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Abstract: A numerical simulation is used to investigate the effects of adding high frequency and low
amplitude perturbations of different waveforms to the sinusoidal-based signal of the heaving foil
on the propulsion performance and wake structure. We use the adjustable parameter k to achieve a
heaving motion of various waveform cycle trajectories, such as sawtooth, sine, and sq3e. Adding a
perturbation of whatever waveform is beneficial in increasing the thrust of the heaving foil, especially
by adding a square wave perturbation with a frequency of 10 Hz, pushes the thrust up to 10.49 times
that without the perturbation. However, the addition of the perturbation signal brings a reduction in
propulsion efficiency, and the larger the perturbation frequency, the lower the efficiency. The wake
structure of the heaving foil behaves similarly under different waveform perturbations, all going
through some intermediate stages, which eventually evolve into a chaotic wake with the increase in
the perturbation frequency. However, a lower frequency square wave perturbation can destabilize the
heaving foil wake structure. This work further explains the effect of different waveform perturbation
signals on the base sinusoidal signal and provides a new control idea for underwater vehicles.

Keywords: heaving foil; different waveform perturbation; hydrodynamic characteristics; vortex structure

1. Introduction

Motion is the fundamental property and the existing mode of matter. From running
cheetahs to flying swallows and swimming carp, and even to bacteria, moving organisms
can be commonly observed. Birds and fish, which usually overcome drag by flapping their
wings or fins, can drive themselves with fewer power costs and greater maneuverability
after more than 500 million years of natural selection.

Over the past century, researchers have made numerous efforts to learn about the
physical mechanisms at the back of flapping propulsion and apply them to bionic vehicles,
such as the pioneering work of Garrick [1] and Gray [2], and the theoretical investigations
presented by Lighthill [3] and Wu [4]. As the saying goes: three parts land, seven parts
ocean. With the over-exploitation of land resources, humans gradually shifted their focus to
the ocean, which has more resources, and thus bionic underwater vehicles were born. With
the development of technology, scholars have analyzed the skeletal-muscular structure of
marine organisms through technical means such as X-ray scanning and dissection, and also
used high-speed cameras to photograph the movement of different fishes, summarizing a
large number of kinematic equations, which have greatly contributed to the development
of bionic vehicles. [5-8]

Most commonly studied today is the replacement of fins/wings of fish and birds
by a simplified model (flapping foil), while simulating biological motion by forcing an
excitation signal on the leading edge of the foil. Previously, smooth and periodic excitation
signals (sinusoidal, non-sinusoidal, asymmetric functions, etc.) were often chosen to
control the foil to accomplish a pure pitch motion, pure heave motion, or a combination
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of both. Mao et al. [9] used a computational fluid dynamics (CFD) approach to study the
hydrodynamic characteristics of 3D flapping foil with different bias angles in pitch motion,
and his results can be used to improve control systems for the heave and pitch motions of
vehicles. Wu [10] conducted a numerical study on the self-propulsion problem of rigid—
flexible composite plates, in which he applied forces to the connection points to keep the
rigid part in a given pitch motion, while the deformation of the flexible part was consequent.
The effect of the stiffness of the flexible plate was investigated by varying the length ratio
of the flexible and rigid parts to simulate the composite plate. In the experiments of
Cros [11], a transverse harmonic displacement is applied at the fixed leading edge of the
flexible plate. The excitation frequency and air velocity are the two control parameters in
their experiment. Their experimental results demonstrate that the resonance phenomenon
exhibited by the cantilever plate in the airflow is consistent with the linear theoretical
predictions of Eloy [12] and Michelin [13].

However, the simple excitation signals mentioned above cannot accurately represent
the mechanisms that generate motor output in biological systems. The reasons for this are
mainly the following: Firstly, when fish move, their fins and bodies are deformed, thus
generating multiple waves [14,15]. Secondly, the biological locomotor signal is not formed
by a single signal, it is generated by a combination of central modulation signals and organ
feedback signals [16—-18]. Finally, the marine environment in which fish live is complex
and variable. Therefore, fish must adapt their movements to the changing ocean currents
for efficient propulsion. Lehn et al. [19] conducted perturbation experiments in a closed
recirculating water tank, where he added a high frequency, low amplitude sinusoidal
perturbation signal to the base signal of a sinusoidal heave motion, and the experimental
results showed that the addition of the perturbation resulted in a substantial increase in
thrust. Inspired by Lehn et al. [19], we add the nonsinusoidal perturbation signal to the
sinusoidal base signal and investigate the effects of different waveforms of the perturbation
signal on the hydrodynamic characteristics of the heaving foil using numerical simulations.

In this paper, we give the description of the problem and the methodology in Section 2,
where the schematic representation of the flow configuration and the kinematics of heaving
foil are described. We also define the relevant parameters and validate the numerical
method in this section. Then, we discuss the wake structure and hydrodynamics in
Section 3. The last section concludes the paper with a summary of our results.

2. Problem Definition and Methodology
2.1. Problem Definition

Figure 1 depicts this problem through a flow schematic. A two-dimensional NACA0012
foil is placed in a uniform flow with constant velocity U in the x-direction. The control
signal h(t) consists of the base signal /;(t) and the perturbation signal /,(t). The base signal
is a sinusoidal signal, which has a heaving amplitude (A) of 0.25 times the chord length (c)
and a fixed frequency (f,) of 1 Hz. The heaving amplitude (0.1 A) of the perturbation signal
is 0.025 times the chord length (c) and the frequency (f,) ranges from 0 to 10 Hz with
increments of 2 Hz, but its waveform is not fixed, and we will give a detailed definition of
the perturbation signal later.

Different from Lehn et al. [19], the adjustable parameter k is used to achieve pertur-
bation signals of various waveform cycle trajectories, such as sawtooth, sine, and square.
According to the work of Lu [20], we define the nonsinusoidal heaving perturbation signal
of the foil as follows:

hpo sin~1[—ksin(2mfyt)]
sin~1(—k)

hy(t) = hyosin(27tfpt) , k=0 1)

hy(t) = ,—1<k<0

hp(t) _ hpgtanhl[tl;sl?k(anpt)] k>0
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where hy,(t) denotes the instantaneous heaving perturbation amplitude, hy,g is the maxi-
mum heaving amplitude, f is the heaving frequency, and t is the instantaneous time. In
Equation (1), we regulate the trajectory of the heaving perturbation signal through an
adjustable parameter k. As k increases, the heaving perturbation signal changes from a
sawtooth wave to a sine wave and finally to a square wave. In Figure 2, we use the k
adopted in this study to show the waveform shapes of various perturbation signals.

—_——

h(t) = h, (1) + h, (1)

<

hy(t) = Asin(2z f,t)
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Figure 2. Variation of the perturbation signal waveform in one period at different k.

We present several dimensionless parameters to describe the motion of the foil. The
non-dimensional heave amplitude /, Reynolds number Re, and non-dimensional frequency
f are defined:

A

== @
Uc

Re = - 3)

7=k @

where v is the kinematic viscosity of the fluid, U is the incoming flow velocity, which has
been described earlier, A is the heaving amplitude of the base signal, c is the chord length,
and here f is the base frequency (f;).

To analyze the forces produced by the heaving foil, we use the symbols Cr and C;, to
represent the instantaneous thrust coefficient and the instantaneous lift coefficient of the
heaving foil, respectively. Where s is the span length. Hence, the time-averaged coefficients
over a motion period are calculated as:
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According to the definition, it can be easily found that C1_;;e;,, > 0 produces thrust
while CT_peqn < 0 produces drag. From the previous study [21], we computed the instan-

taneous power coefficient, Cp, as Cp(t) = Cr(t)h(t). Therefore, the time-averaged input
power coefficient is calculated as:

_ 17 h(t)
Cmeezzn = ?/0 CL(t)Tdt (6)

Thus, the propulsion efficiency of the heaving foil is determined as:

CT—mean
— an 7
Cpfmeun ( )

2.2. Numerical Approach

Numerical simulation of the unsteady flow field around the heaving foil is performed
with the software Fluent 20.0. The finite volume method (FVM) is used to discretize the
Navier-Stocks equations. The PISO (Pressure-Implicit with Splitting of Operators) algo-
rithm is used to solve the coupled velocity—pressure solution. Momentum discretization is
performed using the second-order windward method and derivatives are calculated on the
basis of Green-Gauss nodes. The foil motion is achieved by user-defined functions (UDF).

The computational domain consists of two parts: the inner domain and the outer
domain. The total size of the computational domain is a rectangle of 20c x 12c, and the inner
domain is 10c x 3c. The inner domain uses an unstructured grid to reduce computational
resources by the dynamic diffusion grid method and avoid obvious changes in the grid,
and the outer domain uses a structured grid.

The boundary conditions of the calculation area are set as follows: the inlet boundary
is the velocity inlet; the outlet boundary is the pressure outlet, and the no-slip boundary
conditions are used for the foil’s surface and the upper and lower boundaries.

2.3. Validations

To verify the grid-independence, three grid sizes (coarse, medium, and fine) were
selected, and the number of grids in grid 1 to 3 was 9 x 10%, 2 x 10%, and 3 x 10°. The
Cr curves of the heaving foil at & = 0.25, f, = 1 Hz, and f, = 0 Hz were used to verify the
grid-independence. The convergence validation of grids 1 to 3 is shown in Figure 3a. There
is no significant difference in the Cy variation under the three grid scales, indicating that
the numerical calculation is grid convergent, and the subsequent results are analyzed using
the calculation results of grid 2.

To verify the reliability of the calculation method, the results of this paper are com-
pared with those of Heathcote [22] and Ashraf [23]. Heathcote conducted experiments on
a NACAO0012 airfoil with an amplitude & = 0.175 at different frequencies f. To determine
whether turbulence effects play an important role in the flow, Ashraf compared his cal-
culations with the Sparlart-Allmaras turbulence model and the experimental results of
Heathcote. It was shown that the NS (Navier-Stokes) laminar simulation results coincided
with the turbulence simulation results and were similar to the experimental data when
the product of the dimensionless amplitude h and the dimensionless frequency f was less
than 1.5 (fh < 1.5). From Figure 3b, we can see that the calculation results of the method
in this paper are in good agreement with the experimental results and are better than the
calculation results of Ashraf. A time-step refinement study has also been performed by
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varying the number of time steps per cycle. For this study, 500, 800, 1000, and 1500 steps
were used, using a medium grid for each cycle. As shown in Figure 3¢, increasing the
resolution of the time step from 1000 to 1500 steps per cycle does not change the thrust
coefficient. Therefore, in our study, we use 1000 steps for further simulations.
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Figure 3. Validation for present numerical simulation: (a) grid independence verification, (b) calcula-
tion method validation and (c) validation for present numerical simulation.

3. Result and Discussion

To investigate the physical mechanism behind the effect of different waveform per-
turbation signals on the heaving foil, this section shows the average thrust coefficient,
propulsion efficiency, and wake structure of the heaving foil for different waveforms of
perturbation signals.

3.1. Force Measurement

From the preceding parameter settings, we can see that the base frequency f;, has been
kept constant at 1 Hz and the perturbation frequency f, is in variation. Therefore, the
calculation period is determined by the base frequency, which means that one calculation
period is 1 s and the total calculation time is 10 s. Note that all calculations are averaged
over the last two cycles.

The variation of the thrust coefficient of the heaving foil with the perturbation fre-
quency for different waveform perturbations is shown in Figure 4. The comparisons
between square and sine, and sawtooth and sine waves are carried out in Figure 4a,b,
respectively. The 0 Hz perturbation frequency means that the input signal is only the base
signal.
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Figure 4. Variation of thrust coefficient: (a) a square wave vs. a sine wave and (b) a sawtooth wave
Vs. a sine wave.

The thrust coefficient of the heaving foil gradually improves as the perturbation fre-
quency increases, which is consistent with the conclusion reached in the experiment of
Lehn et al. [19]. We also observe that the sine wave perturbation signal brings a slightly
better thrust enhancement than the sawtooth wave, while the square wave perturbation
signal brings a substantial thrust enhancement, and we can observe that at k = 5 and
fp = 10 Hz, the thrust is directly raised to 1049.89% of that without the addition of perturba-
tion. However, we did not observe the peak thrust as in the experiment of Lehn et al. [19],
perhaps because the stiff foil used in his experiment is defined only relative to the flexible
foil he used and is not an absolutely rigid body.

For the purpose of quantifying the effect of perturbation frequency on the thrust coef-
ficient, we attempted to fit a response function from the data to derive the corresponding
thrust coefficient based on the input perturbation parameters. We fitted a polynomial of the
fourth order to the existing thrust coefficient and perturbation frequency curves to obtain
the following equation.

y = 1.0807 x 10~ 2x* — 1.3154 x 10~ 4x® + 0.0048x2 — 0.002x + 0.2748, k= —1

y = 2.8125 x 1072x* — 5.2407 x 10~*x% 4 0.0067x? — 0.0024x + 0.2745, k= —0.8

y = 3.9583 x 10~%x* — 7.544 x 10~*x> + 0.0086x> — 0.0061x + 0.2747, k=0 (8)
Y = 6.6406 x 107 0x* — 5.4456 x 107°x3 + 0.0073x? + 4.7447 x 10~ *x + 0.2747,k = 2

y = 1.3750 x 10~#x* — 9.2546 x 10~*x3 + 0.0222x? — 0.0066x + 0.2749, k=5

where y represents the value of the thrust coefficient and x represents the value of the
perturbation frequency. To test the accuracy of the empirical equation we obtained, we
numerically simulated that the value of the thrust coefficient under a 12 Hz sinusoidal wave
perturbation is 0.9429, which was calculated from our fitted equation as 0.9505, resulting in
an error of 0.81%. This indicates that the fitted equation is predictive and yields a universal
relationship between the perturbation parameters and the thrust coefficients.

Figure 5 illustrates the variation pattern of propulsion efficiency with perturbation
frequency for heaving foil under five perturbation waveforms. As can be seen from the
figure, the propulsion efficiency of the heaving foil tends to decrease as the perturbation
frequency increases, regardless of which waveform perturbation is added. The propulsion
efficiency performance of heaving foil under the perturbation of five waveforms can
be roughly classified into three levels: excellent (k = —0.8, 0), good (k = 2), and poor
(k=—1,5). No increase in propulsion efficiency similar to that obtained experimentally
by Lehn et al. [19] was found in our numerical simulations, but there is a large number
of previous research [24] showing differences in the propulsive performance of flexible
and rigid foils. Therefore, we have reason to believe that the reason for this difference is
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because the research object of this paper is a rigid foil, and the effect of flexibility on the
foil motion performance is not considered.

——k=-1

0.20 - -+ —k=-0.8
AN ea- k=0
g k=2
0.15 WS k=5

= 0.10

0.05

0.00 +

Perturbation frequence (Hz)

Figure 5. Variation of propulsion efficiency.

To explore the physical mechanism of the efficiency decrease, we show the variation
of the input power coefficient Cp with the perturbation frequency f, at different base
frequencies f; in Figure 6. It can be observed that the input power coefficient almost
always increases, while the perturbation frequency gradually increases. Since the increase
of the perturbation frequency makes the foil move more distance at the same time, it
inevitably leads to the increase of the input work, which causes the increase of the input
power coefficient. Since the increase of input power coefficient is much larger than the
increase of thrust coefficient, the propulsion efficiency of foil decreases with the increase of
perturbation frequency. Meanwhile, we see that the input power coefficient at k = —1 is
much larger than k = 0, —0.8, which explains why the propulsion efficiency is low when
the perturbation signal is a sawtooth wave.

——
500 4= £k=-0.8
L s k=0
—v—k=2
k=5
400 4
300
9
O
200
100
.-
0 - __m
T T : . : :
0 Z 4 6 8 10

Perturbation frequence (Hz)

Figure 6. Variation of input power coefficient.

Considering the thrust and propulsion efficiency performance of the heaving foil
under different perturbations, it seems that this can give us some inspiration for the drive
mechanism of the bionic vehicle. First, the control signal of the vehicle trys to avoid the use
of the sawtooth wave signal. The thrust gain from the sawtooth wave is not significantly
different from the sine wave, but the sawtooth wave brings a significant reduction in
propulsion efficiency. Second, it can consider sacrificing part of the propulsion efficiency
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and adding a square wave signal to the drive signal to promote the vehicle, gaining great
thrust. Next, to ensure high propulsion efficiency for a long voyage, a sinusoidal signal (or
a signal with k = —0.8) can be added to the drive signal. Last, the waveform signal with
k = 2 seems to be the most cost-effective choice, which provides a larger thrust without a
very drastic decrease in propulsion efficiency.

3.2. Wake Structures

In this section, we study the wake structure as well as the wake evolution to better
understand the foil propulsion properties, and we summarize all the wake structures into
a (k, fp) map.

It can be seen from Figure 7 that the wake evolves similarly when the waveform
parameter k is less than 0, in other words, when the perturbation signal is in the sawtooth
to sine wave range. The transition from rbvk wake in the absence of perturbation to an
asymmetric wake then goes through a complex wake phase and finally evolves to a chaotic
wake. Even when the perturbation signal is a square wave, the wake still behaves as an
asymmetric wake at f, = 2 Hz, and the difference starts to appear when the perturbation
frequency reaches 4 Hz. Also, this confirms the thrust curve, where the difference of thrust
is small when k = —1, —0.8, 0; the difference in thrust also occurs at fp =4Hzfork=2,5.

10

6

Perturbation frequence (Hz)

4 . X ¥ °
2 4 ] L ] ] [ ] ]
0
) T T T T T
k=-1 k=-08 k=0 k=2 k=5
Waveform parameter / k
@) )
-~ - V — .
L [ ) ®
a9 00l s 000 g» 90 0@ _ . Zy0 §
P Bl B e W‘ e "y 4O |
rBvk wake Complex wake Asymmetric wake Chaotic wake

(b)

Figure 7. The numerical points in the (k, f,) plane for the heaving foil. O: reverse Bénard-von Karman (rBvk) wake;
e: asymmetric wake; *: complex wake; {: chaotic wake. (a) Represents the (k, fr) map and (b) presents examples of the

wake structures.

Because the flow structure is similar, this paper only shows the wake structure of the
heaving foil at different perturbation frequencies at five different moments (0 T, 1/4 T,
1/2T,3/47T,T)in one computational period for k= —1, 2, 5, with the initial motion direction
all along the positive y-axis.

From Figure 8, it can be found that at f;, = 1 Hz, the wake structure behaves as an rBvk
wake at f, = 0 Hz. When f,, increases to 2 Hz, the wake structure is presented as asymmetric
wake and the vortex pair deflects upward. When f, increases to 4 Hz, the wake structure
is not chaotic and sheds four vortices respectively in one cycle; when the perturbation
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frequency continues to increase to 6 Hz, the trailing edge structure starts to become chaotic.
As can be seen from the Figure 4b, the thrust coefficient is increased when the perturbation
frequency reaches 4 Hz. The reason for this phenomenon is that the number of wake vortex
pairs increases and is accompanied by an increase in vortex strength when the perturbation
frequency is 4 Hz. In particular, when the perturbation frequency is greater than 6 Hz,
vortices start to fall off at the leading edge of the foil and converge into the wake, further
enhancing the thrust coefficient.

or 14T 12T 34T T

S0Hz| % 90 q0n| 000y T 0000 S %00t ~ 0,000
srrmz| = 50 %0 " s 20 % ..I 2% % '1 Fe %0 '.1 ate % % \

- o0 ' 00 ¢ 500 00, "o 0 ¢ o 0 ¢
| ~Fi8a00] Fp0atq iipyet| ispged ~riesge

k2| w® 2 N > ST T s
RTINS TV BT BT RS TR

_....-- ‘.- "“ < i A2

o T IE I TV V] el

a O RS ) - via @ %ad -.:‘1‘ )
o] ~Ffnoe | NIE %] ~RAS A A0S ] SR

Figure 8. Instantaneous wake structure for foil at k = —1.

The wake evolution at k = 2 is shown in Figure 9. When a perturbation of 2 Hz is
added, the wake structure also deflects and appears as asymmetric wake, and the degree of
deflection is greater than k < 0. Unlike the sine and sawtooth wave perturbations, the wake
structure remains as asymmetric wake when the perturbation frequency increases to 4 Hz
and becomes chaotic when the perturbation frequency reaches 6 Hz. Because of this pattern
of change in wake structure, no increase in thrust coefficient is observed at a perturbation
frequency of 4 Hz as at k = —1. Instead, a significant increase in thrust coefficient is
observed at f, = 6 Hz. In addition, it can be observed that when the perturbation frequency
is higher than 6 Hz, the vortex density and vortex intensity are significantly increased
relative to those at k = —1, which also leads to a significant increase in the heaving foil
thrust coefficient.

or 14T 12T 34T T
S0Hz| 9400 g| 00 q0yl T 0000 %000t ~ 5,000,
o v % % : 2 % % |
Jr2Hz ‘M".e~§‘ Q‘o ".- 4 ﬂ’ "’-’,.’Z.‘ 0‘0 'N"‘\-", ‘. | "‘u".‘-" .‘o
fmdtz| %0 S0 .'0 ~F31.% :'c.'{ s} p '0 1 S, 'o
fe6Hz| =23 o8 ’ . J’ ~*a¥) YN ) ﬂ )
’ qu ‘2': LA YD) B A Y Bl gd
n v TN url 7 ' 7% 0
o SRR IR AR S AT
N ‘ k \ ‘ l\"é .‘ X A N .‘
fi= 10H4 “\.«,ﬁ q‘l ‘ I o R 120 B 2o

Figure 9. Instantaneous wake structure for foil at k = 2.

Figure 10 shows the wake structure when k = 5, in other words, when the perturbation
signal is a square wave. Unlike the two evolutionary modes mentioned previously, the
wake structure becomes directly chaotic when the perturbation frequency increases to 4 Hz.
This fits with the phenomenon in Figure 4a that the thrust coefficient produces a large
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/=0 Hz

fr=2 Hz

f=4 Hz

f=6 Hz

/=8 Hz

£=10 Hz,

enhancement when the perturbation frequency reaches 4 Hz when k = 5. Furthermore,
by comparing the wake structure diagrams for k = —1, 2, 5, it can be observed that the
vortex strength is greatest when k = 5. This also explains why the square wave perturbation
brings the most significant thrust improvement for the same perturbation amplitude and
perturbation frequency.

14T 12T 34T T

900008 %00 ta| o000t - Se%e0at ~ 00000

e Yol -
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N R T e T B I K

Figure 10. Instantaneous wake structure for foil at k = 5.

From the above analysis, it can be observed that although we add different perturba-
tion waveforms, there is no significant effect on the wake structure of the heaving foil at
perturbation frequencies below 4 Hz, which means that a higher perturbation frequency
is beneficial for the perturbation signal to affect the flow structure. At the same time, this
can also trigger us to think about why the effect of different waveforms of perturbation on
the heaving foil wake structure is only different when the perturbation frequency is more
or equal to 4 Hz. Our preliminary speculation is that this perturbation frequency value is
related to the parameters, such as the base frequency we selected and the amplitude ratio
between the base signal and the perturbation signal, which will also be the focus of our
subsequent research.

4. Conclusions

A systematic numerical investigation of the fluid dynamics around the heaving foil, in-
cluding the time-averaged thrust coefficient, time-averaged input work coefficient, propul-
sion efficiency, and the wake structure generated by the foil, was conducted to better
understand the effects of different waveform perturbations on the heaving foil force gener-
ation and wake structure, and to provide recommendations for underwater vehicle motion
parameter settings from a hydrodynamic perspective. The simulation results are concluded
as follows:

1.  The addition of any waveform perturbation increases the axial thrust, especially when
a square wave (k = 5) perturbation with a frequency of 10 Hz is applied, which directly
raises the thrust to 10.49 times higher than when no perturbation is added. A response
function is obtained which gives the relationship between the input perturbation
parameters and the thrust coefficients.

2. However, the propulsion efficiency decreases gradually with the increase of the
perturbation frequency, especially when a sawtooth wave perturbation (k = —1) is
applied, which brings limited thrust gain but a rapid decrease in the propulsion
efficiency.

3. The wake structure is roughly the same for different waveform perturbations, all of
which first go through an asymmetric wake phase (at f, = 2 Hz). With increasing
perturbation frequency, adding sine wave perturbation (k = 0) and sawtooth wave
perturbation (k = —1, —0.8) leads to a complex wake phase (at f, = 4 Hz) and then
evolves to a chaotic wake; adding square wave perturbation (k =2) keeps the asym-
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metric wake at f, = 4 Hz and then evolves to a chaotic wake; adding square wave
perturbation (k = 5) leads to a direct evolution from an asymmetric wake to a chaotic
wake.

4. The simulation results have a guiding meaning for the setting of the vehicle motion
parameters. The control signal of the vehicle tries to avoid the use of sawtooth wave
signal. It can consider sacrificing part of the propulsion efficiency and adding a
square wave signal to the drive signal to promote the vehicle gaining greater thrust.
To ensure high propulsion efficiency for a long voyage, a sinusoidal signal (or a signal
with k = —0.8) can be added to the drive signal. The waveform signal with k = 2
seems to be the most cost-effective choice, which provides a larger thrust without a
significant decrease in propulsion efficiency.
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