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Abstract: The problem of delay-range-dependent stability analysis for linear systems with distributed
time-varying delays and nonlinear perturbations is studied without using the model transforma-
tion and delay-decomposition approach. The less conservative stability criteria are obtained for
the systems by constructing a new augmented Lyapunov-Krasovskii functional and various in-
equalities, which are presented in terms of linear matrix inequalities (LMIs). Four numerical ex-
amples are demonstrated for the results given to illustrate the effectiveness and improvement over
other methods.

Keywords: distributed interval time-varying delay; linear system; Lyapunov-Krasovskii functional;
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1. Introduction

The system of linear delay differential equations appears naturally in many branches of
science and engineering. The delay is very often encountered in various technical systems,
such as robotics, electric systems, hydraulic networks, chemical processes, long transmis-
sion lines, communication networks, etc. [1]. The stability problem of the investigation of a
linear system with delay has been exploited over many years [1-28]. The stability criteria for
time-delay systems are generally divided into two classes: the delay-independent one and
the delay-dependent one. Delay-independent stability criteria tend to be more conservative,
especially for a small size delay; such criteria do not give any information on the size of the
delay. On the other hand, delay-dependent stability criteria are concerned with the size
of the delay and usually provide a maximal delay size. The stability criteria of dynamical
systems with time-varying delays and nonlinear perturbations have received the attention
of many theoreticians and engineers in this field over the last few decades [4,9,14,18,25,28].
For delay-dependent stability criteria, the main concern is to enlarge the feasible region
of the criteria to guarantee the asymptotic stability of time-delay systems in a given time-
delay interval [2,3,6,7,22,23]. A descriptor model transformation and a corresponding
Lyapunov-Krasovskii functional were introduced for the stability analysis of systems
with delays in [19,21]. Moreover, delay-range-dependent stability criteria for dynamical
systems with interval time-varying delays have been attracting the attention of several
researchers [4,9,14,20,25,28]. Delay-range-dependent stability criteria make use of infor-
mation on the lower and upper bounds of delay. In the past few years, there have been
various approaches to reduce the conservatism of delay-dependent conditions by using
a new Lyapunov—Krasovskii functional [18,26], improved inequalities [7,11-13,16-18,27],
the free-weighting matrices technique [3,18], the delay-decomposition approach [2], and
model transformation [9,28]. However, the results do not take into account the presence of
nonlinear perturbations and distributed time-varying delay in the system.
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In the existing literature, the linear system with an interval time-varying state delay
and nonlinear perturbations has been considered in [25] in the form:

x(t) = Ax(t)+ Bx(t—h(t)) + f(t,x(t)) + g(t, x(t — h(t))), 1)
x(t) = ¢(t), t € [~hy,0] ()

where K (t) is a interval time-varying delay,
0<h <h(t)<hy, h(t)<u, ®)

x(t) € R", A, B € R"*" hy, hy and u are positive real constants representing the lower
and upper bounds of the delay, and ¢(t) is a given continuously differentiable function
on t € [—hy,0]. The uncertainties f(t,x(t)) and g(t,x(t — h(t))) represent the nonlinear
parameter perturbations with respect to the current state x(t) and the delayed state x(t —
h(t)), respectively, and are bounded in magnitude in the form,

e x®)f(tx(1) < nxT(Hx(t), @
gh(tx(t=h(t))g(t,x(t=h(t))) < p*xT(t—h(t))x(t—h(1)), ®)

where # and p are known real positive constants.
More recently, the authors studied the problem of stability analysis for linear systems
with distributed time-varying delays in [22] in the form:

X(t) = Ax(t)+Bx(t—h(t))+C ti " x(s)ds, (6)

x(t) = ¢(t), t € [—hy,0], 7)
where h(t) is a time-varying delay,
0<h(t)<hy, —u<h(t)<u<l, ®)

x(t) € R", A, B, C € R"™™", hy and u are positive real constants representing the d upper
bounds of the delay, and ¢(t) is a given continuously differentiable function on t € [—hy,0].

Motivated by the above statement, we consider the system with distributed interval
time-varying delays and nonlinear perturbations in the form:

x(t) = Ax(t)+Bx(t—h(t)) + f(t,x(t)) + g(t, x(t = h(t)))
+C ti (t)x(s)ds, )
x(t) = ¢(t), t € [—max{hy,2},0], (10)

where h(t) and r(t) are interval time-varying delays,

i <h(t)<hy, —-u<h(t)<u<l, (11)
r <r(t) <y, (12)

o o
IN A

x(t) € R", A, B, C € R"™" hq, hy, r1, o and u are positive real constants, and ¢(t) is a
given continuously differentiable function on t € [—max{hy,72},0]. The uncertainties
f(t,x(t)) and (¢, x(t — h(t))) represent the nonlinear parameter perturbations with respect
to the current state x(t) and the delayed state x(t — h(t)), respectively, and are bounded in
magnitude in the form (4) and (5).

In this paper, we consider the problem of stability criteria for a linear system with
distributed interval time-varying delays and nonlinear perturbations (9). Based on some
new inequalities, some new augmented Lyapunov—Krasovskii functionals, an improved
Peng-Park integral inequality, a novel triple integral inequality, and the utilization of the
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zero equation, less conservative stability criteria are obtained in terms of linear matrix
inequalities (LMIs) without using model transformation and the delay-decomposition
approach. Numerical examples illustrate the results.

2. Problem Formulation and Preliminaries

Throughout this paper, R and R" represent the set of real numbers and the n-dimensional
Euclidean spaces, respectively. M > (>)0 means that the symmetric matrix M is positive
(semi-positive) definite. M < (<)0 denotes that the symmetric matrix M is negative (semi-
negative) definite. MT and M~! denote the transpose and the inverse of M, respectively.
The symbol * represents the symmetric block in a symmetric matrix. I is the identity
matrix with appropriate dimensions. S" denotes the set of symmetric matrices. S denotes
the set of symmetric positive definite matrices. C([a1,a3], R") denotes the set of contin-
uous functions mapping the interval [a;, ;] to R". For any square matrix M, we define
Sym(M) = M+ MT.

Lemma 1 (Schur complement [1]). Given constant symmetric matrices X,Y, Z with appropriate
dimensions satisfying X = X1, Y = YT > 0, then X + ZTY~1Z < 0 if and only if:

{X zT

5 _Y} <0. (13)

Lemma 2 ([2]). For any constant matrix Q € R™*", Q = QT > 0, positive real constant ky, and
a vector-valued function x : [—kp, 0] — R" such that the following integrals are well-defined, then:

/ / (u)duds
ky Jt+s
x(t) —2Q  2Q x(t)
< ( %ftikz x(s)ds ) < % -20 )( éftt—kz x(s)ds > (14)

Lemma 3 (Sun et al. [20]). For any constant matrix Q € R™", Q = QT >0, positive real
constants ky, ky, and a vector-valued function x : [—kp,0] — R" such that the following integrals
are well-defined, then:

—ky /Lk i (5)Qi(s)ds

< _(/tth x(s)ds)TQ</ttk2 x(s)ds), (15)
,(k% _L%) / /+s (u)duds

< / /+s duds Q /_ /+S duds (16)
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Lemma 4 ([18]). Forany constant matrices Qq, Qz, Q3 € R™", Q1 > 0,Q3 > 0, [Q*l 82} >0,
3

k(t) are time-varying delays with 0 < ky < k(t) < ky, k1, ko € R, vector-valued functions x, and
X : [—ko, —k1] — R" such that the following integrals are well-defined, then:

e BT [ &I

T

x(t — kl) _Q Q 0 _QT 0
x(t—k(t)) " ° _Q3ng Qs QZT2 _QzT
< tfgf —k2) % x -Q; 0 Qf
t k(lt) x(s)ds * * *  —Qp 0
tt:kkz(t) x(s)ds * * * * -
x(t — k])
x(t —k(t))
xi—ka) . (17)
ft_k(lt) x(s)ds
ftt__k];(t) x(s)ds

Lemma 5 (Peng—Park’s integral inequality [12,13]). For any constant matrices Q,S € R"*",

Q
002 §

such that the concerned integrations are well-defined, then:

> 0, nonnegative real constants ky, and a vector-valued function % : [—kp,0] — R"

—ky /t ik 1 (5)Qx(s)ds < T (1) © w(t), (18)
—Q Q-S§ S
wherew (t) = [xT(£) xT(t—k(t)) xT(t—ky)] ando=| x+ —2Q+S+ST Q-S5|.
* * -Q

Lemma 6 ([27]). For any constant matrix Q € R™", Q = QT > 0, real constants a,b, and a
vector-valued function % : [a, b] — R" such that the following integrals are well-defined, then:

b b
/ / i (5)Qi(s)dsdu > 207 Q0 + 40700, + 60100, (19)
Ja u

where:

O, = x(b)+ 2 E p /abx(s)ds - (b—6a)2 /ab /ub x(s)dsdu,

Oz = x(b)— b?’fa /be(s)ds + (b24a)2 /ab /ub x(s)dsdu

_(b60a)3 /ub /uh ./be(r)drdsdu.

Lemma 7 ([16]). For any matrices ® € S, M, My € R™ ", Y € R2nxm \fy € (0,1),
the inequality:

le o (1—a)MT
_vT|a _vT T 1
Y [0 1106:}\{ < Y'Z(a)Y sym(Y { aM] ])

+aM O 'MT + (1 — ) M,0 ' MJ, (20)
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holds, where:

0 (1+a)0|

Lemma 8 ([7]). For a matrix Q € S, and any continuously differentiable function function

x : [a,b] — R", the equality:

b 1 3 5
.T 8 > T T T
/ﬂ M ($)Qx(s)ds > F=—0fQ04 + 77— 0f Q05 + 0 Q0%

7
R 07Q0y,

holds, where:

Q4 = x(b)—x(a),
b
Qs = x(b)+x(a)— 2 E p /a x(s)ds,
Qs = x(b)—x(a)+ 2 é p /: x(s)ds G 12a)2 /ah ./ub x(s)dsdu,
Qy = x(b)+x(a)— b12 /ﬂb x(s)ds + (béoa)z /{;b /uh x(s)dsdu

—a
120 b b b
_(bi—aﬁ/a /u /U x(s)dsdovdu.

(21)

Lemma 9 ([11]). Suppose O, Q;;(i, j = 1,2) are the constant matrices of appropriate dimensions,

a€[0,1], B€[—u,ul,0<u<1,then:
Q+a01+(1—a)Qp+ O+ (1—B)Oxn <0,
holds if and only if the following inequalities hold,

QO+ 0 —uloy + (1+u)Qpp <0,
Q4+ O —ulp + (1+u)Qpp <0,
Q+ 1 +ulpy + (1 —u)p <0,
Q4+ O +uoy + (1 —u)Qpp < 0.

3. Main Results

We define a new parameter:

P, P Ps  Pg P Py Py P
Xl:.* PJ’ Xz:[* P7]' X3:[* P10}' X4:{* P13]'
Q1 Q Qs Qs Ri Rp Ry Rs
i Qa}' X6_{* Qe]' X7_L RJ' Xg_{* RJ'
_ —7 Z>—S S
Xg = Rz RS}, Xi0 = {Rlo R“}, Xiu=| % —2Z,4+S+8T Z,— s],
* Rg * R
* * —Z2
—R;3 R; 0 -RI 0
* —R3—R} Ry R} -—RI
Xip=| x * —R; O RT |,
* * * —R; 0
* * * * —R4

(22)
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—Re R¢ 0 -RI 0
* —R¢—R] R¢ RI —RI
X13 - * * _Ré 0 Rg; ’
* * * —Ry 0
L * * * * —Ry |
[—Ry Ro 0 -—RI 0]
* —Rg—R] Ry RI -—RI
X14 = * * —R9 0 Rg; ’
* * * —Ry 0
| * * * * —R7 |
[—Rpp Riz o -—-RrRL o0
*  —Rp—Rj, R R} —Rj
X5 = * * —Rqp 0 RlTl ,
* * —R10 0
L * * * —R10
. _ [F2m 2w, o [F2W 20
=1 « —2W, | 7T« —2Wy |’
[ —12W, 12W; —120W; 360W;
o | 12M —72W;  480W;  —1080W;
187 | 120w,  480W;  —3600W;  8640W; |’
| 360W;  —1080W;  8640W;  —21,600W; |
[—12W;  12W; —120W;5 360W5 ]
o~ | 12Ws —72W5;  480W;  —1080W;
197 1 _120W;  480W5;  —3600W;  8640W; |’
| 360W5  —1080W;  8640W3  —21,600Ws

¢(a, B) = Sym (I Py ITp) + Sym (1 X411y) + Sym (111 Xo11g) 4+ Sym(IT] X511g)
+ Sym (11§ X4ITyg) 4 I1]; XsITyy — (1 — B)TI], X51Typ + I1{5 XeTTpy
+ ]’l%H{r’ZlHlS + h%H{5Z2H15 + r%HlTZ3H1 + H{6X11H16 + H{723H17
+ h311], X711 + (hy — hy)?I1], XgIThq + 1311 XoITyy + IT] Xqp1T3g
+ (Zz - 71)2H1T1X10P11 + H1T9X131—1219 + HQTOXMHz(i + IT, X451y
+ I Wi TTys + 311 Wallys + 2T Wallis + 3T Wallis
+ B3T1, X610y + 12111, Xy 71003 + 113, XqgTToy + T13: X191 To5 + IT{5 L1156
+ €1 IIT 1T — o112, 1 Tly7 + €pI13 I TThg — €211} I T1pg,

Il =&, Il = Ae; +Bes+ Cepp+ e+ 23, I3 =[]  hyelg] h

My =[] e —el]’, Ts=[] hel]’, To=[e] [—ef],

;= [e] rel]’, Tg=[e] el —eL]", To=[e] rel]’,

Mo =[] ef—el]", =[] e]', Mp=I[] &]", Ts=[ <],
Iy = [e] (1—P)el] Y Ihis =¢, ILg=[el el &l] h Iy = e1p,

Mg = [e] ef e haely (1 -wely]’, Tho=[e] oI e &, <],
Mo =[el ef el e, m-wel]’, Ty=[e, & e o],
I = [e]  el] T/ o3 = [e]  eh] T/ Iy =[e] e 5 5?9]Tr

Ips = [el el €I, ] T Il = —ey + Aeq + Beg + Ceqn + €0 + €23,

Ilp7 = €3, llpg=¢€3, Ilpg=¢23, X1=2¢1—¢€3, X2=2¢€1 +¢3— 20,

X3 =¢€1 —e3+6e10—12e14, x4 =¢€1+e3—12e19 + 6014 — 120¢e1g,

X5 =¢€—¢€, Xo=¢€t¢& —2€11, X7=¢ —¢€ +6e11—12¢16,

Xs = €3+ — 12611 + 6016 — 120620, Y = [X{ X3 X3 Xi X3 Xe Xy X§

0= diag(Zl, 3Z1, 5Z1, 7Z1>,

Y(a) =

(2—a)®
0

0

(1+a)©)
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(1—a)MI
O(x, B) = [4»@,/3) ~ YT (@)Y — Sym (YT{ Y ]) aM; + (1 - oc)M2] ,

* -0
and ¢; € R"*®" is defined as &; = [0y (i-1yn  In  Onx(29-iju] fori =1,2,---,29.

Theorem 1. For given positive constants hy, hy, 11, ¥, u, if there exist symmetric positive definite
matrices P], er Zz, Z3, Rl/ Rg, R4, R(,, R7, Rg, RlO/ R12/ Wl/ Wz, W3, W4, Xl/ I = 1, 2, ey 10,
any appropriate dimensional matrices My, My, S, P;, Qi Ry, i=23,...,13,j=12,..., 6,k =
2,5,8,11, and positive constants 1, p such that the following LMIs hold:

O(x, ) < 0, (27)
Z, S
{: Zz] > 0, (28)

holds for « = {0,1},7(t) = B = {—u,u}, ie.:

®0,-u) < 0, (29)
®0,u) < 0, (30)
o(1,-u) < 0, (31)
®(L,u) < 0, (32)

then the system (9) is asymptotically stable.

Proof of Theorem 1. Consider the system (9) with the following Lyapunov—Krasovskii
functional:

where:

Vi(t) = xT(t)Pix(t),

T
+_ff_hj(xt(s)ds] [115 llzi] [ff_ hj(xt(s)ds]
q (t<)>d] T o [f“?)d]
i e T R[]
wo = [ B2 &)L

T{Qél Q5H x(t) }
e Qo [xt - n(e))”
Va(t) = hz/tihz/uth(s)(Zl+Z2)X(s)dsdu

toqt
+77 / / xT(s)Z3x(s) dsdu,
t—ry Ju
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Ve(t)

V7(t)

LY A 0 A R
1 T

* R6 x(0

+(hy — hy) 1 : /; [zggﬂ {R‘* RS} Fgeﬂd()ds
ST M [ A

s [ e )

EGH deds,

= / // )Wy x(u)dudbds
ho
+h2/ // u)Wox (u)dudds
hl +9
+ / / / 1) Wt (1) dudbds
t—ry

+rl/ / / 2T () Wy (u)dudbds.
—r1Js Jt+6

The time derivatives of V;(t),i = 1,2, 3,4, along the trajectories of system (9) are given by

Vi(t)

Va(t)

2xT (£)Pyx(t),
2xT (8P [Ax(t) + Bx(t — h(£)) + f(£, x()) + g (£, x(t — h(t)))

+C /;(t) x(s)ds], (33)
2 lfh(t())d] T | e

2 j@ds] T % o S

2 f(t<)>d] T B P

2 :f:_fx?sws} R ) 4
AN

a-io G612 3R]

ol T2 S0

-] (2 G )
2[x<tf(2<t>>ﬂ% ool [ —heste— o))

2[x<ti(2<t>>] % Sl st -n] 0
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The differential of V5(t) can be estimated as follows by Lemma 5

Vs(t) = h%xT(t)(Zl—i-Zz)x(t)—b/tih #71(5)Z%(s) ds
—hy / LT (s)Zas(s) ds + xT (D Zsx(t) — 1o / " T (s)Zax(s) ds

t—hy t—ry

< BT(1)(Zy + Zo)3(t) — ha /tihz i ()Z1%(s) ds
() 1 [-2» Zy—S S x(t)
+ x(t—h(t))] [ * =27, +S+ST ZZ—S] [x(t—h(t))]
x(t— ) « x 7, | | x(t— 1)
+723xT (1) Zax (t) — (/:r(t) xT(s)ds> Z3 ('/t:(t) x(s) ds). (37)
The differential of Vi (t) is computed by Lemma 4
O N B e RS A |
Ao [ w)[0]+ 5] [ R[50
) T R e
Sl ] i e

, /O x(t+5)]"[Ry Rs][x(t+s) s
2 ), [kt +s) % Ro| [X(t+5)
- x(t+s) Rio0 Ri1 x(t+s)
(rp—r1) _r2 L&(t—i—s)] [ + Ryl |2(t+5) ds
T T
< K2 x(t) Ri R X(i’) +(l’l —h )2 X(t) Ry Rs x(t)
= 20x(B)| |« Rs||x(t) 2] |+ Re| %)
T T
+r2 x(t) R7 R8 x(t) + (r —r )2 x(t) R10 Rll x(t)
21%(H)| | *  Ro||x(h) 27 x)] |« Rip %)
rox 1T R O
TN I I S L
—+ ,x(t_ 2) * * —R;3 0 RZT A,x<t_ 2)
jl*h(t) xX(s)ds * * * —Rq 0 jt—h(t) x(s)ds
::Z(t) x(s)yds| L * * * * —R L tt:,,hz(f) x(s)ds |
x(t—h) 77 B rox(t—hy) T
O I I A 1 | RO
+ t—hy > * * —R¢ 0 RST 'il’l 2
z[:;;l(rt))X(s)ds * * ¥ —R, 0 t[:,;“t))x(s)ds
iy ¥(eas] L ) o R sy
Tox 1T ko[ 0
x(t—r(1)) S S I 13 I OO
+ tx(tfrz) . . Ry 0 RI tx(tfrz)
Jimripy X(s)ds * * % Ry 0 Jirpy X(s)ds
_j.t:yz(f) x(s)ds] L * * * * —R7 | _f:,;(f) x(s)ds
 ox(t—r) 7 T r_R R 0 _RT 0 x(t—r)
Xiét_—rg;) S R R, R Rl ~Riy x;ﬁétiyg) 38
i, * * —R 0 R iy
* f*’(lf) x(s)ds * * *12 —Ryo 61 jffr(lt) x(s)ds ( )
_jt:yz( ! x(s)yas| L ¥ * * * —Ruo ftt:,y([) x(s)ds
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An upper bound of V7(t) can be obtained by using Lemmas 2 and 6

h% T h4 7’% .T . r‘ll
(H)Wyx(t) + - 5 X XL (H)Wox(t )+ 3T (HWax(t) + 5

/ / )Wy (1)dud — 12 / /
t—hy hy Js
/ / u)Wax(u)duds — rq / /
t—ry 77’1 s

Vi(t) =

(t+0)Wyx(t + 0)dods

X () Wy (t)

(t+ 0)Wox(t + 0)dods

h3 h r4
< AT (OWix(b) + LT (HWar(t) + FT (Wax(t) + 52T () Was (1)
2 x(t) —2W,  2W, x(t)
1

2 x(t) {—2W4 2w4} x(t)
11 t 1t
i Jien, (s)ds * —2Wy] |5 tir]x(s)ds
[ x(t) T
1ot 12w 12w, —120W;  360W
s Jip, x(s)ds
I I 12W,  —72W;  480W;  —1080W,
i Jeny S x(s)dsdu —120W;  480W;  —3600W;  8640W;
2
& [ S I x(@)dodsd 360W;  —1080W,  8640W,  —21,600W,
[ x(t)
1t
i tfhztx(s)ds
X 1
hz ftfhz fu x(s)dsdu

r T

x(t
Ly ® *(s)d —12W; 12W; —120W;, 360W;
n try 12W; —72W; 480W; —1080W;
2Jt 1y Ju x(s)dsdu —120W5  480W;  —3600W;  8640W;
g ]f I ! x(6)dedsd 360Ws  —1080W;  8640W;  —21,600Ws
[ X(f)
ft 'r‘zt S
X
2 ft . [, x(s)dsdu
x(0)d0dsdu

_r% ftfrz fu fs

(39)

From the utilization of the zero equation, the following equation is true for real matrix L;

with appropriate dimensions:
ZXT(t)LlT [—3(5) + Ax(t) + Bx(t — h(£)) + f(t,x(t)) + g(t, x(t = h(t))) + C [t "
From (4) and (5), we obtain, for any positive real constants €; and e,

0< en’x (D)x(t) —erfT(t,x(1)) f(t,x(t)),

0< ep*xl(t—

According to (33)-(42), we can obtain:

V) = Ol B0 b [ 5T (0Z18(s)ds

() [77 (t) ”zT(f) 7T3T(t) ”Z(f) m(t) m(t) mp(t) m(t) 73 (h)]
h(t)) J'CT( —h(t)) x (t—r(t)) (t—hzﬂ
T(s)ds ft r xT(s)ds ft h(t dS]T'

T
7
T

7

)ds] =0.

h(t))x(t = h(t)) — eag” (t,x(t — h(£)))g(t, x(t = h(t))).

(40)

(41)
(42)

(43)
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—r T
hzflh(t) Ji hh(t) T( )ds ftt_,(t) xT(S)ds tt_rz(t) xT(s)ds] ",

() = |

() =1

( [ hz )2 ft fu (s )dsdu P ft r ft xT(s )dsdu] ,

6 (t) = [%f fu ft T(s)dsdvdu 3 L hzf [EaT( dsdvdu] ,

()= |
() =1
() =1
‘ h

t—h(t t— h t
() = [t 3ft 0 (IR [N T (5)dsdvdu 3ft i f T(s)dsdvdu] ",
h T
s (t) = fT(t,xu)) g (t,x(t — h(1))) f: hgt) To)ds [, :@ )ds] ",
mo(t) = [xT(t—hy) xT(t—1p) %ftt—hlx %ftfrl ] :
Leta = %, thenl —a = hz;lil(t), and applying Lemma 8, we have:
t
—hz/ T (s)Z,%(s) ds
t—hy
t t—h(t)
= _hz/t h(t)xT(s)le(s)ds—hz/t , %1 (s)Z1%(s) ds
- —n2
h
< _Wi)gT(t) [T17 2,11, 4 3111 24T, + 5111 Z, T3 + 7111 Z 11, (t)
_hz i )gT( )[T1 24115 + 3117 Z4 116 + 5112 Z4 117 + 7118 Z1T1g] 4 (£)

1
- _&gT(t) [T1F Z411y + 3111 41T, + 5111 24 115 + 7111 Z4 114 ¢ (¢)

1
—mgT(t) (111 21115 + 311} 74114 + 5ITE Z4 117 + 7113 Z4 TTg | ¢ ()

lo

= Ty’ [“o YZ(t).

1
104@}
For any matrices My, My € R¥?"4" and applying Lemma 7, we can obtain:

1

0 0
YT |:DC 1 } Y

_ T
—YTS ()Y — sym (YT [(1 “&)]}41 } ) +aM @My T
2

+(1—a) M@ ' MT = A(a).

IN

From (43)—(45), we get:

V() < TN (1) (@l B) + A(a))E(E),

(44)

(45)

By Lemma 2 [10], if LMIs (27) and (28) are true for « = {0,1}, B = {—u, u}, then ¢(a, B) +
A(x) < Oholds forallw € (0,1). B € [—u, u]. By Lemma 9, LMIs (27) and (28) hold if and

only if LMIs (29)—(32) hold. This completes the proof. [J

We now introduce the following notations for later use

_ T
d(n, B) = b, B) —YTE ()Y — Sym (YT [(1 D‘]c[)g]\/h ]) aM; + (1 — a)le ,

* -0
(]3(06, :B) = Sym(ﬁTplf[z) + Sym(ﬁT}A{zﬁ6) + Sym(ﬁT)AQlAIlO) + 1&[115\{51_/\111
—-(1- ﬁ)H12X5H12 + H13X6H14 + 13 H1521H15 +h3 H1522H15
+ 31T Z51T + T X1 1T + 111, Z5 17 + K3 anmn

+ 311 XoI Ty + T X1 + 112 X4 T + 7H15W1H15
2, . o o a " .
+ %HlT5W3H15 + 1T, X814 + 111, X0 Ios + TT1 L4 6
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R + 61172f1{1 ﬁl - Ggﬁg}l ﬁ27 + €2p2ﬁgglﬁ28 — €zﬁ391 flzg,
I =1l;,i=1,2,---,29, X3;=2Xy;,j=12,---,9, Xx=xxk=12---,8,
©=0, Y=Y, andé =¢;,i=1,2,---,23.

Corollary 1. For given positive constants hy, ry, u, if there exist symmetric positive definite ma-
trices P1, Z1, Z», Z3, Ry, R3, Ry, Rg, Wy, W3, X;, 1 = 2,4,5,6,7,9, any appropriate dimensional
matrices M1, My, Ry, Rg, S, P;, Qj, Ry, i=5,6,7,11,12,13,j = 1,2,...,6, and positive constants
1, p such that the following LMIs hold:

&, B) < 0, (46)
KZ ZSZ] > 0, (47)

holds for « = {0,1},7(t) = p = {—u,u},ie,

&0,-u) < 0 (48)

d0,u) < 0, (49)

&(1,-u) < 0, (50)

d(1,u) < 0, (51)
then the system (9) is asymptotically stable.

4. Numerical Examples
Example 1. Consider the system (1) with:
-12 01 —-06 07
A= {—0.1 —1.0]’3 - {—1.0 —0.8}’” 20,020 (52)

By using the LMIs Toolbox in MATLAB (with an accuracy of 0.01) for the application of Theorem 1
to System (1) with (52), the maximum upper bounds hy for the asymptotic stability of Example 1
are listed in the comparison in Table 1 for different values of hy and y. Table 1 shows that the results
derived in this research are less conservative than the results in [4,9,14,25,28].

Table 1. Upper bounds h; for different conditions for Example 1 with r{ = hy,7, = hy.

u=20.9,p =01 u=09,p =01
hy Methods
=20 n=0.1
0.5 Zhang et al. (2010) [25] 1.338 1.245
Ramakrishnan and Ray (2011) [14] 1.558 1.384
Hui et al. (2015) [4] 1.824 1.524
Zhou et al. (2014) [28] 1.8599 1.6622
Liu (2015) [9] 2.1714 1.9573
Theorem 1 4.5821 4.3269
1 Zhang et al. (2010) [25] 1.543 1.408
Ramakrishnan & Ray (2011) [14] 1.760 1.543
Hui et al. (2015) [4] 1.993 1.638
Zhou et al. (2014) [28] 2.065 1.8188
Liu (2015) [9] 2.2749 1.9629
Theorem 1 4.7418 44751

Example 2. Consider the system (6) with:

00 1.0 0.0 00
A= [—1.0 —2.0]’3 - {—1.0 1.0]' ©3)
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Table 2 shows some calculation results obtained from the application of Corollary 1 to System (6)
with (53). The values in Table 2 are the maximum upper with (53). The values in Table 2 are the
maximum upper bounds on the delay hy under different values of u than those in [6-8,15,22,24,26].

Table 2. Upper bounds of time-delay h;, for different conditions for Example 2 with ry = by =0,
rp=hy,n=0,p0=0.

Methods u=0.1 u=20.2 u=0.5 u=0.8
[15] 6.590 3.672 1.411 1.275
[6] 7.125 4413 2.243 1.662
[24] 7.148 4.466 2.352 1.768
[7] 7.167 4517 2.415 1.838
[26] 7.230 4.556 2.509 1.940
[8] 7.297 4.625 2.264 2.038
[22] 10.095 6.808 3.676 2.615
Corollary 1 11.018 7.612 4.340 3.289

Example 3. Consider the system (6) with:

—20 00 ~1.0 00
A= {o.o —0.9}'3_ [—1.0 —1.0} ©4)

For different u, Table 3 presents the allowable upper bound of h(t), which guarantees the stabil-
ity of System (6). Table 3 shows that our method produces a larger upper bound hy than those
in [5,8,15,16,24,26].

Table 3. Upper bounds of time-delay h, for different conditions for Example 3 with r; = h; = 0,
rp=hy,n=0,0=0.

Methods u=0.1 u=0.2 u=0.5 u=0.8
[15] 4.703 3.834 2.420 2.137
[5] 4.753 - 2.429 2.183
[24] 4.788 4.060 3.055 2.615
[16] 4.930 4.220 3.090 2.660
[26] 4.910 - 3.233 2.789
[8] 4.996 4.308 3.251 2.867
[22] 5.650 4913 3.793 3.251
Corollary 1 6.014 5.371 4.105 3.561

Example 4. Consider the system (9) with:

09 02 11 —02 02 0
A= { 0.1 —0.9]’3 - [—0.1 —1.1}'C = { 0.2 _0'1],17 >0,0>0. (55)

By using the LMI Toolbox in MATLAB for Theorem 1 to (55), one can obtain the maximum upper
bounds of the time-delay hy for the asymptotic stability of Example 4, which are listed in Table 4 for
different values of u and r,.
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Table 4. Upper bounds of time-delay &, for different conditions for Example 4.

h1 =01, =0.1,7=0.1,p = 0.05

Theorem 1
rnh=>5 =9
u=20.1 0.7200 0.5213
u=205 0.7021 0.4617
u=209 0.6732 0.4275

5. Conclusions

In this paper, we focus on the problem of asymptotic stability criteria for linear systems
with distributed interval time-varying delays and nonlinear perturbations without using
the model transformation and delay-decomposition approach. Firstly, we obtain the new
asymptotic stability criteria for the uncertain linear systems by using a suitable Lyapunov-
Krasovskii functional, an improved Peng—Par integral inequality, and a novel triple integral
inequality. Finally, we demonstrate numerical examples that are less conservative than
other literature examples.
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