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Abstract: This paper presents a free vibration analysis of functionally graded (FG) polymer composite
curved nanobeams reinforced with graphene nanoplatelets resting on a Pasternak foundation.
The size-dependent governing equations of motion are derived by applying the Hamilton’s principle
and the differential law consequent (but not equivalent) to Eringen’s strain-driven nonlocal integral
elasticity model equipped with the special bi-exponential averaging kernel. The displacement
field of the problem is here described in polar coordinates, according to the first order shear
deformation theory. A large parametric investigation is performed, which includes different FG
patterns, different boundary conditions, but also different geometrical parameters, number of layers,
weight fractions, and Pasternak parameters.

Keywords: composite curved nanobeam; first-order shear deformation theory; graphene nanoplatelet;
Pasternak foundation; size-dependent vibration

1. Introduction

The continuous development of novel materials with increased mechanical performances and low
density has encouraged the adoption of novel reinforcements, such as carbon nanotubes and graphene
platelets. It is well known from the literature that the addition of carbon nanotubes and graphene
platelets within a matrix leads to a general increase of the structural stiffness and a decrease of
the density. In the experimental results by Rafiee et al. [1], for example, the Young’s modulus of
the epoxy matrix was increased by 31%, with the addition of 0.1% of graphene platelet reinforcement.
Based on another experimental investigation performed by Liang et al. [2], the introduction of 0.7%
of weight fraction of graphene platelet reinforcement in the matrix was demonstrated to increase
the tensile strength by 76%, and the Young’s modulus by 62%. Despite a large amount of experimental
and theoretical studies, the literature has focused on the mechanical response of structures reinforced
with carbon nanotubes, with an increased attention has been paid to composite structures reinforced
with graphene nanoplatelets (GPLs), as in the following review.

Shen et al. [3] analytically studied the vibration behavior of functionally graded (FG)
graphene-reinforced composite laminated plates, accounting for the nonlinear strain field and the presence
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of an elastic foundation. A perturbation method was adopted by the authors to derive the nonlinear natural
frequencies of FG graphene-reinforced composites, and to evaluate the sensitivity of the mechanical
response to different boundary conditions, reinforcement patterns, and foundation parameters.
A buckling analysis of cylindrical shells reinforced with graphene platelet was also performed by
Wang et al. [4], where the effective mechanical properties of the material were evaluated based on
the Halpin-Tsai micromechanical model and the rule of mixtures.

The free and forced vibration response of FG multilayer GPL/polymer composite plates was also
studied by Song et al. [5], according to the first-order shear deformation plate theory. Navier’s solution
was proposed to derive the explicit expressions for natural frequencies and amplitudes of free
and forced vibrations. Based on a parametric investigation, the authors verified the high sensitivity
of the mechanical response on the GPL weight fraction, as well as on the number of layers
and dimensionless geometrical parameters. In addition, Feng et al. [6] presented the main results
of a nonlinear free vibration analysis of beams reinforced by graphene platelets. The problem was
formulated according to the Timoshenko’s beam theory and solved numerically by applying the Ritz
method. The authors, in their work, verified the high sensitivity of the nonlinear vibration response
to different reinforcement distributions, weight fractions, geometry, dimensions, and total number
of layers.

A different approach based on the third-order shear deformation theory and nonlocal strain
gradient beam model was used by Sahmani and Aghdam [7] for the nonlinear vibration analysis
of FG graphene platelet-reinforced composite nanobeams. Hamilton’s principle was used to derive
the nonlinear governing equations of motion, whereas an analytical expression for the nonlinear
size-dependent natural frequencies was determined by means of the perturbation technique
and Galerkin method.

Zhao et al. [8] investigated the bending and vibration response of FG trapezoidal plates reinforced
with GPLs based on the finite element method. In detail, the effective modulus of elasticity, together with
the Poisson’s ratio and density, were computed according to the Halpin-Tsai micro-mechanical model
and the rule of mixtures. The static and dynamic behavior of the reinforced plate was evaluated for
varying patterns and weight fractions of GPL. A further work based on Timoshenko’s beam theory
and von Kármán nonlinear relations was proposed by Chen et al. [9] to study the free vibration and post
buckling behavior of multilayer FG porous nanocomposite beams reinforced by GPLs. The authors
applied a direct iterative algorithm and Ritz method to investigate the influence of the weight fraction
and dispersion pattern within the material, as well as the geometry and dimension of the structure.
Furthermore, Wang et al. [10] applied the finite element approach to evaluate the stability of FG
graphene platelet-reinforced cylindrical shells, including a cutout. A large parametric investigation was
performed numerically to investigate the influence of the weight fraction, geometry and distribution of
GPLs, total number of layers, shell dimensions, and location of the cutout on the buckling response.

In addition, Yang et al. [11] presented a three dimensional thermo-elastic analysis of axially
symmetric FG polymer nanocomposite circular and annular plates reinforced with GPLs subjected
to coupled thermal-mechanical loading. The problem was solved based on the generalized method
proposed by Mian and Spencer, according to which a low content of GPLs was required to significantly
improve the global stiffness of the plate. Kitipornchai et al. [12] applied Timoshenko’s beam theory
for the analysis of the free vibration and buckling behavior of FG porous nanocomposite beams,
with various distributions of internal pores and graphene platelets. Based on a large numerical
investigation, an effective increase of the stiffness was reached for a uniform distribution of the porosity
and GPL within the matrix. A different approach based on the first order shear deformation theory
and von-Karman nonlinear strain theory was applied by Song et al. [13] for the nonlinear analysis
of the buckling and post buckling response of FG multilayer composite plates reinforced with GPLs.
Thus, an eigenvalue problem was solved by the authors using a two-step perturbation technique.
A further interesting work on the topic was proposed by Feng et al. [14], who studied the nonlinear
bending behavior of multi-layer polymer nanocomposite beams reinforced with graphene platelets,
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based on the Timoshenko’s beam theory, as well as the von Kármán nonlinear relations and the Ritz
method. Based on the numerical results, the nonlinear deformations of the nanostructure were
unaffected by symmetrical distributions of graphene platelets. Similarly, Gholami and Ansari [15]
applied the von Kármán nonlinear strain-displacement relations together with a sinusoidal shear
deformation plate approach to investigate the nonlinear bending response of FG multilayer graphene
platelet-reinforced polymer composite materials.

Many other works in the literature have focused on the static, dynamic, and buckling behavior of
FG-reinforced nanobeams and nanostructures [16–49]. More specifically, Song et al. [16] employed
the first-order shear deformation theory for the bending and compressive buckling analysis of FG
multilayer GPLs. The effective Young’s modulus of the nanocomposites and Poisson’s ratio were
determined using the Halpin-Tsai micromechanics model and the rule of mixtures, respectively.
Hosseini and Rahmani [17] studied the free vibration problem of a FG curved nanobeam by applying
Hamilton’s principle. The Navier method was proposed by the authors to solve the governing
equations of motion for a simply-supported curved nanobeam, while evaluating the sensitivity of
the response to the nonlocal parameter, opening angle, aspect ratio, mode number, and gradient
index. A nonlocal strain gradient elasticity theory and higher order hyperbolic refined beam theory
were suggested by Ebrahimi and Barati [18] as alternative tools to solve the buckling problems
of FG curved nanobeams. The numerical results were evaluated comparatively with respect to
the straight configuration, assumed as the reference geometry (i.e., for an infinite radius of curvature),
and the main effect of the nonlocal parameter, length scale, power-law exponent, boundary condition,
and slenderness ratio were evaluated on the buckling load of curved nanobeams. A free vibration study
of curved sandwich nanobeams was also performed by Rahmani et al. [19], according to the Eringen’s
nonlocal theory, whereby a meaningful decrease of the natural frequency was observed for increasing
opening angles of the nanostructures.

A further study of the statics and dynamics of curved single-walled carbon nanotubes was
approached by Hayati et al. [20], based on the nonlocal theory, whose problem was solved using Navier’s
method. A different approach based on the sinusoidal shear deformation theory was applied by Arefi
and Zenkour [21,22] for the analysis of a sandwich microbeam and nanoplate, respectively. Some
additional static and dynamic analyses of curved beams at the nano- and macro-scales were presented by
Aya and Tufekci [23], as well as by Hajianmaleki and Qatu [24], respectively. A nonlocal elasticity solution
and wave propagation analysis of nanoplates and nanorods were proposed by Arefi and Zenkour [25,26],
whereas the sinusoidal shear deformation theory was applied for the study of the transient response of
curved beams [27]. A large variety of size-dependent theories of elasticity have been applied recently
in literature to study the mechanics of nanostructures, including Eringen’s nonlocal models [28–31],
modified couple stress theories [32–36], and nonlocal strain gradient laws [37,38]. Many further coupled
nonlinear problems involving composite nanostructures can be found in previous studies [39–49].

Based on the available literature on the vibration and bending response of beams and plates
reinforced with GPLs at the macroscale [3–17], as well as on the curved beams at the macro-
and nano-scales [18–27], here we propose a combined study of curved nanobeams reinforced with
nanoplatelets. In mechanical problems of technical interest, the elastic equilibrium is generally defined
in bounded structural domains, so that suitable constitutive boundary conditions have to be prescribed
to ensure the equivalence between integral and differential equations [33]. It has been recently proven
that constitutive boundary conditions are in contrast with equilibrium requirements, so that Eringen’s
strain-driven integral model leads to ill-posed structural problems, and therefore it is inapplicable
to nanostructures. These difficulties have been overcome by adopting the innovative stress-driven
nonlocal integral formulation of elasticity recently proposed in a previous study [33] and applied to
static, thermal, vibration, and buckling problems in several papers.

Herein, we tackle the problem according to Eringen’s nonlocal differential model and the first order
shear deformation theory, where the vibration response of FG polymer composite curved nanobeams
reinforced with GPLs is analyzed in detail, as useful for practical engineering applications. The Halpin-Tsai
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model and the rule of mixtures are here applied to compute the effective Young’s modulus, density,
and Poisson’s ratio of the FG curved nanobeam, respectively. The analytical solution of the problem
is here analyzed parametrically for varying boundary conditions, reinforcement distributions, weight
fractions, number of layers, and Pasternak foundation parameters, while evaluating the sensitivity of
the vibration global response.

The paper is organized as follows: in Section 2 the effective material properties and constitutive
relations are detailed; Section 3 is devoted to the numerical solution of the problem; a number of
illustrative applications are discussed and compared to the available literature in Section 4, and, finally,
in Section 5 the concluding remarks are reported.

2. Effective Material Properties and Constitutive Relations

Consider a curved nanobeam with length L, thickness h, and width b (Figure 1). The composite
nanobeam is reinforced by GPLs, with NL layers of thickness ∆h = h/NL. The reinforcement
features a uniform distribution within the polymer matrix at each layer. The GPL weight fraction
changes linearly along the thickness direction to form a FG material structure. Four patterns are
herein considered for functionalities, namely, a uniform distribution (UD) (labeled also as Pattern 1),
two FG symmetric distributions (labeled as FG-O and FG-X Patterns, or equivalently Pattern 2 and 3),
and an asymmetrical FG distribution (labeled as FG-A Pattern, or equivalently, Pattern 4), see Figure 2.
The weight fraction of GPLs is, thus, varied along thickness direction, whereas the effective Young’s
modulus of each nanocomposite layer is computed based on the Halpin-Tsai algebraic formula,
as follows [50]

Appl. Sci. 2019, x, x FOR PEER REVIEW   4 of 21 

4 
 

nanobeams  reinforced  with  GPLs  is  analyzed  in  detail,  as  useful  for  practical  engineering 

applications.  The Halpin‐Tsai model  and  the  rule  of mixtures  are  here  applied  to  compute  the 

effective Youngʹs modulus, density, and Poisson’s ratio of the FG curved nanobeam, respectively. 

The  analytical  solution  of  the  problem  is  here  analyzed  parametrically  for  varying  boundary 

conditions,  reinforcement  distributions,  weight  fractions,  number  of  layers,  and  Pasternak 

foundation parameters, while evaluating the sensitivity of the vibration global response.  

The  paper  is  organized  as  follows:  in  Section  2  the  effective  material  properties  and 

constitutive relations are detailed; Section 3 is devoted to the numerical solution of the problem; a 

number of illustrative applications are discussed and compared to the available literature in Section 

4, and, finally, in Section 5 the concluding remarks are reported.  

2. Effective Material Properties and Constitutive Relations 

Consider a curved nanobeam with length L, thickness h, and width b (Figure 1). The composite 

nanobeam is reinforced by GPLs, with 𝑁  layers of thickness 𝛥ℎ ℎ 𝑁⁄ . The reinforcement features 

a uniform distribution within  the polymer matrix at each  layer. The GPL weight  fraction changes 

linearly  along  the  thickness  direction  to  form  a  FG material  structure.  Four  patterns  are  herein 

considered for functionalities, namely, a uniform distribution (UD) (labeled also as Pattern 1), two 

FG symmetric distributions (labeled as FG‐O and FG‐X Patterns, or equivalently Pattern 2 and 3), 

and  an  asymmetrical  FG  distribution  (labeled  as FG‐A  Pattern,  or  equivalently,  Pattern  4),  see 
Figure  2.  The  weight  fraction  of  GPLs  is,  thus,  varied  along  thickness  direction,  whereas  the 

effective  Youngʹs modulus  of  each  nanocomposite  layer  is  computed  based  on  the Halpin‐Tsai 

algebraic formula, as follows [50] 

 

Figure 1. Mechanical model of a multi‐layer graphene nanoplatelets (GPL)/polymer nanocomposite 

curved nanobeam. 

Figure 1. Mechanical model of a multi-layer graphene nanoplatelets (GPL)/polymer nanocomposite
curved nanobeam.



Appl. Sci. 2019, 9, 1580 5 of 19
Appl. Sci. 2019, x, x FOR PEER REVIEW   5 of 21 

5 
 

 

Figure 2. Different patterns of multi‐layer GPL/polymer nanocomposite. 

( ) ( )
( ) 1 13 5

8 1 8 1

k k
k L L GPL w w GPL
C M M

L GPL w GPL

V V
E E E

V V

   
 

    
          

  (1) 

where 

( / ) 1

( / )
GPL M

L
GPL M L

E E

E E








  (2) 

( / ) 1

( / )
GPL M

w
GPL M W

E E

E E








  (3) 

and 𝐸 , 𝐸  stand for the Youngʹs modulus of the polymer and GPLs, respectively.  

In addition, in Equation (1), 
( )k
GPLV is the volume fraction of GPLs for each layer, while  L , w  

denote two dimensionless length and weight parameters, depending on the dimension of GPLs, as 

follows 

2 GPL
L

GPL

l
h    

 
  (4) 

2 GPL
w

GPL

w
h    

 
  (5) 

With  GPLl ,  GPLw ,  GPLh  being  the  length, width,  and  thickness  of GPL,  respectively.  In  addition,
 

( )k
GPLV  is defined as follows  

( )
( )

( ) ( )( / )(1 )

k
k GPL
GPL k k

GPL GPL M GPL

g
V

g g 


 
  (6) 

in which 
( )k
GPLg  is  the weight  fraction of GPL  at  each  layer, 𝜌  and 𝜌  denote  the density of  the 

polymer and GPL, respectively. 

The  effective  density  and  Poisson’s  ratio  of  the  nanocomposite  material  are  defined 

analytically, according to the rule of mixtures, as follows 

( ) ( ) ( )

( ) ( ) ( )

k k k
C GPL GPL M M

k k k
C GPL GPL M M

V V

V V

  

  

 

 
  (7) 

with 𝜈 , 𝜈  being the Poisson’s ratio of the polymer and GPL, respectively. Moreover, 
( )k
MV  is the 

volume  fraction of  the polymer  at  each  layer. The weight  fraction of  the GPLs  for  each  selected 

distribution reads as follows [16] 

Figure 2. Different patterns of multi-layer GPL/polymer nanocomposite.

E(k)
C =

3
8

1 + ξLηLV(k)
GPL

1− ηLVGPL

× EM +
5
8

1 + ξwηwV(k)
GPL

1− ηwVGPL

× EM (1)

where

ηL =
(EGPL/EM) − 1
(EGPL/EM) + ξL

(2)
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and EM, EGPL stand for the Young’s modulus of the polymer and GPLs, respectively.

In addition, in Equation (1), V(k)
GPL is the volume fraction of GPLs for each layer, while ξL, ξw denote

two dimensionless length and weight parameters, depending on the dimension of GPLs, as follows

ξL = 2
(

lGPL
hGPL

)
(4)

ξw = 2
(

wGPL
hGPL

)
(5)

With lGPL, wGPL, hGPL being the length, width, and thickness of GPL, respectively. In addition, V(k)
GPL is

defined as follows

V(k)
GPL =

g(k)GPL

g(k)GPL + (ρGPL/ρM)(1− g(k)GPL)
(6)

in which g(k)GPL is the weight fraction of GPL at each layer, ρM and ρGPL denote the density of the polymer

and GPL, respectively.
The effective density and Poisson’s ratio of the nanocomposite material are defined analytically,

according to the rule of mixtures, as follows

ρ
(k)
C = ρGPLV(k)

GPL + ρMV(k)
M

ν
(k)
C = νGPLV(k)

GPL + νMV(k)
M

(7)

with νM, νGPL being the Poisson’s ratio of the polymer and GPL, respectively. Moreover, V(k)
M is

the volume fraction of the polymer at each layer. The weight fraction of the GPLs for each selected
distribution reads as follows [16]

g(k)GPL =



g∗GPL UD(Pattern 1)

4g∗GPL

(
NL+1

2 −

∣∣∣∣k− NL+1
2

∣∣∣∣)/(2 + NL) FG−O (Pattern 2)

4g∗GPL

(
1
2 +

∣∣∣∣k− NL+1
2

∣∣∣∣)/(2 + NL) FG−X (Pattern 3)

2kg∗GPL/(NL + 1) FG−A (Pattern 4)

(8)
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where g∗GPL denote the weight fraction of GPL.
Now we introduce the constitutive relations of the nanocomposite curved nanobeam, based on

the first order shear deformation theory. Thus, the displacement field is defined as [51,52]

ur(r,θ, t) = ur(θ, t) (9)

uθ(r,θ, t) = uθ(θ, t) + ζχ(θ, t) (10)

where ζ = r − R denotes the general distance from the reference surface. In addition, ur(θ, t)
and uθ(θ, t) refer to the radial and circumferential displacement components at the middle surface
and χ(θ, t) is the rotation function.
Based on the previous displacement relations, the strain components are determined as

εrr =
∂ur

∂r
= 0 (11)

εθθ =
ur

r
+

1
r
∂uθ
∂θ

=
ur

R + ζ
+

1
R + ζ

∂uθ
∂θ

+
ζ

R + ζ
∂χ
∂θ

(12)

εrθ =
1
r
∂ur

∂θ
+
∂uθ
∂r
−

uθ
r

=
1

R + ζ
∂ur

∂θ
+ χ−

uθ
R + ζ

−
ζ

R + ζ
χ (13)

The whole analysis is based on the differential constitutive formulation [53–56], which can be considered
equivalent to the original Eringen integral convolution only for nonlocal problems defined in unbounded
domains, involving screw dislocations and surface waves [53](

1− µ2
∇

2
)
σ
(k)
θθ

= E(k)
C ε

(k)
θθ

(14)(
1− µ2

∇
2
)
σ
(k)
rθ = G(k)

C ε
(k)
rθ (15)

where µ is the nonlocal parameter and G(k)
C is the shear modulus at each layer.

Thus, the size-dependent governing equations of the problem are derived by applying Hamilton’s
principle, as follows ∫

δ(U − T −V)dt = 0 (16)

whose variation of the strain energy is expressed as [50]

δU =
y

V

(σθθδεθθ + σrθδεrθ)dV (17)

By definition of the volume element as dV = brdrdθ = b(R + ζ)dζdθ, we can redefine the variation
of the strain energy as

δU =
t

V

{
σθθ

[
δur

R+ζ +
1

R+ζ
∂δuθ
∂θ + ζ

R+ζ
∂δχ
∂θ

]
+ ksσrθ

[
1

R+ζ
∂δur
∂θ + R

R+ζδχ−
δuθ
R+ζ

]}
b(R + ζ)dζdθ (18)

where we set the shear stress correction factor to ks = 5/6. By definition of resultant components,
the variation of strain energy is expressed as follows

δU =
x

A

[
Nθθδur −

∂Nθθ

∂θ
δuθ −

∂Mθθ

∂θ
δχ−

∂Nrθ
∂θ

δur + RNrθδχ−Nrθδuθ

]
bdθ (19)

where the resultant components are expressed as in the following

Nθθ =

∫ h
2

−
h
2

σθθdζ, Nrθ =

∫ h
2

−
h
2

ksσrθdζ, Mθθ =

∫ h
2

−
h
2

ζσθθdζ (20)
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By combination of Equations (12)–(16),(19),(20), we get the following relations between the resultant
components and the displacement field components, namely(

1− µ2
∇

2
)
Nθθ = A4ur + A4

∂uθ
∂θ + A5

∂χ
∂θ(

1− µ2
∇

2
)
Nrθ = −A6uθ + A6

∂ur
∂θ + A7χ(

1− µ2
∇

2
)
Mθθ = A5ur + A5

∂uθ
∂θ + A8

∂χ
∂θ

(21)

More details about the analytical expressions for the integration constants of Equation (21) A j can be
found in Appendix A.

The external work related to the Pasternak foundation is defined as

δV =
x

A

(
R f

)
δurdA (22)

R f = k1ur − k2∇
2ur (23)

where R f is the reaction force of the Pasternak foundation, k1 and k2 are the associated elastic parameters,

and ∇2 is the Laplacian operator in polar coordinate, namely, ∇2 = 1
r2

∂2

∂θ2 . Thus, the reaction force of
the Pasternak foundation is expressed as

R f = k1ur − k2
1(

R− h
2

)2
∂2ur

∂θ2 (24)

whereas the variation of the external work reads

δV =

∫ [
R f

(
R−

h
2

)]
bδurdθ (25)

The variation of kinetic energy is defined as

δT =
y

V

ρ
→

V.δ
→

VdV (26)

By substitution of the velocity components in terms of fundamental unknowns, Equation (27) becomes

δT =
x

A

−

(
A1
∂2ur

∂t2 δur + A1
∂2uθ
∂t2 δuθ + A2

∂2χ

∂t2 δuθ + A2
∂2uθ
∂t2 δχ+ A3

∂2χ

∂t2 δχ

)
bdθ (27)

whose integration constants A j are expressed in Appendix A.
By substituting the variations of the strain energy, the kinetic energy, and the external work into

the Hamilton’s principle, we get the following governing equations of the problem

δur : Nθθ −
∂Nrθ
∂θ
−

[(
R−

h
2

)
R f

]
= −A1

∂2ur

∂t2 (28)

δuθ : −
∂Nθθ

∂θ
−Nrθ = −

(
A1
∂2uθ
∂t2 + A2

∂2χ

∂t2

)
(29)

δχ : −
∂Mθθ

∂θ
+ RNrθ = −

(
A2
∂2uθ
∂t2 + A3

∂2χ

∂t2

)
(30)
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After a further substitution of the resultant components with the displacement variables,
the governing equations of the problem become

δur : A4ur + A4
∂uθ
∂θ + A5

∂χ
∂θ + A6

∂uθ
∂θ −A6

∂2ur
∂θ2 −A7

∂χ
∂θ −

(
R− h

2

)[(
k1ur − k2

1

(R− h
2 )

2
∂2ur
∂θ2

)
−µ2 1

(R− h
2 )

2

(
k1
∂2ur
∂θ2 − k2

1

(R− h
2 )

2
∂4ur
∂θ4

)]
= −A1

∂2ur
∂t2 −A9µ2 ∂4ur

∂θ2∂t2

(31)

δuθ : −A4
∂ur
∂θ −A4

∂2uθ
∂θ2 −A5

∂2χ
∂θ2 + A6uθ −A6

∂ur
∂θ −A7χ = −A1

∂2uθ
∂t2 + A9µ2 ∂4uθ

∂θ2∂t2

−A2
∂2χ
∂t2 + A10µ2 ∂4χ

∂θ2∂t2

(32)

δχ : −A5
∂ur
∂θ −A5

∂2uθ
∂θ2 −A8

∂2χ
∂θ2 + R

(
−A6uθ + A6

∂ur
∂θ + A7χ

)
= −A2

∂2uθ
∂t2 + A10µ2 ∂4uθ

∂θ2∂t2

−A3
∂2χ
∂t2 + A11µ2 ∂4χ

∂θ2∂t2

(33)

3. Solution Procedure

This section is devoted to the analytical procedure here adopted to solve the problem for FG
curved nanobeams with different boundary conditions. More specifically, clamped-clamped (C-C),
clamped-simply supported (C-S), and simply supported-simply supported (S-S) boundary conditions
are here assumed for comparative purposes. The natural frequencies of the system are here evaluated
as follows [55]

ur(θ, t) =
∞∑

m = 1

UrXm(θ)eiωt (34)

uθ(θ, t) =
∞∑

m = 1

Uθ
∂Xm(θ)

∂θ
eiωt (35)

χ(θ, t) =
∞∑

m = 1

X
∂Xm(θ)

∂θ
eiωt (36)

With {X} = {Ur, Uθ, X}T being the displacement vector. The admissible functions for Xm(θ)
are assumed, as detailed in Table 1, where βm = mπR/L and R = L

θ0
.

Table 1. Admissible function Xm(θ) [55].

Boundary Conditions
The Function Xm(θ)

At θ=0, θ0

S-S
Xm(0) = X′′m(0) = 0 sin(βmθ)Xm(θ0) = X′′m(θ0) = 0

C-S
Xm(0) = X′m(0) = 0 sin(βmθ)[cos(βmθ) − 1]

Xm(θ0) = X′′m(θ0) = 0
C-C Xm(0) = X′m(0) = 0 (sin(βmθ))

2

For example, for a S-S boundary condition, the substitution of the time-dependent displacement
field into the governing equations of motion leads to the following characteristics equation(

[K] −ω2[M]
)
{X} = {0} (37)
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in which [K] and [M] stand for the stiffness and mass matrices, whose components are detailed in
what follows

K11 = A4 + A6β2
m −

(
R− h

2

)[(
k1 + k2

β2
m

(R− h
2 )

2

)
− µ2 1

(R− h
2 )

2

(
−k1β2

m − k2
β4

m

(R− h
2 )

2

)]
K12 = −(A4 + A6)βm

K13 = (−A5 + A7)βm

K22 = A4β2
m + A6

K23 = A5β2
m −A7

K33 = A8β2
m + RA7

M11 = A1 + A9µ2β2
m

M12 = 0

M13 = 0

M22 = A1 + A9µ2β2
m

M23 = A2 + A10µ2β2
m

M33 = A3 + A11µ2β2
m

(38)

4. Numerical Results and Discussion

The accuracy of the proposed method is first assessed by means of a comparative evaluation of our
numerical results with predictions available in the literature. It follows a large parametric investigation
to check for the sensitivity of the response to different input mechanical and geometrical features of
the material and nanostructure.

Comparison and Validation

As first example, we assume a S-S FG curved nanobeam of width B=1 nm, length L = 10 nm,
made of Al and SiC material with elastic moduli EAl = 70 GPa, ESiC = 427 GPa, Poisson’s ratios

νAl = 0.3, νSiC = 0.17, densities ρ = 2702 kg
m3 , ρ = 3100 kg

m3 , respectively. The material and geometry of

the nanostructure are here selected according to the reference work by Hosseini and Rahmani [17]
for comparative purposes. Table 2 summarizes the main results of the first three natural frequencies for
a varying dimensionless length-to-thickness ratio L

h between 10 and 50, as well as for different values
of the nonlocal parameter µ2, while keeping constant n = 1 and α = π/2. Based on Table 2, it is worth
noticing a gradual decrease of each natural frequency for an increasing value of the nonlocal parameter,
together with a gradual increase for an increased length-to-thickness ratio L

h , in line with predictions
by Hosseini and Rahmani [17]. The very good agreement between our results and predictions
from the literature clearly confirms the reliability and accuracy of the proposed method to capture
the vibration response of the problem.

A further study compares the first natural frequency of the curved nanobeam for two different
boundary conditions, namely S-S, and C-C, as well as for two different length-to-thickness ratios
L
h (i.e., L

h = 10, 20), two different opening angles (i.e., θ0 = π/3, π/6), and different

nonlocalities. The outcomes in Table 3 clearly show that the natural frequency increases for

an increased length-to-thickness ratio, L
h , and an increased opening angle, θ, whereas it decreases

for an increased nonlocal parameter µ. As also expected, a C-C boundary condition enables higher
values of the natural frequency, compared to a S-S boundary condition, under the same geometrical

and non-local assumptions, L
h , θ, and µ. The satisfactory agreement between our results and predictions

in a previous study [57] confirms, once again, the capability of the proposed method for correctly
reproducing the vibration response of composite nanobeams.
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Furthermore, we continue the investigation by analyzing the possible effect of some geometrical
and mechanical parameters of the nanobeam on its global response, namely, the opening angle θ0,
the weight fraction g∗GPL, the total number of layers NL, the nonlocal parameter µ, the dimensionless

length-to-thickness ratio of the GPL, lGPL
hGPL

, and the foundation parameters, k1, k2.

All the computations are performed for a polymer matrix with elastic properties
Ematrix = 1.01 TPa, νmatrix = 0.186, and density ρmatrix = 1062.5 kg/m3, and a dispersed GPL
reinforcement with the following properties EGPL = 3 GPa, νGPL = 0.34, ρGPL = 1200 kg/m3.

In what follows, we consider a nanobeam of thickness h = 5 nm and length L = 20h, whereas the GPL
reinforcement has length lGPL = 2.5 nm, thickness hGPL = 0.15 nm, and weight wGPL = 1.5 nm.

Table 2. Variation of the natural frequency for a S-S curved FG nanobeams and different aspect ratios,
mode numbers, and nonlocal parameters; n = 1 and α = π/2.

L
h ωi µ2=0(nm)2 µ2=1(nm)2 µ2=2(nm)2 µ2=3(nm)2 µ2=4(nm)2

Ref. [17] Present Ref. [17] Present Ref. [17] Present Ref. [17] Present Ref. [17] Present

10 i = 1 4.56009 4.5739 4.35045 4.3630 4.1673 4.1788 4.00549 4.0161 3.86118 3.8710
i = 2 23.7375 23.7852 20.0993 20.1213 17.7444 17.7547 16.0611 16.0652 14.7808 14.7813
i = 3 53.2817 53.3129 38.7745 38.7229 31.9762 31.9116 27.8325 27.7665 24.9704 24.9058

20 i = 1 4.66754 4.6710 4.45296 4.4563 4.2655 4.2687 4.09987 4.1029 3.95216 3.9551
i = 2 25.0039 25.0155 21.1716 21.1794 18.6911 18.6969 16.9179 16.9226 15.5694 15.5734
i = 3 58.3285 58.3342 42.4472 42.4407 35.0050 34.9964 30.4689 30.4600 27.3356 27.3269

50 i = 1 4.72079 4.7215 4.50376 4.5045 4.31416 4.3150 4.14665 4.1475 3.99725 3.9981
i = 2 25.5362 25.5382 21.6223 21.6251 19.0889 19.0919 17.2780 17.2810 15.9008 15.9037
i = 3 60.4005 60.4016 43.9551 43.9589 36.2484 36.2525 31.5512 31.5551 28.3067 28.3104

Table 3. Comparative evaluation between the proposed formulation and predictions from a previous
study [57], in terms of first natural frequency for varying L/h ratios, nonlocal parameter µ,
and boundary conditions.

L
h µ2 (nm)2

S-S Boundary
Conditions (θ0 = π/3)

C-C Boundary
Conditions (θ0 = π/6)

Ref. [40] Present Ref. [40] Present

10 0 8.2006 8.2141 25.8678 26.0937
1 7.8236 7.8366 24.3792 24.4961
2 7.4942 7.5057 23.1083 23.1601
3 7.2032 7.2134 22.0084 22.0212
4 6.9437 6.9527 21.0456 21.0353

20 0 8.2922 8.2955 37.0381 37.0333
1 7.9110 7.9138 34.7887 34.7932
2 7.5779 7.5803 32.8611 32.9158
3 7.2837 7.2858 31.1899 31.3129
4 7.0213 7.0231 29.7263 29.9234

Table 4 collects the results in terms of the first natural frequency for increasing values of the nonlocal
parameter µ, and weight fraction g∗GPL, as well as for different boundary conditions (C-C, C-S, and S-S,
respectively), while keeping constant the total number of layers NL = 12, the opening angle θ0 = π

6
Rad, and the foundation parameters k1 = k2 = 0. Based on the results listed in Table 4, a clear
increase in the natural frequency is shown for increasing weight fractions, g∗GPL, and fixed values of µ
and boundary condition, due to an expectable global increase in stiffness of the reinforced material.

Further results of a systematic analysis are listed in Table 5, in terms of the first natural frequency
of the FG curved nanobeam, for different patterns, different boundary conditions, and two opening
angles. In this case, a total number of layers NL = 12 is assumed, as in the previous case, while
considering a weight fraction, g∗GPL = 1%, a non local parameter µ = 1 nm, and a null value of
the foundation constants k1 = k2 = 0. Table 6 also lists the variation of the first three natural frequencies
of the composite curved nanobeam reinforced with GPLs for different values of the foundation parameters
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k1, k2. The results in Table 6 refer to Pattern 2, where the following parameters are assumed: NL = 12,
g∗GPL = 1%, = 1 nm, θ0 = π

3 Rad. As visible in Table 6, the natural frequency clearly increases for
increasing values of the foundation parameters, k1, k2, due to increased stiffness of the foundation.

Table 4. Variation of the first natural frequency for FG curved nanobeams with different nonlocal
parameters, weight fractions, and boundary conditions.

µ (nm)

g∗GPL = 0.5% g∗GPL = 1%

Boundary Condition Boundary Condition

S-S C-S C-C S-S C-S C-C

0.0 2.2360 6.9765 8.9273 2.3185 7.3241 9.3883
0.5 2.2358 6.9751 8.9258 2.3182 7.3227 9.3867
1.0 2.2349 6.9709 8.9214 2.3173 7.3183 9.3821
1.5 2.2336 6.9640 8.9140 2.3159 7.3111 9.3743
2.0 2.2316 6.9544 8.9037 2.3139 7.3010 9.3634
2.5 2.2292 6.9421 8.8905 2.3113 7.2880 9.3495
3.0 2.2262 6.9271 8.8744 2.3082 7.2723 9.3326
3.5 2.2226 6.9096 8.8555 2.3046 7.2539 9.3128
4.0 2.2186 6.8895 8.8339 2.3004 7.2328 9.2900

Table 5. Variation of the first natural frequency for a FG curved nanobeam with different patterns
and boundary conditions, and two opening angles.

θ0 (Rad) Pattern of Multilayer
Boundary Condition

S-S C-S C-C

π/12 Pattern 1 2.5058 5.7430 6.9190
Pattern 2 2.3910 5.5456 6.7041
Pattern 3 2.6163 5.9357 7.1293
Pattern 4 2.4923 5.7200 6.8935

π/6 Pattern 1 2.4283 7.4648 9.5336
Pattern 2 2.3173 7.3183 9.3821
Pattern 3 2.5356 7.6117 9.6868
Pattern 4 2.4174 7.4543 9.5225

Table 6. Variation of the first three natural frequencies (GHz) with the elastic parameters of
the Pasternak foundation.

k2( N
m ) ωm k1(×1016 N

m3 )

3 3.5 4 4.5 5

10 m = 1 53.6075 54.0087 54.3011 54.5226 54.6958
m = 2 100.9296 102.9847 104.6266 105.9049 106.8881
m = 3 139.5596 142.0667 144.4766 146.7824 148.9747

11 m = 1 53.7027 54.0769 54.3521 54.5621 54.7271
m = 2 102.6704 104.3787 105.7134 106.7410 107.5308
m = 3 144.1770 146.4964 148.7037 150.7876 152.7349

12 m = 1 53.7911 54.1410 54.4004 54.5996 54.7571
m = 2 104.1203 105.5133 106.5874 107.4125 108.0505
m = 3 148.4306 150.5309 152.4963 154.3126 155.9658

13 m = 1 53.8735 54.2012 54.4461 54.6354 54.7858
m = 2 105.3043 106.4268 107.2889 107.9545 108.4744
m = 3 152.2553 154.0912 155.7658 157.2676 158.5904

14 m = 1 53.9504 54.2578 54.4894 54.6695 54.8133
m = 2 106.2589 107.1599 107.8544 108.3958 108.8240
m = 3 155.5631 157.0872 158.4328 159.6003 160.5981

15 m = 1 54.0224 54.3113 54.5305 54.7020 54.8397
m = 2 107.0251 107.7501 108.3140 108.7588 109.1154
m = 3 158.2723 159.4621 160.4807 161.3424 162.0661



Appl. Sci. 2019, 9, 1580 12 of 19

As a further parametric study, we evaluate the sensitivity of the vibration response of the composite
curved nanobeam reinforced with GPLs for different combinations of the opening angle and nonlocal
parameters (θ0,µ). Table 7 summarizes the results obtained for the first three modes of vibration
of the nanobeam with a “Pattern 3” reinforcement, while assuming a weight fraction g∗GPL = 1%,
a total number of layers NL = 12, and a null value for the foundation constants k1 = k2 = 0.
The numerical results in Table 7 indicate a meaningful decrease of the natural frequencies for larger
opening angles and increasing nonlocal parameters within the curved nanobeam, due to decreased
stiffness of the material.

Table 7. Variation of the first three natural frequencies (GHz) with the opening angle and nonlocal parameter.

θ0 (Rad) ωm µ (nm)

0 1 2 3 4 5
π
12 m = 1 2.6176 2.6163 2.6125 2.6061 2.5972 2.5859

m = 2 10.4115 10.3910 10.3302 10.2313 10.0974 9.9329
m = 3 22.9623 22.8610 22.5649 22.0960 21.4861 20.7716

π
6 m = 1 2.5369 2.5356 2.5319 2.5257 2.5171 2.5061

m = 2 10.3316 10.3112 10.2509 10.1527 10.0199 9.8564
m = 3 22.8853 22.7843 22.4891 22.0217 21.4138 20.7012

π
4 m = 1 2.4064 2.4053 2.4017 2.3958 2.3877 2.3773

m = 2 10.1994 10.1793 10.1197 10.0228 9.8916 9.7302
m = 3 22.7573 22.6568 22.3632 21.8983 21.2936 20.5849

π
3 m = 1 2.2318 2.2307 2.2274 2.2219 2.2143 2.2047

m = 2 10.0164 9.9967 9.9382 9.8429 9.7140 9.5555
m = 3 22.5790 22.4793 22.1878 21.7264 21.1261 20.4227

5π
12 m = 1 2.0194 2.0184 2.0155 2.0105 2.0037 1.9949

m = 2 9.7847 9.7654 9.7082 9.6151 9.4891 9.3342
m = 3 22.3512 22.2524 21.9638 21.5067 20.9122 20.2157

π
2 m = 1 1.7765 1.7756 1.7730 1.7686 1.7626 1.7549

m = 2 9.5067 9.4879 9.4323 9.3418 9.2193 9.0687
m = 3 22.0750 21.9774 21.6921 21.2404 20.6529 19.9646

The sensitivity of the natural frequencies of the composite curved nanobeam is also plotted
in Figure 3 for varying nonlocal parameters, reinforcement distributions (i.e., for Patterns 1,2,3,4),
and opening angles. As visible in Figure 3, the natural frequency decreases monotonically for
an increased nonlocal parameter due to the reduced stiffness of the material. Moreover, Patterns 2
and 3 always yield the lowest and highest results, independently of the selected opening angle for
the curved nanobeam.

Results based on Patterns 1 and 4, instead, always fall within the lower-bound and upper-bound
values (as provided by Patterns 2 and 3), and become even closer to each other for increasing opening
angles. For each selected reinforcement distribution, we also observe a gradual shift of the curves
downwards for increasing opening angles, in line with results of Table 7.

The effect of the weight fraction on the vibration responses of the curved nanobeam is evaluated
accordingly in Figure 4 for all the reinforcement distributions. Moreover, Figure 4 shows the variation
of the first natural frequency of the curved nanobeam vs. the weight fraction for different opening
angles θ0 ranging between 0.5 rad and 2 rad, under the following assumptions: NL = 12, µ = 1 nm,
k1 = k2 = 0. Based on the plots of Figure 4, it is worth observing a gradual increase of the natural
frequency for increasing weight fractions, with a clear shift of the curves downwards for increasing
opening angles. As also visible from a comparative evaluation of Figure 4a–d, the reinforcement
distribution can affect the response, while noticing the highest sensitivity for a pattern of type 3.
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As far as the effect of total numbers of layers NL is concerned, we present the main results in
Figure 5a–f, for different reinforcement patterns, where we increase the weight fractions g∗GPL (%)
from 0.2 up to 1.2, by steps of 0.2. According to the plots in Figure 5, the natural frequency seems to
remain almost unaffected by the numbers of layers, for a reinforcement distribution of type 1 and 4,
whereas it varies significantly with NL for Pattern 2 and 3. More specifically, a symmetric distribution
of type 2 or 3 yields a monotonic decrease or increase of the natural frequency, respectively, up to
a threshold value.
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As the last systematic investigation, we analyze the effect of the reinforcement geometry,
here estimated in a dimensionless form, lGPL

hGPL
, for different patterns. The numerical results are shown in

Figure 6a,b for an opening angle of the nanostructureθ0 = 1 rad andθ0 = 2 rad, respectively, with a clear
monotone increase of the natural frequency with the dimensionless length of the reinforcement, lGPL

hGPL
.
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5. Conclusions

In this paper, we have studied the size-dependent free vibration behavior of FG polymer
composite curved nanobeams, reinforced with GPLs, resting on a Pasternak foundation. The equations
of the problem are here determined by applying of Hamilton’s principle, whereby the rule of mixtures
and the Halpin-Tsai model are here employed to compute the effective Young’s modulus, density,
and Poisson’s ratio of composite nanostructure. Moreover, the application of Eringen’s nonlocal
differential model enables us to derive the constitutive relations, including the small-scale effect.
The problem is analyzed numerically, in a parametric sense, while considering different boundary
conditions, reinforcement patterns, dimensionless geometry, weight fraction of the GPLs, and elastic
parameters related to the Pasternak foundation. Based on a comparative evaluation between our
results and the available literature, we prove the accuracy and robustness of the proposed model
to capture the vibration behavior of the nanostructure. As a preliminary investigation, we ignore
the presence of possible nonlinear terms in the strain field, whereby their further introduction is
expected to make the results even more accurate, as will be explored in further work. Herein,
the effect of the nonlocal parameter is examined thoroughly on the response of the curved nanobeam,
with a significant decrease of the natural frequencies for increasing nonlocal parameters due to
a decreased stiffness of the structure. In addition, a gradual increase of the geometrical opening
angle yields a meaningful decrease of the natural frequencies, while keeping fixed the total length
of the nanostructure. A further possible effect of a FG reinforcement distribution is accounted
for in the parametric analysis, where a symmetric distribution enables the highest and lowest
natural frequencies in the structure. The last study is aimed at investigating the sensitivity of
the vibration response to the total number of layers, NL, and dimensionless length-to-thickness ratio

of the reinforcement, lGPL
hGPL

, with a significant variation of the structural response. More specifically,

the natural frequencies increase with lGPL
hGPL

, due to an increase of the structural stiffness, whereas they

can increase or decrease monotonically for different symmetric distributions. These results are of
great interest for design purposes of novel materials with tailorable mechanical properties, and could
be applied for many practical engineering applications, where advanced mechanical properties
are required. The parametric investigation and the numerical tool here proposed, indeed, offer
some interesting suggestions on the structural performances of graphene-based polymer composite
nanostructures with curved geometries, in line with the technological requirements of lightweight,
high-performance, cost-effective, and multimaterial solutions, such as aerospace structures, coatings,
automotive, and electronic components, usually affected by the intrinsic properties of nanocomposites,
their dispersions, strength, stiffness, toughness, and external conditions.
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Appendix A

In this section, we give further details about the analytical expressions for the integration constants
A j, of Equation (22)

{A1, A2, A3} =

NL∑
k = 1

∫ ζk+1

ζk

ρ
(k)
C (R + ζ)

{
1, ζ, ζ2

}
dζ
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{A4, A5, A8} =

NL∑
k = 1

∫ ζk+1

ζk

E(k)
C

(R + ζ)

{
1, ζ, ζ2

}
dζ

{A6, A7} =

NL∑
k = 1

∫ ζk+1

ζk

ksG
(k)
C

(R + ζ)
{1, R}dζ

{A9, A10, A11} =

NL∑
k = 1

∫ ζk+1

ζk

ρ
(k)
C

(R + ζ)

{
1, ζ, ζ2

}
dζ
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