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Abstract

:

This work explicitly demonstrates a semi-analytical effective index approximation (EIA) approach for the description of the propagation properties of rib and ridge waveguides. By using the example of waveguides realized on a low-cost silica-titania (SiO2:TiO2) technological platform, we present that EIA may be successfully applied for the approximate determination of modal effective indices and single mode propagation conditions. All obtained results have been confirmed to be convergent with the finite element method (FEM) simulations at low relative error. Due to the tremendously fast execution time of EIA simulations in comparison with the FEM solver, we believe that the presented approach may be applied in a preliminary step of designing functional blocks in new and existing photonic integrated circuit technologies, which often require complex and multi-parameter calculations.
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1. Introduction


Unlike their electronic counterparts, photonic integrated circuits (PICs) employ guided waves instead of electric signals to transport information [1]. The transition to the optical domain shows great promise in ultrafast data processing, which potentially may circumvent the power density limitations of highly integrated electronic circuits [2,3]. The advancement of photonic integrated circuits in recent years has also demonstrated the possibility of employing them in practical and novel applications, such as chip-scale signal processing [4], communications [2], versatile sensing [5,6] or quantum computing [7,8].



Over the past few decades, the development of simple, cost-effective and reliable technology for mass production of PIC elements and systems has been the objective of many researchers around the world [9,10,11,12]. In recent years, more and more attention has been put on alternatives to PIC mainstream technologies. In particular, the silica-titania (SiO2:TiO2) optical waveguide platform has been demonstrated to be operational in several practical applications [13,14,15]. What is more, it has been proven that by including a sol-gel waveguide film procurement and direct nanoimprinting of the waveguide pattern, the silica-titania material platform may offer precise tuning of the refractive index and thickness of the waveguide film while being substantially less expensive than mainstream PIC technologies [16,17].



The basic building block of PICs, which provides a means for signal transportation, is undoubtedly an optical waveguide. Most commonly, optical waveguides are classified into two classes: planar revealing optical confinement in one transverse direction and non-planar providing 2D transverse mode confinement. Typically, due to innate properties of planar technologies, the photonic integrated circuits deploy the latter kind with rectangular-like transverse geometry, such as rib or ridge waveguides. Unfortunately, the description of light propagation, and thus designing new components based on rectangular waveguides, is complex and, in contrast to planar waveguides, cannot be performed via the use of exact analytical methods.



The horizon of PIC technology shines with unparalleled promise, poised to redefine industries through its cutting-edge capabilities. Progressing into the future, PICs are set to assume a central role in meeting the escalating demand for high-speed data communication and processing [18]. By seamlessly integrating multiple photonic functions on a single chip, these circuits usher in heightened efficiency, diminished power consumption, and expanded bandwidth, surpassing the capacities of conventional electronic circuits. The scope of PIC technology applications is expansive, encompassing domains from telecommunications and data centers to healthcare and sensing devices [19,20]. In the realm of telecommunications, PICs are primed to facilitate swifter and more dependable data transmission, while in data centers, they promise heightened performance coupled with enhanced energy efficiency. Furthermore, the versatility of PICs extends into cutting-edge fields like quantum computing [21] and LiDAR systems [22]. As the momentum of research and development propels us forward, the future of PIC technology emerges as a beacon of transformative potential, reshaping how we process and transmit information and ushering in a new era of efficiency and innovation across diverse sectors.



Presently, the design of PICs relies on a meticulous selection of predefined functional blocks featuring pre-established geometries tailored to existing technological platforms like SOI, SiN, and InP. Consequently, introducing a new material platform presents a formidable challenge, demanding not only advancements in technological processes but also the redefinition and rescaling of all functional blocks. Given that the design process often entails numerous iterations, employing electromagnetic solvers—known for their high computational demands—can significantly extend the time required for completion. To address that problem, semi-analytical methods that have been developed at an early stage of the optical waveguide simulation [23,24], may be applied to deliver accurate results with high speed and parametrization over a large number of variables.



In this study, we introduce a novel and highly effective index approximation (EIA) designed to serve as a rapid and dependable tool for the design and simulation of propagation properties in rectangular waveguides. The remarkably low approximation error has been validated through its excellent convergence with numerical results obtained using commercially available software. Using waveguides implemented on a cost-effective SiO2:TiO2 technological platform as an illustrative example, we showcase the successful application of the EIA approach in designing both ridge and rib waveguides, which are most commonly employed in practical PIC systems.



Our findings demonstrate that the proposed approach enables efficient parameterized simulations, facilitating a swift yet comprehensive analysis of propagation properties and the identification of single-mode propagation conditions within the specified material platforms. The versatility of the presented method allows for seamless adaptation to various types of rectangular waveguides, including buried, strip-loaded, or metamaterial waveguides. This versatility, coupled with its demonstrated accuracy, positions the EIA as a valuable and adaptable tool for advancing the design and understanding of rectangular waveguide systems.




2. Effective Index Approximation (EIA) Approach


In this section, we expound upon the theoretical underpinnings of the semi-analytical method under consideration. The initial segment of this section delves into an exact analytical elucidation of propagation in planar waveguides. Subsequently, the second part introduces an effective approach to describing propagation specifically in rib and ridge waveguides.



2.1. Propagation Properties of Planar Slab Dielectric Waveguide: Analytical Approach


The foundational element of integrated optical circuits, forming the basis for the approximate description of more sophisticated components, is a planar slab waveguide with infinite transverse dimensions, as illustrated in Figure 1. For our analysis, we assume that the light propagates in the  z  direction and that the media constituting the system are uniform in the  y  direction.



The propagation of light in such a waveguide may explained via the use of an intuitive ray model according to which the guided wave follows a “zigzag” path and is reflected at the guiding film boundaries. The wave travelling in such a manner acquires phase change by passing through the film   k  n f  t cos θ  , reflection from the bottom boundary   − 2  φ c   , travelling again through the film   k  n f  t cos θ   and, finally, the reflection from the top boundary   − 2  φ s   . Knowing that the total phase of the wave must be self-consisted, i.e., a multiple of   2 π  , we can formulate a transverse resonance or self-consistency condition.


  2  k 0   n f  t cos θ − 2  φ c  − 2  φ s  = 2 m π ,  



(1)




where  t  is the guiding film thickness,    k 0    is freespace wavevector and  m  is the integer denoting the mode order. The phase shift arising from total internal reflection at the boundaries can be derived from the Fresnel equations. The expression for this phase shift at the two interfaces under consideration is articulated as follows.


   φ c  =  a  c   T E / T M          n f 2    sin  2  θ −  n c 2       n f  cos θ   ,  



(2)






   φ s  =  a  s   T E / T M          n f 2    sin  2  θ −  n s 2       n f  cos θ   ,  



(3)







Note that, the phase shift at the boundary is polarization-dependent, i.e.,    a  c   T E     =  a  s   T E     = 1   for TE polarization and    a  T M  c    =    n f 2     n c 2     ,    a  T M  s    =    n f 2     n s 2      for TM polarization of light. Due to its implicit nature, the exact solution of Equation (1) can be only obtained with the use of numerical methods for nonlinear root finding, such as the Newton–Raphson method. Thus for the given waveguide thickness  t , the it can be solved numerically for    N  e f f   =  n f  sin θ  , where    n s  + ε <  N  e f f   <  n f  − ε   and   ε = 1  e  − 10     define the search space. Hence, by solving Equation (1) at multiple points, we can derive the dispersion characteristics of the planar waveguide. These characteristics depict the effective index as a function of guiding film thickness for modes of various orders and polarization states (TE or TM).




2.2. Propagation Properties of Rectangular Waveguides: Semi-Analytical Approach


In practical integrated circuits, planar waveguides are rarely used; instead, waveguides of finite transverse dimensions, such as rib or ridge waveguides, that can confine light in finite cross-section geometry and, thus, allow a higher integration level are employed, see Figure 2a,b. Regrettably, deriving the exact analytical form of characteristic equations for waves propagating in waveguides with rectangular-like cross-sections proves to be an unattainable task. However, an approximate solution can be acquired with the use of characteristic equations for planar waveguides [25].



First, let us consider the case of a rib waveguide, for which the guidance conditions are provided as long as the “rib region”, corresponds to the area with height   h =  h 1  +  h 2   , is sufficiently thick, which allows to obtain a larger effective index    N f    then in the surrounding region, characterized by effective    N h    index and physical thickness    h 1   , see Figure 3a.



The effective indices    N f    and    N h    for the core and its surrounding area may be approximated by solving characteristic equations of the asymmetrical planar waveguide, see Equation (1), for two guiding film thicknesses, i.e.,   t = h   and   t =  h 1   , and given mode order  m  in the  x  direction, see Figure 3a. Then, we can use the obtained effective indices    N f    and    N h    to determine effective guiding properties of rib waveguide. It is possible by substituting the guiding film and substrate/cladding indices with the effective indices in Equation (1), i.e.,    n f  =  N f    and    n s  =  n c  =  N h   , and formulating a characteristic equation for a symmetrical planar waveguide with thickness   t = w   for the given mode order  n  in the  y  direction, see Figure 3b. The implicit equation obtained in this manner can be then solved by the use of well-established methods for nonlinear root finding, such as Newton–Raphson or Secant methods. Thus, via the use of this semi-analytical approach we can obtain the effective index    N  e f f   m n       for the mode of given orders ( m  and  n ). It is worth underlining that the effective approach in the presented form is not suitable, i.e., may be burdened with significant error in comparison with numerical results, for rib waveguides with    h 1  < 0.5 × h  , due to overestimated value of    N h    obtained from planar waveguide approximation. However, such a problem does not exist in the case of ridge waveguide, for which the described approach may be applied by substituting the effective index of the surrounding layer with refractive index of the cladding, i.e.,    N h  =  n c   , see Figure 2b. It is also worth underlining that, the effective modal index is searched within the range of    n s  + ε <  N  e f f   <  n f  − ε  , which may lead to errors in the determination of the cut-off width for the fundamental mode.





3. Results


The primary goal of this endeavor is to establish a robust and efficient simulation framework. This framework aims to function as a free and specialized alternative to commercially available software. Its purpose is to facilitate the design of integrated photonic circuits, particularly within a novel and cost-effective SiO2:TiO2 technological platform. This platform relies on sol-gel films and the direct nanoimprint technique, offering a unique and low-cost approach to integrated photonic circuitry design [26]. Thus, for our analysis, we have assumed material parameters corresponding to refractive indices of fused silica glass (   n s  = 1.4440   @    λ 0  = 1.55   µ m  ) [27], SiOx:TiOy composite (   n f  = 1.75645   @    λ 0  = 1.55   µ m  ) [28] and air (   n c  ≈ 1 )   [29]. Due to the technological constraints of the sol-gel technological framework, we have only considered waveguides of a height no larger than   h < 0.4   µ m  . Additionally, to provide analysis of waveguides feasible within the frame of the considered technology, transverse dimensions, i.e., the waveguide width, have also been limited to values practically measurable employing realistic setups of light coupling, i.e.,   a > 0.4   µ m   for visible and   a > 1   µ m   for infrared spectral range. Since single-mode propagation is typically of interest in optical signal transportation, we have concentrated on fundamental   T  E 0    mode propagation properties and corresponding multimodal cutoffs.



To validate the results obtained with our semi-analytical approach, we have performed numerical simulations by employing finite element method (FEM) via commercially available COMSOL Multiphysics 6.2 software. The FEM finds applications in the analysis and emulation of optical waveguides, which serve as conduits for manipulating and guiding light within a material. FEM serves as the means to address Maxwell’s equations, the fundamental descriptions governing the propagation of electromagnetic waves, encompassing light.



Maxwell’s equations form a comprehensive framework that establishes the intricate relationships among fundamental electromagnetic quantities. These include the electric charge density ( ρ ), the electric field (E), the electric displacement field (D), and the current (J). Additionally, the equations interconnect the magnetic field intensity (H) and the magnetic flux density (B). This elegant set of equations serves as the cornerstone for understanding the dynamic interplay between electric and magnetic fields, providing a profound foundation for the study and application of electromagnetism in diverse scientific and technological domains.


  ∇ · D = ρ  



(4)






  ∇ · B = 0  



(5)






  ∇ × E =  ∂  ∂ t   B  



(6)






  ∇ × H = J +  ∂  ∂ t   D  



(7)







In the quest to unravel the intricacies encapsulated by Maxwell’s equations, a solution necessitates the incorporation of a set of boundary conditions. Furthermore, the pursuit of understanding is deepened by integrating material constitutive relations, establishing connections between E and D, B and H as well as J and E. These pivotal relationships unfold within varying contexts, guided by specific assumptions and considerations. To navigate this intricate web of equations and conditions, diverse modules within the COMSOL product suite serve as invaluable tools. Through the seamless integration of these modules, solutions emerge as the equations harmoniously coupled with other physical phenomena. This holistic approach not only addresses the complexity inherent in electromagnetism but also facilitates a nuanced exploration of diverse scenarios and applications.



The optical waveguide’s structural representation undergoes discretization, mirroring the conventional FEM practice, where the domain is subdivided into smaller elements. However, in the context of optical waveguides, the selection of the mesh is a critical consideration, as it must faithfully capture the geometric and material attributes of the waveguide. Common choices for element types encompass triangles or quadrilaterals for two-dimensional waveguides and tetrahedra or hexahedra for their three-dimensional counterparts. For the solution of the system of equations governing the electromagnetic field distribution, a range of numerical techniques is at one’s disposal. These may encompass iterative solvers, direct solvers, or specialized algorithms tailored for eigenmode analysis. The culmination of this process yields valuable insights into the mode profiles and propagation characteristics inherent to the optical waveguide.



3.1. Rib Waveguides


Initiating our analysis, we delve into the propagation characteristics of the rib waveguide implemented within the SiO2:TiO2 technological platform under consideration (refer to Figure 2a). While the waveguide width traditionally takes center stage as the primary parameter of interest in the examination of rectangular waveguides, the case of rib waveguides introduces two additional crucial geometrical parameters: ‘h’—representing the total height—and ‘h1’—signifying the surrounding layer height (as illustrated in Figure 2a).



Firstly, let us consider the influence of    h 1    on modal effective index    N  e f f     for fixed total height   h = 0.4   µ m  . It is worth reiterating that for rib waveguides with    h 1  < 0.5 ∗ h  , the presented method is not valid due to effective index overestimation. Thus, we have focused on the three following cases, i.e.,    h 1  = 0.25 ,   0.3 ,   0.35   µ m  . As we can see in Figure 4a, our method can be successfully used to calculate modal effective index as well as multimodal cut-off widths, i.e., waveguide widths for which the waveguide supports modes of higher orders (  T  E  10     or   T  E  01   )   than fundamental mode (  T  E  00    ).



Numerical calculations, which may be treated as an exact solution, allow us to confirm that the proposed semi-analytical method reveals low effective index calculation error for all the considered parameters, i.e., below 0.7%, see Figure 4b. The considered error value has been calculated according to the definition of relative error, i.e.,      N  E I M   −  N  F E M     /  N  F E M    , where    N  E I M     and    N  F E M     are effective indices calculated via the use of the proposed EIA approach and numerical software, respectively. Additionally, by calculating dispersion characteristics for higher mode orders, i.e.,   T  E  10     and   T  E  01    , were able to determine the cut-off for single-mode propagation. The cut-off width error has been determined in a similar way as previously. In this case, of the multimodal cut-off width calculations, a relatively high error can be observed, i.e., up to ~28% error, see Figure 4c. Notwithstanding the inherent relative error, the EIA approach can be employed to identify approximate conditions conducive to sustaining single-mode propagation in rib waveguides. Additionally, it is important to highlight that, for a constant total height ‘h’, the overall error diminishes notably as the height of the surrounding layer ‘h1’ increases, as illustrated in Figure 4b,c. This underscores the potential for mitigating errors and enhancing the reliability of the EIA approach by adjusting the height of the surrounding layer in the design of rib waveguides.



Let us now consider the propagation properties of rib waveguides with various values of the total height  h  parameter and constant ridge height    h 2  = h −  h 1  = 0.05   µ m  , see Figure 5a–c. Again, with the use of EIA, we can correctly predict single-mode conditions for rib waveguides realized in the SiO2:TiO2 platform, see Figure 5a. Additionally, as presented previously, the low difference between total and surrounding layer heights allows us to obtain almost negligible effective index error, i.e., below 0.1%, and lower multimodal cut-off error, i.e., below 16%, for all considered parameters, see Figure 5b,c. Moreover, the analysis presented in this work has revealed a weakly guided mode in the rib waveguide of height   h = 0.275   µ m  , which preserves single-mode propagation within a wide range of waveguide widths, i.e., from 1.5 to almost 5.5 µm, and may be potentially applied as a good candidate for curved waveguides.



To validate our analysis of single-mode conditions, we demonstrate the normalized electric field distribution of modes existing in two rib waveguides of the same width   w = 4.5   µ m   and different heights, i.e.,   h = 0.275   µ m   (Figure 6a) and   h = 0.4   µ m   (Figure 6b–d), which has been acquired with COMSOL 6.2 software. It can be observed that the waveguide of height   h = 0.275   µ m   supports only single mode propagation for the given width, whilst the waveguide with   h = 0.4   µ m   supports three modes in total, i.e.,   T  E 0   ,   T  M 0    and   T  E 1   , which confirms previously obtained results (compare Figure 6a–d with Figure 5a). At this point, it is worth reiterating that the description of waveguides via the EIA approach is limited to waveguides with    h 1  < 0.5 ∗ h  . Since the single-mode propagation for light of    λ 0  = 0.633   µ m   in the SiO2:TiO2 rib waveguide is only possible for    h 1  < 0.5 ∗ h  , which is why we have limited our analysis to    λ 0  = 1.55   µ m  .




3.2. Ridge Waveguides


So far, we have established the applicability of the presented semi-analytical approach to describe propagation in rib waveguides. However, the prevalent integrated optics systems predominantly employ rectangular ridge waveguides. In this section, we extend our analysis to encompass the propagation properties of ridge waveguides with varying heights (h). Given that light propagation in SiO2:TiO2 waveguide systems can be achieved across visible and infrared spectral ranges, we explore two distinct wavelengths to offer representative examples for both optical bands: λ = 633 nm (nf = 1.80321, ns = 1.4570) and λ = 1550 nm (nf = 1.75645, ns = 1.4440). By using the proposed analytical method, it is possible to calculate effective indices for the considered parameters and wavelengths, see Figure 7a,d. The relative error for effective index estimation is still relatively low and does not exceed 2.25% for   λ = 633   nm   and 0.01% for   λ = 1550   nm  , while the relative error for determination of multimodal cut-off is significantly below 13.0% for   λ = 633   nm   and 3.75% for   λ = 1550   nm  . Furthermore, it can be observed that the presented method reveals a much lower average error for longer wavelengths, compared to Figure 7b,c and Figure 7e,f and for ridge waveguides rather than rib waveguides, compared to Figure 4b,c and Figure 7b,c.



In a manner analogous to the examination of rib waveguides, we illustrate the electric field distribution for two ridge waveguides with arbitrarily selected heights—specifically, h = 0.35 µm (Figure 8a) and h = 0.4 µm (Figure 8b,c). Both waveguides possess a uniform width of w = 3.2 µm, propagating light with a wavelength of λ = 1550 nm. Notably, the analysis reveals that single-mode propagation is exclusively sustained in the waveguide with h = 0.35 µm. Conversely, the waveguide with h = 0.4 µm fails to meet the conditions required for single-mode propagation. This observation reaffirms the consistency of our results obtained through the EIA approach, underscoring the validity of the findings (cf. Figure 8 with Figure 7a).




3.3. EIA vs. FEM: Discussion


Despite the innate limitations of the approximate method, the conducted analysis allows us to confirm that EIA may be applied to determine effective index and single-mode propagation conditions for rib and ridge waveguides with reasonable error. Still, EIA is not able to deliver results as accurate as FEM, which may be treated as an exact solution. However, the main advantage of applying EIA lies in the possibility of performing complex and multi-parameter computations with almost instant execution time. Table 1 and Table 2 contain a comparison between simulation parameters and computational time for EIA and FEM.



Examining Table 1, Table 2 and Table 3, it becomes evident that the EIA approach, while maintaining a commendably low error margin, yields results with remarkable speed in contrast to the FEM. The entire computational process utilizing the EIA can be accomplished in under a second. This significant reduction in calculation time not only expedites the overall analysis but also opens avenues for exploring a more intricate parameter space. This acceleration is particularly advantageous in the development of new functional blocks, where a comprehensive exploration of diverse parameters is often essential.





4. Conclusions


This study introduces a semi-analytical approximate method designed for the calculation of the effective index of modes and the determination of single-mode conditions in rectangular waveguides where an exact analytical solution is unattainable. The key strengths of this approach lie in its straightforward implementation, adaptability to various geometries, and notably rapid computation times compared to numerical solvers. A single point of calculation is executed within a few hundred microseconds, contrasting with typical numerical solvers that demand seconds for the same task. The accelerated result delivery of this proposed approach facilitates its application in multiparameter sweep simulations, enabling the characterization of a given technology, waveguide geometry, or material platform. This expeditious analysis serves as a valuable foundation for subsequent, more detailed numerical simulations, contributing to a more comprehensive understanding of the system under consideration.



As an example, we have considered rib and ridge waveguides realized on the silica-titania technological platform that was developed in the frame of our project. Additionally, we have performed calculations for two different wavelengths that are supported in the considered material platform, i.e.,   λ = 633   nm   and   λ = 1550   nm  , and a wide range of geometrical parameters, which allows calculating effective modal indices and estimating conditions for single-mode propagation in the considered waveguides. All obtained analytical results have been confirmed with numerical calculations obtained via the use of COMSOL 6.2 software. It is essential to emphasize that the presented method is not confined solely to the silica-titania platform. Its versatility allows for straightforward application to various materials, and with further adjustments, it can be extended to accommodate waveguides of diverse geometries. These may include strip-loaded or buried waveguides, as well as alterations for core mediums, such as anisotropic or metamaterial waveguides. This adaptability underscores the broad applicability of the method across different materials and waveguide configurations, enhancing its utility in a range of photonic applications.



Despite inherent limitations of approximation-based methods, such as error in determining single mode cut-off error or limited applicability in the case of rib waveguides, the presented semi-analytical method excels in rapidly generating results, providing a foundation for subsequent design processes. We firmly believe that this approach can function as a dependable and expeditious tool, particularly during the preliminary stages of designing functional blocks for both emerging and established PIC technologies.
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Figure 1. Ray optics model of wave propagation in slab waveguide. 
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Figure 2. Schematic cross-section of rib (a) and ridge waveguide (b). 
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Figure 3. Graphical representation of conceptual slab waveguides used for calculation of effective refractive index in rib waveguide (a,b). 
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Figure 4. Effective index vs. waveguide width for rib waveguide of different surrounding layer height, where solid curve corresponds to semi-analytical and dashed to numerical calculations (a). Corresponding relative error for EIA approach in calculation of effective index (b) and cut-off width (c). 
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Figure 5. Effective index vs. waveguide width for rib waveguide of different total height, where solid curve corresponds to semi-analytical and dashed to numerical calculations (a). Corresponding relative errors for EIA approach in calculation of effective index (b) and cut-off width (c). 
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Figure 6. Normalized E-field distribution in the rib waveguide of dimensions supporting, (a) only TE00 mode, (b–d) supporting TM0, TE0 and TE1 modes. 
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Figure 7. Effective index vs. waveguide width for ridge waveguide of different total height, where solid curve corresponds to semi-analytical and dashed to numerical calculations for   λ = 633   (a) and   λ = 1550   nm   (b). Corresponding relative errors for the EIA approach in the calculation of effective index (c,d) and cut-off width (e,f). 
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Figure 8. Normalized E-field distribution in the ridge waveguide of dimensions supporting, (a) only TE0 mode, (b,c) TE0 and TE1 modes. 
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Table 1. Computational time of rib and ridge waveguide via FEM.
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	Waveguide Type
	Computational Domain
	Mesh Size of the Core
	Mesh Size of Air and Substrate
	Computational Parameters
	Total Computational Time





	Rib
	15 µm × 10 µm
	λ/20
	λ/10
	Figure 5a
	30 min 34 s



	Ridge
	15 µm × 10 µm
	λ/20
	λ/10
	Figure 7a
	22 min 54 s










 





Table 2. Computational time of rib and ridge waveguide via EIA.
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	Waveguide Type
	Total Simulation Points
	Computational Parameters
	Averaged Computational Time per Point
	Total Computational Time





	Rib
	1500
	Figure 5a
	~415 µs
	~0.62 s



	Ridge
	1500
	Figure 7a
	~304 µs
	~0.46 s










 





Table 3. Averaged error of EIM method.






Table 3. Averaged error of EIM method.





	Waveguide Type
	Computational Parameters
	Average Neff Error
	Average Cut-Off Error





	Rib
	Figure 5b,c
	~0.11%
	~18.27%



	Rib
	Figure 6b,c
	~0.047%
	~11.2%



	Ridge
	Figure 7b,c
	~0.033%
	~4.8%



	Ridge
	Figure 7e,f
	~0.79%
	~9.5%
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