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Abstract

:

The dynamic response of mooring cables for marine structures is scale-dependent, and perfect dynamic similitude between full-scale prototypes and small-scale physical model tests is difficult to achieve. The best possible scaling is here sought by means of a specific set of dimensionless parameters, and the model accuracy is also evaluated by two alternative sets of dimensionless parameters. A special feature of the presented experiment is that a chain was scaled to have correct propagation celerity for longitudinal elastic waves, thus providing perfect geometrical and dynamic scaling in vacuum, which is unique. The scaling error due to incorrect Reynolds number seemed to be of minor importance. The 33 m experimental chain could then be considered a scaled 76 mm stud chain with the length 1240 m, i.e., at the length scale of 1:37.6. Due to the correct elastic scale, the physical model was able to reproduce the effect of snatch loads giving rise to tensional shock waves propagating along the cable. The results from the experiment were used to validate the newly developed cable-dynamics code, MooDy, which utilises a discontinuous Galerkin FEM formulation. The validation of MooDy proved to be successful for the presented experiments. The experimental data is made available here for validation of other numerical codes by publishing digitised time series of two of the experiments.
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1. Introduction


The dynamic response of mooring cables for marine structures is scale-dependent, and perfect dynamic similitude between full-scale prototypes and small-scale physical model tests is difficult to achieve. In many physical experiments, the cable stiffness has been modelled by fitting springs at the ends of segments—e.g., at the anchor or at submerged buoys—which then produces correct scaling of the cable stiffness in a quasi-static sense only [1,2,3,4,5]. In the modelling of deep-sea moored floating systems it is often necessary to mimic the static reaction of catenary mooring systems with such springs, because of the limited depth or limited horizontal extension of the model tank [6]. For the wind turbine SPAR in [7] the truncation has been accomplished with some success by changing the lowest parts of the mooring cables to a heavy cable. The mooring system of the wave-energy device in [8] was truncated by removing those parts of the mooring cables constantly resting on the sea bed. For the purpose of validating numerical codes of the cable dynamics, however, it is preferable to compare against physical models, where the dynamic behaviour of the tension force is also related to that of the full-scale prototype. Such models are said to have dynamic similitude.



The purpose of this paper is to present results from a dynamic experiment with a chain submerged in water and make the experimental data available for validation of a numerical codes. The 33 m experimental chain can be considered a scaled 76 mm stud chain with a length of 1240 m, i.e., at a length scale of 1:37.6. A special feature of the experiment is that the chain was scaled to have correct propagation celerity for longitudinal elastic waves, thus providing a perfect geometrical and dynamic scaling in vacuum, which is unique. The physical model was then able to reproduce the effect of snatch loads giving rise to tensional shock waves propagating along the cable. The similarity in water was, however, not perfect due to viscous effects. The scaling is thoroughly discussed and the presented modelling approach using a specific set of dimensionless groups is compared to the scaling approaches used by [9] and [2], who formed two other sets of dimensionless groups. In [10] another two sets of dimensionless groups were used.



The upper end point of the chain was excited in a circular orbit with various radii and periods. The force in the upper end was recorded. Two typical examples of registered forces as function of time have now been meticulously digitized, and for thirty combinations of radii and periods the maximum forces in the cable during the excitation are given in tables and graphs. Due to the well-defined experimental conditions and the unique dynamic similitude, the results of the experiments are very well suited for validation of numerical simulation codes for cable dynamics, and may as such be of interest to a broader community. The experimental results have already been used for validation of dynamic cable codes by [11,12,13]. The data presented here will make validation both easier and more stringent.



Before the 1970s the calculations of the oscillatory motion of large, moored floating structures were done without considering the dynamic response of the mooring cables and presumed a linearized stiffness reaction from their mooring systems, post-processed by a nonlinear static estimation of the maximum tension in the mooring cables. This is the so-called quasi-static mooring procedure [14]. When the offshore industry progressed into deeper waters and made increasing use of floating platforms, first for drilling and service tasks later for floating production, it became apparent that dynamic mooring cable analysis was needed for survival design. For the analysis of the motion of smaller floating ships [15] and, for example, a one-point moored buoy [16] a dynamic analysis of the whole system is much more important.



Lately, it has been pointed out that, especially for wave energy converters the mooring design must be an integral part of the wave power systems design. The mooring design can significantly influence the efficiency of the wave power extraction and the operation and maintenance [17]. Also, there are significant engineering challenges to the positioning of such converters in exposed, shallow-water regimes [18]. The mooring system must ensure the desired station-keeping properties with a minimum footprint and without affecting the power output of the device in an excessively negative way. Cable damping due to the interaction with the sea-bed, internal friction and viscous drag forces is in this context an important feature of the mooring design [9,19]. In numerical cable modelling, the drag coefficient of the cable is therefore a critical parameter for the dynamic response, but is often chosen with some uncertainty [20]. For survival cases of wave energy converters, the design wave is often large compared to the water depth, leading to relatively large mooring excitations. This increases the risk of cable slack, often followed by a highly transient snatch load of large amplitude when the cable is retightened [21]. Traces of such snatch-loads are clearly visible in the experimental results presented in this paper.



In Section 2, the scaling is discussed; in Section 3, the experimental set-up is specified and the experimental results are given; and in Section 4, comparisons are presented with simulation results from a newly developed, very accurate cable-dynamics code, MooDy, using a discontinuous Galerkin FEM formulation [12]. The almost perfect agreement between experiments and numerical simulation is a strong indication that both the physical model and the numerical model are of high quality. Using the present input in other codes should give a similarly good fit.




2. Dynamic Similitude


The equation of motion of a mooring cable without bending stiffness is given in Section 2.1. In Section 2.2 the equation of motion is reduced to a non-dimensional form to investigate the conditions for dynamic similitude in a model test. The result is exploited in Section 3 to construct a suitable experimental model.



2.1. Governing Equations


The equation of motion of a mooring cable has been provided by many authors. See for instance [22,23,24,25]. The formulation used here is inspired by the one formulated in tangent and normal coordinates in [25] but is formulated in global coordinates and was developed in [26] by the last author. It takes elongation into account in the linear momentum conservation as well as for the external hydrodynamic forces, which is not common for all formulations. It neglects, however, contraction. Later in [4] a similar formulation was used but with a lower order strain formulation. In the present formulation the friction between the cable and the sea bottom is assumed to be small and is therefore neglected. However, the equation of motion, Equation (1), given below, is valid for a cable sliding on the sea bottom without friction. This equation of motion will be the starting point for our discussion of similarity.




    γ o    x _  ¨  +  C 4   (  1 + ε  )    x _  ¨  −    C 4     (  1 + ε  )     (    x _  ¨  ·   x _  ′   )    x _  ′  −  ∂  ∂  s o     (  K  ε ˜    x _  ′   )  −  f _  = 0   



(1)





In Equation (1), x = [x1 x2 x3]T is the position vector of the cable in a Cartesian coordinate system with the origin at the anchor point, the coordinate x1 directed vertically upwards perpendicular to the sea bottom and the coordinate x2 horizontally in the plane of the resting cable. The sea bottom is assumed to be flat, horizontal and parallel to the mean sea surface. See Figure 1. The terms in Equation (1) represent forces per length unit of unstretched cable. The first term is the mass inertia force on the cable. The second and third terms are forces perpendicular to the cable that arise due to the acceleration in the water. The forth term is the reaction force of the cable. Finally, the fifth term, f, represents the external forces. The hydrodynamic forces due to the acceleration in the water (second and third term) and the drag forces contained in the external forces (fifth term) due to the relative velocity in the water are derived from the common Morison equation, and follows ideas in [27].
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Figure 1. A mooring chain in a rectangular Cartesian coordinate system. 






Figure 1. A mooring chain in a rectangular Cartesian coordinate system.
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In Equation (1), x = [x1 x2 x3]T is the position vector of the cable and γo the cable mass per length unit of unstretched cable:


    C 4  =  C  M N     π  d o 2   4   ρ w    



(2)







    C  M N     : coefficient of added mass; do: characteristic diameter of the cable; ε,    ε ˜   : longitudinal strains of the cable; K: the cable stiffness; t: time; so: curvilinear coordinate from the origin along the unstretched cable to a material point P;      x ˙  =  ∂  ∂ t     ;      x ¨  =    ∂ 2    ∂  t 2      ;      x ′  =  ∂  ∂  s o      .



The fifth term is the resultant of three forces:


    f _  =   f _    ( 1 )    +   f _    ( 2 )    +   f _    ( 3 )      



(3)







Weight and buoyancy,      f _    ( 1 )      


     f _    ( 1 )    =  [  0 , − g  γ b  , 0  ]    



(4)






   g  γ b  =    ρ c  −  ρ w     ρ c    g  γ o    weight in water per unit unstretched length   



(5)




    ρ c     cable density;     ρ w     water density.



Drag force tangential to the cable,      f _    ( 2 )      


     f _    ( 2 )    =  C 2   |   v _  ·   x _  ′   |   (   v _  ·   x _  ′   )    x _  ′   1     (  1 + ε  )   2      



(6)






    v _  =   v _  c  −   x _  ˙    relative water velocity   



(7)




     v _  c    : free stream velocity


C2 = (1/2) CDT do ρw



(8)




CDT tangential drag force coefficient



Drag force normal to the cable,      f _    ( 3 )      


     f _    ( 3 )    =  C 3     (   v _  ·  v _  −  1     (  1 + ε  )   2       (   v _  ·   x _  ′   )   2   )   ½  (  (  v _  −  (   v _  ·   x _  ′   )  )    x _  ′   1     (  1 + ε  )   2    )  (  1 + ε  )    



(9)






C3= (1/2) CDN do ρw



(10)




CDN normal drag force coefficient



In the expressions above two estimates of the longitudinal strains, ε and    ε ˜   , are used, which are equal to first order and related by


      (  1 + ε  )   2  =  (  1 + 2  ε ˜   )    



(11)






    ε ˜  =  (   1 2   )   (    x ′  _  ·   x _  ′  − 1  )    



(12)








2.2. Dimensionless Variables and Dynamic Similarity


Similarity conditions can be formulated from the equation of motion. The conditions are dynamically similar if the model and prototype can be described by the same equation of motion and boundary conditions except for some constant factor. Rules for dynamic similitude of cables have been formulated by, e.g., [1] and similar results are obtained from the following analysis. While [1] formulated the equation of motion in tangential and normal coordinates, we here use the formulation in Section 2.1. We assume that the equations are applicable in both model and prototype.



The following dimensionless coordinates are introduced:


s = so/L



(13a)






τ = t/T



(13b)






y = x/L



(13c)







Here L is a characteristic length and T a characteristic time. The characteristic length can, e.g., be chosen as the total unstretched length of the cable and the characteristic time as some characteristic time period of the motion of the upper end of the cable.



From Equations (13) the derivatives of x become


     x _  ˙  =   ∂  y _    ∂ τ    L T    



(14a)






      x ¨   _  =    ∂ 2   y _    ∂  τ 2     L   T 2      



(14b)






    x _  ′ =   ∂  y _    ∂ s     



(14c)







We introduce a dimensionless free-stream velocity,      v _  c *    , via


     v _  c  =   v _  c *   L T    



(15)







Substitution of Equations (14) and (15) into the relative velocity Equation (7) then yields


    v _  =  (    v _  c *  −   ∂  y _    ∂ t    )   L T    



(16)




and a dimensional relative velocity      v _  *     via


    v _  =   v _  *   L T    



(17)




where


     v _  *  =  (    v _  c *  −   ∂  y _    ∂ t    )    



(18)







Alternatively the free-stream velocity can be a function of     x _  =  x _  (  s o  , t )   


     v _  c  =  F _   (  x _  )    



(19)




and a dimensionless function      F _  *  =   F _  *   (  y _  )    


     v _  c  =   F _  *   (  y _  )   L T    



(20)







Equivalently to (2.16), the free-stream velocity can now be written


    v _  =  (    F _  *   (  y _  )  −   ∂  y _    ∂ t    )   L T    



(21)




and a dimensionless relative velocity as


     v _  *  =   F _  *   (  y _  )  −   ∂  y _    ∂ t     



(22)







Introducing Equations (14) and (21) into the equation of motion Equation (1) we now realize that this can be formulated with y as the independent variable. To avoid long tedious expressions we will, however, use Equation (17) instead of Equation (21). Below we also assume constant material properties along the cable length. After division by γoL/T2 we then get the following dimensionless equation:


      ∂ 2   y _    ∂  τ 2    +  α 1   (  1 + ε  )     ∂ 2   y _    ∂  τ 2    −    α 1     (  1 + ε  )     (     ∂ 2   y _    ∂  τ 2    ·   ∂  y _    ∂ s    )    ∂  y _    ∂ s   −  α 2   ∂  ∂ s    (   ε ˜    ∂  y _    ∂ s    )  −   f _  *  = 0   



(23)




where


     f _  *  =   f _   *  ( 1 )    +   f _   *  ( 2 )    +   f _   *  ( 3 )      



(24)




and


     f _   *  ( 1 )    =    [  0 , −  α 3  , 0  ]   T    



(25)






     f _   *  ( 2 )    =  α 4   |    v _  *  ·   ∂  y _    ∂ s    |   (    v _  *  ·   ∂  y _    ∂ s    )    ∂  y _    ∂ s    1     (  1 + ε  )   2      



(26)






     f _   *  ( 3 )    =  α 5     (    v _  *  ·   v _  *  −  1     (  1 + ε  )   2       (    v _  *  ·   ∂  y _    ∂ s    )   2   )   ½   (    v _  *  −  (    v _  *  ·   ∂  y _    ∂ s    )  ·   ∂  y _    ∂ s    1     (  1 + ε  )   2     )   (  1 + ε  )    



(27)




where


    ε ˜  =  (   1 2   )   (    ∂  y _    ∂ s   ·   ∂  y _    ∂ s   − 1  )    



(28)







The relationships between the strains are as before       (  1 + ε  )   2  =  (  1 + 2  ε ˜   )     (Equation (11))



In the equations above, α1, α2, α3, α4, and α5 are dimensionless parameters:


    α 1  =    C 4     γ o      



(29a)






    α 2  =   K  T 2     γ o   L 2      



(29b)






    α 3  =    γ b  g  T 2     γ o  L     



(29c)






    α 4  =    C 2  L    γ o      



(29d)






    α 5  =    C 3  L    γ o      



(29e)







We introduce an expression for the cable mass per unit unstretched length:


    γ o  =  C v    π  d o 2   4   ρ c    



(30)




where Cv is a volume coefficient. For a wire rope or a circular solid steel rod, Cv = 1. Then, with the help of Equations (2), (8), (10), (29), and (30), we can interpret the dimensionless parameters     α 1     to     α 5     as


    α 1  =    C  M N      C v       ρ w     ρ c    =   a d d e d   m a s s   c a b l e   m a s s     



(31a)






    α 2  =    c 2   T 2     L 2    =    (    w a v e   c e l e r i t y   c h a r a c t e r i s t i c   v e l o c i t y    )   2  =  1   M 2      



(31b)






    α 3  =  (  1 −    ρ w     ρ c     )    g  T 2   L  =   w e i g h t   i n e r t i a   =  (  1 −    ρ w     ρ c     )    g  (  c h a r a c t e r i s t i c   l e n g t h  )       (  c h a r a c t e r i s t i c   v e l o c i t y  )   2    =  (  1 −    ρ w     ρ c     )   1  F  r 2      



(31c)






    α 4  =  2 π     C  D T   L    C v   d o       ρ w     ρ c      



(31d)






    α 5  =  2 π     C  D N   L    C v   d o       ρ w     ρ c      



(31e)




where    c =   K /  γ o       is the propagation celerity of longitudinal elastic waves, for short, denoted wave celerity,    M = ( L / T ) / c    a Mach number and    F r = ( L / T ) /  (  g L  )     a Froude number. The introduction of these special Mach and Froude numbers is inspired by [1].



We can see that     α 2     is the inverted Mach number squared, and that for the Mach number = 1, a tensional disturbance will travel all along the characteristic length of the cable in just one characteristic period. For larger Mach numbers and larger characteristic velocities (L/T) or, equivalently, smaller     α 2    , the longitudinal tensional distribution will become increasingly less uniform. We may also note that     α 3     is the inverted Froude number squared multiplied by the relative density difference between cable and water. The parameter     α 3     governs the swinging, inelastic gravity waves.



Complete dynamic similitude requires that all the five non-dimensional numbers α are equal between the model and prototype.




2.3. Scale Factors


To achieve dynamic similarity, the corresponding five parameters, α and the dimensionless current must all be equal in model and prototype. We assume first that the densities, ρw, and ρc, and the earth acceleration, g, are the same in the model and prototype, which is very common. Equation (31a) then indicates that the ratio CMN/Cv shall be equal in model and prototype. We then introduce the length scale λ:


      L m     L p    = λ   



(32)




where the index m and p denote the cable length in, respectively, the model and prototype. The time scale can subsequently be derived from (2.31c) assuming α3 to be equal:


      T m     T p    =  λ    



(33)







Similarly the scale of wave celerity is given by (2.31b), (2.32) and (2.33):


      c m     c p    =  λ    



(34)







An additional scale β is now introduced [1], the ratio between model and prototype diameters:


      d  o m      d  o p     = β   



(35)







This scale may provide the freedom to choose the model diameter independently of the length scale.



The ratio between the stiffness in the model and prototype can then be deduced from Equations (30) and (34) using the fact that the wave celerity is    c =   K /  γ o        .





      K m     K p    =    c m 2     c p 2       γ  o m      γ  o p     =    C  v m      C  v p     λ  β 2  = φ λ  β 2    



(36)




where we introduced the volume coefficient scale,    φ =  C  v m   /  C  v p     .



As the strain must be the same in the model and prototype, the scale of the tension force in the cable must be the same as the scale of stiffness.




      F m     F p    = φ λ  β 2    



(37)





Equations (31e), (32) and (35) give the scale of normal drag-force coefficients


      C  D N m      C  D N p     =   β φ  λ    



(38)







The same scale is valid for the tangential drag-force coefficients.



An important parameter for assessing the added-mass and drag-force coefficients is the Reynolds number,    Re = v  d o  / ν   , where v and do are characteristic values of, respectively, the relative velocity and the cable diameter, and ν is the kinematic viscosity. The scale of the relative velocity is


      v m     v p    =  λ    



(39)







Assuming the same fluid (viscosity) in model and prototype, the relation between the Reynolds numbers would be


       Re  m      Re  p    = β  λ    



(40)







The Reynolds number should ideally be the same in the model and prototype, which is not possible in this case with the same fluid as    β =  d  o m   /  d  o p   ≈ λ   . The correct Reynolds number was achieved in [28] for two modelled cable structures using highly viscous test fluids and specially fabricated filaments. These models concerned quasi-steady towing and dynamic experiments for anchor-last deployments at the length scales 1:1000 and 1:2000. However, in the present case we must achieve equality of     α 3     containing a Froude scaling, and in a complete model with a floating platform we must necessarily achieve equality of the free-surface Froude number. In our case with a submerged cable generating almost no waves it suffices to achieve equality of     α 3    . The scales Equations (32), (33), (35), (37), (38), (39), and (40) are those given by [1] setting Cv = 1 above. The stiffness scale Equation (2.36) was introduced by [13]. In [1] it is proposed that Equations (38) and (40) can be utilised with experimental data of the drag coefficients as functions of the Reynolds number to get drag-force similarity. In [1], this is shown for a cable with a circular cross section using different scales, λ and β. Similarity of both tangential and transverse drag forces normally cannot be achieved.



In Section 3 we will use the results above to construct a suitable physical dynamic model of a cable.





3. Physical Experiments


In the experiments a decoration chain was used. It was suspended in a water basin such that one end was partly resting on the concrete floor of the basin. The other, upper end was attached to a rotating sheave above the water surface. The attachment point on the sheave was set at various radii to its centre of rotation and the electrical motor could produce various rotational speeds, so that the upper attachment point was excited in circular paths at various radii and periodicity. The force in the chain close to its upper attachment point was measured. The choice of chain and other parameters are accounted for in Section 3.1 and Section 3.2. Experimental equipment and procedures are described in Section 3.4 and Section 3.5. As key results, the measured maximum forces during the excitation cycles after reaching stationary oscillations are given in Section 3.6.



3.1. Choice of Chain


We chose a lacquered decoration chain with “open” links. “Open” means that the link loops were not welded after bending. The shape of the links is pictured in Figure 2.
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Figure 2. The shape and dimensions of the chain links. 






Figure 2. The shape and dimensions of the chain links.
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A few lengths of chain were tested in a tensile tester to get the relation between strain and pulling force. The relation was almost linear for a pulling force lower than 200 N. The stiffness of the chain was measured at Km = 10,000 ± 500 N, which is a low value caused by the links being open. Again, the index m denotes model values and the index p prototype values.



The mass of the chain per unit length was measured to γom = 0.0818 ± 0.0005 kg/m by weighing a long length of the chain. The longitudinal wave speed was then calculated as     c m  =    K m  /  γ  o m     ≈ 350   m / s   . The density was assumed to be 7800 kg/m3, neglecting the thin lacquer.



The link diameter of the model chain was dom = 2.2 mm. A prototype chain in a mooring system can have a link diameter of dop = 76 mm. Such a chain has the stiffness of Km = 5.8 × 108 N [29] and the mass γop = 126.5 kg/m [29,30] but the same density as the model chain, because both are made from steel. The longitudinal wave speed can then be calculated as     c p  =    K p  /  γ  p m     ≈ 2143   m / s   .



The two chains can be compared with respect to dynamic similarity. Through Equation (34) the length scale can be calculated as


   λ =    (     c m     c p     )   2  =    (    350   2143    )   2  = 0.02663   



(41)







In the physical experiment the chain length was chosen to be Lm = 33 ± 0.005 m for practical reasons and to get a somewhat taut cable. The vertical span from the concrete floor to the mean elevation of the upper attachment point was 3.3 m. The chain length also included a shackle and a force probe in the upper end with the length 0.159 m and a shackle in the other, lower end with a length of 0.026 m. These are neglected in the numerical simulations in Section 4. With λ = 0.027 and Lm = 33 m the length of the prototype chain would become Lp   ≈   1240 m.



These two chains thus fulfil the necessary conditions to be dynamically similar for oscillations in vacuum, i.e., without hydrodynamic forces, and the dimensionless parameters     α 2     and     α 3     are equal between the model and prototype. To assess the hydrodynamic scaling we revert to Equations (31a) and (38).



According to Equations (31a) α1 should be the same in the model as in the prototype


      α  1 m      α  1 p     =      C  M N m      C  v m        ρ w     ρ c         C  M N p      C  v p        ρ w     ρ c      =    C  M N m    C  v p      C  M N p    C  v m     =    C  M N m      C  M N p      1 φ  = 1   



(42)







The volume coefficient of the model chain was calculated to be Cvm   ≈   2.76 and that of the prototype chain to be Cvp   ≈   3.58. Then, the volume coefficient scale is φ = Cvm/Cpm   ≈   0.74. See Equation (36). The ratio between the added mass coefficients in the model and the prototype can then be solved from Equation (42):


      C  M N m      C  M N p     = φ = 0.771   



(43)







The scale β = dom/dop = 2.2/76 = 0.029 and λ = 0.027 inserted in Equation (38), based on     α 5     being equal, gives the ratio between the normal drag coefficients in the model and the prototype as:


      C  D N m      C  D N p     =   β φ  λ  =   0.029   · 0.74   0.033   = 0.839   



(44)







To judge whether the hydrodynamic forces are similar, relevant data from the coefficients are needed. However, we can note that the added-mass and the drag coefficients shall, at least, have the same order of magnitude in model and prototype.



The parameters     α 1    ,     α 4     and     α 5     contain the normal added-mass coefficient     C  M N     , the tangential drag coefficient     C  D T      and the normal drag coefficient     C  D N     , which all are functions of the Reynolds number,    R  e  m a x   =  u  m a x    d o  / ν   , and the Keulegan-Carpenter number,    K C =  u  m a x   T /  d o    . At the upper end the transverse maximum velocity of the cable during a cycle is     u  m a x   = 2 π r / T   , where r is the radius of excitation. Then we can write    R  e  m a x   = 2 π r  d o  /  (  T ν  )     and    K C = 2 π r /  d o    .



In the present experiments    300 < R  e  m a x   < 2200    and    210 < K C < 570   . In the prototype    6.3 ·   10  4  < R  e  m a x   < 4.7 ·   10  5     and    230 < K C < 620   . Thus one may conclude that the KC number is almost equal in the model as in the prototype and also well above 50, a value where the dependence of the added mass coefficient on the Keulegan-Carpenter number is flattening out for circular cylinders. See for instance an experimental graph by Sarpkaya (Figure 3.18 in [31]). The authors have found no qualified information on added mass for chains in the literature, but a qualified guess is that the added mass coefficient of the prototype chain is somewhat larger than that of the model chain, which gives a better agreement for Equation (43). A first guess would be to set the added mass coefficient equal to the volume coefficient. Furthermore, as the density of steel is 7.8 times greater than the density of water, the exact value of the added-mass coefficient may not be very important for this case, but may be more significant for lighter synthetic ropes.



If we assume almost stationary flow at the present very high KC numbers, we can expect a rather constant drag coefficient     C D  ≈ 1 − 1.2    for    500 < R e < 5 ·   10  5    . At the upper limit it sharply drops to 0.3 and then gradually rises to 0.6 at    6 ×     10  6    . See for instance a graph based on experiments with circular rods by Schlichting (Figure 3.1b in [31]) or Figure 12 in [32]). Thus     C D  ≈ 1    in both the model and the prototype near the upper end of the cable;     C  D N m   /  C  D N p   ≈ 1    instead of 0.84 according to Equation (44). However, the transverse velocity at the mid span of the hanging part of this relatively taut cable may be around 10 times greater than the excitation velocity at the upper end. The drag coefficient would then be expected to drop to 0.5 in the prototype for the mid span. This would give     C  D N m   /  C  D N p   ≈ 2    i.e., which does not agree as well with Equation (44). However, the discussion is strictly valid for circular cylinders only. In DnV-OS-E301 [33] the normal drag coefficient is recommended to have a value of 2.6 for a stud chain and 2.5 for a studless chain, using the material diameter as the diameter in the drag expression. The present decoration chain is, however, less compact than the prototype stud chain, which is why the drag coefficient may be a little lower.




3.2. Choice of Other Conditions


The model chain was suspended so that it partly rested on the concrete floor of the basin and was fixed to a lead weight at the far end. The configuration is shown in Figure 3. The upper end was attached to a rotating sheave with its centre 0.3 m above the water surface. This implies that the submerged length of chain varies somewhat during an excitation period.
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Figure 3. Experimental set-up. 






Figure 3. Experimental set-up.
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The attachment point on the sheave was set at various radii, rm, to its centre of rotation and the electrical motor at various rotational speeds to produce various periods, Tm. Table 1 and Table 2 show the radii of excitation and the period times respectively, for both model and prototype scale.
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Table 1. Radii rm (m) Circular upper-end excitation in model and prototype scale.







Table 1. Radii rm (m) Circular upper-end excitation in model and prototype scale.







	
Model

	
0.075

	
0.100

	
0.125

	
0.150

	
0.200






	
Prototype

	
2.82

	
3.75

	
4.69

	
5.63

	
7.51
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Table 2. Periods, Tp (s) Period time of circular upper-end excitation.







Table 2. Periods, Tp (s) Period time of circular upper-end excitation.







	
Periods, Tp (s)

	
1.25

	
1.5

	
2.0

	
2.5

	
3.0

	
3.5






	
Periods, Tp (s)

	
7.7

	
9.2

	
12.3

	
15.3

	
18.4

	
21.5










3.3. Alternative Dimensional Analyses


There are many possibilities for grouping non-dimensional parameters. For instance, in [10] two approaches using either the displacement amplitude or the velocity amplitude as the forcing function are formulated, resulting in two sets of nine dimensionless groups, two of which are different. Here, however, we will compare our modelling using the dimensionless groups presented in [9] and [2].



A complete list of the data of the model and the prototype are given in Table 3.
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Table 3. Input data for the parameters in Table 4, Table 5 and Table 6.







Table 3. Input data for the parameters in Table 4, Table 5 and Table 6.







	
Quantity

	
Model

	
Prototype

	






	
L

	
33

	
m

	
1240

	
m

	
Length of cable




	
V

	
3.3

	
m

	
124.0

	
m

	
Vertical span




	
do

	
0.0022

	
m

	
0.076

	
m

	
Material diameter




	
de

	
0.00365

	
m

	
0.144

	
m

	
Equivalent solid-rod diameter (reference diameter)




	
   w = ( 1 −  ρ w  /  ρ c  ) g  γ o    

	
0.699

	
N/m

	
1078

	
N/m

	
Weight in water




	
Ts

	
22.68

	
N

	
1.314 × 106

	
N

	
Static tension




	
K

	
10

	
kN

	
5.8 × 105

	
kN

	
Stiffness




	
umax

	
0.135–1.0

	
m/s

	
0.825–6.16

	
m/s

	
Excitation speed




	
ν

	
10−6

	
m2/s

	
10−6

	
m2/s

	
Kinematic viscosity




	
    ρ c    

	
7800

	
kg/m3

	
7800

	
kg/m3

	
Cable density




	
    ρ w    

	
1000

	
kg/m3

	
1024

	
kg/m3

	
Water density




	
r

	
0.075–0.2

	
m

	
2.82–7.51

	
m

	
Diameter of motion




	
ψ

	
0.455

	
rad

	
0.454

	
rad

	
Angle between motion and the horizontal




	
    C v    

	
2.76

	
-

	
3.58

	
-

	
Volume coefficient









Webster [9] formulates a non-dimensional tension in a cable as a function of 12 non-dimensional parameters. See Table 4. These include the running time over the period of excitation, the moment of inertia in bending over the cross-sectional area squared, two parameters containing CD and Cm—essentially depending on the Reynolds number—and one containing the steady current drag over the weight of the mooring line. In our physical model there is no bending stiffness, there is no current and the drag and added-mass parameters may be combined into a Reynolds number. This leaves us with nine parameters. These are checked below for the presented model. Papazoglou et al. [2] and Mavrakos et al. [3] also present nine non-dimensional parameters for similitude, but not in the same combinations.
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Table 4. The nondimensional parameters (groups) used by Webster [9] and relevant for this problem with Webster’s explanations of their physical meanings. Notations as in the present article.







Table 4. The nondimensional parameters (groups) used by Webster [9] and relevant for this problem with Webster’s explanations of their physical meanings. Notations as in the present article.







	
Parameter

	






	
t/T

	
is the time relative to the period of the sinusoidal excitation. If a steady state is achieved, the state of the mooring line repeats for each unit increment in this parameter; This parameter scales with the square root of the length scale and is not listed explicitly below in Table 5 and Table 6;




	
L/V

	
is the ratio of the mooring line length to the vertical span and is commonly called the “scope” of the mooring line;




	
Ts/(wV)

	
is the ratio of the static pretension of the mooring line to the weight in water of a length of mooring line equal to the vertical span. This parameter, together with the scope, governs the geometry of the mooring line when no motions are imposed;




	
r/V

	
is the ratio of the amplitude of motion to the water depth;




	
    C D     C v      

	
is the ratio of the hydrodynamic, cross-flow drag forces acting on the real mooring line to those which would act on the reference mooring line if exposed to the same flow situation;




	
    C m   C v    

	
is the ratio of the added mass loads to those which would act on the reference mooring line exposed to the same flow situation;




	
    T  2 π      g V      

	
is the ratio of the period of the excitation to the period of a pendulum of length V;




	
    ρ w  /  ρ c    

	
is the ratio of the water mass density to the mass density of the mooring line material. This parameter measures the relative importance of the hydrodynamic loads to the internal mechanical loads;




	
K/wL

	
is the inverse of the strain at the top of the cable resulting from suspending the mooring line vertically in water of unrestricted depth. This parameter measures the relative “stiffness” of the mooring line;




	
do/V

	
is the ratio of the diameter of the reference mooring line to the vertical span. Since almost all mooring lines are exceptionally thin compared to the vertical span, this parameter approaches zero.
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Table 5. Nondimensional parameters according to [9] calculated for the present experimental data with the notations used in the present article.







Table 5. Nondimensional parameters according to [9] calculated for the present experimental data with the notations used in the present article.







	
Parameter

	
Model

	
Prototype

	
Ratio Prototype/Model






	
1

	
L/V

	
10

	
10

	
1




	
2

	
Ts/(wV)

	
1.017

	
1.018

	
1.00




	
3

	
r/V

	
0.023–0.061

	
0.023–0.061

	
1.00




	
4

	
    C D     C v      

	
CDm∙1.66

	
CDp∙1.95

	
1.14    (  C  D p   /  C  D m   )   




	
5

	
    C m   C v    

	
Cmm∙2.76

	
Cmp∙3.82

	
1.30    (  C  m p   /  C  m m   )   




	
6

	
    T  2 π      g V      

	
0.343–0.960

	
0.343–0.960

	
1.00




	
7

	
    ρ w  /  ρ c    

	
0.128

	
0.131

	
1.02




	
8

	
K/wL

	
435

	
435

	
1.00




	
9

	
do/V

	
0.67 × 10−3

	
0.61 × 10−3

	
0.92
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Table 6. Non-dimensional parameters according to [2] calculated for the present experimental data with the notations used in the present article.







Table 6. Non-dimensional parameters according to [2] calculated for the present experimental data with the notations used in the present article.







	
Parameter

	
Model

	
Prototype

	
Ratio Prototype/Model






	
1

	
L/V

	
10

	
10

	
1




	
2

	
do/L

	
67 × 10−6

	
61 × 10−6

	
0.92




	
3

	
wL/Ts

	
1.018

	
1.016

	
1.00




	
4

	
Remax = umaxdo/ν

	
300–2200

	
6.27 × 104–4.7 × 105

	
212




	
5

	
    ρ c  /  ρ w    

	
7.80

	
7.62

	
0.98




	
6

	
K/Ts

	
441

	
442

	
1.00




	
7

	
r/do

	
34.1–90.9

	
37.1–98.8

	
1.09




	
8

	
    ω 2   L 2  /  (   T s  /  (   ρ c  π  d e 2  / 4  )   )    

	
12.7–99.2

	
12.7–99.5

	
1.00




	
9

	
ψ

	
0.455

	
0.454

	
1.00









The present model fulfils most of Webster’s parameters except the ones containing the coefficients of drag and added mass and the diameter over vertical-span ratio. See Table 5. The prototype over model ratio for Parameter 4 is 1.14   (  C  D p   /  C  D m   )    and the ratio    (  C  D p   /  C  D m   )    may be between 0.5 and 1 referring to the discussion in Section 3.1. Then, 1.14    (  C  D p   /  C  D m   )    would be in the range of 0.6 and 1.1, which may be considered reasonably correct. Parameter 5 would give the ratio 1.4 using the ratio for recommended added mass coefficients    (  C  mp   /  C  mm   ) = 2.6 / 2.5   . This is not completely satisfactory, but as said before, for a steel cable the steel mass dominates the inertia. Parameter 9 gives a prototype over model ratio of 0.92 because the diameter over vertical-span ratio d/V simply depends on the difference in steel material diameter which is a result of modelling compromises and this is of minor importance.



The present model also fulfils most of the parameters of [2]. See Table 6. The modelling error in Parameters 2 and 7 is caused by the different material diameters and scale β. Using the equivalent homogeneous rod diameter de instead of the material diameter do in Parameters 2 and 7, we would get prototype over model ratios of 1.05 and 0.96, respectively. As discussed above, the Reynolds number, Parameter 4, cannot be the same in the model and prototype. The modelling error in Section 5 is simply caused by the fact that we had fresh water in the model and assumed sea water in the prototype. As for Parameter 8, [2] does not discuss its physical significance, but again we may encounter a modelling error. If we use the diameter do instead of de the prototype over model ratio becomes 0.77.



We can conclude that the presented dynamic experiment with a chain submerged in water can be considered as a model of a 1240 m long 76 mm stud chain at a length scale of 1:37.6. As the chain was also scaled to have correct propagation celerity for longitudinal elastic waves, it provided a perfect geometrical and dynamic scaling in vacuum. In [1] it was pointed out that this is the most difficult scale to achieve, but here we have stated it is possible to accomplish this. The similarity in water was not perfect mainly due to viscous effects as the comparisons of non-dimensional parameters confirm. The main modelling error arises from the impossibility of achieving Reynolds number equality, but if the Reynolds number is high enough, the drag and added mass coefficients could be considered equal in model and prototype.




3.4. Experimental Equipment


The experiments were run in the manoeuvring basin at SSPA, Göteborg. At the short edge of the basin a rig with a speed-controlled electrical motor was erected. The chain was attached by a ball-bearing axis to a sheave on the axis of the motor at various distances from its centre. See Figure 4. The chain was hung parallel to the long side of the basin half a metre from this side. It was fixed at its far lower end by an anchor consisting of two lead weights. The force in the upper end of the chain was measured with a force probe (Bofors KK10). The force measurements were recorded on paper charts which now have been digitised. Please note that the digitisation process cannot properly recreate the high-frequency oscillations appearing at slack conditions. The high-frequency amplitudes are correctly captured from the charts but the number of oscillations might be underestimated. The peak loads and non-slack conditions are, however, well captured in the digitisation procedure.
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Figure 4. The experimental rig with electrical motor, sheave, chain and force probe. 






Figure 4. The experimental rig with electrical motor, sheave, chain and force probe.
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3.5. Experimental Procedure


The radius of the excitation motion was set between the various fixed positions by moving a screw between predrilled and threaded holes. Thereafter the period of rotation was adjusted by controlling the speed of the motor. The periphery velocity was, however, affected a little by the fact that the sheave ran slower when the chain was pulled in than when it was let out. The deviation was judged to be negligibly small but was not measured. The time period was however correct. The force in the upper end point was recorded for a time long enough to reach stationary oscillatory conditions. For each radius a set of experiments with different periods were conducted. Before each set the force probe was calibrated. In total 30 experiments were performed and the mean maximum force was extracted from the time series. The reading error was estimated to be ±5% including the error of the force probe calibration.




3.6. Experimental Results


Two examples of recorded upper end force are shown in Figure 5 and Figure 6, from one long period test with Tm = 3.50 s, and one shorter period test with Tm = 1.25 s. In Figure 5 the tension response is slightly asymmetric, with a mild slope during the up-stroke and a sharper drop in the down-stroke. During approximately 1 s of the cycle the cable has virtually no stiffness as the major part is slack. When tension is regained, the response is still smooth because of the relatively long period oscillation. The same effects can be seen for the tension force record of the shorter period time in Figure 6, but here the re-tensioned cable gives rise to clearly visible transients in the tension force. This results in both a double peak appearance and a step-like behaviour of the tension force history during the upstroke motion.



In Table 7 the mean of the measured maximum upper-end tensions for each combination of period and radius in the experiments are listed. These are digitised from [13].
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Figure 5. Recorded upper-end force Fm (N) for the period Tm =3.50 s and radius rm = 0.2 m. (Digitised from [13]). 






Figure 5. Recorded upper-end force Fm (N) for the period Tm =3.50 s and radius rm = 0.2 m. (Digitised from [13]).
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Figure 6. Recorded upper-end force Fm (N) for the period Tm =1.25 s and radius rm = 0.2 m. (Digitised from [13]). 






Figure 6. Recorded upper-end force Fm (N) for the period Tm =1.25 s and radius rm = 0.2 m. (Digitised from [13]).
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Table 7. Measured mean of maximum upper-end tension (N). (Digitised from [13]).







Table 7. Measured mean of maximum upper-end tension (N). (Digitised from [13]).







	
Period (s)

	
Radius (m)




	
0.075

	
0.1

	
0.125

	
0.15

	
0.2






	
1.25

	
42.5

	
46.8

	
54.1

	
60.4

	
70.3




	
1.50

	
41.0

	
45.3

	
51.5

	
59.0

	
68.0




	
2.00

	
36.0

	
39.5

	
47.5

	
54.1

	
62.3




	
2.50

	
31.1

	
35.4

	
42.5

	
49.0

	
57.3




	
3.00

	
29.5

	
33.1

	
39.3

	
45.8

	
54.0




	
3.50

	
27.8

	
31.5

	
37.5

	
42.5

	
50.1











4. Simulated Tension


While [13] carried out simulations with the Modex code using standard finite elements [34], we here include simulation results from a newly developed cable dynamics code, MooDy [12], using discontinuous Galerkin elements to capture snap and snatch tensions. The MooDy cable model takes the bilinear stiffness of a chain into account with zero stiffness for compressive deformation. It includes a Morison formulation for the hydrodynamic loads as described in Section 2, Coulomb friction for the sliding on the bottom and a bilinear bottom stiffness for the vertical contact force with the bottom. In Table 8 the input model data is listed. One may note that the normal drag coefficient is the same as that recommended in DnV-OS-E301 for studless chains. The added mass coefficient was set to 3.8, which may be a little too high as the volume coefficient is only 2.8. This was investigated in [13] and it was found that the added mass could as well be set to 0 for the present cases. In the MooDy cable model the instantaneous submergence of the chain was taken into account.
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Table 8. The input model data.







Table 8. The input model data.







	
Quantity

	
Measure

	
Unit

	






	
Water density

	
1000

	
kg/m3

	
ρwm




	
Water depth

	
3

	
m

	
The coefficients of added mass and drag are as default set to zero above the water surface




	
Bottom:

	

	

	




	
Friction

	
0.3

	
-

	
The friction coefficient is increasing linearly to the given value up to the sliding speed and 0.01 m/s




	
Coordinate

	
0

	
m

	
Vertical coordinate is x1 = 0 m at bottom and points upwards




	
Elastic modulus

	
3 × 109

	
Pa

	
For x1 < 0 m but 0 Pa for x1 ≥ 0 m




	
Damping factor

	
1

	
-

	
For x1 < 0 m but 0 for x1 ≥ 0 m




	
Cable:

	

	

	





	
Unstretched length

	
33

	
m

	
Lm




	
Horizontal span

	
32.554

	
m

	
From anchor point to centre of sheave




	
Vertical span

	
3.3

	
m

	
From bottom to centre of sheave




	
Density

	
7800

	
kg/m3

	
ρc




	
Stiffness

	
10000

	
N

	
Km




	
Mass per length unit

	
0.0818

	
kg/m

	
γom




	
Steel diameter

	
2.2

	
mm

	
dom




	
Normal drag coefficient

	
2.5

	
-

	
Applied on the steel diameter dom




	
Tangential drag coefficient

	
0.5

	
-

	
Applied on the steel diameter dom




	
Added mass coefficient

	
3.8

	
-

	
Applied on the material area γom/ ρc









For comparison, the recorded and simulated upper-end forces in the model Fm (N) for the excitation radius rm = 0.2 m for the period Tm =3.50 s are drawn in Figure 7 and for Tm =1.25 s in Figure 8. Overall, the simulations match very well with the measured data, suggesting that all important dynamic effects are correctly accounted for in the numerical model. Some numerical oscillations are seen in the slack region of Figure 8. These are artefacts of the numerical settings used in MooDy (10 elements of polynomial order 7) and the ill-posed nature of the dynamic problem of cables under negative strain with negligible bending stiffness [35]. The results shown in Figure 7 and Figure 8 are unfiltered.



In Figure 9 the simulated maximum upper-end tensions of all combinations of (rm, Tm) are plotted as a function of measured maximum tension. The agreement is shown to be very good, with a correlation coefficient of R2 = 0.98 compared to full agreement.
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Figure 7. Recorded (solid black) and simulated (dashed red) upper-end force Fm (N) for the period Tm =3.50 s and radius rm = 0.2 m. 






Figure 7. Recorded (solid black) and simulated (dashed red) upper-end force Fm (N) for the period Tm =3.50 s and radius rm = 0.2 m.
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Figure 8. Recorded (solid black) and simulated (dashed red) upper-end force Fm (N) for the period Tm =1.25 s and radius rm = 0.2 m. 






Figure 8. Recorded (solid black) and simulated (dashed red) upper-end force Fm (N) for the period Tm =1.25 s and radius rm = 0.2 m.
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Figure 9. Simulated versus measured maximum upper-end force Fmax (N) for various excitation periods Tm (s) and radii rm (m). 






Figure 9. Simulated versus measured maximum upper-end force Fmax (N) for various excitation periods Tm (s) and radii rm (m).
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5. Conclusions


The dynamic response of mooring cables for marine structures is scale dependent, and perfect dynamic similitude between full-scale prototypes and small-scale physical model tests is difficult to achieve. A notable feature of the experiment presented is that the chain was scaled to have correct propagation celerity for longitudinal elastic waves, thus providing perfect geometrical and dynamic scaling in vacuum, which is unique. The scaling error due to an incorrect Reynolds number seems to be of minor importance. The 33 m experimental chain can then be considered a scaled 76 mm stud chain with a length of 1240 m, i.e., a length scale of 1:37.6. The physical model was able to reproduce the effect of snatch loads giving rise to tensional shock waves propagating along the cable.



The results from the experiment were compared to results from the newly developed, very accurate cable-dynamics code, MooDy, which utilises a discontinuous Galerkin FEM formulation. The almost perfect fit of upper-end force in the time domain and a goodness of fit r2 = 0.98 of linear regression between simulated and measured force maxima are both strong indications that the physical model and the numerical model are of high quality. The comparison was made using the data of the physical model and thus involved no scaling errors, only the usual experimental inaccuracies, which are judged to be small. Using the present input in other codes should give a similarly good fit. The experimental data is herein made available for validation of other numerical codes through publishing digitised time series of upper-end force from two of the experiments.
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