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Abstract

:

Electromembrane processes underlie the functioning of electrodialysis devices and nano- and microfluidic devices, the scope of which is steadily expanding. One of the main aspects that determine the effectiveness of membrane systems is the choice of the optimal electrical mode. The solution of this problem, along with experimental studies, requires tools for the theoretical analysis of ion-transport processes in various electrical modes. The system of Nernst–Planck–Poisson and Navier–Stokes (NPP–NS) equations is widely used to describe the overlimiting mass transfer associated with the development of electroconvection. This paper proposes a new approach to describe the electrical mode in a membrane system using the displacement current equation. The equation for the displacement current makes it possible to simulate the galvanodynamic mode, in which the electric field is determined by the given current density. On the basis of the system of Nernst–Planck, displacement current and Navier–Stokes (NPD–NS) equations, a model of the electroconvective overlimiting mass transfer in the diffusion layer at the surface of the ion-exchange membrane in the DC current mode was constructed. Mathematical models based on the NPP–NS and NPD–NS equations, formulated to describe the same physical situation of mass transfer in the membrane system, differ in the peculiarities of numerical solution. At overlimiting currents, the required accuracy of the numerical solution is achieved in the approach based on the NPP–NS equations with a smaller time step than the NPD–NS equation approach. The accuracy of calculating the current density at the boundaries parallel to the membrane surface is higher for the model based on the NPD–NS equations compared to the model based on the NPP–NS equations.
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1. Introduction


Electromembrane processes underlie the functioning of electrodialysis devices and nano- and microfluidic devices, the scope of which is steadily expanding [1,2,3,4]. The key principle of the operation of these systems is the selective transport of ion-exchange membranes, that is, high permeability for counterions and obstruction of the movement of co-ions [5]. The current–voltage characteristic (CVC) of a system with an ion-exchange membrane has a non-linear shape, mainly due to the phenomena of concentration polarization, current-induced convection and water dissociation [6,7]. The following modes are typically distinguished on the CVC of the membrane system (Figure 1) [8,9,10,11,12,13]:




	
Underlimiting current: at low current densities, the concentration of ions in the near-membrane region is quite high, and the CVC is in a linear shape in this region. The selective transfer of counterions in the membrane during the flow of the electric current through the ion-exchange membrane reduces the concentration of ions on one side of the membrane and increases on the other (the phenomenon of concentration polarization). As the current density increases, almost complete depletion of ions in the region near the membrane surface and the transition of the system to the limiting state are observed [14,15].



	
Limiting current: almost complete depletion of ions near the membrane surface is reflected by the current saturation, and the CVC in this area has the form of a plateau with a slight slope [16,17].



	
Overlimiting current: a secondary increase in current indicates an increase in the conductivity of the depleted region. For the diluted electrolyte solutions considered in this work, the main mechanism that destroys the depleted region and provides an overlimiting mass transfer is electroconvection, which is confirmed by many theoretical [18,19,20,21] and experimental [8,9,10,11,12,13] studies. Electroconvection is the entrainment of liquid molecules by ions that form the space charge at the ion-selective surface under the action of the electric force [22]. During the passage of the overlimiting current, when a macroscopic space charge region (SCR) is formed at the solution/membrane interface, the intensity of electroconvection increases [23].
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Figure 1. Schematic typical CVC of a system with an ion-exchange membrane. The dashed lines show the changes in the CVC modes: underlimiting, limiting current (ilim) plateau, overlimiting and overlimiting with chaotic current oscillations (grey color schematically shows the range of oscillations). 






Figure 1. Schematic typical CVC of a system with an ion-exchange membrane. The dashed lines show the changes in the CVC modes: underlimiting, limiting current (ilim) plateau, overlimiting and overlimiting with chaotic current oscillations (grey color schematically shows the range of oscillations).
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Thus, one of the main aspects that determine the effectiveness of the use of membrane systems is the choice of the optimal electrical mode. The solution for this problem, along with experimental studies, requires tools for the theoretical analysis of ion-transport processes in various electrical modes.



To model mass transfer processes in electromembrane systems, the system of Nernst–Planck–Poisson and Navier–Stokes (NPP–NS) equations is widely used, which provides a comprehensive description of the problem [22,24,25,26]. The Nernst–Planck equations describe the transport of ions in an electrolyte solution through diffusion, migration and convection. The Nernst–Planck equation was derived for dilute solutions and requires the diffusion coefficient and ion mobility to be specified, which are assumed to be constant. A detailed review of other limitations of the Nernst–Planck equations can be found in [27]. The Poisson equation describes the distribution of the electric field, taking into account the violation of the electrical neutrality of the solution and the formation of SCR near the membrane surface due to its permselectivity [23,28]. The flow velocity of the electrolyte solution is determined by the Navier–Stokes equation in the assumption of the constant density and viscosity of the liquid. The Navier–Stokes equations take into account the action of pressure changes, viscous forces and a force acting on a fluid element [29].



Numerical modeling of overlimiting mass transfer based on the NPP–NS equations made it possible to obtain detailed information on the development of electroconvection in systems with ion-exchange membranes: the influence of forced flow on the height [21,30], speed [31] and state [32,33,34] of the electroconvective vortex; the calculation of the CVC of the flow-through electrodialysis membrane cells, taking into account overlimiting mass transfer caused by electroconvection [20]; the influence of the potential drop on the mode of electrokinetic instability [35]; statistical analysis of electroconvective flow [36]; the calculation of the trajectory of particles that visualize the dynamics of electroconvective flow [37]; development of electroconvection during pulsed electric field electrodialysis [38]; the study of the coupling between buoyancy forces and electroconvective instability [39]; and many others results.



The electrical mode in membrane systems can be determined either by setting the current density (galvanodynamic mode) or by setting the potential drop (potentiodynamic mode). When modeling the potentiodynamic mode, to solve the Poisson equation, the potential drop is set at the boundaries of the region under consideration (parallel to the membrane surface), which are assumed to be equipotential [18,19,20,21,30,31,32,33,34,35,36,37,38,39,40,41,42]. When modeling the galvanodynamic mode, one of these boundaries is assumed to be equipotential (usually a zero potential is fixed on it), and on the other, a boundary condition is set that relates the normal derivative (to the membrane surface) of the potential and the given current density [28,43,44,45,46,47,48,49,50].



J. Manzanares et al. [28], in order to numerically simulate ion transport in a system including an ion-exchange membrane and two adjacent diffusion layers, built a 1D model using a system of NPP equations with a boundary condition connecting the mixed derivative of the electric potential and the specified current density. This relation was obtained by expressing the displacement current term from the equation for the total current. Based on the solution of the NPP equations using this boundary condition, studies of the evolution of the structure of diffusion layers adjacent to the ion-exchange membrane [28], the impedance of the membrane system [43], and other problems for the galvanodynamic mode were successfully carried out.



In [44], a similar boundary condition was proposed for modeling the galvanodynamic mode, also obtained from the equation for the total current, but the spatial derivative of the potential was expressed from the conduction current term. This boundary condition directly connects the normal derivative of the potential and the specified current density. Using a 1D mathematical model based on the NPP equations and this boundary condition, the ion concentrations, potential, space charge density and chronopotentiogram of the depleted diffusion layer at the surface of the ion-exchange membrane were calculated, taking into account the formation of an extended SCR at overlimiting DC currents [44]. In [49], the model of ion transport in a 1D section of a desalination channel formed between anion- (AEM) and cation-exchange (CEM) membranes is formulated and implemented on the basis of the NPP equations and the galvanodynamic boundary condition. This model made it possible to study the dynamics of the extended SCRs formed at the AEM and CEM under the action of the DC current [49]. Due to the simplicity of the implementation of this form of galvanodynamic boundary condition, 2D models were built on its basis in the form of a boundary value problem for the NPP–NS system of equations, which made it possible to theoretically study the chronopotentiograms of homogeneous [45,47] and heterogeneous [46] membranes, taking into account the development of electroconvection, as well as to study the structure of the electroconvective flow developing near the surfaces AEM and CEM in the electrodialysis desalting channel under the action of overlimiting DC currents [50].



Y. Green in [48] performed 1D modeling of ion transport in the diffusion layer at the membrane surface using the NPP equations and galvanodynamic boundary condition. The boundary condition applied in this work is similar to the boundary condition from [44] but is formulated for a symmetric binary electrolyte solution with identical diffusion coefficients. In [48], the galvanodynamic boundary condition is set at the boundary of the diffusion layer with the bulk of the solution; therefore, the terms of the boundary condition associated with ion concentration gradients are discarded (they are negligible when the diffusion coefficients are equal).



In this case, the error in calculating the gradients of the concentration and potential fields at the boundary at which the condition that determines the current density is specified significantly affects the accuracy of calculating the distribution of the electric field.



In the Poisson equation, a small parameter stands at the highest spatial derivative and determines the appearance of the boundary layer at the solution/membrane interface, which is characterized by a large electric potential gradient. The thickness of the boundary layer is of the order of the Debye length [18], which is several orders of magnitude smaller than the typical size of electromembrane systems. The multiscale nature of the problem of ion transport in electromembrane systems determines its significant numerical complexity. Therefore, the solution of the transport problem in the boundary layer is expensive and requires proper mesh refinement.



Another approach to modeling the galvanodynamic mode in problems of ion transport in membrane systems is to determine the electric field strength based on the equation for the total current, that is, the Nernst–Planck equations are solved together with the equation for the displacement current (NPD). Replacing the Poisson equation with the equation for the displacement current was first performed by Cohen and Cooley [51] in order to calculate the problem of ion transport at a given current density in a completely mechanically permeable membrane, without describing its other physical properties. Later, Brumleve and Buck [52] calculated the frequency characteristics of the impedance of a permselective membrane at a DC underlimiting current based on the system NPD equations. Urtenov M.Kh. et al. [53,54,55] used the equation for the electric field strength in the decomposition of the non-stationary system of NPP equations; the decomposition system of equations is convenient for deriving various simplified models and applying asymptotic methods [54,55].



In recent work [56], based on the mathematical model in the form of the boundary value problem for the system of NPD equations, concentration profiles and electric field strengths were calculated in a depleted diffusion layer near the surface of an ion-exchange membrane, as well as in the cross-section of a desalination channel under the action of an overlimiting DC current. It was shown that this approach allows one to describe the formation of the extended SCR, as well as the approach based on the NPP equations. The equation for the displacement current contains only the time derivative and does not require the determination of boundary conditions [51,52,56]. In the equation for the displacement current, the small parameter stands at the time derivative of the electric field strengths. For this reason, numerical calculations based on the NPD equations differ from those based on the NPP equations by a longer calculation time and less error for the same values of the parameters [56]. In [51,52,56], 1D cases of model geometry are considered; the flow of an electrolyte solution is either not considered or is assumed to be laminar.



The aim of this work is to develop a 2D mathematical model of mass transfer based on the Nernst–Planck, displacement current and Navier–Stokes (NPD–NS) equations, which take into account the development of the electroconvective flow under the action of overlimiting currents. Also, the work is devoted to the study of the possibility of calculating with high accuracy the characteristics of mass transfer using this model.



The paper is organized as follows. The Methods section describes the mathematical formulation of the 2D model of electroconvective overlimiting mass transfer in the depleted diffusion layer near the surface of the ion-exchange membrane based on the NPD–NS system of equations, and it provides an implementation of the model. The Results and Discussion section presents the results of a series of calculations of mass transfer characteristics for the underlimiting, limiting and overlimiting current densities based on the NPD–NS models; validation of the NPD–NS model is performed by comparing the modeling results with the results of the model known in the literature based on the NPP–NS equations; estimates of the error and calculation time for the NPD–NS and NPP–NS models are given. The conclusion contains the conclusions and prospects for the development of the proposed approach.




2. Methods


2.1. Modeling Assumptions


The main subject of this study is the methods of mathematical description of overlimiting mass transfer, taking into account the formation of SCR and the development of electroconvection in the electrolyte layer near the membrane surface under the action of an overlimiting DC current; therefore, we consider a depleted diffusion layer that is formed near the CEM surface in an electrodialysis desalination channel. The membrane is assumed to be homogeneous with a smooth surface and a uniform distribution of the concentration of fixed charges. The ion-selective properties of the membrane, to which the diffusion layer adjoins, are specified by the boundary conditions. The transfer of water across the membrane is not taken into account. Assume that the channel is short enough so that the diffusion layer thickness is small compared to the intermembrane distance and approximately constant in the tangential direction [27]. The density, temperature and dielectric constant of the solution are assumed to be constant; chemical reactions are not considered.




2.2. Model Formulation


Figure 2 shows the geometry of the considered diffusion layer with thickness δ and length L. The electrical mode is determined by the current density   i ( t )  .



The system of NPP–NS equations for a binary electrolyte solution is written as follows [18,20]:


    ∂  V →    ∂ t   + (  V →  ∇ )  V →  = −  1   ρ 0    ∇ P + ν  ∇ 2   V →  −  1   ρ 0    F  (   z 1   c 1  +  z 2   c 2   )  ∇ φ ,  



(1)






  div  V →  = 0 ,  



(2)






    j →  n  = −  F  R T    z n   D n   c n  ∇ φ −  D n  ∇  c n  +  c n   V →  ,       n = 1 ,   2 ,  



(3)






    ∂  c n    ∂ t   = − d i v     j →  n  ,   n = 1 ,   2 ,  



(4)






   ε 0   ε r   ∇ 2  φ = − F (  z 1   c 1  +  z 2   c 2  ) ,  



(5)




where   V →   is the solution flow rate;  P  is the pressure;    ρ 0    is the density of the solution;  ν  is the kinematic viscosity;     j →  n  ,    c n  ,    D n  ,    z n    are the flow, the molar concentration, the diffusion coefficient and the charge number of the n-ion, respectively;  φ  is the electric potential;    ε 0    is the electrical constant;    ε r    is the relative permittivity of the electrolyte solution;  F  is Faraday’s constant;  R  is the gas constant; and  T  is the absolute temperature. In the system of Equations (1)–(5),    V →  ,   P ,     j →  1  ,     j →  2  ,    c 1  ,    c 2  ,   φ   are functions of coordinates   x ,   y   and time t.



Equation (1) is the Navier–Stokes equation, which describes the fluid flow velocity, taking into account the action of the electric field force    f →  = − F (  z 1   c 1  +  z 2   c 2  ) ∇ φ  ; Equation (2) is the continuity equation for the incompressible fluid. The Nernst–Planck equations, Equation (3), and material balance, Equation (4), describe the transfer of ions. The Poisson Equation (5) is necessary for calculating the electric field.



The density of the total current is described by Equation (6) [51,52,53]:


    i →   t o t   =   i →  F  +   i →  d  ,  



(6)




where the term     i →  F  = F (  z 1    j →  1  +  z 2    j →  2  )   determines the density of the Faraday current (or conduction current), and     i →  d  = −  ε 0   ε r    ∂  (  ∇ φ  )   /  ∂ t     is the density of the displacement current (or charging current) associated with the change in the space charge.



Differentiating the Poisson Equation (5) with respect to time and substituting the material balance, Equation (4), gives   d i v   i →  F  + d i v   i →  d  = 0  , that is   d i v   i →   t o t   = 0  . Therefore, to calculate the density distribution of the total current density in the 2D diffusion layer, an electric current stream function can be introduced analogous to the flat flow of the incompressible liquid (for which the conditions    V z  = 0  ,   d i v  V →  = 0   are satisfied [57]):


    i  t o t   x   =   ∂ η   ∂ y   ;    i  t o t   y   = −   ∂ η   ∂ x    ,  



(7)




where  η  is the electric current stream function [45,46,55,58,59]. Differentiating the components of the current density    i  t o t   x     and    i  t o t   y     by the coordinates y and x, respectively, and determining their difference gives the equation for the rotor of the total current density vector:


      ∇ 2  η = −    F 2    R T    (   (   z 1 2   D 1    ∂  c 1    ∂ y   +  z 2 2   D 2    ∂  c 2    ∂ y    )    ∂ φ   ∂ x   −  (   z 1 2   D 1    ∂  c 1    ∂ x   +  z 2 2   D 2    ∂  c 2    ∂ x    )    ∂ φ   ∂ y    )  +     + F  (   (   z 1    ∂  c 1    ∂ y   +  z 2    ∂  c 2    ∂ y    )   V x  −  (   z 1    ∂  c 1    ∂ x   +  z 2    ∂  c 2    ∂ x    )   V y   )  + F  (   z 1   c 1  +  z 2   c 2   )   (    ∂  V x    ∂ y   −   ∂  V y    ∂ x    )     .  



(8)







For the galvanodynamic mode in the 2D case, the normal component of the total current density at the boundaries   x = 0   and   x = δ   is a function of the tangential coordinate y, but its average value must be equal to the given current density   i ( t )   [58]:


   1 L   ∫ 0 L   i  t o t   x   ( 0 , y , t ) d y =  1 L   ∫ 0 L   i  t o t   x   ( δ , y , t ) d y = i ( t ) .  



(9)







Fulfillment of the conditions of the galvanodynamic mode, Equation (9), is provided by setting the following boundary conditions for the electric current stream function [58]:


     ∂ η   ∂ x    (  0 , y , t  )  = 0   ,     ∂ η   ∂ x    (  δ , y , t  )  = 0   ,   η  (  x , 0 , t  )  = 0   ,   η  (  x , L , t  )  = i ( t ) L  .  



(10)







The calculation of the current density using the equation for the electric current stream function, Equation (8), allows one to derive the equations of the electric field strength. Thus, Equation (7) can be written in the following form:


  F (  z 1   j  1   x   +  z 2   j  1   x   ) +  ε 0   ε r    ∂  E x    ∂ t   =   ∂ η   ∂ y   ,  



(11)






  F (  z 1   j  1   y   +  z 2   j  1   y   ) +  ε 0   ε r    ∂  E y    ∂ t   = −   ∂ η   ∂ x   ,  



(12)




or


   ε 0   ε r    ∂  E x    ∂ t   =   ∂ η   ∂ y   − F (  z 1   j  1   x   +  z 2   j  1   x   ) ,  



(13)






   ε 0   ε r    ∂  E y    ∂ t   = −   ∂ η   ∂ x   − F (  z 1   j  1   y   +  z 2   j  1   y   ) .  



(14)







The substitution of Nernst–Planck Equation (3) into material balance, Equation (4), and the displacement current, Equations (13) and (14), gives a closed system of equations with respect to the components of velocity,    V x  ,      V y   ; pressure,  p ; ion concentrations,    c 1   ,    c 2   ; and electric field strength    E x   ,    E y   :


    ∂  V →    ∂ t   + (  V →  ∇ )  V →  = −  1   ρ 0    ∇ P + ν  ∇ 2   V →  +  1   ρ 0    F  (   z 1   c 1  +  z 2   c 2   )   E →  ,  



(15)






  div  V →  = 0 ,  



(16)






    ∂  c n    ∂ t   = − d i v    (   F  R T    z n   D n   c n   E →  −  D n  ∇  c n  +  c n   V →   )  ,   n = 1 ,   2 ,  



(17)






   ε 0   ε r    ∂  E x    ∂ t   =   ∂ η   ∂ y   −    F 2    R T    (   z 1 2   D 1   c 1  +  z 2 2   D 2   c 2   )   E x  + F  z 1   D 1    ∂  c 1    ∂ x   + F  z 2   D 2    ∂  c 2    ∂ x   − F  (   z 1   c 1  +  z 2   c 2   )   V x  ,  



(18)






   ε 0   ε r    ∂  E y    ∂ t   = −   ∂ η   ∂ x   −    F 2    R T    (   z 1 2   D 1   c 1  +  z 2 2   D 2   c 2   )   E y  + F  z 1   D 1    ∂  c 1    ∂ y   + F  z 2   D 2    ∂  c 2    ∂ y   − F  (   z 1   c 1  +  z 2   c 2   )   V y  ,  



(19)






      ∇ 2  η =    F 2    R T    (   (   z 1 2   D 1    ∂  c 1    ∂ y   +  z 2 2   D 2    ∂  c 2    ∂ y    )   E x  −  (   z 1 2   D 1    ∂  c 1    ∂ x   +  z 2 2   D 2    ∂  c 2    ∂ x    )   E y   )  +           + F  (   (   z 1    ∂  c 1    ∂ y   +  z 2    ∂  c 2    ∂ y    )   V x  −  (   z 1    ∂  c 1    ∂ x   +  z 2    ∂  c 2    ∂ x    )   V y   )  + F  (   z 1   c 1  +  z 2   c 2   )   (    ∂  V x    ∂ y   −   ∂  V y    ∂ x    )     .  



(20)







Thus, the system of Equations (15)–(20) is the system of NPD–NS equations for the binary electrolyte solution.



To solve the system of NPD–NS equations, initial boundary conditions for Equations (15)–(17) and (20) are required; equations for the electric field strength components (18) and (19) include only time derivative and require only initial conditions.



The boundary conditions for the flow velocity assume the no-slip condition at the solution/membrane interface and zero normal velocity at the other boundaries:


    V →   (  δ , y , t  )  = 0   ,    (   V →  ⋅  n →   )   (  0 , y , t  )  = 0   ,    (   V →  ⋅  n →   )   (  x , 0 , t  )  = 0   ,    (   V →  ⋅  n →   )   (  L , y , t  )  = 0  .  



(21)







At the solution/membrane interface, the counterion concentration,    c 1   , is set as a constant value    N c    times greater than the initial solution concentration,    c 0   , Equation (22), and continuous flow of co-ions, Equation (23), [23]; at the outer boundary of the diffusion layer, the concentrations of ions of both signs are equal to    c 0   , Equation (24); at the lower and upper boundaries, the tangential diffusion components of the ion fluxes are equal to zero, Equation (25), which, together with the assumption of zero tangential migratory components of the fluxes, provides a zero normal current through the boundaries:


   c 1   (  δ , y , t  )  =  N c   c 0  ,  



(22)






   (  −  D 2    ∂  c 2    ∂ x   +  F  R T    z 2   D 2   c 2   E x   )   (  δ , y , t  )  =    T  2 C     F  z 2     i  x F   ( δ , y , t ) ,  



(23)






    c n   (  0 , y , t  )  =  c 0      ,   n = 1 ,   2  ,  



(24)






     ∂  c n    ∂ y   ( x , 0 , t ) = 0 ,       ∂  c n    ∂ y   ( x , L , t ) = 0 ,     n = 1 ,   2  ,  



(25)




where    T  2 C     is the effective transport number of anion in the CEM, that is, the fraction of the Faraday current carried by ions of this type [60]. Due to the fact that the Faraday current is realized by ions of both types, the relations    T  1 C   +  T  2 C   = 1   are fulfilled.



Assume that at the initial time t = 0 at all points of the region under consideration the solution is at rest; the condition of electrical neutrality is satisfied, and the concentrations of cations and anions are equal to the initial concentration of the electrolyte,    c 0   ; the electric field strength is zero:


    V →  ( x , y , 0 ) = 0 ,      c n  ( x , y , 0 ) =  c 0  ,      E →  ( x , y , 0 ) = 0 .   



(26)







In order to validate the model based on the NPD–NS equations, its results are compared with the results of modeling using the NPP–NS equations [45]. When modeling a galvanodynamic mode using the system of NPP–NS equations, the boundary conditions (10) and (21)–(26) must be supplemented by the conditions for the electric potential:




      φ ( 0 , y , t ) = 0 ,     ∂ φ   ∂ x   ( δ , y , t ) = −   R T   F 2    (     ∂ η   ∂ y   + F  z 1   D 1    ∂  c 1    ∂ x   + F  z 2   D 2    ∂  c 2    ∂ x      z 1 2   D 1   c 1  +  z 2 2   D 2   c 2    )  ( δ , y , t ) ,       ∂ φ   ∂ y   ( x , 0 , t ) = 0 ,     ∂ φ   ∂ y   ( x , L , t ) = 0 .      



(27)





Condition (27) assumes that the outer boundary of the diffusion layer is equipotential; at the solution/membrane interface, the condition is established according to which the derivative of the potential normal to the membrane surface is determined as the function of the electric current density [45]; at the upper and lower boundaries, as noted above, there is a zero normal migration flux of ions.




2.3. System Parameters


Calculations are performed for NaCl electrolyte solution with concentration    c 0  = 0.001    mol/m3; temperature   T = 298   K; electrolyte solution density    ρ 0  = 1002      kg / m   3   ; viscosity   ν = 0.89 ⋅   10   − 6    m 2   / s   ; diffusion coefficients    D 1  = 1.33 ⋅   10   − 9    m 2   / s    and    D 1  = 2.05 ⋅   10   − 9    m 2   / s   ; cation transport number in the CEM    T  1 C   = 0.972   and in solution    t 1  = 0.393  ; ion charge numbers    z 1  = 1 ,      z 2  = − 1  . The diffusion layer thickness is estimated by the formula   δ = (  H /  1.47   )   (   L D  /   H 2   V 0    )   1 / 3     [61] for the following parameters of membrane system: intermembrane distance   H = 0.5 ⋅   10   − 3   m  ; channel length   L =   10   − 3   m  ; and average solution velocity    V 0  = 0.5 ⋅   10   − 3    m / s   . To simplify the numerical solution, the ratio of the cation concentration at   x = δ   to    c 0    (used in the boundary condition (22)) was taken to be    N c  = 1  . This value is less than in real systems [23]; however, it is shown in [62,63] that for    N c  ≥ 1  , the value of    N c    does not significantly affect the solution of the problem in the extended SCR. The constant current density was set as    i /   i  lim     = 0.5 ,   1 ,   1.5 ,   2  , where    i  lim     is the limiting current density determined by the Leveque formula    i  lim   =   F D  c 0   /  H (  T  1 C   −  t 1  )    (  1.47    (     H 2   V 0   /  L D    )    1 / 3   − 0.2  )    [61] and where   D =    D 1   D 2   (   z 1  −  z 2   )   /   (   D 1   z 1  −  D 2   z 2   )      is the electrolyte diffusion coefficient.



As noted above, the computational complexity of the problem under consideration is associated with large gradients of ion concentrations and potential at the solution/membrane interface. The complexity of the calculations increases with decreasing thickness of the region of large gradients, the order of which is estimated by the Debye length    L D  =    ε 0   ε r    R T  /  ( 2  c 0   F 2  )       [18]. Therefore, to reduce the computational complexity of the problem and the calculation time, the concentration value was chosen at several orders of magnitude less than in real systems.



Detailed studies of the influence of the dimensionless Debye number (that is, the concentration of the electrolyte in the solution) were carried out in the literature [40,45,62]. With increasing electrolyte concentration in the solution, the size of the SCR in the depleted solution at the membrane surface decreases, but the charge density and the tangential component of the bulk electric force increase [62]. These two factors have opposite effects on the development of electroconvection in the depleted solution near the membrane surface. The results of numerical calculations show that the dominant factor is the reduction in the size of the SCR: with increasing concentration, the intensity of overlimiting transfer, measured by the ratio i/ilim, decreases at a fixed potential drop [62]. Therefore, although the structure of chronopotentiograms does not change with increasing concentration, a higher concentration corresponds to a larger average value of the potential drop in the quasi-stationary state [45]. The work of P. Shi [40] shows that reducing the thickness of a thin Debye layer enhances small-scale vortices and promotes its onset, which is attributable to the increase in the driving force to the layer of extended SCR.




2.4. Estimation of Calculation Error


The accuracy of the numerical solution of boundary value problems of mass transfer models in the DC current mode (both based on the NPP–NS and based on the NPD–NS) can be assessed from the error in fulfilling the condition of equality of the average current density at   x = 0   and   x = δ   to the given value of the current density  i , Equation (9). Therefore, the calculation error was determined by the following values for   x = 0   and   x = δ  :


    r 0  =   max   t ∈  [  0 ,  t ′   ]     (    100 %  i   |  i −  1 L     ∫ 0 L    i  t o t   x      ( 0 , y , t ) d y  |   )    ,    r δ  =   max   t ∈  [  0 ,  t ′   ]     (    100 %  i   |  i −  1 L     ∫ 0 L    i  t o t   x      ( δ , y , t ) d y  |   )   ,  



(28)




where    t ′    is the time of stopping the calculations; in the considered calculations, this is the time of establishing a stationary (or quasi-stationary) state.




2.5. Model Implementation


The boundary value problems of the considered mathematical models were solved by the finite element method using the commercial package Comsol Multiphysics 6.1 (COMSOL AB, Stockholm, Sweden). All calculations were performed using an Intel(R) Core(TM) i9-10900K CPU (10 cores @ 3.70GHz), 64 GB of RAM.



The Navier–Stokes equation and continuity equation for the incompressible fluid, Equations (15) and (16), are implemented using the “Laminar Flow” module; the equations for the ion concentration (17) and the electric current stream function (20) are built on the basis of the “General Form PDE” modules; and the equations for the electric field strength components (18) and (19) involve the “Domain ODEs and DAEs” modules. Spatial discretization of the fields of concentration, electric field strength and electric current stream function uses quadratic Lagrange interpolation functions. The discretization of the “Laminar Flow” module is “P2 + P1”, which means the use of second-order elements for the velocity components and linear elements for the pressure field [64]. Time-dependent computations are implemented using the segregated node with an implicit BDF (backward differentiation formula) time step-selection method [64]. Each segregated iteration involves performing three separate steps: the first step is to calculate the concentration and electric stream function; at the second step, the velocity and pressure are calculated; and the third step calculates the electric field strength. The built-in solver determines the time step so that the requirement for the relative tolerance is met (is set to 10−3). In addition, when solving the boundary value problems of the models, a limit was set on the maximum time step so that the error in calculating the current density at the boundaries was less than 1%. The implementation of the boundary value problem based on the NPP–NS equations is similar to that described for the NPD–NS equations, with the difference being that the equation for the electric field strength is replaced by the Poisson equation for the potential.



Large gradients of ion concentrations and electric field strength near the solution/membrane interface (Figure 2) cause significant computational complexity of the problem under consideration. Therefore, in order to simplify the numerical solution of the problem, a non-uniform computational mesh was constructed, in which 25 boundary layers with a stretching factor of 1.23, the first layer thickness of 0.0005 µm, and 30 layers of the same thickness of 0.05 µm are defined near the boundary. For the computational mesh in the rest of the area, the “Mapped” option is used, and the maximum element size constraint is set to 1.5 µm (Figure 3). In general, the grid consists of 92,713 domain elements and 2279 boundary elements. The described structure of the computational mesh is determined by the following procedure: calculations are performed for a certain computational mesh (consisting of k1 elements) and the chronopotentiogram   Δ  φ  k 1   ( t )   is calculated for the current density    i /   i  lim     =   2   in the time interval from 0 to the establishment of a stationary state (t′). Then, the mesh is refined (k2 elements), the calculations are performed again, and the values of   Δ  φ  k 2   ( t )   are calculated. The maximum relative error of the calculation of the potential drop is determined by the following formula:    γ 1  =   max   t ∈  [  0 ,  t ′   ]     (     |  Δ  φ  k 1   − Δ  φ  k 2    |   /  Δ  φ  k 2      )  ⋅ 100 %  . The procedure was repeated until the condition    γ   k i    ≤ 5 %   was met.





3. Results and Discussion


3.1. Model Validation


3.1.1. Comparison of Chronopotentiograms Calculated on the Basis of NPP–NS and NPD–NS Approaches


Based on the NPP–NS and NPD–NS approaches, the characteristics of mass transfer in the diffusion layer are calculated for the underlimiting (  0.5  i  lim    ), limiting (   i  lim    ), and overlimiting (  1.5  i  lim    ,   2  i  lim    ) current densities. The chronopotentiogram (ChP) of the system was calculated based on the values of the potential drop averaged over the channel length, that is, for the NPP–NS model:


  Δ φ ( t ) =  1 L     ∫ 0 L   φ ( δ , y , t ) d y    ,  



(29)




and for the NPD–NS model:


  Δ φ ( t ) = −  1  δ L      ∫ 0 L      ∫ 0 δ    E x  ( x , y , t ) d x d y       .  



(30)







The ChPs calculated based on both approaches at the same values of the given current density coincide quite well (Figure 4a). At the current density equal to   0.5  i  lim     and    i  lim    , the difference in the potential drop over the entire considered time interval (from 0 to 9 s) does not exceed 2% (the maximum difference is 1.6% and 1.4%, respectively). At overlimiting values of   1.5  i  lim     and   2  i  lim    , the difference does not exceed 5% in the same time period, except for the moments of time of a sharp decrease in the potential drop at   t = 2.1   s   and   t = 1.2   s  , respectively. This difference is due to the fact that a rapid decrease in the potential drop in the two approaches occurs with a small time difference of 0.02 s.



Consider the structure of the calculated ChPs and estimate the intensity of the developing electroconvection for each of the indicated values of the current density. To quantify the intensity of electroconvection, the average value of the electrolyte solution flow velocity (normalized by the value    V 0   ) was calculated (Figure 4c):


   V  a v   =  1   V 0  δ L      ∫ 0 δ      ∫ 0 L      V x 2  +  V y 2    d x d y       .  



(31)







For all ChPs at   t <   10   − 4   s  , a sharp increase in the potential drop from zero to a value determined by the initial ohmic resistance of the solution is observed [44]. Further, at a current density of   0.5  i  lim     and    i  lim    , a monotonic increase in the potential drop is observed, which is associated with electrodiffusion desalination of the solution near the membrane surface (Figure 4e). At   t > 9   s  , stationary states are established. At the current density of   0.5  i  lim     in the steady state, the potential drop is       Δ φ  ¯    0.5  i  lim     ≈ 0.042   V   and the average velocity is        V  a v    ¯    0.5  i  lim     ≈ 2 ⋅   10   − 7    , that is, there is no electroconvective flow (Figure 5a). At the current density of    i  lim    , the solution at the membrane surface is depleted almost to zero (Figure 4e) and the potential drop increases to       Δ φ  ¯     i  lim     ≈ 0.382   V  . A space charge begins to form (Figure 4f), but it is very close to the solution/membrane interface, on which the no-slip condition is accepted, so the electroconvective flow is negligibly small:        V  a v    ¯     i  lim     ≈ 5 ⋅   10   − 6     (Figure 5b). Since there is no forced flow in the system under consideration and at the current density of   0.5  i  lim     and    i  lim    , the electroconvective flow is negligible, and the distribution of the ion concentration in the cross-section (Figure 4e,f) is typical for the entire length of the diffusion layer (Figure 5a,b).



At the overlimiting current density (  1.5  i  lim    ,   2  i  lim    ), the ChP structure becomes more complicated, and effects associated with the development of electroconvection are observed.



In the calculation for the current density equal to   1.5  i  lim     at the time moment    τ  1.5  i  lim     = 1.12   c  , the tangent to the concentration profiles in the electroneutral region near the membrane surface passes through 0 at   x = δ  . After this point in time, the formation of the extended SCR begins, and a rapid increase in the potential drop is noted on the ChPs (Figure 4a). As a result, in the time interval from 2.02 s to 2.08 s, a rapid increase in the average velocity    V  a v     from 0 to 0.28 is observed, which is associated with the appearance of electroconvective vortices. The vortices mix the depleted solution near the membrane surface with the more concentrated solution in the volume of the diffusion layer (Figure 5c). The movement of the fresh solution to the membrane surface causes a decrease in the potential drop. As a result, the ChPs show a slowdown in the growth of the potential drop at t = 2.02 s and a rapid decrease by 0.43 V in the time interval from 2.05 s to 2.27 s. This decrease in the potential drop causes a decrease in the average velocity    V  a v     by 0.04 at time from 2.14 s to 2.3 s. This is followed by an almost simultaneous weak increase, a slight decrease, and a transition to a stationary state of the potential drop and average velocity. The flow structure in the steady state is shown in Figure 5c.



In the calculation for the current density of   2  i  lim    , the desalination of the solution proceeds faster, so the appearance of the electroconvective flow occurs earlier (at t ≈ 1.15 s, Figure 6a) at a larger potential drop. As with a current density of   1.5  i  lim    , in this case, a rapid increase in the average flow velocity causes a decrease in the potential drop (≈0.56 V, at t ≈ 1.18 s), which causes a slowdown in the growth of the average velocity. But then, at a current of   2  i  lim    , there is a significant increase in the average flow velocity and potential drop at times between 1.33 s and 2.07 s. In this time range, the size and velocity of the electroconvective vortices increases (Figure 6b,c), then at the moments of 2.17 s, 2.31 s, and 4.5 s, neighboring vortices merge into one larger one (Figure 6d–f), which is expressed by a decrease in the potential drop (Figure 4a).



In experimental measurements of the ChPs of the CEM [65,66], the moment of time preceding the rapid growth of the potential drop is defined as the transition time. For an analytical estimate of the transition time, Equation (32) is used:


   τ S  =   π D  4     (     c 0  F  z 1     T  1 C   −  t 1     )   2   1   i 2    .  



(32)




Equation (32) was obtained by Sand on the basis of a theoretical analysis of an infinite diffusion layer [67].



The transition time values calculated by the proposed model for current density equal to   1.5  i  lim     and   2  i  lim     differ from Sand’s analytical estimate by less than 5%.



Thus, on the ChPs, calculated for the overlimiting currents, the following sections are distinguished:




	
the initial fast ohmic growth of the potential drop;



	
the section of monotonic growth of the potential drop caused by electrodiffusion desalination of the solution. The growth rate of the potential drop increases rapidly after the depletion of the concentration at the solution/membrane interface;



	
the transitional section associated with the development of electroconvection;



	
the stationary section characterized by both a constant potential drop and a constant average velocity of the electroconvective flow.








This structure of the calculated ChPs qualitatively coincides with those observed in experimental [6,65,66,68,69] and theoretical [45,46] studies. However, the shape of the transitional part corresponding to the development of an electroconvective flow differs from that observed in experiments. It should be noted, however, that this section of ChPs differs significantly for different ion-exchange membranes and current mode also in experimental measurements [6,65,66,69]. For example, in the experiment measuring the ChPs of CEM (Neosepta CMX) and a 10 mM CuSO4 electrolyte by de Valenca et al. [65] at the time of electroconvection development on the ChP, a decrease in the potential drop of a small value (about 0.1 V) is recorded; in the experimental study of AEM (MA-40-13 membrane specially treated by NPO “Vladipor”) and a 5 mM NaCl solution performed by Belova et al. [6], this value is up to 0.5 V. This makes it possible to explain the difference in the transitional section of the ChPs by an essential connection between the development of electroconvection and the properties of the membrane (surface inhomogeneity, electrical inhomogeneity, and others).




3.1.2. Comparison of Mass Transfer Characteristics Calculated for Galvanostatic and Potentiostatic Modes


Comparison of the modeling results for the galvanostatic mode (at the constant current density) based on the NPD–NS equations and for the potentiostatic mode (at the constant potential drop) based on the NPP–NS equations showed a good agreement between the ion-transport characteristics after the establishment of the stationary state (Figure 4c,d). In the potentiostatic mode, the Poisson equation was solved with the following boundary conditions:


  φ ( 0 , y , t ) = 0 ,   φ ( δ , y , t ) =   Δ φ  ¯  ,  



(33)




where     Δ φ  ¯    is the value of the potential drop in the stationary state, obtained in the calculation for the galvanostatic mode at the current density    i /   i  lim     = 0.5 ,   1 ,   1.5 ,   2  . Figure 4d shows the dependences of the average current density on time, calculated for the potentiostatic mode using the formula    i  a v   p o t   =  1  δ L      ∫ 0 δ      ∫ 0 L    i x  d x d y        . The average current density for the potentiostatic mode,      i  a v   p o t    ¯   , differs from the corresponding value of the current density, i/ilim = 0.5, 1, 1.5, 2, by less than 1% (see Table 1).



The values of the average velocity,      V  a v    ¯   , after the stationary state establishment, calculated in the galvanostatic and potentiostatic modes, also agree well (the difference is less than 3%) (Figure 4c). Note that in the potentiostatic mode, the electroconvective flow develops earlier than in the galvanostatic mode, since the potential drop and current density are higher in the initial period in this mode (Figure 4a,d).





3.2. Assessment of the Computational Complexity of the Model


To assess the computational complexity of the proposed model based on the NPD–NS equations, the calculation time of the time period equal to 0.1 s after the establishment of the stationary state,    t  c a l c    , was fixed. Also, the calculation time,    t  c a l c    , was fixed for the model based on the NPP–NS equations. Calculations based on NPD–NS and NPP–NS were performed on the same computational mesh (described in Section 2.5), and the accuracy of discretization in time was controlled using a parameter that limits the maximum time step. The iterative calculations of the corresponding boundary value problems were performed for the values of the maximum time step decreasing (in the series of values 0.01 s, 0.005 s, 0.002 s, 0.001 s, 0.0005 s, and 0.0002 s) until the error    r 0    and    r δ    is less than 1%.



In the approach of modeling ion transport in the galvanodynamic mode based on the NPP–NS equations, the boundary condition on the derivative of the potential (which determines the given current density) can also be specified at the outer boundary of the diffusion layer, that is:


    ∂ φ   ∂ x    (  0 , y , t  )  = −   R T    F 2     (      ∂ η   ∂ y   + F  z 1   D 1    ∂  c 1    ∂ x   + F  z 2   D 2    ∂  c 2    ∂ x      z 1 2   D 1   c 1  +  z 2 2   D 2   c 2     )   (  0 , y , t  )   ,   φ  (  δ , y , t  )  = 0 .   



(34)







When the conditions of zero tangential components of the current density, Equation (10), are accepted at boundaries   x = 0   and   x = δ  , these boundaries become equipotential. Therefore, the position of the boundary condition on the derivative of the potential (the variant of the boundary conditions (27) or conditions (34)) does not affect the solution of the NPP–NS equations, but it may affect the computational complexity of obtaining a numerical solution. Compare the calculation time,    t  c a l c    , for the model based on NPD–NS and two variants based on the NPP–NS system, when the galvanodynamic boundary condition is specified at the outer boundary of the diffusion layer (Equation (34), denoted briefly as NPPL–NS) and at the solution/membrane interface (Equation (27), NPPR–NS).



For calculations based on the NSN–PPδ approach, the required accuracy for all considered current density values (  i = 0.5  i  lim   ,    i  lim   ,   1.5  i  lim   ,   2  i  lim    ) was obtained with the same maximum time step equal to 0.001 s (see Table 2 and Table 3). Therefore, for calculations for the considered values of the current density on the same computational mesh, the calculation time,    t  c a l c    , and the amount of required memory approximately coincide (average 15.8 GB).



At the solution/membrane interface,   x = δ  , the gradients of the ion concentration and potential fields are higher than at the outer boundary of the diffusion layer,   x = 0  . For this reason, in the calculation using the NPPL–NS approach (when the galvanodynamic boundary condition is set at the boundary   x = 0  ), the required calculation errors (see Table 3) were achieved at a larger value of the maximum time step equal to 0.002 s. The calculation time based on the NPPL–NS approach is less (by 13% on average) than that based on the NPPR–NS approach, and the required memory differs little—16.2 GB.



For calculations based on the NPD–NS equations, the maximum time step, providing the error of less than 1%, at the underlimiting current density (  0.5  i  lim    ) coincides with the value of this parameter for calculations based on NPPR–NS. Therefore, the calculation time of these approaches at the current density equal to   0.5  i  lim     is comparable (Table 2). At the limiting (   i  lim    ) and overlimiting (  1.5  i  lim     and   2  i  lim    ) current densities, the value of the maximum time step for the NPD–NS approach is five times less than for the underlimiting one. As a result, the calculation time for the NPD–NS approach for the current density equal to    i  lim    ,   1.5  i  lim    , and   2  i  lim     exceeds, on average, three times the calculation time based on the NPPR–NS approach. The amount of memory used in the solution based on the NPD–NS approach is approximately 12.8 GB.



Thus, the numerical solution based on the NPD–NS approach is more demanding on the accuracy of discretization in time compared to the solution of the NPP–NS equations with the other parameters being the same.



In order to evaluate the relationship between the error of the considered modeling approaches and the quality of the computational mesh, it is necessary to exclude the influence of the time discretization accuracy. For this purpose, calculations were performed for the approaches of NPPR–NS, NPPL–NS, and NPD–NS with the same and rather small value of the time step. Table 4 shows the errors of calculations,    r 0    and    r δ   , based on the NPPR–NS, NPPL–NS, and NPD–NS approaches for the same system parameters, computational mesh, and the maximum time step equal to 0.0002 s. In calculations based on the NPPR–NS approach, the decrease in the maximum time step led to the decrease in the calculation error    r 0    by at least two times and    r δ    by at least 21 times. In calculations based on the NPPL–NS approach, a decrease in the time step affects the calculation error    r 0    and    r δ    is not significant. For all considered approaches, it is characteristic that the higher current density corresponds to the large error in the calculation of    r 0    and    r δ    (Table 4). For each value of the current density, the calculation error of the NPD–NS approach is less than the calculation error of the NPPR–NS approach, which, in turn, is smaller than for calculations based on the NPPL–NS approach. Thus, the calculation error of the approaches increases in the series NPD–NS, NPPR–NS, and NPPL–NS.





4. Conclusions


A 2D mathematical model of mass transfer in the depleted diffusion layer near the surface of the ion-exchange membrane in the galvanodynamic mode is constructed based on the NPD–NS equations. The model is able to describe the process of mass transfer in a binary electrolyte solution in a wide range of the current density values, including both underlimiting and overlimiting modes. For the overlimiting current densities, the model takes into account the violation of the electrical neutrality of the solution, the formation of the extended SCR, and the development of electroconvection.



Comparison of the modeling results using the proposed model based on the NPD–NS equations and the previously published model based on the NPP–NS equations for the same current density and system parameters showed the following:




	(1)

	
Good quantitative coincidence of ChPs in all characteristic sections, including the initial sharp ohmic growth, monotonic slow electrodiffusion growth, the transition region of the development of electroconvection and the establishment of a stationary state;




	(2)

	
Good agreement between the characteristics of mass transfer after the establishment of the stationary state, calculated for the galvanostatic and potentiostatic modes.









The Poisson equation for the electric potential and the equation for the electric field strength based on the expression for the displacement current have a common physical basis. The differences in the equations manifest themselves when constructing mathematical models of mass transfer.



When modeling mass transfer in the galvanodynamic mode based on the NPP–NS equations, it is necessary to specify one of the boundaries parallel to the membrane surface as equipotential. Then, the galvanodynamic boundary condition can be specified at another of these boundaries. The NPD–NS-equations-based mass transfer modeling does not require the introduction into the problem statement assumptions about the potential distribution at the boundaries of the region under consideration. At the same time, both of these approaches require calculation of the current density distribution. To solve this problem, the electric current stream function method is used. The boundary conditions for the electric current stream function at the boundaries parallel to the membrane surface are formulated using the assumption of a zero tangential current component. Therefore, in the calculations based on the NPD–NS equations, the tangential component of the electric field strength is negligible (the range of variation of Ey is approximately five orders of magnitude smaller than the range of variation in Ex), which is equivalent to specifying an equipotential boundary. Therefore, models based on the NPP–NS and NPD–NS equations in the above formulations describe the single physical situation but differ in the numerical solution procedures. At overlimiting currents, the required accuracy of the numerical solution is achieved in the approach based on the NPP–NS equations with a smaller time step than the NPD–NS equation approach. The accuracy of calculating the current density at the boundaries parallel to the membrane surface is higher for the model based on the NPD–NS equations compared to the model based on the NPP–NS equations. Future research will be devoted to constructing a mathematical model of mass transfer in a membrane system without using the assumption that the tangential component of the current density is zero.



The proposed mathematical model can be easily extended in future works for electrolyte solutions with an arbitrary number of ions. The next step is to take into account the forced flow of the electrolyte solution and consider the processes in the electrodialysis channel of desalination. In addition, the proposed NPD–NS approach, modified for the case without setting a zero tangential current density at the system boundaries, will provide new information on the effect of geometric and electrical inhomogeneity of the membrane surface on mass transfer processes.
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Abbreviations




	
1D

	
one dimensional




	
2D

	
two dimensional




	
AEM

	
anion-exchange membrane




	
CEM

	
cation-exchange membrane




	
ChP

	
chronopotentiogram




	
CVC

	
current–voltage characteristic




	
NPD

	
Nernst–Planck and displacement current system of equations




	
NPD–NS

	
Nernst–Planck, displacement current and Navier–Stokes system of equations




	
NPP

	
Nernst–Planck–Poisson system of equations




	
NPP–NS

	
Nernst–Planck–Poisson and Navier–Stokes system of equations




	
SCR

	
space charge region




	
Symbols




	
c0

	
concentration of electrolyte, mol/m3




	
cn

	
molar concentration of ion n, mol/m3




	
D

	
diffusion coefficient of electrolyte, m2/s




	
Dn

	
diffusion coefficient of ion n, m2/s




	
E

	
electric strength, V/m




	
F

	
Faraday constant, C/mol




	
H

	
intermembrane distance, m




	
i

	
current density, A/m2




	
ilim

	
limiting current density, A/m2




	
jn

	
flux density of ion n, mol/(m2·s)




	
L

	
length of the channel, m




	
Nc

	
ratio of the concentration of cations to the initial concentration of the solution




	
P

	
pressure, Pa




	
R

	
universal gas constant, J/(mol·K)




	
r0

	
calculation error at x = 0




	
rδ

	
calculation error at x= δ




	
T

	
absolute temperature, K




	
t

	
time, s




	
tn

	
transport number of ion n in electrolyte solution




	
TnC

	
transport number of ion n in cation-exchange membrane




	
   V →   

	
velocity of the solution, m/s




	
x

	
normal to membrane coordinate, m




	
y

	
tangential coordinate, m




	
zn

	
charge number of ion n




	
Greek symbols




	
γ

	
maximum relative error of the calculation of the potential drop




	
δ

	
depleted diffusion layer thickness, m




	
ε0

	
electric constant, F/m




	
εr

	
relative permittivity of the electrolyte solution




	
η

	
electric current stream function, A/m




	
ν

	
kinematic viscosity, m2/s




	
ρ0

	
solution density, kg/m3




	
φ

	
electric potential, V




	
Subscripts




	
1

	
cation




	
2

	
anion




	
av

	
average




	
lim

	
limiting




	
pot

	
potentiostatic mode




	
tot

	
total




	
R

	
right




	
L

	
left
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Figure 2. Geometry of the model of mass transfer in a depleted diffusion layer near the surface of a cation-exchange membrane (CEM). Electroconvective vortices and concentration profiles (cations,    c 1   , and anions,    c 2   ) are schematically shown. A current of density  i  flows in the system. 
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Figure 3. Spatial discretization (computational mesh) of the model geometry fragment. 
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Figure 4. (a) Chronopotentiograms; (b) enlargement fragment of (a); (c) average value of the flow velocity of the electrolyte solution; (d) dependencies of the average current density on time; (e) concentration profiles; (f) charge density distribution in the section y = 0.5 L of the diffusion layer in the steady state at t = 9 s. Calculation results based on the NPP–NS (blue lines) and NPD–NS (black lines) approaches at current densities of i = 0.5 ilim, ilim, 1.5 ilim, and 2 ilim. The red dotted lines are the calculation results for the constant potential drop mode. The dashed line in Figure 4a denotes the transition time for the current density 1.5 ilim,    τ  1.5  i  lim      . 
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Figure 5. Cation concentration distribution (shown in color) and streamlines of the electrolyte solution (white lines) at the time   t = 9   s   (stationary state). The calculation results at the current density: i = 0.5 ilim (a), i lim (b), 1.5 ilim (c), 2 ilim (d). 
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Figure 6. Cation concentration distribution (shown in color) and streamlines of the electrolyte solution (white lines) at a current density of i = 2 ilim. The calculation results at time t = 1.15 s (a), 1.33 s (b), 2.07 s (c), 2.17 s (d), 2.31 s (e), 4.5 s (f). 
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Table 1. Current density and potential drop after the stationary state establishment in the galvanostatic and potentiostatic modes.
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	      i  /    i    l i m         
	      Δ  φ  ¯    , V
	          i    a v     p o t     ¯   /    i    l i m         





	0.5
	0.042
	0.500



	1
	0.382
	1.000



	1.5
	0.640
	1.509



	2
	0.794
	1.995










 





Table 2. Maximum time step and calculation time for the NPPR–NS, NPPL–NS, and NPD–NS approaches.
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      i  /    i    l i m         

	
Maximum Time Step, s

	
   Calculation   Time ,     t    c a l c      , s




	
NPPR–NS

	
NPPL–NS

	
NPD–NS

	
NPPR–NS

	
NPPL–NS

	
NPD–NS






	
0.5

	
0.001

	
0.002

	
0.001

	
517

	
451

	
490




	
1

	
0.001

	
0.002

	
0.0002

	
516

	
460

	
1589




	
1.5

	
0.001

	
0.002

	
0.0002

	
504

	
424

	
1543




	
2

	
0.001

	
0.002

	
0.0002

	
495

	
435

	
1650











 





Table 3. Calculation errors    r 0    and    r δ    for the NPPR–NS, NPPL–NS, and NPD–NS approaches (with the limitation on the maximum time step, according to Table 2).
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      i  /    i    l i m         

	
     r   0     , %

	
     r   δ     , %




	
NPPR–NS

	
NPPL–NS

	
NPD–NS

	
NPPR–NS

	
NPPL–NS

	
NPD–NS






	
0.5

	
   0.385 ⋅   10   − 1     

	
0.140

	
   0.361 ⋅   10   − 5     

	
0.126

	
0.140

	
   0.486 ⋅   10   − 1     




	
1

	
   0.391 ⋅   10   − 1     

	
0.295

	
   0.353 ⋅   10   − 4     

	
0.132

	
0.282

	
   0.727 ⋅   10   − 5     




	
1.5

	
0.142

	
0.440

	
   0.160 ⋅   10   − 3     

	
0.760

	
0.413

	
   0.103 ⋅   10   − 2     




	
2

	
0.193

	
0.581

	
   0.351 ⋅   10   − 3     

	
0.465

	
0.535

	
   0.596 ⋅   10   − 2     











 





Table 4. Calculation errors    r 0    and    r δ    for the NPPR–NS, NPPL–NS, and NPD–NS approaches (with the limitation on the maximum time step equal to 0.0002 s).
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      i  /    i    l i m         

	
     r   0     , %

	
     r   δ     , %




	
NPPR–NS

	
NPPL–NS

	
NPD–NS

	
NPPR–NS

	
NPPL–NS

	
NPD–NS






	
0.5

	
   0.683 ⋅   10   − 2     

	
0.140

	
   0.272 ⋅   10   − 9     

	
   0.210 ⋅   10   − 2     

	
0.140

	
   0.842 ⋅   10   − 4     




	
1

	
   0.180 ⋅   10   − 1     

	
0.295

	
   0.353 ⋅   10 