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Abstract

:

Generating dynamic operators are constructed here from the cumulative case function to recover all state dynamics of a Susceptible–Exposed–Infectious–Recovered (SEIR) model for COVID-19 transmission. In this study, recorded and unrecorded EIRs and a time-dependent infection rate are taken into account to accommodate immeasurable control and intervention processes. Generating dynamic operators are built and implemented on the cumulative cases. All infection processes, which are hidden in this cumulative function, can be recovered entirely by implementing the generating operators. Direct implementation of the operators on the cumulative function gives all recorded state dynamics. Further, the unrecorded daily infection rate is estimated from the ratio between IFR and CFR. The remaining dynamics of unrecorded states are directly obtained from the generating operators. The simulations are conducted using infection data provided by Worldometers from ten selected countries. It is shown that the higher number of daily PCR tests contributed directly to reducing the effective reproduction ratio. The simulations of all state dynamics, infection rates, and effective reproduction ratios for several countries in the first and second waves of transmissions are presented. This method directly measures daily transmission indicators, which can be effectively used for the day-to-day control of the epidemic.
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1. Introduction


The COVID-19 pandemic is an ongoing global disease caused by the severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2). The virus was reported to be first identified in December 2019 in Wuhan, China [1]. It was suspected that the original infection came from animals in the Wuhan Animal Market [2]. The number of cases grew exponentially, with more evidence of newly infected people who had never been visiting the market. This fact provided evidence that human-to-human transmission was the primary source of the fast transmission [3]. Immediately, the cases spread throughout all provinces in the country and even passed the borders through the neighboring countries. At the end of January 2020, the government of Wuhan imposed a total lockdown, preventing people from entering and leaving the city of Wuhan. The strict lockdown was also extended in response to the rapid spread of the virus [4].



Effort to predict the progress of COVID-19 transmission was made using the early data to obtain insight into infection characteristics. Zhang et al. used the stochastic model of the SEIR (Susceptible–Exposed–Infected–Recovery) model and provided the forecasts on the number of cases in several provinces in China, i.e., Shanghai, Beijing, Guangdong, Zhejiang, Chongqing, and Hunan using [5]. It was estimated that the virus transmission would be significantly disappearing in those regions in March 2020. The compartmental model-based predictions on COVID-19 figures were also conducted by Bertozzi et al. [6], who used the generic SIR (Susceptible–Infected–Recovery) model. They studied the COVID-19 spread in California and predicted the end of the first outbreak in August 2020. Not limited to that, other work utilized the Richard’s Curve to yield the extrapolated figure of the infection trajectories. The work conducted by Nuraini et al. predicted that the spread would reach the peak in late March 2020 and soon decrease significantly until totally vanishing in April 2020 [7].



Learning from the experience of many countries during the first wave of transmission, the detection of infected persons was a crucial aspect. The availability of a sufficient amount of diagnostic tests was necessary. In the early phase of the pandemic, many developing countries were struggling to provide the proper amount of specimens to detect COVID-19. During the first wave transmission, as a non-manufacturer of Polymerase Chain Reaction (PCR) Reagents for real-time COVID-19 detection and due to the limitations of world supply, health authorities in Indonesia could not fulfill the daily PCR testing target as was recommended by the WHO ([8,9]). The lack of testing capacity certainly implies the low recorded cases as compared to total infections. Consequently, as many countries were already able to contain the disease within two months, other countries, including Indonesia, were still facing the outbreaks for a more extended period.



The complication of COVID-19 transmission is mainly related to the inability of the authorities to record all infected people and people’s behavior toward the disease. It is a challenge for epidemiologists to construct simple models that can accommodate the most important phenomena. Compartmental models are very widely used in the construction of the disease transmission [10]. The simplest compartmental model for direct transmission is known as the SIR model, which contains susceptible (S), infectious (I), and recovered (R) compartments. Ross already applied this model in the early 20th century [11]. SIR-type models for COVID-19 transmission were used extensively in the early phase of the pandemic. Typical observations in the early transmission focused on predicting the outbreak’s peak and the disappearance of the disease by exploiting the daily COVID-19 data. Yang et al. predicted the epidemic’s future using the modified SEIR model linked with artificial intelligence. For daily progress, Susanto et al. estimated the effective reproduction ratio using the transmission data in Italy [12]. We have constructed, in Section 2, the basic formulation of the generating operators for the simple SEIR dynamics, which are then generalized to accommodate both recorded and unrecorded cases, as given in Section 3. Using the cumulative infections data provided by Worldometers, the simulations are conducted for country comparisons, i.e., Brazil, China, Germany, India, Indonesia, Islamic Republic of Iran, Italy, Japan, Republic of Korea, and Singapore.




2. Generating Operator in a Simple SEIR Model


During the early transmission of COVID-19, there was pressure in each affecting country to measure the daily reproduction ratio and predict the time when the outbreak was slowing and disappearing. With limited data and information, the simple SEIR model was used extensively. We formulate the concept of a generating operator to extract all states, which was first introduced in [13].



2.1. Model Formulation


We start the SEIR transmission model of COVID-19 with susceptible compartment S, exposed compartment under incubation period E, infected and infectious compartment I, and recovered compartment R. The overall process of infections is shown in Figure 1.



The governing equations of the simple SEIR model are formulated as:


      d S   d t     =    π − a  ( t )    S I  N  − μ S ,        d E   d t     =    a  ( t )    S I  N  − γ E − μ E ,        d I   d t     =    γ E − η I − μ I ,        d R   d t     =    η I − μ R ,     



(1)




where the parameters  π ,  μ ,  γ ,  η , are the recruitment rate, the natural death rate, the inverse of the incubation period, and the inverse of the recovery period, respectively. The infection rate is given as a time-dependent parameter   a ( t )   to accommodate the intervention process, which is not measurable in the field. In this model, the total population is assumed constant, i.e.,   N = S + E + I + R =   π μ    . When it comes to the interaction process, we assume that the population is well-mixed, which can be physically analogous to ‘well-stirred’ individuals that force infected and susceptible to all-to-all interaction at all times. This assumption simplifies the mathematics evolutionary processes, which makes the analytical solutions possible [14].



A detailed description of parameters introduced in system (1) is given in Table 1.



Note that those being labeled with ‘estimated’ in Table 1 will be evaluated using the generating operator, while the others will be adjusted to specific regions. The transition rate   ω ( t )   exists in the generalized model, the values of which will be further explained in the next section.



In the case of constant infection rate   a ( t ) = a  , the basic reproduction ratio   R 0  , representing the average number of secondary infections caused by one infected person in the early pandemic [19], is given as


   R 0  =     a γ   ( γ + μ ) ( η + μ )     .  



(2)







As time evolves, the basic reproduction ratio is no longer appropriate to measure the progress of the transmission. The corresponding effective reproduction ratio, denoted with   R  0 E   , is intended for tracking in the progress of transmission, which is given as:


   R  0 E   =      a ( t ) γ   ( γ + μ ) ( η + μ )      S ( t )  N    .  



(3)







The effective reproduction ratio is basically a basic reproduction ratio but with the time-dependent transmission rate and additional term of   S ( t ) / N  . This formula is obtained by implementing the NGM method without substituting the Disease Free Equilibrium [12].



In the following subsection, the state generating operator and a method for estimating the transmission rate   a ( t )   will be constructed. This construction gives a more adaptable estimate to track the progress of transmission involving intervention in the field.




2.2. Cumulative Case Data for Constructing the Generating Operator


The inability of the timely and accurate collection of COVID-19 data in daily case reports occurs in many countries. Discrepancies of confirmed official COVID-19 data were reported from many countries, such as Bangladesh [20], India [21], and the USA ([22,23]). The quality of the COVID-19 data certainly contributes to the consistency of the model and the accuracy of prediction.



The fluctuation of the daily cases also contributes to the prediction bias due to errors in data fitting. The choice of cumulative data for generating strategic indicators is mainly due to the smooth profile of the data to allow accurate fitting. Detail transmission behavior is kept within the cumulative case data, which can be recovered by identifying the proper generating operator. The S-curve shape of the cumulative data is best fitted with (one of them) Richard’s curve.



We start with data fitting of cumulative cases using the Generalized Linear Growth Model (GLGM), widely known as Richard’s Curve ([24,25]). The model comprises four parameters, denoted by    C i  , i ∈  1 , 2 , 3 , 4   . The value of   C 1   acts as the final epidemic size, with    lim  t → ∞   K  ( t )  =  C 1   , whereas   C 3   represents the intrinsic growth rate. The higher this value, the steeper the curve at the early outbreak. The other two values are   C 2   and   C 4  , which both act as the adjuster. While the former adjusts the lag phase of the curve, the latter is strongly related to the adjustment of the initial value at   t = 0   [26]. The general form of Richard’s Curve is given by Equation (4) as follows:


     K  ( t )  =    C 1    ( 1 +  C 2  exp  ( −  C 3   ( t −  C 4  )  )  )   1  C 2      .     



(4)







All the parameters that exist in the explicit formula of Richard’s Curve are extracted by applying the optimization scheme to obtain the minimum deviation between the data    K ^   ( t )    and the fitted formula   K ( t )  . The optimization problem on parameter estimation can be written as


      min   C i  ∈ D    ∑  i = 1  N    K  (  t i  )  −  K ^   (  t i  )   2  ,     



(5)




where  D  is the search domain of the parameters and N represents the length of cumulative data.



The construction of the generating operator starts with the definition of the additional compartment   K ( t )  , representing the cumulative cases at time t, which is given as follows.


     K ( t ) = I ( t ) + R ( t ) .     



(6)







Take the first derivative of K, then we have


       d K ( t )   d t      =       d I ( t )   d t    +    d R ( t )   d t          =    γ E ( t ) − ( η + μ ) I ( t ) − ( η I ( t ) − μ R ( t ) )       =    γ E ( t ) − μ K ( t ) .     



(7)







Solving for   E ( t )  , then we have


     γ E  ( t )  =    d K ( t )   d t    + μ K  ( t )  .     



(8)







From the result above, we can express   E ( t )   as a function of   K ( t )   as follows


     E  ( t )  =   1 γ       d K ( t )   d t    + μ K  ( t )   .     



(9)







Further, by taking the derivative of   E ( t )  , the we obtain the daily new exposed


     a  ( t )     S I  N   =    d E ( t )   d t    +  ( γ + μ )  E =   1 γ        d 2  K  ( t )    d  t 2     +  ( γ + 2 μ )     d K ( t )   d t    + μ  ( γ + μ )  K  ( t )   .     



(10)







Let   X  ( t )  =      I ( t )       R ( t )        depicting the dynamics of active infections and total recovery simultaneously. Thus, the third and fourth equation in system (1) can be rewritten as:


      X ′   ( t )  + A X  ( t )  = F  ( t )  ,     



(11)




where   A =      η + μ    0      − η    μ      and  F  ( t )  =      γ E ( t )      0     .   With initial value   X  ( 0 )  =      I ( 0 )       R ( 0 )       , the solution of a system can be obtained by applied the integration factor.


     X  ( t )  =  e  − A t   X  ( 0 )  +  e  − A t    ∫ 0 t   e  A τ   F  ( s )  d τ .     



(12)







Then, we have the solution for   I ( t )   and   R ( t )   as follows


     I ( t )    =    I  ( 0 )   e  − ( η + μ ) t   +  e  − ( η + μ ) t    ∫  0  t      d K ( τ )   d τ    + μ K  ( τ )    e  ( η + μ ) τ   d τ ,     



(13)






     R ( t )    =    R  ( 0 )   e  − μ t   + η  e  − μ t    ∫  0  t  I  ( τ )   e  μ τ   d τ ,     



(14)




where   I ( 0 )   and   R ( 0 )   is given by the data of initial active cases and total recovery. Substituting Equation (13) to Equation (14), the   K ( t )  -related formula of   R ( t )   is given by


     R ( t )    =     ( R  ( 0 )  + I  ( 0 )   ( 1 −  e  − η t   )  )   e  − μ t   +         η  e  − μ t    ∫  0  t   e  − η τ    ∫  0  τ      d K ( σ )   d σ    + μ K  ( σ )    e  ( η + μ ) σ   d σ d τ     



(15)







Assuming that the number of population, N, is constant, we have the dynamics of susceptible individuals written as follows.


     S ( t ) = N − E ( t ) − I ( t ) − R ( t ) .     



(16)







Now, consider an equation of E in (1). We can find   a ( t )   by manipulating the equation. We have that


     a  ( t )  =    π − μ S −   d S   d t    N   S I   ,     



(17)




where S and I can be written as Equations (13) and (16), respectively. By that, the estimation of all states, as well as the transmission rate, can be generated using the information of cumulative infections. Summarizing the above construction, we formulate the generating operator


  T =      T 1         T 2       :  C 1   [ 0 , ∞ ]  ×   (  C 1   [ 0 , ∞ ]  )  2  →  C 1   [ 0 , ∞ ]  ×   (  C 1   [ 0 , ∞ ]  )  2  ,  



(18)







   T i  , i = 1 , 2   for the SEIR dynamics is given as follows


     T 1    =     1 γ    d  d t   + μ      



(19)






     T 2    =     ∫ 0 t   e  A s    F ¯   (  T 1  )  d s ,     



(20)




where


   F ¯  =   ( γ  T 1  , 0 )  T   



(21)




and A is given in (31). Hence, we have


      T 1   ( K  ( t )  )     =    E ( t )     



(22)






      e  − A t     X 0  +  T 2   ( K  ( t )  )      =    X  ( t )  =   I ( t ) , R ( t )  T  .     



(23)







Figure 2 this illustrates the flow of how this dynamics generator works on the estimation of all state dynamics, including the time-dependent rate of transmission by means of the empirical fit to Richard’s Curve.





3. Generalized SEIR for Second Wave Transmission of COVID-19


Many countries suffered badly during the second wave of COVID-19, which came unexpectedly after the period of relaxation at the end of the first wave ([27,28,29]). The phenomena of hospitals filling up, beds becoming scarce, and death rates exploding became constant daily news. Most countries implemented massive PCR testing as recommended by the WHO to isolate the positive cases in the population. Naturally, the simple SEIR model will not be realistic in representing the transmission.



3.1. Model Construction


We generalize the model (1) to accommodate for the intervention effect of COVID-19. The consequence of the COVID-19 testing capacity is also taken into account by distinguishing the recorded and unrecorded infections. It is assumed that the recorded infected people will have the self-awareness to lessen the contact with others than those who are not recorded. The mathematical model of the advanced SEIR is given as follows


      d S   d t     =    π − a  ( t )    S  I n   N  − μ S ,        d E   d t     =    a  ( t )    S  I n   N  − γ E − μ E ,        d  I n    d t     =     ( 1 − ω  ( t )  )  γ E − η  I n  − μ  I n  ,        d  I s    d t     =    ω  ( t )  γ E − η  I s  − μ  I s  ,        d  R n    d t     =    η  I n  − μ  R n  ,        d  R s    d t     =    η  I s  − μ  R s  .     



(24)




with the assumption of the constant total population, we have


       d N   d t   = π − μ N = 0 ,     



(25)




and   N =   π μ    .



The two compartments I and R are split into two, with indexes n and s, which stand for unrecorded and recorded (and isolated for treatment), respectively. In the previous assumptions, people in the   I s   compartment do not have a chance to infect the susceptible individuals due to the isolation and hospitalization. In addition, people in the   I n   can cause infections by making contact with people in the S compartment. Depicted in Figure 3, people will be either identified as an unrecorded or recorded infected person once they leave the E compartment. Infected individuals will recover after a period of time and become immune to the virus. No difference is assumed in the infection period, which implies the same value for the recovery rate for both recorded and unrecorded infections. More details about the parameters of the generalized model are given in Table 1.



In the case of constant infection rate   a ( t ) = a   and transition rate   ω ( t ) = ω  , we have the formulation of basic reproduction number given, as follows


      R 1  =     a ( 1 − ω ) γ   ( γ + μ ) ( η + μ )     .     



(26)




for zero transition rate,   ω = 0  ,   R 1   reduces to   R 0  . Following the same derivation in the previous section, we construct the effective reproduction ratio


   R  1 E   =     a  t   1 − ω ( t )  γ     η + μ   γ + μ      S ( t )  N    .  



(27)







Following the similar construction in Section 2, we define a new cumulative compartment as in (6)


  K  ( t )  =  I s   ( t )  +  R s   ( t )   



(28)




from the first derivative of K,


       d K ( t )   d t      =       d  I s   ( t )    d t    +    d  R s   ( t )    d t          =    ω ( t ) γ E ( t ) − μ K ( t ) .     



(29)




we obtain the daily new recorded cases   ω ( t ) E ( t )  , in the form


     ω  ( t )  E  ( t )  =   1 γ       d K ( t )   d t    + μ K  ( t )   .     



(30)







Let   X  ( t )  =       I s   ( t )         R s   ( t )         I n   ( t )         R n   ( t )         depict the dynamics of active infections and total recovery simultaneously. Thus, the fourth and sixth equations in system (24) can be rewritten as


      X ′   ( t )  + A X  ( t )  = F  ( t )  ,     



(31)




where   A =      η + μ    0   0   0      − η    μ   0   0     0   0    η + μ    0     0   0    − η    μ      and  F  ( t )  =      ω ( t ) γ E ( t )      0      ( 1 − ω ( t ) ) γ E ( t )      0     .   With the initial value   X  ( 0 )  =       I s   ( 0 )         R s   ( 0 )         I n   ( 0 )         R n   ( 0 )        , the solution of a system can be obtained by applying the integration factor as follows


     X  ( t )  =  e  − A t   X  ( 0 )  +  e  − A t    ∫ 0 t   e  A τ   F  ( τ )  d τ .     



(32)







The explicit form of   I s  ,   R s  ,   I n  , and   R n   can be given as:


      I s   ( t )  =  I s   ( 0 )   e  − ( μ + η ) t   +  e  − ( μ + η ) t    ∫  0  t      d K ( τ )   d τ    + μ K  ( τ )    e  ( μ + η ) τ   d τ     



(33)




and


      R s   ( t )  =  R s   ( 0 )   e  − μ t   + η  e  − μ t    ∫  0  t   I s   ( τ )   e  μ τ   d τ .     



(34)






      I n   ( t )  =  I n   ( 0 )   e  − ( μ + η ) t   +  e  − ( μ + η ) t    ∫  0  t     1 − ω ( t )   ω ( t )        d K ( τ )   d τ    + μ K  ( τ )    e  ( μ + η ) τ   d τ     



(35)




and


      R n   ( t )  =  R n   ( 0 )   e  − μ t   + η  e  − μ t    ∫  0  t   I n   ( τ )   e  μ τ   d τ .     



(36)







Assuming the number of population, N, is constant, then


     S  ( t )  = N − E  ( t )  −  I n   ( t )  −  I s   ( t )  −  R n   ( t )  −  R s   ( t )  .     



(37)




from the first equation of S in (24), we can find   a ( t )  


     a  ( t )  =    π − μ S −   d S   d t    N   S  I n    ,     



(38)




with S and   I n   given as in the previous derivation.



Summarizing from the above derivation, we generalize the construction (18)


  T =      T 1         T 2       :  C 1   [ 0 , ∞ ]  ×   (  C 1   [ 0 , ∞ ]  )  4  →  C 1   [ 0 , ∞ ]  ×   (  C 1   [ 0 , ∞ ]  )  4  ,  



(39)




with    T i  , i = 1 , 2   for the generalized SEIR dynamics as follows


     T 1    =      1 γ     d  d t   + μ      



(40)






     T 2    =     ∫ 0 t   e  A s    G ¯   (  T 1  )  d s ,     



(41)




where


   G ¯  =    T 1  , 0 ,   1 − ω  ω   T 1  , 0  T   



(42)




and A is given in (31). The five states   ω  ( t )  E  ( t )  ,  I s  ,  R s  ,  I n   , and   R n   are produced by these operators as follows


      T 1   ( K  ( t )  )     =    ω ( t ) E ( t )     



(43)






      e  − A t     X 0  +  T 2   ( K  ( t )  )      =    X  ( t )  =    I s   ( t )  ,  R s   ( t )  ,  I n   ( t )  ,  R n   ( t )   T  .     



(44)








3.2. Estimation of   ω ( t )  


Referring to Figure 3, new infections are separated into recorded and unrecorded cases. While the former will be immediately quarantined and treated and hence unable to infect susceptible individuals, the latter remains unidentified and then will spread the virus. From the daily new infected persons,   γ E ( t )  , the portion   ω γ E ( t )   is recorded through testing, which will enter the   I s   compartment. The rest of the portion,   ( 1 − ω ) γ E ( t )   will remain unrecorded and enter the unrecorded    I n   ( t )   . By that,  ω ,   0 ≤ ω ≤ 1   depicts the share of the recorded newly infected population against its total. This parameter represents the ability of the “random” selection of the test target to capture the positive cases.



The capacity of some countries to cover all infections is strongly related to their ability to provide the testing kits [30]. In the early pandemic, many countries struggled to fulfill the demand for COVID-19 testing kits, resulting in the low value of  ω . Nevertheless, in early 2021, several countries were able to conduct more massive daily testings [31], making the figure of testing capacity change dramatically. In response, it is reasonable to set the value of  ω  to vary over time (time-dependent) and hence denoted with   ω ( t )  . The dynamics of   ω ( t )   will be estimated using the Infection Fatality Ratio (IFR) and Case Fatality Ratio (CFR).



In epidemiology, a CFR is the proportion of deaths from a certain disease compared to the total number of people diagnosed/confirmed with the disease for a particular period [32]. Similarly, the IFR also applies to infectious disease transmission to represent the proportion of deaths among all infected individuals, including all recorded and unrecorded subjects [33]. This quantity is closely related to the CFR but with additional accounts for unapparent infections among healthy people. The observed CFR in time t is defined by the total number of deaths,   D ( t )  , divided by the total number of confirmed cases at time t,   K ( t )  , i.e.,   C F R  ( t )  =   D ( t )   K ( t )    , whereas the IFR is defined based on the total number of infections. Formally,   I F R =   D ˜   I ˜    , where   D ˜   and   I ˜   denote the median of total deaths and estimated total infections considered from the early pandemic until a certain specified time. The   I ˜   will be estimated by involving the data of total tests. The total number of infections is estimated by assuming that each person is only tested once, and the distribution of infections among the entire population is equal. The total infections,   I ˜  , for each country follow the definition introduced in [34], which is defined by dividing the total confirmed cases with the total tests conducted and multiplying it with its population size, i.e.,


      I ˜  =    K ˜   T ˜    · N     



(45)




where   T ˜   is the total tests performed until a certain specified time. Note that this method estimates the constant value of IFR. This argument should confirm that this parameter is a virus-related parameter, which assumes that no significant mutation affecting the virulence will lead to a constant value of IFR [35]. The estimated constant CFR for related diseases in some countries can be seen in [36].



Dividing the estimated IFR by the observed time-dependent CFR depicts the share of infected individuals that were recorded. By that, the time-dependent reporting rate   ω ( t )   is defined as follows


     ω  ( t )  =     I F R  ^   C F R ( t )    .     



(46)




the value of IFR is always less than that of CFR, resulting in the values   0 < ω ( t ) ≤ 1  . The greater the value   ω ( t )  , the more the infectious persons were isolated.





4. Numerical Simulations


4.1. Simple SEIR Model


In this section, the numerical simulations for Model (1) that resulted from implementing the generating operator on the fitted cumulative function  K  are shown. COVID-19 data are selected from ten countries representing different population sizes: Brazil, China, Germany, India, Indonesia, Islamic Republic of Iran, Italy, Japan, Singapore, and South Korea. The COVID-19 data are taken from the official website of Worldometer [37], consisting of the daily number of active cases and total recovery. The data were taken during the early transmission period ranges from late February until September 2021. In these simulations, only the first 60 days after the initial transmission will be used and analyzed. The interval for each country may vary depending on the initial transmission.



All biological parameters for the selected countries are chosen as the same. The natural death rate, denoted by  μ , was assumed to be   μ =  1  70 × 365    , referring to the average human life expectancy. As of December 2020, Our World in Data claimed that the life expectancy of humans was about 70 years [16]. The remaining biological parameters are listed in Table 1.



4.1.1. Fitted Cumulative Data


The simulation began by estimating the closest GLGM dynamics to the provided data. All the parameters were obtained by solving the optimization problem (5). The calculation was conducted numerically using the built-in function in MATLAB. Notice that the global minimizer is difficult to obtain using the numerical method. Thus, the initial guess was varied following the Sobol sequence in 4-D so that the result would be close to the global minimizer. The estimated parameters for the ten observed countries are given in Table 2. The second and third columns in the Table indicate the time interval of the data used in the calculation. The interval varies among all countries depending on the initial transmission of the virus. The last four columns provide the estimated   C i   for each country. These values depict the characteristics of the virus spread in each country and, hence, may differ from one country to another, though it was the same virus that spreads. For instance, the data fitting suggests that the value of   C 3   for India is significantly higher compared to that for Indonesia. This result indicates that the spread of the virus in India is more significant compared to that in Indonesia. This fact can be seen in Figure 4, where the graph for India is much steeper than that for Indonesia.



Figure 4 illustrates the estimated models of cumulative infections together with the data for the first 60 days after the initial transmission. Overall, the general behavior of the data was well-fitted by the rendered S-curve Richard’s model. For instance, in China and South Korea, the cumulative infections started to ramp up rapidly in the early pandemic yet began to decline within the first 60 days of transmission, giving us the perfect S-curve models. The countries China, Germany, Iran, Italy, Japan, and South Korea underwent a sharp increase in transmission and start to bend down before the end of the 60-day period. For the rest of the countries, the total infections were stagnantly increasing and there was no sign of sloping down within the first 60 days.



With the direct substitution of   K ¯   on the right-hand side of (8), we obtain the estimate of the daily new cases   γ E ( t )  . Figure 5 illustrates the estimation of daily new cases compared to the actual data for the ten observed countries. In general, the estimated dynamics resemble the real data of daily new cases. The model can also identify the peak time of the daily new cases.




4.1.2. Simulation of SEIR Dynamics


Simulation of E, I and R are obtained directly from substituting   K ^   into   T 1   and   T 2  , respectively. For the ten observed countries, the dynamics of   E I R   (Exposed–Infected–Recovery) are given in Figure 6, omitting the S compartment form visualization due to its scale problem.



Given in Figure 6, the number of exposed cases dropped significantly in China and South Korea within the first 60 days, leaving no exposed cases in the late simulation. The success of the two countries in controlling the disease was the result of mobility restriction across the country [38], as well as the public participation in the implementation of COVID-19 protocols [39]. In other countries, such as Brazil and Singapore, the virus seems to not be rapidly spreading. However, the exposed cases gradually increased and had no sign of significant decrease within two months. Although Model (1) does not explicitly accommodate various interventions in the field, the time-dependent infection rate   a ( t )   could represent the daily measure of infection due to the unmeasurable intervention and control.




4.1.3. Dynamics of the Effective Reproduction Number


The basic reproduction numbers of the observed countries are given in Table 3 using Equation (2). Since the basic reproduction number calculation only applies to the autonomous system, we drop the time dependency of the transmission rate. Thus, we use the average number of the 60-day transmission rate. In comparison, the time-dependent effective reproduction ratio is depicted in Figure 7 as a measure of the daily performance of virus transmission. It is shown in Figure 7 that, except for China and South Korea, other countries took much longer to reduce the effective reproduction ratio to below one.



In general, the estimated models depict the behavior of the pandemic over time. Furthermore, the estimated parameters can be used to conduct the prediction of how the pandemic behaves in each country. The short-term prediction can be an option since parameters would change over time as the new data are retrieved. Moreover, extension beyond the period of observation could not be expected for the forecast [40].





4.2. Generalized SEIR Model


This section emphasizes the implementation of the operators described in Section 3 for the generalized SEIR model, which involves the recorded and unrecorded infections. The cumulative data were taken from [37] during the 60-day second wave period of transmission of each of the ten selected countries. The same parameters in Table 1 were used for simulations, and the values of   ω ( t )   were estimated using the information of   I F R   and   C F R  .



4.2.1. Fitted Cumulative Data


The same construction of cumulative dynamics using GLGM as performed in Section 2.2 is used for the second wave period. Table 4 shows the selected time interval for each country in which the second wave transmission is believed to occur, together with its estimated parameters for the GLGM. Given in Figure 8, the figures for cumulative infections were significantly increasing in the observed time intervals, which indicate the resurgence of the pandemic. In addition, it is shown that the rendered model fits the provided data well.



Figure 9 shows good agreement between the simulations and the data of daily new cases. All the depicted figures are considered to be the resurgence of cases after the first hit ends, e.g., China [41], Germany [42], Italy [43], and India [44].




4.2.2. Estimated   ω ( t )  


The estimation of   ω ( t )   starts with the estimation of both   I F R   and   C F R ( t )  . As stated earlier in Section 3.2, the estimated value of   I F R   is assumed to be constant over time, yet the   C F R   depends on time. The observed time-dependent   C F R  , which is defined as   C F R  ( t )  =   D ( t )   K ( t )    , is evaluated by utilizing the data retrieved from Worldometer [37]. On the other hand, the estimation of   I F R   is obtained by first estimating the number of total infections using Equation (45), implementing the data of total tests performed by each country that is publicly provided by OurWorldinData [31].



Figure 10 shows the estimation of   I F R   for the ten countries. Italy and Germany have higher   I F R   values than other regions, while Singapore is considered the lowest. This result shows that even though the simple formula was claimed to underestimate the true   I F R   [45], the general pattern for the observed ten countries resulted in consistent results [34].



Utilizing the observed   C F R ( t )   and estimated   I F R   given in Figure 10, the dynamics of   ω ( t )   in each country’s time interval are evaluated by dividing the observed   C F R   by the estimated   I F R  . The dynamics of   ω ( t )   for each country are depicted in Figure 11.



Overall, other than Indonesia and Japan, the share of those being reported against the total number of infections increased. According to ([46,47]), the number of deaths in Indonesia was rapidly increasing from April to May 2021, making the observed CFR increase as well [48]. Since the estimated IFR remains constant, the dynamics   ω ( t )   were significantly declining. The increasing CFR indicates that the total deaths increase more significantly than the total recorded infections. Assuming those total deaths are linearly dependent on the total infections, then the increasing CFR also indicates the number of total unapparent infected individuals. The unrecorded infections should be increasing once the daily test decreases. Indonesia experienced a significant decline in daily testing in August 2021, from about 160,000 to only 100,000 specimens a day, confirming the substantial drop in transition rate   ω ( t )   in this country. The same argument holds for explaining the slight decline in the transition rate for Japan in the late simulation. Figure 11a,b shows how the daily test in both countries experienced a significant decline in mid-August 2021 and May 2021, respectively. For the rest of the countries, the daily test delivered to the population is relatively increasing, making no significant increase in the unapparent infected individuals and decreasing the observed CFR.




4.2.3. Dynamics of the Generalized SEIR Model


Given the estimation of   ω ( t )   and the provided cumulative data, the number of exposed populations at time-t can be estimated by means of the generating operators for the advanced model, namely   T 1  . In addition, the other unobservable compartments are obtained by implementing   T 2  , resulting in an estimation of unrecorded active cases and the total recovered. The numerical simulation comparing the figures of infected people being recorded or not is depicted in Figure 12. In general, the number of unapparent cases is estimated to be way higher compared to that of being identified. These results are strongly related to the calculated values of   ω ( t )   for each country, which are identified as very low (around 10%), on average. On the other hand, the opposite results are found in Germany and Italy, which is a result of the relatively higher share of recorded infections.



The performance of   ω ( t )   is related to the ratio between the recorded and unrecorded recovery. Figure 13 shows that other than China and Germany, the proportions of unrecorded recovery are much higher than the recorded recovery. This finding is consistent with the fact that the lower the values of   ω ( t )   for certain countries, the higher the share of unrecorded total recovery.



Finally, the estimated effective reproductive ratio is shown in Figure 14. It is shown that in the case of second-wave transmission, the effective reproductive ratios decreased to a level one much faster than those in the first-wave transmission. This evidence justifies that the role of massive testing played a significant role in controlling the transmission. Since early 2020, the evaluation of the effective reproductive ratio played a vital role in regulating proper interventions related to COVID-19. Germany, Italy and other European countries have been using the calculation of   R  E f f    since the early pandemic [49], which was also followed by other countries such as Indonesia [50] and India [51].





4.3. More about the Effective Reproduction Number


Specifically, in the second transmission, it is intriguing to learn how the countries’ intervention-related parameters, i.e.,   ω ( t )   and   a ( t )  , evolve over time. Depicted in Figure 15 is the countries’ profile situated in the contour plot, which is representing the effective reproduction number but omitting the term   S ( t ) / N  , i.e.,      a ( 1 − ω ) γ   ( μ + γ ) ( μ + η )     . This formula is nothing but the effective reproduction number, which has not taken the dynamics of the susceptible populations into account. On day 1 of the second transmission, it is indicated that all countries experienced significant transmission of COVID-19 with a relatively low transition rate  ω . As time evolved, all countries simultaneously moved to the left with lower reproduction numbers, and we ended up with five countries that were assigned with reproduction numbers higher than one at day 60. To be compared with that depicted in Figure 14, there were only two countries that had effective reproduction numbers higher than one at day 60. Since the reproduction numbers depicted in Figure 15 are omitting the role of   S ( t ) / N  , there are three countries that had a significant effect of susceptible population size on suppressing the effective reproduction number, i.e., Indonesia, Japan, and Brazil. In other words, the three mentioned countries have passed below one in regards to   R  1 E    because of the significant deviation of   S ( t )   compared to N. Since the dynamics of S at every time point are dependent on all other variables, this indicates that the unrecorded infections and recovery have had a significant effect on these countries. Acknowledging that these three are densely populated countries, the high estimated number of unrecorded infections and recovery has resulted in an   R  1 E    of below one at day 60.



Lastly, the depiction of transmission given in Figure 15 also gives us insight into how countries handle the second wave. Germany and Italy are two European countries with high total tests. As time evolves, the snippets move to the left with a higher transition rate  ω . On the 60th day, it is clear that these two countries are separated from the rest of the countries due to their high testing capacity. The snippets move to the left for China, Singapore, and Iran, with the transition rate leveling off. These results are expected to confirm the fact that the number of tests conducted was not high, but the large-scale intervention could be more effective [52]. The rest of the countries are dominated by the densely populated countries that were not really strict with lockdown and COVID-19 testing [53]. However, the fact that the estimated unrecorded infections and recovery are relatively high causes the   R  1 E    to pass below one even though the transition rate remains low or the transmission rate remains high.





5. Conclusions


This study proposes a new approach to obtain the explicit solutions for each state’s dynamics in the SEIR models, or the so-called dynamics generator. There are three crucial components in the construction of the dynamics generator; cumulative data, Richard’s Curve, and the proposed compartmental models. The idea of this approach is to fit the cumulative empirical data to Richard’s Curve (K) and then define the relations between K and other state dynamics in the SEIR models. Using basic knowledge of linear algebra and calculus, the generator can be constructed to generate all state dynamics in terms of K. In other words, we have constructed a method that generates all state dynamics by means of the empirical data of cumulative cases. Cumulative recorded data was chosen due to its monotonic profile, which has the advantage of choosing a satisfactory fitted cumulative function.



In terms of the compartmental models, we have demonstrated the derivation of the dynamics generator for both simple and advanced models. The constructed dynamics generator produces all state dynamics of the SEIR model, including the figures of the hidden infections using the advanced model. One of the perks of using this approach is to also evaluate the time-dependent rate of transmission, which summarizes all individuals or governmental interventions.



Specifically for the advanced model, we estimated the rate of unrecorded cases using the Case Fatality Rate (CFR) and the estimated Infections Fatality Rate (IFR), which is constructed from the daily Polymerase Chain Reaction (PCR) test. The remaining unrecorded states are then generated directly from the dynamics generator. It is shown that the increase in the number of daily PCR tests significantly reduces the effective reproduction ratio and quickly lowers the ratio to a controllable level. This method gives an important indicator that could be used for daily control of the epidemic, even though it is hard to measure the effect of specific interventions such as mask covering.



Eventually, we have seen that the approach is well-used to generate all state dynamics of the SEIR models, given the cumulative data in a particular period that follows the general S-curve. Once the data does not follow the general S-curve, such as a double S-curved-like data, the standard Richard’s Curve will no longer be relevant. Hence, this study highlights room for improvement by considering other explicit functions other than Richard’s Curve that can be relevant for the non-S-curved empirical data.
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Figure 1. Flow diagram of the simple SEIR model. 
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Figure 2. Diagram of the approach for estimating all state dynamics of the SEIR models using the dynamics generator. 
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Figure 3. Flow diagram of the generalized SEIR Model. 
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Figure 4. Fitting results   K ¯   of cumulative data for several countries in the early pandemic. The red dots represent the actual data, and the solid black lines represent the fitted model   K ¯  . 
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Figure 5. Simulation results of daily new cases   γ  T 1   (  K ¯  )    for several countries in the early pandemic. Blue dots represent the actual data, and the solid black lines represent the simulation. 
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Figure 6. Simulation of estimated SEIR in several countries by implementing the generating operator. 
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Figure 7. Dynamics of the effective reproduction number (  R  0 E   ) for several countries. 
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Figure 8. Fitting results   K ¯   of cumulative data for the second wave transmission. 
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Figure 9. Simulation results of daily new cases   γ  T 1   (  K ¯  )    for the second wave transmission. 






Figure 9. Simulation results of daily new cases   γ  T 1   (  K ¯  )    for the second wave transmission.



[image: Computation 10 00107 g009]







[image: Computation 10 00107 g010 550] 





Figure 10. Estimated   I F R   for the ten observed countries. The blue boxes represents the range from the lower to upper quartiles, with the median (red line) was chosen to represent the single point estimated   I F R  . The black add signs depicts its maximum and minimum values of the estimated IFR. 






Figure 10. Estimated   I F R   for the ten observed countries. The blue boxes represents the range from the lower to upper quartiles, with the median (red line) was chosen to represent the single point estimated   I F R  . The black add signs depicts its maximum and minimum values of the estimated IFR.



[image: Computation 10 00107 g010]







[image: Computation 10 00107 g011 550] 





Figure 11. (a) Dynamics of estimated   ω ( t )  , 60 days after the initial second wave emerged; (b) the daily test experienced a significant drop in Indonesia and Japan during the simulation interval (in the red-shaded area). 
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Figure 12. Dynamics of exposed and infected individuals: both recorded and unrecorded cases. Some recorded cases may not be visible due to the higher figures of exposed and unrecorded infected individuals. 
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Figure 13. Estimated dynamics of total recovery resulted from both recorded and unrecorded cases. 
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Figure 14. Effective reproduction number of countries, 60 days from the initial second wave of COVID-19 first identified. 






Figure 14. Effective reproduction number of countries, 60 days from the initial second wave of COVID-19 first identified.



[image: Computation 10 00107 g014]







[image: Computation 10 00107 g015 550] 





Figure 15. Evolution of the reproduction number in the 60-day simulation of the second transmission. The solid black lines are the level sets of   R 0   taken from (27) for constant  ω  and a. The evolution starts from circle-shaped graphs and ends with triangular-shaped graphs. 
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Table 1. Descriptions of parameters given in system (1) and (24).
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	Parameters
	Definition
	Value
	Source





	N
	Number of overall population
	adjusted
	[15]



	  π  
	Natural recruitment rate
	adjusted
	[16]



	  μ  
	Natural death rate
	   1  70 × 365    
	[16]



	   a ( t )   
	Infection rate
	estimated
	-



	   ω ( t )   
	Transition rate
	adjusted
	-



	   γ  − 1    
	Incubation period of COVID-19
	   1 6   
	[17]



	   η  − 1    
	Infection period of COVID-19
	   1 14   
	[18]
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Table 2. Parameter estimation of the cumulative dynamics using GLGM and the early pandemic data.
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	Country
	Start Date
	End Date
	    C 1    
	    C 2    
	    C 3    
	    C 4    





	Brazil
	25 February 2020
	25 April 2020
	52,934
	   0.4448   
	   0.1005   
	   58.1919   



	China
	22 January 2020
	22 March 2020
	77,469
	   1.4611   
	   0.2683   
	   17.9661   



	Germany
	15 February 2020
	15 April 2020
	150,171
	   0.3334   
	   0.1204   
	   43.4199   



	India
	15 February 2020
	15 April 2020
	29,061
	   0.4595   
	   0.1104   
	   60.8589   



	Indonesia
	2 March 2020
	1 May 2020
	21,032
	   0.1043   
	   0.0445   
	   50.9905   



	Iran
	19 February 2020
	19 April 2020
	80,453
	   1.3952   
	   0.1428   
	   45.6531   



	Italy
	15 February 2020
	15 April 2020
	174,575
	   0.0264   
	   0.0743   
	   38.7238   



	Japan
	15 February 2020
	15 April 2020
	12,102
	   4.1299   
	   0.3758   
	   52.4032   



	Singapore
	15 February 2020
	15 April 2020
	9846
	   0.0001   
	   0.1358   
	   14.9104   



	South-Korea
	15 February 2020
	15 April 2020
	10,298
	   12.0304   
	   1.0719   
	   70.0849   
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Table 3. Estimated basic reproduction number   R 0   for the simple model.
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	Country
	    R 0    
	Country
	    R 0    





	Brazil
	3.79
	Iran
	3.63



	China
	2.65
	Italy
	3.39



	Germany
	1.22
	Japan
	1.28



	India
	3.81
	Singapore
	0.74



	Indonesia
	3.46
	South-Korea
	2.74
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Table 4. Parameter estimation of the cumulative dynamics using GLGM for the second transmission.
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	Country
	Start Date
	End Date
	    C 1    
	    C 2    
	    C 3    
	    C 4    





	Brazil
	19 February 2021
	19 April 2021
	5,303,359
	   0.0001   
	   0.0407   
	   29.5592   



	China
	1 January 2021
	1 March 2021
	2803
	   0.3080   
	   0.1394   
	   16.0797   



	Germany
	25 March 2021
	25 May 2021
	1,033,461
	   0.0001   
	   0.0559   
	   21.1068   



	India
	1 April 2021
	31 May 2021
	18,662,604
	   0.1584   
	   0.0615   
	   29.2508   



	Indonesia
	15 June 2021
	14 August 2021
	2,356,958
	   0.1620   
	   0.0559   
	   32.1398   



	Iran
	26 March 2021
	24 May 2021
	1,144,360
	   0.0001   
	   0.0572   
	   23.8976   



	Italy
	1 November 2021
	31 December 2020
	1,440,383
	   0.0001   
	   0.0616   
	   15.6811   



	Japan
	23 July 2021
	21 September 2021
	880,483
	   0.5768   
	   0.0899   
	   27.9857   



	Singapore
	7 July 2020
	4 September 2020
	11,938
	   0.4967   
	   0.1125   
	   18.7243   



	South-Korea
	24 November 2020
	23 January 2021
	48,828
	   0.2316   
	   0.0649   
	   26.5325   
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