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Abstract: This paper investigates single-machine scheduling with a deteriorating maintenance
activity, where the processing time of a job depends on whether it is handled before or after the
maintenance activity. Under common and slack due date assignments, the aim is to find the optimal
job schedule, position of the maintenance activity, and optimal value of the common due date
(flow-allowance) so that the linear weighted sum of earliness, tardiness and common due date
(flow-allowance) value is minimized, where the weights are location-dependent (position-dependent)
weights. Through a series of optimal properties, a polynomial time algorithm is proposed and it is
then proven that the problem is polynomially solvable.

Keywords: scheduling; maintenance activity; common due date; common flow-allowance; slack due
date; location-dependent weights

1. Introduction

Traditional scheduling problems consider that the machine is always available, while
actually, if a maintenance (rate-modifying) activity is carried out on the machine, it becomes
unavailable, and it reverts to its original condition after the maintenance activity is finished
(see Lee and Leon [1]; Ma et al. [2]; Strusevich and Rustogi [3]). In 2006, Mosheiov and
Oron [4] considered single-machine scheduling with a rate-modifying activity (denoted
rma). Under the common due-date (denoted CON) assignment, the goal is to minimize the
total earliness, tardiness and due-date cost. They proved that the problem can be solved in
polynomial time. In 2010, Wang and Wang [5] addressed single-machine scheduling with
rma and slack due-date (denoted SLK) assignment. They showed that the non-regular ob-
jective minimization is polynomially solvable. In 2012, Yin et al. [6] studied single-machine
batch delivery scheduling with the rma and CON assignment, with the goal of minimizing
the sum of earliness, tardiness, due-date, holding and delivery cost. They proved that some
special cases of the problem can be solved in polynomial time. In 2014, Bai et al. [7] studied
the single-machine problem with deteriorating jobs and rma. Under the SLK allocation, the
objective is to minimize the weighted sum of earliness, tardiness and the common flow
allowance cost. They showed that the problem is polynomially solvable. In 2018, Cheng
et al. [8] discussed single-machine batch problems with variable maintenance activities. For
the minimization of makespan (total completion time), they demonstrated that the problem
can be solved in polynomial time in a special case. In 2019, Detti et al. [9] addressed the
single-machine problem with a flexible maintenance activity. In 2021, Wang et al. [10]
considered the single-machine problem with rma and a common due-window. For the
generalized earliness/tardiness penalties, they showed that the problem is polynomially
solvable. In 2022, Zhao et al. [11] studied the single-machine resource allocation problem
with an aging effect as well as rma and SLK assignment. In 2023, Sun et al. [12] delved
into single-machine scheduling with worsening effects. With the maintenance activity, they
showed that some regular objective minimizations are polynomially solvable. For total
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weighted completion time minimization, they suggested several heuristic and branch-and-
bound algorithms. In addition, in 2014, Ji et al. [13] and Fan and Zhao [14] considered
due-date assignment scheduling with a deteriorating maintenance activity (denoted dma),
i.e., the maintenance duration (time) is a linear deteriorating function of the starting time of
this maintenance activity. In 2015, Mor and Mosheiov [15] studied single-machine schedul-
ing with dma. Under the due-window assignment, they proved that some non-regular
minimizations can be solved in polynomial time. In 2017, Li and Chen [16] investigated the
single-machine problems with job-rejection and dma, and they showed that the makespan,
total completion time and due-date assignment minimizations are polynomially solvable.
Zhu et al. [17] explored single-machine scheduling with a general (including worsening and
resource-dependent) maintenance activity. They showed that the problem can be solved
in polynomial time for a number of regular and non-regular objectives. Wang et al. [18]
addressed identical parallel machine scheduling with dma. They illustrated that the total
completion time minimization can be solved in polynomial time. More recent papers which
have studied scheduling problems with rma and dma include He et al. [19], Jia et al. [20],
liu et al. [21] and Zou et al. [22].

At the same time, in modern manufacturing, more and more industries are adopting
due-date assignment systems (see Gordon et al. [23,24], Qian and Zhan [25], Lu et al. [26],
Wang [27]) and location-dependent (position-dependent) weights (Brucker [28], Liu et al. [29],
Wang et al. [30], Wang et al. [31]). Recently, Jiang et al. [32] investigated proportionate flow-
shop problems with location-dependent weights. Under the CON and SLK assignments,
they showed that the non-regular objective minimization is polynomially solvable (i.e.,
time is O(n? log ), where 7 is the number of jobs). Liu et al. [33] studied single-machine
scheduling with resource allocation, worsening jobs and location-dependent weights. Un-
der the CON and SLK assignments, they provided a bi-criteria analysis for the scheduling
cost (including the weighted sum of the absolute value in lateness and common due date
(flow-allowance) cost) and the resource consumption cost. They proved that three ver-
sions of these two costs can be solved in polynomial time. In 2021, Lv and Wang [34]
considered the same problems as Jiang et al. [32], and they demonstrated that both prob-
lems can be addressed by using a lower-order algorithm (i.e., time is O(nlogn)). Wang
et al. [35] and Wang et al. [36] investigated single-machine scheduling with setup times
associated with past sequences and weights related to location. Under the CON and SLK
assignments, Wang et al. [35] demonstrated that the weighted sum of earliness, tardiness
and due-date cost minimization is polynomially solvable. Wang et al. [36] demonstrated
that the weighted sum of lateness, number of early and delayed jobs, and due-date cost
minimization is also polynomially solvable.

In real production processes, the location-dependent (position-dependent) weights
can be found in services and logistics systems (e.g., in Didi taxi dispatching, Sun et al. [37]).
Hence, the work of CON (SLK) assignment and dma will be continued by considering
the location-dependent weights, i.e., we investigate single-machine due-date assignment
scheduling with dma and location-dependent weights. Under the CON and SLK assign-
ments, the aim of the article is to find the job schedule, location of the maintenance activity,
and optimal value of common due-date (flow-allowance) so as to minimize the linear
weighted sum of the earliness, tardiness and due date assignment costs, where the weights
are related to the location. We demonstrate that the problem can be solved in polynomial
time, i.e., time complexity is O(n*). For a comparison with other similar papers (see Table 1;
the related symbols are given later), this article extends the results of Mosheiova and
Oron [4], Wang and Wang [5], Brucker [28], and Liu et al. [29], by scrutinizing a more
general scheduling model. The rest of this article is structured as below. In Section 2,
we introduce the problem. In Sections 3 and 4, we explore the main details of common
due-date and slack due-date assignments. In Section 5, an example and computational
experiments are reported to verify the effectiveness of the algorithms. Section 6 presents
the conclusion of the problem.
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Table 1. Summary of CON and SLK results.

Problem Complexity Ref.
1|CON, b; = p;| Z (yl g+ yZL[] + wodopt) O(nlogn) Brucker [28]
1|SLK, b; = p;]| Z (y,E[] +u;L H + wodopt) O(nlogn) Liu et al. [29]
1‘Spsdr CON, b; = p; .Z (WEj; i+ ylL[l] + wodopt) O(nlogn) Wang et al. [36]
1‘Spsd,SLK, b; = p; Ej (ui H +uiL H + wodopt) O(nlogn) Wang et al. [36]

1|rma, CON, b; = (p;, €;pi)| ‘2 (yoE[i] + VOLNM + wodopt) O(n*) Mosheiova and Oron [4]

i=1
n —~ —~
1|rma, SLK, b; = (p;, €ipi)| Zl(#OE[i] +voLy;) + wofopt) O(n*) Wang and Wang [5]
1
n
1|dma, CON, b; = (p;, €ipi)| 21(141 0 +V,Lm + widopt) O(n*) Theorem 1
im
n o~ —~
1|dma, SLK, b; = (pi, eipi)| ¥ (wiEfj + vily) + widopt) O(n*) Theorem 2

Il
—_

2. Problem Description

In this article, the problem can be described as: n independent jobs {Tl, Ty, ..., Tn}
can be usable at time 0 for handling on a single-machine and they are not preemptive. The
machine stops working when a maintenance activity is being carried out, if the job T; is
handled before the maintenance activity, the corresponding normal processing time (i.e.,
basic processing time that is not affected by other factors) is defined as p;, and its actual
processing time is b; = p;. If the job T; is processed after the maintenance activity, the
corresponding actual processing time is defined as b; = ¢;p;, where ¢; is the modified rate
of the job Tl-, and it satisfies 0 < ¢; < 1. Meanwhile, the machine only has a deteriorating
maintenance activity, and its maintenance time is: P = to+ «S;, where f is the basic
maintenance time, « > 0 is the rate of deterioration, and S; is the starting time of dma. We
consider two different types of due-dates that include CON and SLK. As for the CON
model, all the jobs have the same due date, i.e,, 511- = dopt, in which d,p is a decision
variable. For the SLK model, the due date d; of job T; is equivalent to the sum of the actual
processing time b; and the common flow-allowance gopt, i.e., d; = b; + qopt, and the common
flow-allowance gyt is a decision variable. For a known schedule ¢, the completion (resp.
starting) time of the job T;is C; (resp. S;), the earliness (resp. tardiness) cost of the job T; is
E; = max{0,d; — C;} (resp. L; = max{0,C; — d;}). Let [i] be the job being arranged at the
ith position in the schedule, then our goal is: (1) to determine the optimal job schedule; (2) to
determine where to carry out the maintenance activity of the machine; (3) to determine
the value of the common due date and the common flow- allowance (4) to minimize the

objective function: Z = E (uiE; i) +vil H + widopt) and Z = Z (yz i) +vil H + widopt),

where y;, v;, w; are welghts of the ith location in a schedule, i.e., the we1ghts are the location-
dependent weights rather than the weights connected with the job T;. With three-field
notation, the scheduling can be expressed as:

n
1|dma, CON, b; = (pi,eipi)| ) (#iEpy + vilyj) + widopt); @)

i=

n —~ o~
1|dma, SLK, b; = (pi, eipi)| }_ (miEjp) + viL) + wiqopt)- )
i
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3. Results of CON
Assuming that the maintenance activity occurs exactly before the job T[i], its starting

time is equivalent to the completion time of the job T[i—l]/ ie., St = C|;_y). For the sake of
simplicity, let j be the location of the maintenance activity.

Lemma 1. IfC[l] > doptr then C[H_” > dopt/ lfC[l] < dopt/ then C[i—l] < dopt-
Proof. For a given schedule o, if Cm > dopt, we can get C[i] > dopt & C[i+1} — b[i+1]

dopt = C[i+1] > dopt. Similarly, if Cm < dopt, we can also get C[i} < dopt & C[i,l] + b[i]
dopt = C[i71] < dopt-

IN IV

From Lemma 1, it can be seen that the jobs before the job T[l-] are the early jobs, and
the jobs after the job T[i} are the late jobs.

Lemma 2. For a known schedule o = (T[l]’ T[Z}’ ey T[n] ), the optimal value of the common due
date dopt is equal to the completion time of the hth job, i.e., dopr = Cyy), where h satisfies both

h n n h—1 n n
(Zﬂi ) Vi+2wi>200nd (ZViZVi+Zwi>SO-
i=1 i=1 i=1 i=h i=1

i=h+1

Proof. See Appendix A. [
Remark 1. For a given schedule, if h satisfies both the above inequalities, the optimal common due

date can be determined by Lemma 2. But h may not meet the above both inequalities, so we need to
set dopt = 0.

Lemma 3 (Hardy et al. [38]). For fj ¢: M, if the sequence {Cy,...,C,} is in non-decreasing
i=1

order and the sequence {"1,...,My, } is in non-increasing order, or vice versa, it is the smallest.

n —~ —~
Next, we consider the problem 1|dma, CON, b; = (pj, eipi)| ¥ (#iEpj) + viLjj) + widopt).-
i=1

Under Lemmas 1-3, the following cases should be considered.

Case 1. If j < h, the schedule is shown in Figure 1.

Tm T[Z} ce TU_l] dma ce TW N T[n}
Py | Py [ [ Plimay [ 90 | oo | &0 P | - | &) Pl
Figure 1. If j < h.

j-1 h j=1
Where dopt = Cpp) = 121 P+ @(t) + X € P and () = to +a 121 P(i)- Then the
1= 1=] 1=

objective function is expressed as
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Z([j]) = Y} (i Ejy+vi L) + wi dope)
i=1

n

- é”f(cw—qw » ”i(Cm—C[h])Uil“’m'qm

i=h+1

i1 1 /i i j-1 -1 /i
= to ) Mmta) Py ( )y m) +) Py ( )y Vm) + )Pl ( Vm)
m=1 i=1 m=1 i=j m=1

m=1

h i—1 n m j—1 n
-l-ZS[i] Pri <Z.um> + ‘ hzls[i] Ppi <va> + Z Ppi < Z Wy
1=] m=j 1=h+ m=i

m=1

n j—1 h n
+to Zwm+azpm<2wm> —i—Ze 1P (Zwm>

m=1

-1 n h i-1 n
= le[z]< Zl‘m+2}1m+£wm+ Z >+Z€mp[i]<zlﬂm+ lem>
1= m=1 m= m=

m=1 i=j

¢ 2 ara(Eon) +o( St Ean)

m=i m

= Z1([j) + fi(to) (3)

] n
where f;(tg) = to( YoM+ Y wm> is a constant (if j is given),
1 m=1

j—1 j—1 i—1 n n
)= ZPM(DC Z Hom + Z P + Zwm—l—a Zwm>
i=1 = = - -
h

+ 20 P (Z P + Z wm) iy e i P <fjvm> (4)

i=j i=h+1 m=i

is only related to the location j of the maintenance activity. Therefore, for a known j,
minimizing Z([j]) is equivalent to minimizing Z1([f]). Let

j-1 -1
( Zﬂm+2l4m+2wm+a2wm> 1§Z§j_1
o -1 n .
Al = €iPi<Zﬂm+Zwm> J<I<h (5)
zn:l m=1
&Pi ¥ Um h+1<I<n
m=I

Z1([j]) can be minimized by solving the next assignment problem:

n n
Min Z Y i By

I\
—
Il
-

Bi=0o0r1l 1<i,l<n

where B;; is a 0 or 1 variable, if the job T; is at location 1, B;; = 1, otherwise B;; = 0.
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Case 2. If j > h, the schedule is shown Figure 2.
Tm Tm e T[h] e T[j_ll dma e T[n]
Pup | Py |- [ P | e [ Plmay [ @8 | --- | 8w Pl
Figure 2. If j > h.
j—1
Where dopt = Z Piij, and ¢(t) = to+a ¥ P|;. Then the objective function is
i=1 i=1
expressed as
Z([]]) = Z(yz E[1]+U1L[1] + w; dopt)
i=1
h j—1 n
= 2”'(% —Cy) + ;101'(%‘1 —Cpy) + sz( ) +Z%wz<2 )
1= 1=n+ =1
h 1 n
= Z (Zﬂm>+ 2 Pl (va>+ 2 Pji <va>
i=1 i=h+1 i=h+1 m=j
n j—1 n n n h n
vio X ont Za(s £ ou) + Eeury (2 o)+ Lo (£ o)
ot =~ ot = — =~ =
h i—1 n n
- Er(Erra ot Bue)t B (Lot
i=1 =1 i=h+1 m=i m=j
n n
+ €0 Py (Z Um) fi0 Y o
i=j =i m=j
= Za([j]) + fa(to) (7)

n
where f,(to) = to Y U is only related to ¢y and it is a constant,
m=j

h i—1 n
~ L e Lonr £ o)
i=1 m=1 m=1
j—1 n n
)3 Pz](va+“va)+Z€m P[i](ZUm) (8)
i=h+1 ] i=j m=i

is only related to the location j of the maintenance activity. Similarly to Case 1 (i.e., j < h), let

Pi ZP‘m-HéZUm-FZwm) 1<I<h
m=j m=1
St =19 p va+a20m h+1<1<j-1 9)
m=I m=j
n
&P Y Un j<I<nm
m=lI

then, the problem can be translated into the assignment problem below:

Min  Za([j}) =

NM:
ygh

i1 Vit

Il
MR

n
s.t Z'Yilzl l:l,...,n
i=1
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Y o ra=1 i=1,...,n (10)

Yi=0o0rl 1<il<n

where 7;; is a 0 or 1 variable, when the job T;is at position [, ¥;; = 1, otherwise ¥;; = 0.

Case 3. If j = n + 1, the schedule is shown Figure 3.

Tm Tm e T[h] ‘e T[n} dma
Pap | Pop | oo [ P | oo | P | 9()
Figure3.If j = n + 1.

where dopr = = Z Pl and ¢(t) = to+«a Z Py This means that there is no

maintenance act1v1ty on the machme In this case, the ob]ectlve function is

n
([n+1]) Z Wi Efj+ vi L) + widopt)

h n n h
= Yom(cw—cu)+ X vi(cy—cpm)+ Z (ZP )
i=1 i=h+1 i=1 i=1
h n n
= Y. Py (Z Vm) D F’[z‘](Z,Um)Jer?’m(Zwm)
i=1 i=h+1 m=i i=1 m=1
h i—1 n n
= TSt )+ £ o £ o)
i=1 m=1 m=1 i=h+1 m=i
= Y Py (11)
i=1
where
i—1 n
Hm+ L wm 1<i<h
T = mn=1 m=1
Y Um h+1<i<n (12)

The optimal schedule o as well as the minimum value of Z can be acquired by matching
the minimum weight 71; with the maximum processing time p; by using HLP rule (see
Lemma 3).

Case 4. if j = 1, the schedule is shown Figure 4.

dma Tm T[Z] e T[h] . T[n}
@) | emPry | €p1Pry | - | &P | - | € Pl

Figure4.If j = 1.

h
where d,p = C[h] = Y. &P+ ¢(t), and ¢(t) = to. This means that the maintenance
i=1

activity occurs before the jobs are processed. In this case, the objective function is
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Z([1]) = }_(Hi Ejy+ vi Ly + w; dopt)
i=1

h n

= ZP‘Z( C[l> Z Ul(C[l] h]>+ZS]P[,< m>+tOZ(Um
i=1 i=h+1 m=1 m=1
h 1 n h n n
— Zlﬂ[z]p[l<z ) h1 (Z >+Z£[i]p[i]<zwm>+t02wm
1= m=1 i=h+ =
i n n
e Pji (Zﬂm+2wm> 2 i Pl va>+t02wm
i

= Y Py i+ f(to) (13)

i=1

M:

|
Mw

1

x|

where f;(to) = to E wy, is only related to g and it is a constant. Similarly, the optimal
schedule of this case can be obtained through Lemma 3.

From the above cases, the optimal solution of the problem 1|dma, CON, b; = (p;, €ip;)|

It-

1
( yié[vi] + viLN[l-] + widopt) can be obtained by using the following algorithm.
n —~ —~
Theorem 1. The optimal solution of 1|dma, CON, b; = (p;, eipi)| & (ViE[i] + ViL[i] + widopt)
i=1
can be obtained in O (n*) time by using Algorithm 1.
Proof. The correctness of Algorithm 1 follows from the above analysis. For each j, the

complexity of the assignment problem is O(n?), and it takes n — 1 times. So the time
complexity of Algorithm 1is O (114). O

Algorithm 1: Solution of 1|dma, CON, b; = (p;, €ipi)| Z (,ul i) +vil H + widopt)

Initialization: Let Z = oo, ¢* = 0, dgpy = 0and j* = 0.
Step 1: Calculate /1 from Lemma 2.
Step2:Forj=1—=n+1
If j < h, then
obtain the minimum value Z([j]) and the schedule ¢ by using (3)-(6);
If Z([j]) < Z, then
let Z=Z([j]), j* =, dgpr = dopt and 0% = 0
If j > h, then
obtain the minimum value Z([j]) and the schedule ¢ by using (7)-(10);
If Z([j]) < Z, then
let Z = Z([j]), j* = j, dyyy = dopt and ¢ = ¢;
If j = n+1, then
acquire the optimal value of Z = Z([n + 1]) and the schedule ¢* by
the HLP rule;
Calculate 4}
If j = 1, then
obtain the optimal value of Z = Z([1]) and the schedule ¢* by the HLP rule;
Calculate d; ;.
Step 3: Choose the minimum value Z* = min{Z[ ], j=1,2,...,n+ 1}, and obtain the
corresponding schedule ¢, d;,, and j*.

opt'
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4. Results of SLK
Lemma 4. IfC[l] > d[i]/ then C[iJrl] > d[iJrl], ZfC[l] < d[i]/ then C[ifl] < d[i*ﬂ'
Proof. For a given schedule ¢, under the SLK model, we have d[i] = b[i] + qopt- If

Cy = djj, we can get Cj > djj < Cli1) T by = b +9opt = Climq) +bji) = 9opt <=
Cli—1) +bjj) +bji+1) = Topt +bjis1) < Clij +bjiv1] = diva), i€, Clipq) = djjpq)- Similarly,
if Cj;) < dj;), we can also get Cjj < djj < Cli—1] + b < bij+9opt < Clic] < Topt =
Cii—1] < 9opt +bji—1), 1€, Cliq) < dji—1)-

Lemma 5. For a given schedule o = (Tm, T[Z}’ . T[n] ), the optimal value of the common flow-
allowance qopt is decided by the start time of the hth job, i.e., qopt = Sy, where h satisfies both

h n n h—1 n n
Yomi— Y vi+ ) wi| >0and [ Y #i—) vi+) wi] <0
i=1 i=h+1 i=1 i=1 i=h i=1

Proof. Similar to the proof of Lemma 2. O

Remark 2. Similarly, if h does not meet the above both inequalities, we need to set qopr = 0.

Next, we investigate the problem 1|dma, SLK, b; = (p;, &;p;)| i (sz[;} + VZ-LT,-] + Wiqopt)-
i=1

Under Lemmas 3-5, the following cases will be considered.

j—1

Case 5. If j < £, the schedule is identical to Case 1, where gopr = S = Yy P+ p(t) +
i=1

h—1 j—1

Y €[ Pj and @(f) = to +a 1 P|;). Then the objective function is expressed as

i=j '

i=1
Z(M) = Z(ylév[z] +Vii\[z/'] +wiqopt)
n

i_ilyi (d[i] - CU]) + 2 Ui (C[i} —d[i]) + iwi Gopt

B b (o ) Ean (£02) B (£ )
+Z€[ (Z >+lé€[i1”[i1< Y. Vm) +Jipm<iwm>

m=j m=i+1

m=1

+tozwm+ip(i o)+ Eenru

L,
]— h—-1 i n
2;@( Zum+ Zum+ Zwm+a2wm>+28 1Pl (Zlum+ lem>

ﬂé%*’m( » Um) +f0<2 o+ Y Wm>

m=i+1 m=1 m=1

Z5([j]) + fi(to) (14)

where f;(to) is the same as it in Case 1, and
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j—1 i—1 j—1 n .
)= ZPM(Z P+ Z.“m—i— Zwm—i—a Zwm>
i=1 m=1 m=1 m=1 m=1
h—1 i n n n
+ 2 € P ( Y wOmt ), wm> +3 e Pm( y vm> (15)
i=j m=1 m=1 i=h

m=i+1
is only related to the position of j. Therefore, for a known j, minimizing Z([f]) is identical
to minimizing Z3([f]), and Z3([j]) can be minimized by resolving the assignment problem.
Let p; represent the weight of job T; at location /, i.e.,

(Z#m+aZVm+Zwm+aZwm> 1§l§j_1
m=1 =1 m=1 m=1
1
Pir = sﬂ,([jﬂm-l-iwm) j<i<h-1 (16)
m=1
i h<l<n
ml+l

The problem can be translated into the assignment problem below:

n
Z Pir Xit

n
Min
i=11=1

n
s.t inlzl I=1,...,n
i=1

inlzl i=1,...,n (17)
1=1

Xi=0o0r1l 1<i,l<n
where X;; is a 0 or 1 variable, if the job T;is at position I, X;; = 1, otherwise X;; = 0.

h—1
Case 6. If j > h, the schedule is the same as Case 2, where gt = S "= Y P and
i=1
i—1
¢(t) = to+a Y P[;)- Then the objective function is stated as
i=1

Z([]D = Z(:uié\[;] +W£E] + w; qopt)
i=1
n

= Z%( i —Cu) + ji Vi(c[l] d[z])+ZVz(C[l
i=h+1 i

=

n
+ Z Wi Gopt
i=1

d[,)
n
Z Vm) + to Z Um
m=i+1 i=h j

EneE) o Bn( £ ) En(E )

m=j m=1

1)
= ;jp[l (2”’”) +ZP[1 ( i Vm) +]§P[z <
iz

h—1 i n n ] n n
= Zﬂ,(x m+oc21/m+2wm>+z [i] Z Vm—i-tle/m)
i=1 m=1 m=1 i=h m=i+1 m=j
+Z€mpm< )3 Um) +10 ) Un
i=j m=i+1 m=j
= Za([j]) + f2(t0) (18)

where f,(to) same as it in Case 2, and
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h—1

Z4([i]) = X Py ( i_l’*m e i-v’" i i-lwm>

i=1

-1 ; ;
+;1Pm< )3 Vm“‘zvm) +Z€mr’m( )y vm> (19)
1= 1:]

m=i+1 m=i+1

is only related to the location of the maintenance activity. Similarly to Case 5 (i.e., j < h), let

pi Zﬂm+a2vm+2wm> 1<I<h-1
m=1 m=j m=1
n
Qi = pi Z Vm+DCZVm> h<l<]—1 (20)
=+ m=j
n
8?%( )y Vm) j<l<n
m=I+1

The problem can be translated into the assignment problem below:

n

Min  Z4([j]) = i Y 0asi

i=11=1

n
s.t Zgilzl I=1,...,n

Zgilzl i=1,...,n (21)

Gy =0o0rl 1<i,l<n

where ¢;; is a 0 or 1 variable, when the job T;is at position [, G;; = 1, otherwise ¢;; = 0.
h—1

Case 7. If j = n + 1, the schedule is equal to Case 3, where qopt = S = Y Piiy, and
i=1

p(t) = to+a i P In this case, the objective function is

i=1
Z([n+1]) = ) _ (1 Ep +vi L) + w; Gopt)

i=1

n <C[h] _ C[i]) + | hilv, (C[, h]) + Zw, (’11}7 )
i=h+

I
™=

I
—
—

1=

h—1 n h—1 n
- Era(Em)Era( T vm)+m(2wm)
i=1 m=i+1 i=1 m=1
h—1
= pz](zﬂwam)im(Z Um)
i=1 m=i+1
n
= Y Py (22)
i=1
where ; "
Y B+ ¥ wn 1<i<h-1
T = m:nl m=1
Y U h<i<n (23)
m=i+1

The optimal schedule ¢ and the minimum value of the objective function Z can be
found by matching the minimum weight 7; with the maximum processing time p; by using
Lemma 3.
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h—1
Case 8. If j = 1, the schedule is identical with Case 4, where Jopt = S = Z e Pl + @(t)
and ¢(t) = to. In this case, the objective function is
n
Z([1]) = ) (# Ej Ejj+vil [] + Wi 9opt)
i=1
h n n
= Lri(dn—Ci)+ 2 wilCy—dy) + Lwifon
i=1 i=h+1 i=1
h—1 n n n
= ZSZ] p[z (Z Vm)‘FZE[l ( Z Vm> ‘C'[i] P[i]<2wm>—|—t0 Za}m
i=1 m=i+1 = m=1
h—1 n n n
= Yen P (E o+ Zwm> + )€ P < )y Vm) 0 ) @
i=1 m=1 i=h m=i+1 m=1
n
= Y &Pt filto) (24)

where f;(tp) is the same as it in Case 4. Similar to Case 7, the minimum weight 7; with the
maximum ¢; P; can minimize the objective function Z by using Lemma 3.

n ~ P
From above cases, the optimal solution of 1|dma, SLK, b; = (p;,&;pi)| ¥ (uiEjj +vilp
i=1

+ wifopt) can be obtained by the next algorithm.

Theorem 2. The optimal solution of 1|dma, SLK, b; = (p;, €ip;)| i (y, i tvil [ | + wiopt) can
i=1
be obtained in O (n*) time by using Algorithm 2.

Proof. Similar to the proof of Theorem 1. [

n __ —
Algorithm 2: Solution of 1|dma, SLK, b; = (pirsipi” Yy (ViE[i] + ViL[i] + wiqopt).
i=1

Initialization: Let Z = o0, * = 0, qopt = 0and j* = 0.
Step 1: Calculate / from Lemma 5.
Step2: Forj=1—+n+1
If j < h, then
obtain the minimum value Z([j]) and the schedule & by using (14)—(17);
IfZ([]]) < Z, then
let Z = Z([j]), j*
If j > h, then
obtain the minimum value Z([j]) and the schedule & by using (18)—(21);
If Z([j]) < Z, then
tet Z = Z([{]), * = J, Gt = Gopt and &* = &
If j = n+1, then
acquire the optimal value of Z = Z([n + 1]) and the schedule #* by the HLP

=], q;‘pt = opt and & = 7;

rule;
Calculate q;,;
If j =1, then
obtain the optimal value of Z = Z([1]) and the schedule ¢* by the HLP rule;
Calculate ;.
Step 3: Choose the minimum value Z* = min{Z[j], j = 1,2,...
corresponding schedule 7%, q;,, and j*.

,n+ 1}, and obtain the
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5. An Example and Computational Experiments
5.1. An Example

Letn =7,t) =2, a = 0.5, y; = w; = v;, respectively are 7, 4, 3, 1, 5, 13, 2, and the
remaining data are given in Table 2.

Table 2. The remaining data.

T,' Ty Tz T3 T4 T5 TG T7
p; 9 11 6 10 15 12 8
& 0.7 0.9 0.8 0.5 0.2 0.3 0.4

Solution: according to Lemmas 2 and 5, wecangeth =4 and y1 =7, jup = 4, 3 =3,
wyg =1,v5 =515 =13, vy = 2.
First, we consider the case of the common due date d, .

Case 9. j = 2: from Equation (5), we can get

pi(0s py + 1%k Wy + 0% 1k wyy) I=1
I-1
Aoy — &%(Z ym+n*wm> 1=234 (25)
ir= m=1
n
€iPi L Um =567
m=I

and it is easy to see that
Mi=Pilaspr+nswg+asnsxwy) =9% (05x7+7x14+05%x7x1)=126;
Ao = 81}71(],11 +ﬂ*w4) =07x9x (7+7X 1) = 88.2;
Mz=e1P1(p1+pp+nxws) =07x9% (7+4+7x1) =1134;
Mya=e1Pi(pi+pp+us+nxwy) =07x9% (7+4+34+7x1)=1324;
Als :€1P1(1/5—|—1/6+1/7) =0.7x9 x (5+13+2) = 126;
Me=¢€1P1(vg +17) =07 x9 x (134+2) =945
)\17:€1P1 xv7y = 0.7 X9 x 2 =12.6.
Similarly, the rest of the values of A;; are given in Table 3,

Table 3. The values of A;;.

i\l 1 2 3 4 5 6 7
1 126 88.2 113.4 132.3 126 94.5 12.6
2 154 138.6 178.2 207.9 198 148.5 19.8
3 84 67.2 86.4 100.8 96 72 9.6
4 140 70 90 105 100 75 10
5 210 42 54 63 60 45 6
6 168 50.4 64.8 75.6 72 54 7.2
7 112 44.8 57.6 67.2 64 48 6.4

The bold values are the optimal solution.

We can obtain the optimal schedule ¢ = [T, T7, T1, Ts, T4, T3, Ts] by solving the
assignment problem (6), and Z([2]) = 88.2+ 19.8 4+ 84 4+ 75 + 63 + 64.8 + 64 = 458.8,
@(t) =to+a*xPy =2+05x11=75,dopt = P2 +¢(t) +e7P7+e1P1+e6Ps =11 +75+
04 x8+07x9403x12 =316, fi(ty) = to(pr + nxws) =2x (7+7 x 1) = 28, so
Z([2]) = Z1([2]) + f1(tg) = 458.8 + 28 = 486.8.

j = 3: Similarly, we can easily find the values of A;; from Equation (5), and solve the
assignment problem (6) to obtain the optimal schedule ¢ = [Tl, Ty, Ty, Te, Ta, T, T5], and
71([3]) = 562.6, ¢(t) = to+ a(P1 + P7) = 2405 x (9+8) = 10.5, dopr = P1+ P7 +0(t) +
e Pr+esPe =9+8+105+09 x 11403 x 12 = 41, fi(ty) = to(H1 +Hr +nxwy) =
2x (74447 x1) =36,50Z([3]) = Z1([3]) + fi(to) = 562.6 + 36 = 598.6.
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j = 4: Similarly, we can easily find the values of A; from Equation (5), and solve
the assignment problem (6) to obtain the optimal schedule ¢ = [Ty, T7, T3, T, T4, Ts, T2),
and Z;([4]) = 754.3, ¢(t) = to+a(P1+P7+P3) =2+ 05 x (9+8+6) = 13.5, dopt =
P1+P7+P3 +q7(i') +e6Pe=9+84+64+1354+03x12 = 40.1,f1(t0) = to(M1 + Mo+ M3+
nxwy) =2x (7+4+3+7x1)=42,50 Z([4]) = Z1([4]) + f1(to) = 754.3 + 42 = 796.3.

Case 10. j = 5: from Equation (9), the values of J;; are known, similarly, we can obtain the
optimal schedule ¢ = [Tz, Ty, Ty, T1,T5, Te, Tg] by solving the assignment problem (10),
and Z,([5]) =929.8, ¢(t) = to+ a(P2+ P7+Ps+P1) =2+05x (11+8+10+9) =21,
dopt = P2 +P7+Ps+P1 =11+8+10+9 =38, fo(ty) = to(vs +vs +17) =2 x (5+ 13+
2) = 40,50 Z([5]) = Z»([5]) + f2(to) = 929.8 + 40 = 969.8.

j = 6: Similarly, we can obtain the values of J;; from Equation (9) and tackle the
assignment problem (10) to get the optimal schedule ¢ = [Tg,, T1, T4, To,Te, Ty, T5], and
Zy([6]) = 1047.2, p(t) = to+a(P3+P1+Ps+P2+Ps) =2+05x (6+9+10+ 11+
12) = 26, dopt = P3+P1+Ps+P2 = 6 +9+10+11 = 36, fr(ty) = to(ve +1v7) =
2 x (13+2) = 30,50 Z([6]) = Z2([6]) + f2(to) = 1047.2 + 30 = 1077.2.

j = 7: Similarly, we can get the values of §; from Equation (9) and tackle the as-
signment problem (10) to acquire the optimal schedule ¢ = [Tg,, Ty, Tu, Te, T7, T, T5], and
Z5([7)) = 898, ¢(t) = to+a(P3+Pa+Ps+Pe+P7+P1) =2+05x (6+114+10+12+
8+9) =30,dopt = P3+P2+Ps+Ps=6+11+10+12 =139, fo(tg) =tox 1y =2 x2 =4,
so Z([7]) = Z2([7)) + fa(to) = 898 +4 = 902.

Case 11. j = 8: From (12), wecan obtain 11 = n*xwy =7 X1 =7, = y1 + nxwy =
7+7x1=14,m3=m+mwm+n*xwy =7+4+7x1=18, 14y =1 +pup + Uz +nxwy =
7+4+3+7X1:21,71'5:V5+V6+1/7:5+13+2:20,7l'6:V6+1/7:13+2:
15, my = vy = 2, according to the HLP rule the optimal schedule is ¢ = [T6, Ty, T1,T5,T7,
Ty, Ts5], and @(t) = to+ a(Ps+Pa+P1+P3+P7+Py+P5) = 2+05x (12+11+9 +
6+8+10+15) = 375, dopr = Po+Po+P1+P3 = 124+11+9+6 = 38, Z([8]) =
Perm1+Pomp+ P13+ P3mtyg+Pris+Pamig+Psmy = 12 X7 +11 x14+9%x 18+ 6 X
21 4+8x20+10 x 15+ 15 x 2 = 866.

Case 12. j = 1: Similar to Case 11, we can know 711 =7, = 14,713 = 18, 14 = 21, 715 =
20, TTg = 15, g = 2, meanwhile €1 Pl =07x9= 63, &y Py = 09 x11 = 99, €3 P3 =0.8 x
6=48,e,P,=05x10=05,e5P5 =02 %x15=23,64 P =03 x12=23.6,e7P7 =04 x 8 =
3.2, using the HLP rule the optimal schedule is ¢ = [Tl, Ty, Te, Ts,T7, T3, Tz], and f3(tp) =
foxnxwy =2x7x1 =14, p(t) =ty =2, dopt =e1P1+esPy+ecPs+esPs+o(t) =
634+54+36+3+2= 199,802([1]) = &1 P1* 711 + €4 Pg x TTp + €¢ Pg * 713 + €5 P5 % 714 + €7
Py 75+ €3 P3 % g + €3 Po % 7 +f3(tg) = 6.3 X7 +5x144+3.6 x 18 +3 x 21 +3.2 x 20 +
48 x15+99x2+14=397.7+ 14 = 411.7.
Next, we consider the case of the common flow allowance gopt-

Case 13. j = 2: Similar to Case 9, the values of p;; can been gathered from (16), and we
can obtain the optimal schedule ¢ = [T6, Ty, T1,Ts, T3, T, T4] by solving the assignment
problem (17), and Z3([2]) = 363.4, ¢(t) = to+a * Pe =2+ 0.5 x 12 = 8, gopt = P +¢(t) +
e7P7+e1P1=12+8+04x8+0.7 x9 =295, f1(tg) = 28,50 Z([2]) = Z3([2]) + f1(to) =
363.4 + 28 = 391.4.

j = 3: Similarly, we can easily find the values of p;; from (16), and solve the assignment
problem (17) so that we can obtain the optimal schedule ¢ = [Tl, Ty, Ts,Te, T3, Ts, T4], and
Z3([3]) = 473, ¢(t) = to +a(P1+P7) =2+ 05 x (9+8) = 10.5, qopr = P1+P7 +¢(t) +
€2P2 =9+8+4+10.5+09 x 11 = 374, f1(to) = 36,50 Z([3]) = Z3([3]) + f1(to) = 473 +
36 = 509.

j = 4: Similarly, we can obtain the values of p;; from (16), and tackle the assign-
ment problem (17) to acquire the optimal schedule ¢ = [Tl, T, Tg, Té, Ta, T5, Tz}, and
75([4]) = 6485, ¢(t) = to+a(P1+P7+P3) = 2+05%x (9+8+46) = 13.5, qopt =
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P1+P7+P3+e(t) =9+8+6+13.5 =36.5, f1(tg) = 42,50 Z([4]) = Z3([4]) + f1(to) =
648.5 + 42 = 690.5.

Case 14. j = 5: from (20), the values of (); are given, similarly, we can get the opti-
mal schedule ¢ = [Tz, Ty, T3,T1,Ts, Te, T4] by solving the assignment problem (21), and
Z4([5]) = 9702, p(t) = to+a(P2+P7+P3+P1) =2+05x (11+8+6+9) = 19,
Jopt = P2+P7+P3 = 11+8+6 = 25, fz(to) = 40, so Z([5]) = Z4([5]) —l—fz(to) =
970.2 4+ 40 = 1010.2.

j = 6: Similarly, we can obtain the values of (2;; from (20), and tackle the assignment
problem (21) to know the optimal schedule & = [T, T1, T3, Ts, T, T7, T4], and Z4([6]) =
1088, ¢(t) = to+a(P2+P1+P3+P5+Ps) =2+05x (11+9+6+15+12) = 28.5,
Qopt = P2+P1+P3 = 114+9+6 = 26, fo(to) = 30, so Z([6]) = Z([6]) + fa(to) =
1088 + 30 = 1118.

j = 7: Similarly, we can obtain the values of (0;; from (20), and tackle the assignment
problem (21) to acquire the optimal schedule & = [T,, T1, T3, Ts, T7, Ts, T4, and Z4([7]) =
832, p(t) = to+a(Pa+P1+P3+P5+P74+Ps) =24+05x (114+9+6+15+8+12) =
325, qopt = P2+ P1+P3 =11+9+6 = 26, fo(ty) = 4,50 Z([7]) = Z4([7]) + falto) =
832 44 = 836.

Case15. j = 8: From (23), wecangety = y1 +n*xwy =7+7x1=14,10 = pu1 + p2 +
nxwy =7+4+7x1=1813=u+uw+u3+nxwy =7+4+3+7x1=21,17 =
1/5+1/6+1/7:5+13+2:20,T5:1/6+1/7:13+2:15,T6:1/7:2,T7:0,according
to the HLP rule the optimal schedule is & = [T,, T1, T3, T7, T4, T, T5], and ¢(t) = to +
a(Pa+PL+P3+P7+Ps+Ps+Ps) =2+05x (11 +9+6+8+10+ 12+ 15) = 37.5,
%pt:P2+P1+P3:11+9+6:26,Z([8]) =P +P1T+P303+P7 T4+ PsTs+ PeTs
+P5=11x144+9%x18+6x21+8x20+10x 15+ 12x 2+ 15 x 0 = 776.

Case 16. j = 1: Similar to Cases 12 and 15, we can obtain 1y = 14,7 = 18, 13 = 21,14 =
20,75 = 15,174 = 2,77 = 0and e1P1 = 6.3,62P2 = 99,6393 = 4.8,e4P4 = 5,e5P5 =
3,e6Ps = 3.6,e7P7 = 3.2, and according to the HLP rule the optimal schedule is & =
(T4, Te, Ts, T7, T3, T1, Ta], and f3(to) = 14, ¢(t) = to = 2, qopt = €4 P4+ €6 P6 + €5 P5 +(t)
=54+36+3+2= 136,SOZ([1]) =4 PyxT1+€Pe*xTr+e5P5*xT3+Ey Py xTy +E3P3%T5
+e1P1*Tg+eaPa*xTr+f3(tg) =5x14+3.6x18+3x214+3.2%x20+4.8%x15+6.3 %
2499 x0+14 =346.4 + 14 = 360.4.
After the above calculation, the results are shown in Table 4.

Table 4. The results of the example.

dopt qopt Z([]]) Z([]]) 4 4
ji=1 19.9 13.6 411.7 360.4 [Ty, T4, Te, Ts,T7, T3, T2] (T4, Te, Ts, T7, T3, T1,T2)
j= 31.6 29.5 486.8 391.4 [Ty, T7,T1,Te, Ts, T3, Ts]  [T6, T7,T1,Ts, T , T2, T4]
j=3 41 37.4 598.6 509 [T1,T7, T2, Te, Ta, T3, T5]  [T1,T7, T2, Te, T ,Ts, T4]
j=4 40.1 36.5 796.3 690.5 [T1,T7, T3, Te, Ta, T5,To]  [T1,T7, T3, Te, T4,T5,T2}
j=5 38 25 969.8 1010.2 [Ty, T7, T4, T1,Ts,Ts, T3]  [T2, Ty, T3, T1,Ts,Te, T4
j=6 36 26 1077.2 1118 (T3, T1, T4, T2, T, T7,T5]  [To,T1,T3,Ts, T6,T7,T4}
i=7 39 26 902 836 (T3, Ty, Ts, Te, T7,T1,T5] [To, T1,T3,Ts,T7,Te, T4l
j=8 38 26 866 776 [Te, Tz,Tl,T3,T7, Ty, Ts)  [To, T1, T, T7,T4,T6,T5]

We can see that the optimal solution to the question about CON is j = 1, ¢* =
[Tl, Ta, Te, Ts, T7, T, Tz], d;‘pt = 19.9 and the optimal solution to the question about SLK

isj=1,0" = (T4, T, T5,T7,T5,T1,T2], qut =13.6.

5.2. Computational Experiments

To test the validity of Algorithms 1 and 2, the examples are generated randomly.
Microsoft visual C++ 2022 was applied to code Algorithms 1 and 2. For every problem
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size, 20 cases were created and coded on a PC with a 3.10 GHz CPU and 8.00 GB RAM. The

features of the examples are listed below:

(1) n=30,40,50,60,70,80,90,100,110, 120,130, 140, 150, 160, 170, 180, 190,200, ty = 5 and
a=0.1;

(2) pi(i=1,2,...,n)is evenly distributed over [1, 100];

(B & (@{=1,2,...,n)isevenly distributed over [0.5, 0.95];

4) wuiviandw; (i =1,2,...,n) are evenly distributed over [1, 50].

The computational tests for Algorithms 1 and 2 are given as follows. The minimum
(min), average (mean) and maximum (max) CPU times (milliseconds (ms)) are shown in
Table 5. From Table 5, we can see that Algorithms 1 and 2 are effective and their CPU
times increase moderately as n increases from 30 to 200, and the maximum CPU time is
830,682.20 ms for n = 200.

Table 5. CPU times of algorithms.

Algorithm 1 (ms) Algorithm 2 (ms)

Jobs (n) Min Mean Max Min Mean Max
30 96.15 104.12 116.47 105.57 123.42 131.36
40 403.13 447.04 468.66 456.02 490.37 533.89
50 1100.62 1133.92 1207.00 1800.97 1869.21 1969.54
60 2385.21 2415.26 2480.62 2406.82 3211.60 3621.18
70 4764.21 4824.51 4962.15 4427.60 5595.50 6072.50
80 8988.25 9047.69 9174.25 9546.26 10,260.97 11,854.23
90 15,607.89 15,735.94 15,993.65 18,732.12 19,081.05 20,657.20
100 25,808.64 26,019.12 26,248.52 25,948.21 31,214.80 34,985.24
110 40,791.23 40,888.99 41,023.33 44,216.25 47,840.15 50,154.56
120 62,351.40 62,705.79 62,994.49 69,263.57 72,753.31 76,016.59
130 91,992.40 92,142.26 92,376.48 95,431.29 104,475.77  112,460.39
140 131,937.56 132,467.57 134,070.77 153,157.28 159,192.78 165,218.85
150 185,206.31  186,061.38  187,231.45  185,069.15  197,686.43  204,623.32
160 255,436.23  256,559.22  259,944.61  259,783.23  266,256.81  279,325.82
170 342,530.15  342,989.64  344,039.89  382,981.28  389,495.60  391,893.45
180 453,007.52  455,489.67  457957.65  494,021.26  496,965.56  501,507.23
190 594,550.76 ~ 597,809.51  602,660.32  625,462.31  639,839.76  661,165.27
200 76341232  780,313.79  791,677.65  812,131.25  822,461.92  830,682.20

6. Conclusions

In this paper, we studied the single-machine due-date assignment problem with a
deteriorating maintenance activity. Under the common and slack due-date assignments, the
purpose of the problem is to find the optimal job schedule, the position of the maintenance
activity, the optimal value of the common due date or the optimal value of the common
flow-allowance so that the linear weighted sum of earliness, tardiness and due-date assign-
ment cost is minimized. The problem is proved to be solved in polynomial time. Through
computational complexity analysis and experimentation, we demonstrated that the pro-
posed algorithm (approach) performs very well. In the future, other non-regular objectives
with deteriorating maintenance activity can be studied, or multi-machine (flexible job shop,
see Zhang et al. [39] and Song et al. [40]) due-date assignment problems with deteriorating
maintenance activity can be addressed.
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Appendix A

Proof. When j = n + 1, we first consider a schedule ¢, and the common due date dop;
satisfies Ci < dopt < Clk+1)r Z is the corresponding value of objective function, let
X = dopt — Ciy ¥ = Ciks1) —dopt (%,7 > 0), 7" and Z" are the corresponding objective
function values of dopr = C %] and dopr = Cl+1)r respectively, therefore

=

Z'=7Z+x
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n k . . . .
Obviously, if Y (v, —w;) < ¥ (K +v;), Z' < Z, otherwise Z" < Z, this means that
i=1 i=1

dopt is equal to the completion time of some job.

We assume that the value of d,¢ coincides with the completion time of the job at the
hth position, i.e., dopt = C[h]/ then for V0 > 0, the common due date shifted 6 unit to the
left, and it is obtained

Z(C[h] —|—9,U> — Z'(C[h},(f) >0,
we have

n

<iiﬂi— Y vi+ijwi> > 0.

i=h+1 i=1

If the common due date shifted 6 unit to the right, we have
Z(C[h] —0, 0') — Z(C[h],a) >0,
and
h—1 n n
(Zﬂi— vi+2wi>§0
i=1 i=h i=1

Thus, h satisfies

h n n h—1 n n
<2Vi_ 2 Vi+2wi>20ﬂnd <Zﬂi—zvi+zwi>ﬁo~
i=1 i=h+1 i=1 i=1 i=h i=1

Similarly, the above result can be obtained when j = 1,...,n, ie., for any given
schedule, dopr = Cin)- O
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