PDSMCSPO)

This section presents the integration of PDSMC with the sliding perturbation and (SPO).
The fusion PDSMC with SPO generated a new robust control algorithm, PDSMCSPO, with perturbation
compensation. This PDSMCSPO utilized only partial state feedback (position) to estimate the velocity
and perturbation and utilizing this information to control the system.

ŝ = kd ·
.
ê + kp · ê (36)

In the relation above, ê = x̂ − xd was the estimated error. kp&kd were proportional and
the derivative gain of the proportional-integral-derivative controller (PID). It was assumed that
kp > 1, 0 < kd < 1. The actual sliding surface is defined as below.

The estimated error of the sliding surface is shown below.

s̃ = ŝ− s (37)

By using Equation (28) and Equation (36) it can be computed as

s̃ = kd ·
.
x̃1 + kp · x̃1 (38)

The control u was selected such that it satisfied the condition ŝ ·
.
ŝ ≤ 0 during the reaching

phase. To satisfy this condition,
.
ŝ should be equal to

.
ŝ = −K · sat(ŝ). After taking the derivative of

Equation (36) and using Equation (11), the following equation was obtained.

.
ŝ = kd · α3 · u−x̃1

{
kd · k2

εo
+

kp · k1

εo
−

kd · k2
1

εo

}
−
{

kd · k1

εo

}
x̃2

+kp
{

x̂2 −
.
xd
}
− kd ·

..
xd + kd · ψ̂

(39)

In Equation (39) above, it was assumed that x̃2 = 0 to enforce Equation (20). After putting the
value of

.
ŝ in Equation (21), we get the following control input u.

u =
1
α3

[−K′

kd
sat(ŝ) + x̃1

{
kp · k1

kd · εo
+

k2

εo
−

k2
1

εo

}
−

kp

kd

{
x̂2 −

.
xd
}
− ψ̂ +

..
xd] (40)
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After substituting Equation (40) into Equation (39), the resulting
.
ŝ dynamics had the effect of

state estimation error as shown, but this time, the derivative gain was multiplied with this error and
reduced the effect on the

.
ŝ dynamics because the value of this gain, kd, was less than unity.

.
ŝ = −K′

εc
· ŝ− kd · k1

εo
· x̃2 (41)

In the equation above, it can be seen that during the reaching phase, the
.
ŝ dynamics were affected

by the state estimates error x̃2 to enforce the sliding condition in Equation (20).

K′ >
kd · k2

1
εo

(42)

When the system reached the sliding surface or the prescribed manifold |ŝ| ≤ εc, the actual s
dynamics were obtained as shown below by using Equation (37).

.
s +

K
εc

s = x̃1

{
kd · k2

εo
−
(

K
εc
− k1

εo

)(
kp −

k1 · kd
εo

)}
− x̃2

{
K · kd

εc
+ kp

}
− kd · ψ̃ (43)

2.3.3. Design Procedure

This section presents the general design procedure for PDSCMSPO. When the condition |ŝ| ≤ εc,∣∣∣∼x1

∣∣∣ ≤ εo had been achieved, it was assumed that c = K
εc

and c =
kp
kd

. The controller and observer
dynamics took place in the following form.

.
x̃1.
x̃2.
x̃3
.
s

 =


−k1
εo

1 0 0
−k2
εo

α2
3 −α3 0

0 α3
3 −α2

3 0
kdk2

εo
− ( K

εc
− k1

εo
)(kp − k1·kd

εo
) (K·kd

εo
+ kp + α2

3) kd · α3
−K
εc




x̃1

x̃2

x̃3

s

+


0
0
1
0

 .
ψ
α3

(44)

It appears like a conventional Luenberger observer and for the stability satisfaction we used the
pole placement technique. The characteristic equation of the matrix above is shown below.

[λ +
K
εc
]

[
λ3 +

(
k1

εo

)
λ2 +

(
k2

εo

)
λ + α2

3

(
k2

εo

)]
= 0 (45)

And the desired 4th order polynomial equation is given below.

(s + λd)
4 = s4 + 4 · s3 · λd + 6 · s2 · λ2

d + 4 · s · λ3
d + λ4

d (46)

Comparing the coefficients of Equations (45) and (46), we get the following set of equations.

k1

εo
= 3λd,

k2

εo
= λd, α3=

√
λd
3

,
K
εc

= λd,
kp

kd
= λd (47)

From the structure of SPO, the relation between estimated perturbation and actual perturbation
was derived as shown below, which was a low pass filter between estimated perturbation and actual
perturbation with breaking frequency λd.

ψ̂

ψ
=

λ3
d

(p + λd)
3 (48)

A large value of λd increased the accuracy of perturbation estimation. Better perturbation
estimation accuracy meant better system performance. The Bode plot of the relation above can be seen
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in Figure 3. The red line (dotted) is when λd = 30 (15 rad/s breaking frequency) and the blue line
λd = 30 (25 rad/s).
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2.3.4. Proposed Scheme Characteristics

a. Attenuation of Perturbation Signal During the Sliding Phase.

The transfer function between the sliding surface and perturbation for both control schemes for
our proposed one (PDSMCSPO) Equation (49) and conventional (SMCSPO) one Equation (50) are
shown below.

s
ψ

=
kd · p3 + p2(kp + 4 · kd · λd

)
+ p

(
kp · λd + 9 · λ2

d · kd
)

(p + λd)
4 (49)

s
ψ

=
p3 + 5 · λd · p2 + 10 · λ2

d · p
(p + λd)

4 (50)

In Figure 4, the red line is the Bode plot of SMCSPO and the blue line (dotted)is for PDSMCSPO.
It can be seen that our proposed logic attenuated the incoming perturbation signal better as compared
to SMCSPO during the sliding phase. The value of lambda is 30 for both schemes.
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b. Small Output Error
This robust control PDSMCSPO had small output error compared with conventional SMCSPO

because this scheme attenuated the perturbation signal more than conventional SMCSPO. Figure 3 is
the Bode plot between the error and perturbation. It can be seen that PDSMCSPO attenuated
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perturbation more than SMCSPO. The transfer function between error and perturbation for both
schemes, PDSMCSPO Equation (51), and SMCSPO Equation (52) are shown below.

e
ψ

=
kd · p3 + p2(kp + 4 · kd · λd

)
+ p

(
kp · λd + 9 · λ2

d · kd
)

0.5 · (p + λd)
5 (51)

e
ψ

=
p3 + 5 · λd · p2 + 10 · λ2

d · p
(p + λd)

5 (52)

In Figure 5, the blue line (dotted), PDSMCSPO, has more attenuation capability than the red line,
SMCSPO. The value of lambda = 30.
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c. Faster Convergence.
Our proposed scheme had faster convergence to the desired state as compared with conventional

SMCSPO. The reaching time can be calculated as:

tr ≤
so

η
(53)

η is a constant which can be defined as:

K = η + ψ (54)

Step input is given to the system.

i. SMCSPO

From Equation (17).
ŝ =

.
ê + c · ê

In case of step input r = 1, y = 0,
.
y = 0.

.
r = 0.

ŝ0 =
.
r−

.
ŷ + c(r− ŷ) (55)

.
r = 1,

.
ŷ = 0, ŷ = 0 at time t = 0.

So Equation (55) becomes:
ŝ0 = c (56)

tr ≤
c
η

(57)

ii. PDSMCSPO
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From Equation (36)
ŝ = kd ·

.
ê + kp · ê

In case of step
.
r = 1,

.
ŷ = 0, ŷ = 0 at time t = 0.

ŝ = kd(
.
r−

.
ŷ) + kp(r− ŷ) (58)

Equation (58) above becomes:
ŝ = kp (59)

And it is known that kp < c so that the reaching time is smaller in PDSMCSPO.

3. Simulation and Experimental Results

In this section, the simulation and experimental results are shown. A mass damper system
was considered for simulation, and an experiment was conducted on the link of the hydraulic
robot manipulator.

3.1. Simulation Results of SMC and PDSMC

In this section, simulation results of SMC and PDSMC are presented. Parameter values can be
seen in Table 2. In the simulation, we considered external disturbance a constant value (500) and the
parameters of the system were selected on the basis of this disturbance. As discussed earlier, the gain
K should be greater than the upper bound of perturbation in Equation (9). That’s why the value of
switching gain K = 550 (SMC) was greater than disturbance 500. In the PDSMC case, the gain K’ = 275
follows Equation (44).

Table 2. SMC and PDSMC paramters.

Serial. NO SMC PDSMC

1 K = 550 K = 275
2 C = 16 kp = 8, kd = 0.5
3 D = 500 D = 500
4 Step input Step input

Step input was given to the system and the following results were observed.

3.1.1. Step Output

Chattering was observed in the output of SMC whereas the PDSMC output had less chattering
which can be seen in Figure 6. The solid red line shows the output of SMC which has chattering
effects and the dotted blue line shows the output of PDSMC which has a small amount of chattering.
As mentioned earlier, the switching gain K of PDSMC was smaller than SMC.

Appl. Sci. 2019, x FOR PEER REVIEW  12 of 21 

𝑠̂ = 𝑘ௗ ∙ 𝑒̂ሶ + 𝑘௣ ∙ 𝑒̂  

In case of step 𝑟ሶ = 1, 𝑦ොሶ = 0, 𝑦ො = 0 at time t = 0. 𝑠̂ = 𝑘ௗ൫𝑟ሶ − 𝑦ොሶ൯ + 𝑘௣(𝑟 − 𝑦ො) (58) 

Equation (58) above becomes: 𝑠̂ = 𝑘௣ (59) 

And it is known that 𝑘௣ < 𝑐 so that the reaching time is smaller in PDSMCSPO. 

3. Simulation and Experimental Results 

In this section, the simulation and experimental results are shown. A mass damper system was 
considered for simulation, and an experiment was conducted on the link of the hydraulic robot 
manipulator. 

3.1. Simulation Results of SMC and PDSMC 

In this section, simulation results of SMC and PDSMC are presented. Parameter values can be 
seen in Table 2. In the simulation, we considered external disturbance a constant value (500) and the 
parameters of the system were selected on the basis of this disturbance. As discussed earlier, the gain 
K should be greater than the upper bound of perturbation in Equation (9). That’s why the value of 
switching gain K = 550 (SMC) was greater than disturbance 500. In the PDSMC case, the gain K’ = 275 
follows Equation (44). 

Table 2.SMC and PDSMC paramters. 

Serial. NO SMC PDSMC 
1 K = 550 K = 275 
2 C = 16 𝑘௣ = 8, 𝑘ௗ = 0.5 
3 D = 500 D = 500 
4 Step input Step input 

Step input was given to the system and the following results were observed. 

3.1.1. Step Output 

Chattering was observed in the output of SMC whereas the PDSMC output had less chattering 
which can be seen in Figure 6. The solid red line shows the output of SMC which has chattering effects 
and the dotted blue line shows the output of PDSMC which has a small amount of chattering. As 
mentioned earlier, the switching gain K of PDSMC was smaller than SMC. 

 

Figure 6. Sliding mode control (SMC) and proportional derivative sliding mode control (PDSMC)
output response against step input.



Appl. Sci. 2019, 9, 1284 13 of 21

3.1.2. Sliding Surface Response

Figure 7 shows the sliding surface behavior of both controller schemes. It can be seen that there
was a big overshoot in SMC (red line) as compared to PDSMC (blue line), which had smaller overshoot.
Chattering was also in the sliding surface of SMC (solid red line), and on the other side, PDSMC had
a small amount of chattering.
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3.1.3. Low Pass Filter Characteristics

It was mentioned in the previous chapter that PDSMC had low pass filter characteristics compared
with SMC because the breaking frequency of PDSMC is smaller than SMC. It emphasized that
during the sliding phase, when PDSMC was insensitive to high-frequency perturbation compared to
conventional SMC. In Figure 8, the breaking frequency of SMC was 550 (rad/s, blue line), whereas the
breaking frequency of PDSMC was 275 (rad/s, red line).
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Figure 8. Bode plot of sliding surface over perturbation.

To understand this phenomenon, the following scheme was made. External sine wave
disturbances of different frequencies were introduced in the simulation, and the effect of this
disturbance was observed on the sliding surface.

Case 1

An external sine wave whose frequency was 50 (rad/s) was introduced in the simulation. It was
observed that this frequency was less than the breaking frequency of both controllers, so it affected the
sliding surface of both controllers. Figure 9 shows the effect of disturbance on both sliding surfaces.
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The sine wave disturbance of frequency 300 (rad/s) was introduced since we know that the
breaking frequency of SMC was 550 (rad/s) and PDSMC 275 (rad/s). This disturbance frequency was
less than the breaking frequency of SMC, so it affected the SMC sliding surface whereas it did not
affect PDSMC. In Figure 10, chattering is visible in the solid red line (SMC), whereas the sliding surface
of PDSMC (dotted blue line) has no chattering during the sliding phase.

Appl. Sci. 2019, x FOR PEER REVIEW  14 of 21 

An external sine wave whose frequency was 50 (rad/s) was introduced in the simulation. It was 
observed that this frequency was less than the breaking frequency of both controllers, so it affected 
the sliding surface of both controllers. Figure 9 shows the effect of disturbance on both sliding 
surfaces. 

 
Figure 9. Effect of disturbance on sliding surface. 

Case 2 

The sine wave disturbance of frequency 300 (rad/s) was introduced since we know that the 
breaking frequency of SMC was 550 (rad/s) and PDSMC 275 (rad/s). This disturbance frequency was 
less than the breaking frequency of SMC, so it affected the SMC sliding surface whereas it did not 
affect PDSMC. In Figure 10, chattering is visible in the solid red line (SMC), whereas the sliding 
surface of PDSMC (dotted blue line) has no chattering during the sliding phase. 

 
Figure 10. Effect of disturbance on sliding surface. 

Case 3 

In this case, disturbance frequency was greater than the breaking frequency of both controllers, 
so it did not affect the sliding surface of both schemes as shown in Figure 11. 

Figure 10. Effect of disturbance on sliding surface.

Case 3

In this case, disturbance frequency was greater than the breaking frequency of both controllers,
so it did not affect the sliding surface of both schemes as shown in Figure 11.



Appl. Sci. 2019, 9, 1284 15 of 21
Appl. Sci. 2019, x FOR PEER REVIEW  15 of 21 

 
Figure 11. Effect of disturbance on sliding surface. 

Table 3 below summarizes the whole phenomena. 

Table 3. Effect of different frequency disturbances in sliding surface. 

Serial. No SMC PDSMC Disturbance 
1 affected affected D < 275 (rad/s) 
2 affected not affected 275 < D <550 
3 not affected not affected D > 550 

3.2. Simulation Results of SMCSPO and PDSMCSPO 

In this section simulation results of both robust control schemes with perturbation compensation 
are presented. 

3.2.1. SMCSPO 

The control input to the system in the case of SMCSPO is shown below. 𝑢௦௠௖௦௣௢ = 𝐽 ∙ 𝛼ଷ ∙ 𝑢 + 𝐷 ∙ 𝑥ොଶ (60) 

where 𝑢 is defined as |𝑠̂| > 𝜀௖ 𝑢 = 1𝛼ଷ [−𝐾. 𝑠𝑎𝑡(𝑠̂) + 𝑥෤ଵ ቊ𝑘ଶ𝜀௢ + 𝑐 ∙ 𝑘ଵ𝜀௢ − 𝑘ଵଶ𝜀௢ ቋ − 𝑐(𝑥ଶ − 𝑥ሶௗ) − 𝜓෠ + 𝑥ሷௗ] (61) 

When |𝑠̂| ≤ 𝜀௖ 𝑢 = 1𝛼ଷ [− 𝐾. 𝑠̂𝜀௖ + 𝑥෤ଵ ቊ𝑘ଶ𝜀௢ + 𝑐 ∙ 𝑘ଵ𝜀௢ − 𝑘ଵଶ𝜀௢ ቋ − 𝑐 ∙ (𝑥ොଶ − 𝑥ሶௗ) − 𝜓෠ + 𝑥ሷௗ] (62) 

3.2.2. PDSMCSPO 

The control input to the system in the case of PDSMCSPO is shown below. 
When |𝑠̂| > 𝜀௖ 𝑢 = 1𝛼ଷ [− 𝐾′𝑘ௗ 𝑠𝑎𝑡(𝑠̂) + 𝑥෤ଵ ቊ𝑘௣ ∙ 𝑘ଵ𝑘ௗ ∙ 𝜀௢ + 𝑘ଶ𝜀௢ − 𝑘ଵଶ𝜀௢ ቋ − 𝑘௣𝑘ௗ (𝑥ොଶ − 𝑥ሶௗ) − 𝜓෠ + 𝑥ሷௗ] (63) 

When |𝑠̂| ≤ 𝜀௖ 𝑢 = 1𝛼ଷ [− 𝐾ᇱ. 𝑠̂𝑘ௗ ∙ 𝜀௖ + 𝑥෤ଵ ቊ𝑘௣ ∙ 𝑘ଵ𝑘ௗ ∙ 𝜀௢ + 𝑘ଶ𝜀௢ − 𝑘ଵଶ𝜀௢ ቋ − 𝑘௣𝑘ௗ (𝑥ොଶ − 𝑥ሶௗ) − 𝜓෠ + 𝑥ሷௗ] (64) 

System parameters for both schemes are shown in Table 4. 

Figure 11. Effect of disturbance on sliding surface.

Table 3 below summarizes the whole phenomena.

Table 3. Effect of different frequency disturbances in sliding surface.

Serial. No SMC PDSMC Disturbance

1 affected affected D < 275 (rad/s)
2 affected not affected 275 < D <550
3 not affected not affected D > 550

3.2. Simulation Results of SMCSPO and PDSMCSPO

In this section simulation results of both robust control schemes with perturbation compensation
are presented.

3.2.1. SMCSPO

The control input to the system in the case of SMCSPO is shown below.

usmcspo = J · α3 · u + D · x̂2 (60)

where u is defined as |ŝ| > εc

u =
1
α3

[−K · sat(ŝ) + x̃1

{
k2

εo
+

c · k1

εo
−

k2
1

εo

}
− c
(

x2 −
.
xd
)
− ψ̂ +

..
xd] (61)

When |ŝ| ≤ εc

u =
1
α3

[−K · ŝ
εc

+ x̃1

{
k2

εo
+

c · k1

εo
−

k2
1

εo

}
− c ·

(
x̂2 −

.
xd
)
− ψ̂ +

..
xd] (62)

3.2.2. PDSMCSPO

The control input to the system in the case of PDSMCSPO is shown below.
When |ŝ| > εc

u =
1
α3

[−K′

kd
sat(ŝ) + x̃1

{
kp · k1

kd · εo
+

k2

εo
−

k2
1

εo

}
−

kp

kd

(
x̂2 −

.
xd
)
− ψ̂ +

..
xd] (63)
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When |ŝ| ≤ εc

u =
1
α3

[− K′ · ŝ
kd · εc

+ x̃1

{
kp · k1

kd · εo
+

k2

εo
−

k2
1

εo

}
−

kp

kd

(
x̂2 −

.
xd
)
− ψ̂ +

..
xd] (64)

System parameters for both schemes are shown in Table 4.

Table 4. Parameters.

Serial. No SMCSPO PDSMCSPO

1 λ = 30 λ = 30

2 εo, εc = 1 εo, εc = 1

3 k1
εo

= 90 k1
εo

= 90

4 k2
εo

= 2700 k2
εo

= 2700

5 α3 = 3.16 α3 = 3.16

6 K
εc

= 30 K
εc

= 30

7 kp
kd

= 30, kd = 0.5, kp = 15 c = kp
kd

= 30

8 Input = step Input = step

3.2.3. Step Output

Step input was given to the system to observe the results. It was observed that the convergence of
the output of PDSMCSPO was faster than SMCSPO. The reason was explained in the control theory
chapter. In Figure 12, it is visible that the output response of PDSMCSPO (blue line) is faster than the
SMCSPO (red line).
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3.2.4. Sliding Surface Response

The convergence time of the sliding surface of PDSMCSPO was faster than SMCSPO. In Figure 13,
it can be seen that the PDSMCSPO (blue line) sliding surface reached zero faster than SMCSPO
(red line), and the starting point of PDSMCSPO was almost half of SMCSPO.
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To understand the mathematics of control theory, a sine wave of 1 (rad/s) with an amplitude of
1 was given to the system with lambda = 30 and a disturbance which was the sum of a constant (100),
a sine and cosine wave of different frequencies were given to the system, and the following results
were observed.

3.2.5. Output Error over Perturbation

As it has been discussed in Chapter 2 that our proposed scheme for PDSMCSPO has more
attenuation capability compared to SMCSPO. In Figure 14, it is visible that the trajectory tracking error
in the case of SMCSPO is larger than our proposed scheme. The dotted blue line is the error trajectory
of PDSMCSPO and the solid red line about SMCSPO.
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3.2.6. Sliding Surface over Perturbation

As was mentioned in Chapter 2, the effect of the perturbation signal on the sliding surface in our
proposed scheme was less than conventional SMCSPO. In Figure 2, it can be seen that PDSCMSPO
attenuated the perturbation signal more than SMCSPO, which can be noticed in Figure 15. The solid
red line is the sliding surface of SMCSPO, which was affected more by perturbation compared to the
dotted blue line for PDSMCSPO.
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3.3. Experimental Results

For the experiment, the third link of the hydraulic robot manipulator in Figure 4was considered.
It was known that the hydraulic system was highly non-linear in nature and had many uncertainties.
As a result, the controller without an observer like SMC and PDSMC, did not have a good performance.
Therefore, only two controllers with perturbation compensation have been implemented on the real
system. An input sine wave was given to the real system, and the experiment was done with different
values of lambda (20 and 30). The desired trajectory was a sine wave with a frequency of 1 (rad/s).

The experimental result of the error trajectory between SMCSPO and PDSMCSPO is shown in
Figure 16 with lambda = 20. The parameters of both algorithms are the same as those used in the
simulation. The solid red line shows the error trajectory of SMCSPO. As we can see, SMCSPO had
more error than PDSMCSPO. The reason was that PDSMCSPO had more attenuation towards the
perturbation signal during the sliding phase as discussed before (Figure 14). The dotted blue line is the
error trajectory of PDSMCSPO which has a smaller error.
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In the next experiment, the value of lambda was increased from 20 to 30. As it is shown in
Figure 17, with an increase in the value of lambda, the attenuation of the perturbation signal increases.
As a result, error decreases, which can be seen in Figure 17. The solid red line is the error trajectory of
SMCSPO, and the blue line is the error trajectory of PDSMCSPO. The trajectory error was reduced in
both cases because of the increment in the value of lambda.
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4. Conclusions

In this research, a new robust control algorithm was proposed by altering the sliding surface
of conventional SMC. The control performance of SMC, PDSMC, SMCSPO, and PDSMCSPO were
compared through simulation and experimental results. The multiplication of small gain kd with the
velocity error term in the sliding surface reduced chattering from the system output as well as the
sliding surface. During the sliding phase, this small gain was less than unity, which is multiplied with
the perturbation and reduced the effect of perturbation on the system. As a result, a smaller value of
switching gain was required compared to conventional SMC. The smaller the value of switching gains,
the smaller the chattering. This small gain kd had shrunk the pass band of the low pass filter between
the sliding surfaces over perturbation. Because of that, during the sliding phase, the system remained
insensitive to high-frequency perturbation.

The integration of PDSMC in SPO generated a more robust control scheme that used a perturbation
compensation technique. It was observed that the convergence of output to the desired states was faster
in PDSMCSPO compared with conventional SMCSPO. In this new scheme, the effect of estimation
error of state on the estimated sliding surface was reduced. During the sliding phase, the system
remained insensitive from perturbation because the Bode plot between error and perturbation had
more attenuation capability compared with conventional SMCSPO. The bode plot between the sliding
surface and perturbation also has more attenuation capacity compared with previous techniques.
This new robust control scheme shows outstanding performance which includes faster convergence to
the desired state and less error in both output and sliding surface when compared with SMCSPO in
both simulation and experimental results.
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