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Abstract: The active controlled hydrostatic bearing is becoming more and more popular because of
its accuracy, safety, as well as low vibration and noise. In this paper, we present a design approach
for a hydrostatic thrust bearing system, where the analytical nonlinear state space equation of the
system is established first, and then three kinds of control inputs are investigated and compared to
each other. It is found that, by selecting the supply pressure as the control input, we could obtain
an affine nonlinear system, which could be linearized by the feedback linearization method, and its
robustness could be enhanced by the sliding mode control method. The tracking control law could be
easily obtained with the linearized system. The simulation verifies the effectiveness of the nonlinear
control law. The proposed nonlinear control model might have a positive effect on the improvement
of the machining accuracy, safety, and vibration absorption.

Keywords: hydrostatic bearing; feedback linearization;nonlinear control; sliding mode control

1. Introduction

The requirements of high accuracy and reliability demand the high lubrication performance
of bearing. Many researchers [1–3] have focused on the effect of surface texture on the bearing
performance. It was found that the lubrication performance of the textured bearing could be
improved with appropriate surface texture geometry and texture distribution [3]. Another way
for improving the performance of the bearing is to control the bearing. The design of a nonlinear
control system for hydrostatic bearings is related to the fields of tribology, dynamics, and control [4].
The pressure distribution and dynamic response of a hydrostatic bearing are essential for achieving
trajectory tracking.

Many scholars have studied the dynamic response of hydrostatic bearings. For example, Pang [5]
studied the transient characteristics of a hydrostatic bearing under a step load, where the dynamic
response of the system was obtained through a linearized transfer function. Tully [6] studied the
static and dynamic performances of a hydrostatic thrust bearing compensated with a variable-flow
restrictor. Yoshimoto [7] studied the step response of hydrostatic journal bearings with self-controlled
restrictors by employing a floating disk. Wang [8] studied the dynamic characteristics of hydrostatic
thrust bearings with a membrane restrictor, where the dynamic model of a bearing is established and
solved numerically to obtain its transient response. All those works mainly analyzed the effects of
the main parameters of a bearing system on its transient characteristics without mentioning their
active control.
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With the development of control technology, active hydrostatic bearings are becoming popular in
industrial fields. To our best knowledge, active hydrostatic systems can be divided into three classes
according to the control inputs:

(1) control the viscosity by using magnetorheological fluids.

For example, Hesselbach and Abel-Keilhack [9] proposed an active hydrostatic bearing which
uses magnetorheological fluids. Using a variable external magnetic field, the viscosity of a
magnetorheological fluid can be changed to maintain constant bearing gap with changing loads.

(2) control the recess pressure by using an active controlled restrictor.

For example, Morosi [4] and Fabian [10] proposed an actively-controlled gas bearing, where a
piezoelectrically controlled jet is used to control the fluid pressure between the bearing surface and the
rotating shaft. Mizumoto [11] proposed an active aerostatic bearing by incorporating an active orifice
restrictor, where the stiffness and rotational accuracy of the system could be improved.

(3) control the supply pressure by using an active controlled pump.

For example, using hydraulic servo systems, Santos [12] proposed two kinds of active hydrostatic
bearings, where the results showed an increase in damping and stabilization. Ryu [13] proposed,
by controlling the feed pressure, the hybrid gas bearing could eliminate the vibration of the rotor
when the critical speed of the system is crossed.

In a previous work, Santos [12] used a linearized model around the equilibrium position. However,
a hydrostatic bearing is a highly nonlinear system as it contains a nonlinear component (oil film).
A linearized model can only guarantee the performance of a system in a small region around the
equilibrium position. To obtain a desirable global system performance, the nonlinear control is essential.
Literature [4,10,11] used a combination of bearing displacements and velocities as control inputs to
increase the stiffness and damping coefficients of a system, while the trajectory tracking was ignored.

In this paper, the pressure distribution in a hydrostatic thrust bearing is described analytically,
and the nonlinear state space equation of the hydrostatic bearing is established. The analytical state
space equation is then used to develop the tracking control law based on the feedback linearization
method [14]. All three kinds of active bearing systems are explored using a model-based approach.
The mathematical formulations of the three active bearing models are presented in Section 2 and their
simulations are presented in Section 3. The goal of this paper is to design a nonlinear control system
for hydrostatic thrust bearings, so as to improve the accuracy and safety of the system.

2. Mathematical Model

2.1. Model 1: Controlling the Fluid Viscosity

Consider an externally pressurized circular thrust bearing connected to a constant pressure pump.
The schematic of the system is shown in Figure 1. The dynamic model of the bearing is given by:

Mḧ = f + w (1)

where f is the fluid force of the oil film acting on the bearing, w is the external load, M is the mass of
the bearing, and h is the displacement.
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Figure 1. Schematic of hydrostatic thrust bearing.

The fluid force in Equation (1) depends on the pressure distribution of the oil film. The pressure in
the recess region is assumed to be constant, while the pressure in the restricted region of the hydrostatic
thrust bearing is governed by the Reynolds equation [8]:

h3

12µ

(
∂2 p
∂r2 +

1
r

∂p
∂r

)
= ḣ (2)

where µ is the oil viscosity. The solution of the Reynolds equation is obtained as:

p (r) = C1 ln (r) +
3µḣr2

(h + h0)
3 + C2 (3)

Substituting the boundary condition p (r = R1) = Pb , p (r = R2) = 0, the arbitrary constants C1

and C2 could be obtained by solving the following equation:

[
ln (R1) 1
ln (R2) 1

] [
C1

C2

]
=

 Pb −
3µḣR2

1
(h+h0)

3

0− 3µḣR2
2

(h+h0)
3

 (4)

The pressure distribution in the restricted region is given by:

p (r) = ln (r)
Pb(h+h0)

3−3µḣ(R2
1−R2

2)
(h+h0)

3 ln R1
R2

+ 3µḣr2

(h+h0)
3 −

Pb(h+h0)
3 ln R2−3µḣ(R2

1 ln R2−R2
2 ln R1)

(h+h0)
3 ln R1

R2

(5)

The fluid force in the restricted annular region is given by [8]:

Fannular = 2π

R2∫
R1

p (r) · rdr (6)

The total fluid force of the oil film could be obtained as:

f = Fannular + πR2
1Pb = π

(
R2

1 − R2
2

) 3µḣ
(

R2
1 + R2

2
)

ln R1
R2
− 3µḣ

(
R2

1 − R2
2
)
+ Pb(h + h0)

3

2 ln R1
R2
(h + h0)

3 (7)

The state space equation of the system and the design of the controller will depend upon the
selection of control inputs. For the first class of the active hydrostatic bearing system, we choose to
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control the fluid viscosity, i.e., the oil viscosity µ is treated as the control input u1. We rewrite the
constant terms in Equation (7) as:

A = π
(

R2
1 − R2

2

) 3
(

R2
1 + R2

2
)

ln R1
R2
− 3

(
R2

1 − R2
2
)

2 ln R1
R2

(8)

B =
π
(

R2
1 − R2

2
)

2 ln R1
R2

(9)

The fluid force f turns into:

f = u1 A
ḣ

(h + h0)
3 + BPb (10)

The state space variable is ẋ =
[

h ḣ
]T

. The state space equation can be obtained as:

ẋ = F1 (x) + g1 (x) u1

y = Cx
(11)

where F1 (x) =
[

ḣ BPb+w
M

]T
, g1 (x) =

[
0 Aḣ

M(h+h0)
3

]T
, and C =

[
1 0

]
. It is an affine

nonlinear system. The relative degree and order of the system are the same. Hence, the nonlinear
system can be fully linearized [14]. The control input u1 could be chosen as follows:

u1 =
M(h + h0)

3

Aḣ

(
−BPb + w

M
+ ḧd − k1 ė− k2e

)
(12)

where hd is the desired output and e (t) = h (t)− hd (t) is the tracking error. We can select k1 and k2 to
achieve exponentially convergent tracking.

2.2. Model 2: Active Membrane Restrictor

For the second class of the system, a subsystem needs to be introduced for controlling the
bearing recess pressure. For example, consider the hydrostatic bearing compensated with a membrane
restrictor, the schematic of which is shown in Figure 2. The dynamic behavior of the membrane is
described as follows:

s
P

Pump
1r

2r

3r

Membrane

in
Q

out
Q

0x

Supply Pressure2u

x

Figure 2. Schematic of hydrostatic thrust bearing compensated with a membrane restrictor.

mẍ + Kx = fmemb − Psπr2
3 + u2 (13)



Coatings 2020, 10, 426 5 of 11

where m is the mass of membrane, k is the stiffness of the membrane, Ps is the supply pressure, u2 is
external force acted on the top of membrane which is considered as the control input, and fmemb is the
total fluid force acted on the bottom of membrane and can be expressed as:

fmemb = fanu + Psπ
(

r2
3 − r2

2

)
+ Pbπr2

1 (14)

where fanu is the fluid force of the restricted annular region, and the pressure distribution pmem (r) in
the restricted region is expressed by Equation (3), for which the arbitrary constants C1 and C2 could be
obtained by substituting the boundary condition pmem (r = r1) = Pb and pmem (r = r2) = Ps. fanu is
obtained as:

faun = 2π

r2∫
r1

pmem (r) · rdr (15)

The rate of flow into the bearing is expressed as [8];

Qin =
πr(x + x0)

3

6µ

∂pmem

∂r
|r=r2 − πr2

2 ẋ (16)

The rate of flow out of the bearing is given by:

Qout = −
πR2h3

6µ

∂p
∂r
∣∣r=R2 (17)

The continuity equation of the bearing is given by:

Qin = Qout + πR2
2ḣ (18)

Substituting pressure distributions of bearing and restrictor into Equations (16), (17), and (18),
Pb could be obtained by:

Pb =πR2
2ḣ + πr2

2 ẋ− πR2(h + h0)
3

6µ

(
6µḣR2

(h + h0)
3 −

3µḣ
(

R2
1 − R2

2
)

R2(h + h0)
3 (ln R1 − ln R2)

)

+

Ps(x0+x)3+3µẋ(r2
1−r2

2)
(ln r1−ln r2)

− 6µr2
2 ẋ

(x0+x)3

(ln r1−ln r2)
+ (h0+h)3

(ln R1−ln R2)

(19)

The total force applied on the bearing could be obtained by substituting Equation (19) into
Equation (10) and Equation (1), while the total force applied on the membrane could be obtained by
substituting Equation (19) into Equations (5) and (13)–(15). The state space vector of the system is

x1 =
[

h ḣ x ẋ
]T

, and the state space equation of the system could be obtained as:


ḣ
ḧ
ẋ
ẍ

 =


ḣ

f (h,ḣ,x,ẋ)+w
M
ẋ

fmemb(h,ḣ,x,ẋ)−Psπr2
3−kx+u2

m

 (20)

This system could not be linearized by the feedback linearization method, and the nonlinear
control of the second class of system is still an open challenge.
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2.3. Model 3: Active Pressure Supply System

The third kind of the system takes the supply pressure as the control input. For example,
the hydrostatic thrust bearing compensated with a capillary restrictor, which is externally pressurized
by an active pressure supply system, is shown in Figure 3:

Active Pressure

Supply System

Capillary Restrictor

in
Q

out
Q

Figure 3. Externally pressured hydrostatic bearing compensated with a capillary restrictor.

The rate of flow into the bearing is given by:

Qin =
πd4 (Ps − Pb)

128µL
(21)

where d is the diameter of capillary restrictor, L is the length of capillary restrictor, and Ps is the
supply pressure.

The rate of flow out of the bearing is given by:

Qout = −
πR2h3

6µ

∂p
∂r r=R2

(22)

The continuity equation of the bearing is given by:

Qin = Qout + πR2
2ḣ (23)

Substituting pressure distribution of bearing into Equation (23), the relationship between Pb and
Ps is given by:

πd4 (Ps − Pb)

128µL
+

πPb(h + h0)
3 − 3πḣµ

(
R2

1 − R2
2
)

6µ ln R1
R2

= 0 (24)
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Substitute Equation (24) into Equations (1) and (10), the state space model of the hydrostatic thrust
bearing is given by:

ẋ = F (x) + g (x) u3

y = Cx
(25)

where F (x) =
192(− 2

3 w(h+h0)
3+πµḣ(R4

1−R4
2))
(

L(h+h0)
3− 3d4

64 ln R1
R2

)
+9πµḣd4(R1−R2)

2(R1+R2)
2

128M(h+h0)
3(L(h+h0)

3− 3d4
64 ln R1

R2
)

, g (x) =

3πd4(R2
1−R2

2)
128M

(
3d4
64 ln R1

R2
−L(h+h0)

3
) , C =

[
1
0

]
, where w is the external load. u3 is the supply pressure that

is considered as a control input.
When we differentiate the output h twice, the input u appears. The relative degree and order

of the system are the same. Hence, the nonlinear system can be fully linearized [14]. However,
the disturbance force during the operation, and also modeling inaccuracies, will have strong adverse
effects on the system. Hence, the robust control should be taken into consideration. The sliding
mode control is an effective robust control method, the main idea of which is to design a sliding
surface to which the desired system trajectory must belong. The advantage of this method is that
the system behavior is insensitive to modeling inaccuracies and operational disturbances. However,
it may suffer from the chattering problem caused by the switching frequency of the control devices.
A straightforward approach to avoid chattering is to smoothen the discontinuity in the sign function
by using the saturation function. The sliding mode surface is defined as [14]:

s = ė + λe (26)

where ė = h− hd is tracking error, hd is the desired trajectory, andλ is a positive constant. The dynamics
while in sliding mode can be written as:

ṡ = ḧ− ḧd + λė = F (x) + g (x) u− ḧd + λė (27)

The continuous control law that would achieve ṡ = 0 is:

û =
1

g (x)
(
−F (x) + ḧd − λė

)
(28)

In order to achieve robust performance despite disturbance on the system, we add to û a saturation
function across the sliding mode surface:

u3 = û− ksat (s/Φ) (29)

where k is a large enough constant to guarantee the robustness of the system, and Φ is the thickness of
the boundary layer neighboring the sliding mode surface.

3. Results

In order to verify the effectiveness of the proposed models, computer simulations were performed
for the hydrostatic thrust bearing system, and the following calculation procedure was carried out:

(1) Assume the value of the static external load, w.
(2) Obtain the initial positions of the bearing h0, and the membrane x0, the initial velocities of the

bearing ḣ, and the membrane ẋ, the initial accelerations of the bearing ḧ, and the membrane ẍ
and the supply pressure Ps.

(3) By solving the continuity equation of the bearing, we can obtain the recess pressure Pb using
Equations (19) and (24).
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(4) Using Equations (1), (12), (13), and (29), the bearing displacements h, and the membrane
displacements x at the next time step are obtained using the Euler method. Time increment of
1× 10−7 s is used in calculation.

(5) Repeat the calculation steps (3) and (4) until a given time length is completed.

The values of the system related various parameters are given in Table 1.

Table 1. Simulation parameters.

Parameters Values

R1 ( m) 0.02
R2 (m) 0.04
L ( m) 0.1
d (m) 0.00065
h0 (m) 0.00002
M (kg) 5
m (kg) 0.01
hd (m) 0.00003

k1 2
k2 1

In model 1, fluid viscosity is taken as the control, and the control law is valid when the velocity
of the thrust bearing is not zero. From Equation (12), one can see that, when the velocity of the
bearing is zero, the control input would achieve infinity. As shown in Figure 4, under constant supply
pressure Ps = 0.5 Mpa, the initial bearing acceleration is 10−7m

/
s2 and external load w = 1500 N,

the hydrostatic bearing system is stable and the output converges to hd with the controller in
Equation (12).

In model 2, the second order subsystems of the hydrostatic bearing and the membrane restrictor
are coupled through the continuity equation. The external force acting on the top of the membrane
is taken as the control input. The dynamic responses of the hydrostatic thrust bearing can be seen
in Figure 5. Without the control input, the bearing displacement converges to a constant with supply
pressure Ps = 1 Mpa and external load w = −100 N. Under the control input u2 = 2 sin (2π · 2t),
the steady-state bearing displacement become a sinusoidal wave with amplitude of 2.0539 µm,
when control input u2 = 20 sin (2π · 2t), the steady-state bearing displacement is no more a simple
frequency sinusoidal wave, which is clear in the power spectrum of the system outputs as shown
in Figure 6. Under control input u2 = 20 sin (2π · 2t), the power spectrum contains a higher
frequency component.

In model 3, a disturbance force d = 20 sin (t) exists. k = 105, Φ = 2× 10−5, W = 1000 N. With the
sliding mode controller in Equation (29), the system steady-state output converges to the desired hd as
shown in Figure 7. λ determines the convergence rate of the system output, and the system output
converges faster with increasing λ. The higher convergence rate will lead to a larger control input.
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Figure 4. Feedback linearization control input and resulting tracking performance.
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Figure 5. Dynamic responses of hydrostatic bearing compensated with an active membrane restrictor.
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Figure 6. Power spectrum of the steady-state response.
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Figure 7. Control input and tracking performance under λ = 1, 2, 3.

4. Conclusions

In this paper, the design of a nonlinear control system for active lubrication of hydrostatic thrust
bearing is investigated. From the study, we draw the following conclusions:

(1) The analytical state space equation is required to design the nonlinear control law. For a circular
thrust bearing, the one-dimensional Reynolds equation has analytical solutions. For other types
of hydrostatic bearings, such as journal bearing, close form analytical solutions can be obtained,
and the modeling error can also be handled through robust control.

(2) Controlling of the trajectory tracking is not easy. The control input has a strong influence
on the controlling effect: (a) If fluid viscosity is taken as the control input, the system can be
controlled at the transient response stage only. Since the viscosity of a magnetic fluid can be
changed in a limited range only, the desired trajectory will also be limited. (b) Addition of an
active restrictor to the system is the cheapest and most convenient way to control the bearing
trajectory. However, the system becomes very complicated, and hence also the tracking of the
trajectory. (c) Taking the supply pressure as the control input, the system can be linearized and
the sliding mode control can also be applied to ensure the robustness, but the drawback is that a
complicated active pressure supply system is needed.
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