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Abstract: As a kind of special graph of structured data, a hypergraph can intuitively describe not
only the higher-order relation and complex connection mode between nodes but also the implicit
relation between nodes. Aiming at the limitation of traditional distance measurement in high-
dimensional data, a new method of hypergraph construction based on set pair theory is proposed in
this paper. By means of dividing the relationship between data attributes, the set pair connection
degree between samples is calculated, and the set pair distance between samples is obtained. Then,
on the basis of set pair distance, the combination technique of k-nearest neighbor and ε radius
is used to construct a hypergraph, and high-dimensional expression and hypergraph clustering
are demonstrated experimentally. By performing experiments on different datasets on the Kaggle
open-source dataset platform, the comparison of cluster purity, the Rand coefficient, and normalized
mutual information are shown to demonstrate that this distance measurement method is more
effective in high-dimensional expression and exhibits a more significant performance improvement
in spectral clustering.

Keywords: high-dimensional data; set pair distance; hypergraph construction; high-dimensional
representation; hypergraph spectral clustering

1. Introduction

Machine learning is one of the important research fields in computer science [1]. With
the development of artificial intelligence technology, machine learning has attracted wide
attention with many methods having been proposed, and it has been successfully applied
in various practical systems [2–5]. However, there are still many challenging problems to
be solved. In the past few years, machine learning methods based on graph structure have
attracted more and more attention, mainly because of their inherent advantages. Compared
with vector-based machine learning methods, machine learning methods based on graph
structure can effectively capture the spatial, topological, and functional relations of data
and can dig out the inherent relations hidden in information systems and express them
intuitively [6].

As a kind of special graph of structured data, a hypergraph can better intuitively
describe not only the higher-order relation and complex connection pattern between nodes
but also the implicit relation between nodes. For example, in a paper collaboration network,
an ordinary graph can only express the implicit relationship between two authors who
co-write an article; the implicit relationship between several authors who co-write an article
cannot be expressed. In other words, it is difficult or even impossible for ordinary graphs
to distinguish the interaction between samples within various structures. In a hypergraph,
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a hyperedge can contain any node, and the implicit relationship between nodes can be
expressed intuitively in the hypergraph. If the author is regarded as a node, and the paper
co-authored by several authors is regarded as a supersede, the hypergraph can intuitively
represent this cooperative relationship. Therefore, at present, hypergraphs are more widely
used in data mining [7,8], social network analysis [9–11], recommendation system [12–14],
and other fields.

In the application of hypergraphs, the use of an effective hypergraph construction
method plays an important role in the construction of a hypergraph and has a direct
impact on the structure and performance of that hypergraph. In the process of hypergraph
construction, the most important consideration is the distance measurement between nodes.
A suitable distance measurement algorithm can help reveal the similarity and correlation
between nodes so as to effectively build the hypergraph.

Distance measurement is used to learn a metric matrix that can effectively reflect the
distance between data samples by training a given sample set so that the distribution of
similar samples in the new feature space is tighter and the distribution of heterogeneous
samples more dispersed [15]. The traditional distance measurement methods, such as
Euclidean distance and cosine distance, are used to construct hypergraphs, and good
results are obtained in many cases. However, as the field of data science and machine
learning evolves, we are faced with more and more complex data types, and traditional
distance metrics are often poorly suited to the task [16–18]. As shown in Figure 1, with a
continuous increase in data dimensions, the calculation of Euclidean distance and cosine
distance is affected by the so-called “dimensional disaster” problem. The distances between
samples are not particularly stable, and the distances between samples will become nearly
equal [19,20], resulting in the observer’s inability to effectively distinguish the differences
between different samples.
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Therefore, researchers began to propose a variety of new distance measurements
to meet the needs of different data types and problems. Tao Yang et al. [21] proposed a
distance measurement algorithm based on DTW for segmented time series data, which
effectively reduced the time complexity of traditional hierarchical clustering and improved
the performance of the algorithm. Considering the global structural information of the
data, Guang Junye et al. [22] calculated the effective distances between the data using
sparse reconstruction technology, thus replacing the traditional Euclidean distance, and
applied it to the classical clustering algorithm, which significantly improved the clustering
effect compared with Euclidean distance. Based on rough set theory, Liang Jiye et al. [23]
proposed a new distance measurement method to measure the difference between two
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attribute values under the same classification attribute and applied it to the traditional
K-Modes clustering algorithm. Experiments showed that the distance measurement was
more effective. Li Jipu et al. [24] proposed a new metric function considering the probability
of neighboring points becoming neighboring points and applied it in LPP and k-nearest
neighbor classifications, which can minimize the intra-class divergence and maximize the
inter-class separation degree better than the traditional Euclidean distance. Existing clus-
tering classification algorithms for uncertain data do not take into account the problem of
consistency between possible worlds. Liu Han et al. [25] proposed a clustering classification
framework for uncertain data based on similarity matrix consistency learning. Based on
the consistency principle of possible worlds, the framework improved the performance of
clustering and classification by minimizing the inconsistency of similarity matrices between
different possible worlds. Although there has been a lot of research work on distance
measurement, there is still a problem, in that the existing distance measurement may not
be able to fully explore the potential relationships of the data where high-dimensional
complex data are involved [26–29].

In addition, a reasonable and effective method for constructing hypergraphs has
a direct impact on their structure and performance. A k-nearest neighbor or ε-radius
neighborhood partition method is easy to implement [30–32], so these are widely used
in hypergraph construction. However, when considering the problem of data density or
sparsity, both methods have their limitations. In the sparse region, although nodes are far
apart, the k-nearest neighbor method will still edge a node to its nearest neighbor node. In
this case, the neighbor nodes of this node may contain different nodes. Unreasonable ε
values can also result in disconnected nodes, subgraphs, or single nodes. Therefore, in order
to improve the quality and reliability of hypergraph structure, it is also very important to
explore a new method for constructing hypergraphs.

Data points in high-dimensional space have more freedom and variability, resulting in
the distribution of data becoming sparser and more diffuse, thus increasing the uncertainty
of the data. Set pair theory [33] is a system analysis method for uncertain information
proposed by the Chinese scholar Zhao Keqin in 1989, which carries out dialectical analysis
and mathematical treatment on the certainty and uncertainty in the system [34–36]. Precisely
because it has the characteristic of better measuring the uncertainty relationship, set pair
theory provides a good method for distance measurement in high dimensions. Based on this
consideration, a new distance measurement method based on the set pair connection degree
is proposed. The set pair connection degree of the two data nodes is calculated by studying
the same, different, and inverse relationships among the attributes of the data nodes, which
are then converted into the node distance. By comparing different distance algorithms and
hyperedge construction methods, hypergraphs are constructed on multiple high-dimensional
data sets, and spectral clustering is evaluated and analyzed experimentally.

2. Materials and Methods

In this section, the theoretical knowledge used in this paper is briefly introduced, and
the hot issues solved and studied by these theories are expounded.

2.1. The Basic Theory of Set Pairwise

In 1989, Zhao Keqin creatively proposed the set pair analysis theory for the problem
of uncertainty. A set pair is a pair composed of two sets with certain connection. Set pair
theory is a certain uncertainty theory, which studies the relationship between two sets from
three aspects: identity (same), difference (different), and opposition (negative). It treats
certainty and uncertainty as a whole, and its core idea is that in a certain uncertain system,
certainty and uncertainty are interrelated, influence and restrict each other, and can be
transformed under certain conditions. The two sets of the set pair are analyzed, and the
expression u = a + bi + cj is established to describe the random fuzzy uncertainty problem.

A correlation expression is a mathematical expression. Based on the same difference
opposition between two sets in the problem studied, the association expression reduces
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the abstract problem of uncertainty to a mathematical expression. Under the requirement
of problem W, there are two sets A and B with an uncertain relation, and A and B have N
properties. The sets A and B can be constructed into set pair H(A,B), and the uncertainty
expression in set pair H(A,B) can be expressed as

u(H) =
S
N

+
F
N

i +
P
N

j (1)

In the equation, u(H) represents the connectivity coefficient between the set pair
H(A,B). N refers to the number of characteristics in the set pair. S denotes the number of
shared characteristics between the two sets in the set pair. P represents the number of
opposing characteristics relative to the two sets in the set pair. F = N− S− P characteristics
are neither opposing nor identical. The coefficient i represents the uncertainty of difference,
with a range of values from −1 to 1. The coefficient j represents the degree of opposition,
with a fixed value of −1. Let a = S/N be the degree of identity between sets A and B. Let
b = F/N be the degree of difference between sets A and B. Let c = P/N be the degree of
opposition between sets A and B. The formula that expresses the connectivity coefficient
can be denoted as u(H) = a + bi + cj.

With continuous and systematic in-depth research on the theory of set pair analysis,
set pair theory is promoted and extended in different fields and has been extensively
applied in fields including mathematical analysis, physics, earth sciences, life sciences,
information science, and management science. In China, Fengchao Liu [37] utilized the
set pair analysis method to construct an evaluation index system for regional independent
innovation capability. It has also been applied to the eight major economic regions in China
to analyze the independent innovation strengths and characteristics of each region, which
is of significant importance for future development. Fei Su [38] used the entropy method
to determine the weights of evaluation indicators such as the sensitivity and response
capability to the gradual depletion of exploitable resources. The set pair analysis method
was employed to construct an assessment model for economic vulnerability, which was
then applied to the oil city of Daqing. In foreign countries, Peng Zhang [39] utilized the
set pair analysis method to comprehensively evaluate the performance of nano SiO2 and
PVA fiber-reinforced polymer mortar. The set pair analysis method was used to conduct a
standardized and quantitative evaluation of various aspects such as mechanical properties,
durability, and processability. Weichao Yu [40] proposed an assessment and prediction
method for the vulnerability of natural gas supply chains based on set pair analysis and
provided recommendations to address the vulnerability of China’s natural gas supply
chain. Rui Wang [41] developed an airport bird-strike risk assessment model based on
pentuple correlation coefficients, which can accurately predict risk trends. This model is of
great significance for airport personnel in carrying out bird-strike prevention work.

2.2. The Foundation Theory of Hypergraphs

A hypergraph is an extension of a graph, where each edge is not limited to connecting
two vertices but can be connected to 1 to n nodes, known as hyperedges. Each hyperedge
represents a set of data points, so hypergraphs can represent more complex relationships
among objects.

According to the characteristics of a hypergraph, a hypergraph with N nodes and M
hyperedges can be defined as follows: H = (V, E, W). In a hypergraph, V = {v1, v2, ..., vN}
represents the set of nodes, E = {e1, e2, ..., eM} represents the set of hyperedges, and the
diagonal matrix W represents the weights of the hyperedges. In the case of a hypergraph,
the adjacency matrix used for simple graphs is no longer suitable. Instead, we define an
incidence matrix H as the mathematical representation of a hypergraph. When a node v ∈ V
is incident to a hyperedge e ∈ E in a hypergraph, we represent this relationship by setting
Hve = 1. A hypergraph contains high-order information that is missing in traditional
graphs, primarily reflected in the higher-order relationships between hyperedges. The
degree matrix of a hypergraph can be divided into the hyperedge degree matrix and the
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node degree matrix. The hyperedge degree represents the number of nodes contained
within a hyperedge. The degree matrix of hyperedges is defined as Bee = ∑N

v=1 Hve. The
degree of a hyperedge represents the number of nodes it contains. The degree matrix
of nodes is defined as Dvv = ∑M

e=1 Wee Hve, where Wee is the weight of the associated
hyperedge. The degree of a node represents the number of hyperedges it is incident
to. Both the degree matrix of hyperedges (Bee) and the degree matrix of nodes (Dvv) are
diagonal matrices, where D ∈ RN×N and B ∈ RM×M.

To address the issue of information loss in a regular undirected graph, one can con-
struct a hypergraph. For example, consider the problem of modeling collaboration rela-
tionships among authors in academic papers. By constructing an undirected graph where
vertices represent papers and edges connect two vertices if they have at least one common
author, one can optimize the graph further by assigning edge weights equal to the number
of shared authors. However, in cases where an author has written three or more papers,
this approach may still result in some information loss. To overcome this, one can construct
a hypergraph where vertices represent papers and hyperedges represent all the papers
associated with a particular author. This way, the issue of information loss in a regular
graph can be addressed.

Hypergraphs, as an extension of graph theory, enable the representation of multi-
variate relationships and higher-order relationships, providing more powerful modeling
capabilities [42–47]. Wang Shen [48] developed an online social network information
propagation model by combining hypergraph-based network topology and an improved
SIR model. This model better adapts to online social networks and provides a theoretical
basis for studying the propagation and governance of information in such networks. Ling
Tian [49] proposed a three-layer architecture for knowledge hypergraphs, aiming to better
represent and extract hyper-relational features. This approach enables the efficient model-
ing of hyper-relational data and facilitates rapid knowledge inference. Peiyan Wang [50]
designed a knowledge hypergraph link prediction model based on tensor decomposition.
This model effectively models the roles of entities in different relations and positions,
providing a highly effective solution to the problem of knowledge hypergraph link pre-
diction. Cola Vincenzo Schiano di [51] modeled electronic health appointment data as a
hypergraph structure and utilized machine learning algorithms to analyze and mine these
data. The analysis results were used to improve the management and service optimization
of electronic health systems. Xiang Gao [52] proposed a seizure detection method based on
hypergraph features and machine learning. This method enables the accurate detection
of epileptic seizures. This research is of great significance for improving the diagnosis
and treatment of epilepsy patients. It can be seen from Refs. [53–63], hypergraphs find
extensive applications in various fields such as social network analysis, knowledge graph
construction, machine learning, and more.

3. Distance Measurement Based on Set Pairwise Theory
3.1. Machine Learning Methods Based on Hypergraphs

Graph structures are crucial for information encoding, from bioinformatics to com-
puter vision, as the prevalence of complex graph-structured data continues to grow. Data
represented in graph structures contain more information compared to data represented
in vector form (i.e., information system data) [64–68]. In ordinary graphs, the edges be-
tween nodes only reflect a certain relationship between two nodes. In hypergraphs, the
‘hyperedges’ can contain an arbitrary number of nodes and can reflect relationships that
exist among multiple nodes. Machine learning methods for information systems can be
classified into three categories: vector-based machine learning methods, network-based
machine learning methods, and hypergraph-based machine learning methods [69–72]. The
distinction among these three machine learning methods lies in the form in which the
information system data are transformed, whether into vectors, graphs, or hypergraphs,
followed by the application of different machine learning techniques for data training. The
illustration of these three methods is shown in Figure 2.
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According to the general representation method of machine learning tasks, a collection of
N data samples denoted as D = {x1, x2, . . . , xN} (non-network structured data), transforming
the sample set D into a hypergraph structure H = (V, E), where V = {v1, v2, . . . , vN} is the
set of nodes in the hypergraph and E = {E1, E2, . . . , Em} is the set of hyperedges in the
hypergraph. The set Ei =

{
vi1, vi2, . . . , vij

}
, (i = 1, 2, . . . , m; j = 1, 2, . . . , N) is referred to

as the hyperedges of the hypergraph. The transformation process establishes a mapping:
D → H = (V, E) . However, the key to hypergraph learning is the ability to transform a
collection of data samples into a hypergraph structure, specifically, the ability to obtain the
hyperedges of the hypergraph. Typically, two factors are considered to determine whether to
establish a hyperedge: the similarity function and the hypergraph construction technique.

Effectively measuring the similarity between nodes and hyperedges is an important
problem. Traditional similarity measurement methods often fail to capture the high-order
structure and relationship of hypergraphs. Therefore, it is necessary to design new mea-
surement methods to improve clustering accuracy and robustness. By incorporating the
connectivity measurements and concepts from set pair analysis theory into hypergraph
construction, we can depict the similarities, differences, and inverse relationships between
nodes, thereby obtaining distance measurement methods between nodes. This paper pro-
poses a novel distance measurement method based on set pair connectivity, which calculates
the set pair connectivity between two nodes by studying the similarities, differences, and
inverse relationships between their attribute values. Due to the correspondence between
distance and connectivity, that is, smaller distances correspond to higher connectivities, and
greater distances correspond to lower connectivities, the connectivity can be transformed
into a distance measurement method by performing some simple transformations.

3.2. Node Pair Distance

Node pair distance is a variation of node pair connectivity. Each data instance in the
dataset is treated as a node, with a node representing a set of attribute values across multiple
dimensions. Differing from traditional similarity calculation methods, this paper introduces
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the concept of node pair in node similarity calculation and provides the following definition
for the connectivity between nodes:

µ
(
vi, vj

)
= a + b ∗ i + c ∗ j (2)

Among these, µ
(
vi, vj

)
represents the connectivity between node vi and node vj, where

µ is within the range of [−1, 1]. A larger value of µ indicates a higher similarity, while a
smaller value indicates a higher dissimilarity; a represents the degree of agreement between
node vi and node vj, b represents the degree of uncertainty, and c represents the degree of
opposition between node vi and node vj. It is required that a + b + c = 1. i is the marker
for uncertainty, and j is the marker for opposition. During the calculation, both i and j
participate as coefficients, with j always taking the value −1. The value of i can vary within
the range of [−1, 1] depending on the specific situation.

With regard to the degree of agreement a, uncertainty b, and opposition c in µ
(
vi, vj

)
,

this paper considers the node attributes and focuses on the node pair composed of vi and
vj. The following descriptions are provided for the same attribute S, the different attribute
F, and the opposing attribute P between vi and vj.

(1) The representation of S
(
vi, vj

)
denotes the set of similar attributes between vi and vj,

which is calculated as follows:

S
(
vi, vj

)
= {xk |

(∣∣∣vik − vjk

∣∣∣)< α} (3)

(2) The representation of F
(
vi, vj

)
denotes the set of uncertain attributes between vi and

vj, which is calculated as follows:

F
(
vi, vj

)
= {xk |α <

(∣∣∣vik − vjk

∣∣∣)< β} (4)

(3) The representation of P
(
vi, vj

)
denotes the set of opposing attributes between vi and

vj, which is calculated as follows:

P
(
vi, vj

)
= {xk |

(∣∣∣vik − vjk

∣∣∣) > β
}

(5)

Then, µ
(
vi, vj

)
can be represented as:

µ
(
vi, vj

)
=

∣∣S(vi, vj
)∣∣

K
+

∣∣F(vi, vj
)∣∣

K
∗ i +

∣∣P(vi, vj
)∣∣

K
∗ j (6)

where xk represents the k-dimensional attribute, vik represents the k-dimensional attribute
value of the i-th node, α is the similarity boundary, β is the opposition boundary, and
K represents the number of attributes in the dataset. By using the above equation, the
pairwise association degree between vi and vj can be calculated. A higher association
degree indicates a greater similarity between vi and vj, while a lower degree indicates a
lesser similarity.

By performing the calculations, we can obtain the matrix VM that represents the
pairwise association degree between nodes as follows:

VM =


− µv1v2 µv1v3

µv2v1 − µv2v3

µv3v1 µv3v2 −

· · · µv1vn

· · · µv2vn

· · · µv3vn
...

...
...

µvnv1 µvnv2 µvnv3

. . .
...

· · · −

 (7)
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VM is a symmetric matrix. After performing maximum–minimum normalization on
VM, we obtain VM′ as follows:

VM′ =


− µ′v1v2

µ′v1v3
µ′v2v1

− µ′v2v3
µ′v3v1

µ′v3v2
−

· · · µ′v1vn
· · · µ′v2vn
· · · µ′v3vn

...
...

...
µ′vnv1

µ′vn2 µ′vnv3

. . .
...

· · · −

 (8)

By subtracting VM′ from a homogeneous matrix J consisting of all ones, we obtain the
set pairwise distance matrix VD between nodes as follows:

VD = J −VM′ =


− dv1v2 dv1v3

dv2v1 − dv2v3

dv3v1 dv3v2 −

· · · dv1vn

· · · dv2vn

· · · dv3vn
...

...
...

dvnv1 dvnv2 dvnv3

. . .
...

· · · −

 (9)

3.3. Distance Evaluation

The evaluation of distance measurement methods depends on specific application
scenarios and requirements. Typically, evaluations can be conducted based on criteria such
as rationality, non-negativity, symmetry, and applicability.

(1) In terms of rationality analysis, a good distance measurement method should align
with common sense and intuition, effectively quantifying the differences or similarities
between objects in a reasonable manner. In the case of pairwise distances derived
from the pairwise association degree between nodes, it can adequately measure the
degree of dissimilarity between nodes. Therefore, it is reasonable to consider it as a
distance measurement method.

(2) In terms of non-negativity analysis, the range of values for the pairwise association
degree is [−1, 1]. However, during the conversion to pairwise distance, normalization
is performed to map the resulting distances to the interval [0, 1]. Therefore, the
pairwise association degree satisfies the non-negativity criterion.

(3) In terms of symmetry analysis, the pairwise association degree of two nodes involved
in the calculation is equal. Therefore, it satisfies the symmetry criterion.

(4) In terms of applicability analysis, this paper conducts experimental evaluations on
the pairwise distance from the following two aspects:

• Distance algorithm high-dimensional representation

In high-dimensional spaces, traditional distance calculations become difficult and
unreliable, especially for Euclidean distance and cosine similarity. Specifically, in high-
dimensional spaces, the farthest and nearest distances between any points tend to converge
to be nearly equal. Therefore, it is necessary to design a metric that measures the difference
between the farthest and nearest distances, as shown in the following formula:

di f f = lg
(

max(dist)−min(dist)
min(dist)

)
(10)

To assess the set pairwise distance proposed in this paper, an experiment was con-
ducted where 500 randomly generated data points were evaluated. The dimensions of the
data ranged from 2 to 50. The differences between the maximum and minimum distances
were calculated for Euclidean distance, cosine distance, and pairwise distance. The results
are illustrated in Figure 3.
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By studying Figure 3, it can be observed that, with the increase in dimensions, the set
pairwise distance no longer exhibits the phenomenon of gradually decreasing difference
between the maximum and minimum distances as seen in Euclidean distance and cosine
similarity. Instead, it consistently demonstrates an overall stable trend with fluctuations,
indicating a significant difference. This suggests that the set pairwise distance remains
effective in high-dimensional environments.

• Cluster effectiveness evaluation

The evaluation of a distance metric also requires consideration of its performance
in specific applications. This paper focuses on the construction and application of hyper-
graphs. Therefore, different distances can be used to construct hypergraphs and perform
hypergraph spectral clustering. Ultimately, the performance of different distance metrics
can be compared based on cluster purity.

4. Hypergraph Construction of Information Systems Based on Set Pairwise Distance
4.1. Hyperedge Construction Based on knn and ε-Radius

The traditional process of constructing a hypergraph is relatively simple and usually
involves using either the knn or ε-radius to determine the hyperedges for each node. In the
ε-radius method, all nodes within the ε-radius of a research node are grouped into a single
hyperedge. On the other hand, Using k-nearest neighbor method to construct superedge is
to classify the research node and its k nearest neighbor nodes into one superedge.

However, both of these methods have limitations when it comes to handling dense or
sparse data. In sparse regions, even if the nodes are far apart, the knn method still connects
a node to their k closest neighbors. In such cases, the neighbors of a node may include
dissimilar nodes. Similarly, using an inappropriate ε value can result in unconnected nodes,
subgraphs, or isolated nodes.

To combine the advantages of these two methods, a combination technique is em-
ployed to construct hyperedges. If we denote the neighborhood of vi as N(vi), then:

N(vi) =

{
ε_radius(vi), |ε_radius(vi)| > k
k_NN(vi), |ε_radius(vi)| ≤ k

(11)

where ε_radius(vi) returns the set of nodes in the ε-neighborhood of node vi and k_NN(vi)
represents the set of k-nearest neighboring nodes of vi. The ε-radius method is used for
dense regions, while the knn method is used for sparse regions. The construction process
can be described as follows: compute the number of nodes within the ε-radius of node vi. If
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it is greater than k, then all the nodes within the ε-radius of vi form a hyperedge. Otherwise,
vi is connected to its k-nearest neighbors to form a hyperedge, thereby determining the
hyperedge to which each node belongs.

As shown in Figure 4, the ε-neighborhood of node a is {b, c}, and its k-nearest neigh-
bors are {b, c, d}. Therefore, the hyperedge to which node a belongs is {a, b, c, d}. Similarly,
the ε-neighborhood of node f is {c, d, e, g}, and its k nearest neighbors are {c, d, g}. Thus,
the hyperedge to which node f belongs is {c, d, e, f , g}.
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4.2. Hypergraph Construction Based on Node Set Pairwise Distance

The process of constructing a hypergraph based on set pair distance is shown in
Figure 5. Starting from the node set V, we iterate through each node vi and use the set
pair distance matrix to obtain its ε_set of ε-neighborhood and k_set of knn. Using the
combination technique of k-nearest neighbors and ε-radius, we determine the hyperedge ei
to which vi belongs. We then check if ei is already included in the current set of hyperedges
E. If it is, we move on to the next node; otherwise, we add ei to E. We continue this process
until all nodes have been traversed, resulting in a complete set of hyperedges E. We then
assign a weight ω to each hyperedge, resulting in the weight matrix W. Finally, we obtain
the hypergraph HG(V, E, W).
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From the algorithm flow in Figure 5, it can be seen that for the construction process
of a hypergraph HG(V, E, W), the time complexity is mainly reflected in the traversal of
nodes and the allocation of hyperedge weights. Therefore, the time complexity reaches
O(|V|+|E|), and the spatial complexity is mainly reflected in the storage of the distance ma-
trix. Therefore, the spatial complexity is O

(
|V|2

)
, which is generally within an acceptable

range of performance.

4.3. Experimental Analysis of Hypergraph Spectral Clustering
4.3.1. Dataset Introduction

To demonstrate the performance of the algorithm on various datasets, this paper
conducted experiments using datasets of different scales, all of which were obtained from
the Kaggle open dataset platform. Table 1 provides an overview of the datasets used in
this study.

Table 1. The details of data sets.

Data Sets Samples Attribute Class

conversion_predictors 273 16 2
breast_cancer 569 30 2
dermatology 358 34 6
icr_processed 541 60 2
cortex_nuclear 552 80 8

4.3.2. Experimental Comparison

In hypergraph spectral clustering, the construction of the hypergraph often directly
influences the clustering results. This paper conducted experimental comparisons re-
garding two aspects: different hypergraph construction methods and distance metrics
between nodes.

Comparison of Clustering Experiments Using Different Distance Metrics

When constructing the hypergraph, distance is commonly used as a measure. In
order to further explore the advantages of pairwise distance, this study conducted spectral
clustering based on hypergraphs constructed using Euclidean distance (euc_dist), cosine
distance (cos_dist), and pairwise distance (spc_dist). By comparing the clustering purity,
Rand coefficient, and normalized mutual information under the best parameter settings,
the effectiveness of pairwise distance was demonstrated.

From Tables 2–4 below, it can be observed that regardless of whether low-dimensional
or high-dimensional data are involved, the hypergraphs based on set pairwise distance
exhibit better performance in spectral clustering. In particular, for the cortex_nuclear
dataset, the clustering effect using set pairwise distance is significantly superior to that
achieved using other distances. Although some results on other datasets are not as good as
those of other distance-based spectral clustering, the difference is not significant, indicating
that spectral clustering based on set pairwise distance is also effective.

Table 2. Clustering purity under different distances for spectral clustering.

Data Sets euc_dist cos_dist spc_dist

conversion_predictors 0.623 0.630 0.729
dermatology 0.860 0.905 0.866
breast_cancer 0.944 0.856 0.902
icr_processed 0.880 0.887 0.880
cortex_nuclear 0.875 0.810 0.920
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Table 3. Rand index under different distances for spectral clustering.

Data Sets euc_dist cos_dist spc_dist

conversion_predictors 0.055 0.063 0.207
dermatology 0.851 0.868 0.869
breast_cancer 0.786 0.505 0.640
icr_processed 0.395 0.393 0.331
cortex_nuclear 0.838 0.754 0.900

Table 4. Normalized mutual information under different distances for spectral clustering.

Data Sets euc_dist cos_dist spc_dist

conversion_predictors 0.065 0.076 0.203
dermatology 0.911 0.929 0.842
breast_cancer 0.720 0.417 0.597
icr_processed 0.241 0.252 0.252
cortex_nuclear 0.901 0.887 0.945

Comparison of Clustering Experiments Using Different Hypergraph
Construction Methods

In this study, the construction of hypergraphs involves two hyperparameters, namely,
the number of neighbors k and the radius ε. To explore their influence on hypergraph
construction, experiments were conducted on five datasets to adjust these hyperparame-
ters. The experimental comparison and analysis were performed on different hypergraph
construction methods, including the ones based on knn, ε-radius, and a combination of
k-nearest neighbor and ε-radius techniques. The spectral clustering results were analyzed,
and the clustering results are shown in Figures 6–8.
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Based on the observed change curves in Figure 6, the conversion_predictors dataset
exhibits the highest clustering purity at k = 1, with a value of 0.568. In the case of the
breast_cancer dataset, the highest spectral clustering purity is achieved at k = 4, with a value
of 0.645. For the dermatology dataset, the highest spectral clustering purity is observed at
k = 5, with a value of 0.352. The icr_processed dataset shows consistent spectral clustering
purity regardless of the k value, with a value of 0.841. Finally, for the cortex_nuclear dataset,
the highest spectral clustering purity is observed at k = 9, with a value of 0.270.

Based on the observed change curves in Figure 7, the conversion_predictors dataset
exhibits the highest spectral clustering purity at ε = 0.63, with a value of 0.722. For the
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breast_cancer dataset, the highest spectral clustering purity is achieved at ε = 0.59, with a
value of 0.791. In the case of the dermatology dataset, the highest spectral clustering purity
is observed at ε = 0.12, with a value of 0.838. The icr_processed dataset shows the highest
spectral clustering purity at ε = 0.2, with a value of 0.861. Finally, for the cortex_nuclear
dataset, the highest spectral clustering purity is observed at ε = 0.12, with a value of 0.632.
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Figure 8. Hypergraph spectral clustering based on knn and ε-radius combination technique.

Based on the observed change curves in Figure 8, the conversion_predictors dataset
exhibits the highest spectral clustering purity at k = 2 and ε = 0.06, with a value of 0.729.
For the breast_cancer dataset, the highest spectral clustering purity is achieved at k = 5 and
ε = 0.03, with a value of 0.902. In the case of the dermatology dataset, the highest spectral
clustering purity is observed at k = 1 and ε = 0.16, with a value of 0.866. The icr_processed
dataset shows the highest spectral clustering purity at k = 2 and ε = 0.2, with a value
of 0.880. Finally, for the cortex_nuclear dataset, the highest spectral clustering purity is
observed at k = 2 and ε = 0.02, with a value of 0.920. It is of note that as the dimension
increases, the advantages of this construction method in clustering purity are more obvious.
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5. Conclusions

In this paper, a method of constructing an information system hypergraph based on
set pair distance is given by combining set pair theory. The set-to-set distance is evaluated
theoretically through rationality, non-negativity, symmetry, and application performance.
Then, the combined technique of k-nearest neighbor and ε-radius is used to construct the
hypergraph. By comparing the maximum and minimum distances of different distance
measurement methods, the effectiveness of set pair distance in high-dimensional data is
demonstrated. In addition, spectral clustering experiments are carried out on the basis
of hypergraph construction, and the validity of the set-to-distance measurement method
is demonstrated by a comparison of cluster purity, Rand coefficient, and normalized
mutual information. Although there are many high-dimensional data clustering algorithms,
there is no algorithm that can be generally applied to all fields, and the current high-
dimensional data clustering algorithms need to be improved. Therefore, high-dimensional
data clustering remains an important direction for research.
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