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Abstract: Spread spectrum (SS) and multicarrier modulation (MCM) techniques are 

recognized as potential candidates for the design of underlay and interweave cognitive 

radio (CR) systems, respectively. Direct Sequence Code Division Multiple Access  

(DS-CDMA) is a spread spectrum technique generally used in underlay CR systems. 

Orthogonal Frequency Division Multiplexing (OFDM) is the basic MCM technique, 

primarily used in interweave CR systems. There are other MCM schemes derived from 

OFDM technique, like Non-Contiguous OFDM, Spread OFDM, and OFDM-OQAM, 

which are more suitable for CR systems. Multicarrier Spread Spectrum Modulation 

(MCSSM) schemes like MC-CDMA, MC-DS-CDMA and SS-MC-CDMA, combine  

DS-CDMA and OFDM techniques in order to improve the CR system performance and 

adaptability. This article gives a detailed survey of the various spread spectrum and 

multicarrier modulation schemes proposed in the literature. Fast Fourier Transform (FFT) 

plays a vital role in all the multicarrier modulation techniques. The FFT part of the modem 

can be used for spectrum sensing. The performance of the FFT operator plays a crucial role 

in the overall performance of the system. Since the cognitive radio is an adaptive system, 

the FFT operator must also be adaptive for various input/output values, in order to save 

energy and time taken for execution. This article also includes the various efficient FFT 

algorithms proposed in the literature, which are suitable for CR systems. 

Keywords: spread spectrum; multicarrier modulation; underlay cognitive radio; interweave 

cognitive radio; fast fourier transform 
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1. Introduction 

The spectrum requirements for wireless multimedia applications have increased exponentially, 

leading to spectrum scarcity. However, recent studies show that most of the licensed spectrum is 

underutilized. Cognitive radio (CR) has been proposed to bridge the gap between spectrum scarcity 

and underutilization of the available spectrum [1]. The concept of cognitive radio enables coexistence 

of the legacy systems and new users, which are called primary users (PU) and secondary users (SU) 

through dynamic spectrum access [2,3]. CR is an intelligent radio that has two important 

characteristics namely, observation and adaptability. The observation characteristic means that the CR 

can observe and learn from the radio environment through spectrum sensing, channel estimation, and 

modulation type identification. The adaptability characteristic shows that the CR is able to change its 

communication protocols and parameters through channel allocation, power allocation, modulation 

and coding scheme selection, and waveform adaptation, based on its observation results [4]. There are 

three major types of cognitive radio systems: interweave, underlay and overlay CRs. In the interweave 

type cognitive radio systems, the secondary devices detect the presence of primary user’s signal 

through spectrum sensing [5] and transmit opportunistically only when there is no primary user 

transmission. In the underlay cognitive radio systems, secondary users are allowed to communicate 

along with primary users, as long as the interference created to the primary system is below some 

predefined threshold. The secondary users detect the presence of primary users and control their 

transmission power accordingly, in the underlay CR systems. Beamforming, MIMO and spread 

spectrum (SS) techniques are generally used to control the interference to primary users. Finally, in the 

overlay systems the secondary users transmit concurrently with the primary users. The key enable of 

the overlay system is that, the secondary user can split its power for secondary communication part and 

the remainder of the power to assist primary transmissions by relay operation. The power split is done 

in such a way that, the increase in a primary user’s signal to noise ratio (SNR) due to the relay 

operation of the secondary user, is exactly offset by the decrease in the primary user’s SNR due to the 

interference caused by secondary user’s transmit power that is used for secondary communication. 

Single carrier modulation, multicarrier modulation and spread spectrum modulation are the most 

common types of modulation schemes used in wireless communication systems. In single carrier 

modulation, one radio frequency carrier is used to carry the information. In multicarrier modulation, 

multiple carriers at different frequencies are used to carry the information, sending a group of bits on 

each sub-channel. Multicarrier modulation is similar to Frequency Division Multiplexing (FDM) 

wherein all of the sub-channels are dedicated to a single data source. There are various advantages of 

multicarrier modulation schemes over single carrier modulation such as bandwidth efficiency and 

simplicity in the design of equalizers. In wireless channels, multipath propagation of signals leads to 

fading effects. Fading results in intersymbol interference (ISI), which limits high data rate wireless 

communications. The multicarrier modulation schemes (MCM) are used to overcome ISI by 

converting high-rate data stream into multiple low-rate data streams. Thus, MCM techniques are 

suitable for high data rate CR applications, in multipath fading channel conditions. MCM schemes 

such as Orthogonal Frequency Division Multiplexing (OFDM) and Filter Bank Multicarrier 

Modulation (FBMC) have been recognized as potential candidates for the physical layer of interweave 

cognitive radio systems [6]. Adaptive transceiver architecture based on MCM provides flexibility and 
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reconfigurability to cognitive radio systems. In a DSA network [7], the unused frequency bands may 

be non-contiguously available for the secondary users. Using MCM schemes, the subcarriers 

coinciding with the portions of the spectrum that are not used by the primary users are assigned to 

secondary users in order to fill the spectrum holes [8]. In spread spectrum modulation the transmitted 

signal bandwidth is much larger than the minimum bandwidth required for the signal. Spreading of the 

signal is accomplished by multiplying the data bits with pseudo-noise sequence or by varying the 

frequency of transmission according to the pseudo-noise sequence. DS-CDMA is a spread spectrum 

modulation technique that is commonly used in underlay cognitive radio systems. In DS-CDMA, data 

rate and power level are controlled based on the spectrum availability and interference constraint on 

the primary user. In DS-CDMA based underlay cognitive radio systems, the secondary CDMA users 

spread their data using a signature sequence and the primary users can be CDMA or non-CDMA users. 

The transmission power and signature sequence of the secondary users are varied adaptively in a 

dynamic spectrum access (DSA) network. There are various multicarrier spread spectrum modulation 

(MCSSM) schemes proposed in the literature, such as Multicarrier Code Division Multiple Access 

(MC-CDMA) and Multicarrier Direct Sequence Code Division Multiple Access (MC-DS-CDMA), 

which combine the advantages of both MCM and SS schemes. MCSSM schemes are used in both 

interweave and underlay CR systems. This article gives an exhaustive survey of various SS, MCM and 

MCSSM schemes. 

The two basic elements of cognitive radio systems are spectrum sensing mechanism and adaptive 

transceiver architecture. Through spectrum sensing mechanism, a secondary user finds the unused 

spectral holes which can be used for its transmission without causing interference to the primary users. 

When the nature of the primary user’s signal is known, spectrum sensing can be performed based on 

feature detection and when such knowledge is not available, energy detection is used for spectral 

analysis. An energy detector can be implemented using Fast Fourier Transform (FFT) by averaging the 

frequency bins. By increasing the FFT size N, the frequency resolution can be improved and it helps in 

detection of narrowband signals. FFT, as a part of multicarrier modem can be used for spectral analysis [6] 

in order to identify the spectral holes, without any extra hardware or software. IFFT and FFT are the 

most computationally intensive blocks in multicarrier modulation schemes. CR systems require 

efficient FFT/IFFT algorithms in order to save time and energy. In this paper, various efficient 

FFT/IFFT algorithms proposed in the literature for cognitive radio applications are investigated. 

The remainder of this contribution is organized as follows. In Section 2, variants of OFDM based 

MCM schemes are described. In Section 3, variants of multicarrier CDMA based modulation schemes 

are described. Section 4 elaborates the efficient FFT algorithms for multicarrier modulation schemes. 

In Section 5, a summary of efficient FFT algorithms is provided. Section 6 contains the conclusion. 

2. OFDM Based Multicarrier Modulation Schemes 

Weiss et al. [9] proposed OFDM as a promising candidate for a flexible spectrum pooling system. 

The advantages of using OFDM in cognitive radio systems were discussed in [10]. OFDM reduces the 

time dispersion effect of multipath channels encountered with high data rates, by using cyclic prefix 

(CP). A cyclic prefix of length greater than the maximum delay spread of the channel is generally used 

with OFDM to overcome intersymbol interference. This CP-OFDM modulation transforms a frequency 
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selective channel into a group of several flat fading channels, leading to a one tap zero-forcing (ZF) 

equalization per sub-carrier and thus reduces the requirement for complex equalizers. Advantages of 

OFDM include high spectral efficiency, robustness against narrowband interference (NBI), easy 

implementation using FFT and reconfigurability of transmission parameters. These advantages, 

together with the spectrum sensing capability using FFT and spectrum shaping capabilities, make 

OFDM the most appropriate transmission technology for CR systems. Allocation of radio resources is 

a major challenge in OFDM systems. In [11,12], the problem of optimal resource allocation for an 

OFDM based CR system has been addressed. In [13], the authors have proposed an improved joint 

subcarrier and bit allocation scheme for cognitive user with primary users’ cooperation, in an OFDM 

based underlay CR network. The authors investigated the performance of cognitive spectral efficiency 

and the average interference power level. Using numerical analysis it was shown that, the SU’s 

spectral efficiency increases significantly and the interference power level at the PU receiver decreases 

dramatically for the proposed scheme compared with the traditional non-cooperation scenario. 

There are some limitations of OFDM in CR networks [10]. The drawbacks of conventional OFDM 

systems include large side-lobes of the modulated OFDM subcarriers and large peak-to-average power 

ratio (PAPR) [6]. The side-lobes result in significant adjacent channel interference among different 

secondary users and between primary users and secondary users. Large PAPR leads to nonlinear 

distortion of OFDM signals at the transmitter power amplifier. In [14–19], various sidelobe 

suppression techniques and PAPR reduction techniques were proposed for OFDM based CR systems. 

2.1. Non-Contiguous OFDM 

Cognitive radios need transceiver designs which use non-contiguous portions of the spectrum for 

transmission [20]. In OFDM based cognitive radio systems, the transmission bandwidth must be large 

in order to support high data rates. However, a large contiguous bandwidth may not be available for 

opportunistic transmission of CR. In addition, in a dynamic spectrum access (DSA) network,  

multicarrier-based cognitive radio transceivers need to deactivate some of their subcarriers to avoid 

causing interference to primary users, as shown in Figure 1. To provide high data rates while avoiding 

interference with incumbent user transmission, a variant of OFDM called non-contiguous OFDM  

(NC-OFDM) was proposed in [21,22]. The schematic of an NC-OFDM transceiver is shown in  

Figure 2. Selective subcarrier allocation (SSA) is performed at the transmitter side, where zeroes are 

assigned for deactivated subcarriers and data symbols are assigned for active subcarriers, as shown in 

Figure 3. Similarly, selective subcarrier retrieval (SSR) is performed at the receiver side. This 

modulation method achieves high data rate transmission through collective utilization of  

non-contiguous blocks of subcarriers and also avoids interference with incumbent users by 

deactivating subcarriers overlapping with the primary user’s signal spectrum. Figure 4 shows the 

spectrum of a NC-OFDM signal, in which the blue trace is the cognitive radio’s environmental signal, 

the red trace is the OFDM waveform, and the green trace is the narrowband interferer, which can be 

seen in the middle of the OFDM spectrum. 
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Figure 1. Adaptive subcarrier deactivation in the middle of U subcarriers. 

 

Figure 2. Schematic of an NC-OFDM transceiver. 

 

Figure 3. Selective Subcarrier Allocation (SSA) in NC-OFDM. 
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Figure 4. Spectrum of NC-OFDM signal. 

 

2.2. Spread OFDM 

Park et al. [23] proposed Walsh-Hadamard Transform-Spread OFDM (WHT-OFDM) scheme to 

reduce PAPR of conventional OFDM. Properties and advantages of WHT-OFDM method were further 

studied in [24–26]. In WHT-OFDM, Walsh-Hadamard Transform is added to the OFDM system in 

order to achieve diversity gain in a mobile environment through spreading of data and hence, it 

improves the BER performance of the system in multipath fading channels. 

Li et al. [27] proposed two novel spread coding schemes for NC-SOFDM for cognitive radio in a 

DSA network. The proposed spreading code sets eliminate the loss of orthogonality problem in WHT 

spread OFDM system and maintain the same data rate as that of the traditional OFDM. In one scheme, 

the whole multicarrier system is divided into multiple subsystems and variable-length orthogonal WH 

codes are used for each subsystem to maintain the data rate. In the other scheme, orthogonal carrier 

interferometry (CI) codes are used for spreading. CI codes are complex spreading codes and they exist 

for code length of any integer. Thus, Non-contiguous SOFDM (NC-SOFDM) systems with CI 

spreading code can eliminate the loss of orthogonality among spreading codes caused by deactivating 

subcarriers and hence CI-SOFDM systems are more suitable for DSA network. 

Zhang [28] introduced Non-Continuous CI (NCI) codes into the NC-OFDM system to improve the 

performance in terms of Bit-Error-Rate (BER) and PAPR reduction. Moreover, the number of users 

supported in a DSA network can be increased by using Pseudo Carrier Interferometry (PCI) code sets, 

which have twice the number of codes compared with traditional CI code sets [29]. Discrete Fourier 

transform-spread OFDM (DFT-S-OFDM) was proposed to be one of the most promising modulation 

schemes for cognitive radio systems in [30]. Recently, DFT-S-OFDM has been proposed for 3GPP 

Long Term Evolution (LTE) systems [31]. In DFT-S-OFDM scheme, data symbols are pre-coded 

using a discrete Fourier transform operation at the transmitter before being sent to the OFDM 

modulator, in order to reduce PAPR. 
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2.3. Filter Bank Multicarrier Modulation 

Spectral leakage in conventional OFDM due to large side lobes degrades the performance of 

OFDM-based cognitive radio systems. Therefore, null sub-carriers or guard bands are inserted at the 

frequency boundaries of OFDM systems in order to avoid adjacent channel interference. Null sub-carriers 

cause loss of spectral efficiency. Moreover, cyclic prefix in conventional OFDM contains redundant 

information which adds to loss of spectral efficiency. To overcome these drawbacks, OFDM-offset 

quadrature modulation (OFDM/OQAM) has been proposed to be a good alternative in [6]. It does not 

use any CP and also it offers the possibility to use different prototype filters that eliminate the need for 

guard bands. Thus, filter bank based OFDM-OQAM maximizes the secondary users’ spectral 

efficiency in a DSA network. Cosine modulated multitone (CMT)-based Cognitive Radio (CMTCR) 

and filtered multitone (FMT)-based Cognitive Radio (FMT-CR) systems have been studied in [32]. 

CMT allows overlap of adjacent bands and thus, it maximizes bandwidth efficiency. By limiting the 

overlaps to adjacent bands, the filter design is simplified. In CMT, PAM symbol sequences are 

transmitted using vestigial sideband (VSB) modulation. Filtered multitone (FMT) is another 

multicarrier modulation technique that uses subcarrier bands with no overlap, unlike OFDM-OQAM 

and CMT which allow for overlapping of adjacent subcarrier bands. Data symbols are quadrature 

amplitude modulated (QAM). Guard bands are used to separate subcarrier bands, which results in loss 

in bandwidth efficiency compared to OFDM-OQAM and CMT. Filter bank (FB) based spectrum 

analyzer has been proposed in [6], as an alternative to FFT based spectrum sensing. It was shown that, 

the FB spectrum analyzer can provide higher spectral dynamic range for spectrum sensing and hence, it can 

be used for detecting even low power primary users. 

3. Multicarrier CDMA Based Modulation Schemes 

There are various spectrum sharing approaches proposed in the literatures for CDMA based 

cognitive radio systems. In [33,34], the authors have proposed an interference-minimizing code 

assignment strategy for the secondary users in the CDMA underlay cognitive radio networks. The 

interference caused from the existing primary and secondary users is minimized by minimizing the 

mean square cross-correlations between the candidate codes and the received signal. The authors 

demonstrated that the proposed code-assignment strategy exhibits significant performance gains over 

random code-assignment strategy. In [35], the authors investigated the relationship among the 

interference threshold settings, the transmission rate of secondary links and the transmission power of 

the primary links in a CDMA based underlay cognitive wireless network. Given the interference 

threshold, the maximum achievable rate for the secondary links is found by formulating an 

optimization problem. In [36], the authors proposed a two-phase channel and power allocation scheme 

that improves the total number of subscribers that can be simultaneously served by the cognitive radio 

base stations. The channels and power are allocated to base stations such that the total coverage is 

maximized while maintaining the interference caused to each primary user below a prescribed limit. 

The authors of [37] proposed the adaptive spectrum sharing schemes namely intrusive and non-intrusive 

spectrum sharing, for CDMA based cognitive medium access control (MAC) in the uplink 

communications over the cognitive radio networks. The secondary users can adaptively switch 
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between the schemes based on the channel utilization, traffic load and interference power constraints 

of primary users. The secondary users are allowed to transmit either in underlay mode or interweave 

mode based on the availability of the primary users. In [38], the authors proposed an iterative least 

square based primary user identification algorithm for detecting the signature codes utilized by the 

primary users in a CDMA network. Based on the availability of code channels, the secondary users are 

allocated with the channels and power simultaneously. The advantage of the proposed method is that, 

it does not require any prior knowledge about the primary CDMA network. In [39], the authors 

investigated the design of channel-aware access control (CAAC) algorithms to protect the primary user 

transmission, in cognitive radio networks. In their proposed algorithm, the access probabilities of 

secondary users are adjusted according to the channel-state information and the measured interference 

temperature. The authors have demonstrated the convergence and effectiveness of the distributed 

CAAC algorithms, in the work. In [40], the authors investigated the joint power and rate allocation 

strategies for CDMA based underlay cognitive radio networks with heterogeneous traffic. In their 

contribution, a combination of streaming and elastic traffic is considered and a cross-layer resource 

allocation is proposed. Max-min and proportional fairness (PF) approaches are compared for the 

optimization problem and it was demonstrated that, PF outperforms max-min approach in both 

homogenous and heterogeneous traffic conditions. In [41], the authors have investigated two  

joint admission and power control (JAPC) algorithms namely, minimal revenue efficiency removal 

(JAPC-MRER) and Minimal signal strength removal algorithm (JAPC-MSSRA) in the presence and 

absence of log-normal shadowing. The authors studied the combined effect of path loss and log-normal 

shadowing on total secondary revenue and blocking probability and also compared the performance of 

the two algorithms for shadowing and non-shadowing cases. 

In [42], the authors proposed a new cognitive radio network model based on CDMA and evaluated 

the performances of secondary users and primary users in terms of outage probability, blocking 

probability, BER and average data rate of secondary users. The authors have also proposed two new 

spectrum sensing schemes based on interference limit and compared their performance with existing 

adaptive spectrum sensing scheme. In [43], the authors investigated the performance of CDMA based 

cognitive radio networks in the presence of receive beamforming at the base stations, for uplink 

communication. Using the simulation results the authors have shown that, beamforming results in 

significant performance improvements in terms of probability of outage. In [44], a modified greedy 

algorithm was proposed to vary the number of activated secondary users based on the pre-determined 

interference threshold, in a DS-CDMA based cognitive radio network. Using simulation results it was 

shown that, the proposed CR system exhibits an acceptable BER performance at low SNR level when 

compared to conventional CDMA system without Greedy algorithm. In this section, various multicarrier 

CDMA (combination of OFDM and CDMA) based modulation schemes are discussed. 

3.1. MC-CDMA 

Sarath et al. [45] proposed Multi Carrier Code Division Multiple Access (MC-CDMA) as a promising 

technique for cognitive radio systems by exploring the reconfigurability options in MC-CDMA.  

MC-CDMA system is able to mitigate the ISI and the multiuser interference (MUI) in the frequency 

selective multipath fading channels by combining OFDM and CDMA techniques. The MC-CDMA 
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transmitter spreads the original data stream over different subcarriers in frequency domain, using a 

spreading code [46]. Multiple secondary users are assigned with orthogonal spreading codes to 

guarantee their separability at the receiver. The reconfigurability options in MC-CDMA systems 

include spreading code type and length, FFT size, number of active subcarriers, modulation method, 

bandwidth, data rate, channel coding, forward error correction and number of simultaneous users. A 

reconfigurable MC-CDMA transmitter schematic is shown in Figure 5. 

Figure 5. Reconfigurable MC-CDMA transmitter. 

 

In a CR network, interference between MC-CDMA based secondary users and primary users can be 

avoided by using the subcarrier deactivation technique, similar to Non-Contiguous OFDM (NC-OFDM) 

and such schemes are called Non-Contiguous MC-CDMA (NC-MC-CDMA). Rajbanshi et al. [47] 

investigated the performance of NC-OFDM and NC-MC-CDMA techniques for CR transceivers and 

made the following conclusions. With respect to PAPR, NC-OFDM exhibits the same problem as the 

conventional OFDM, while in MC-CDMA PAPR is reduced through frequency domain spreading. 

With respect to the nulling of subcarriers, NC-OFDM exhibits better error robustness compared to  

NC-MC-CDMA. In [48], space time block coding and modified interference cancellation techniques 

are considered for achieving antenna diversity and suppressing interference due to subcarrier deactivation 

in MC-CDMA based CR systems. 

Attar et al. [49] proposed a cognitive MC-CDMA scheme which can adaptively change its transmission 

parameters, like bandwidth and power of sub-bands, according to the interference level in each  

sub-band. Compared to fixed-bandwidth sub-band deactivation method, the proposed method increases 

the spectral efficiency by excluding only the portion of the sub-band affected by the interference.  

In [50], the authors showed that, MC-CDMA is more suitable for underlay cognitive radio 

transmission. In MC-CDMA based underlay Cognitive Radio systems, the secondary user can spread 

its signal across the entire band, including that occupied by the primary user. The secondary user is 

allowed to use the spectrum of the primary user only when the interference received from the 

secondary user is less than the interference level that is tolerable by the primary receiver. Distributed 

sensing is not required in such wide-band multicarrier systems and hence, the DSA network can 

operate without a base station infrastructure and/or a signaling channel. The BER performance of  

MC-CDMA system over Rayleigh fading channel is shown in Figure 6 with spreading factor as  
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SF = 32. As shown in Figure 6, when the number of subcarriers deactivated (Ud) to avoid causing 

interference to primary users increases, the BER increases due to interference among different users. 

Thus, interference cancellation techniques are used in MC-CDMA systems [48] to suppress the 

interference caused due to subcarrier deactivation. 

Figure 6. The BER performance of MC-CDMA system for varying number of deactivated 

subcarriers (Ud). 

 

3.2. SS-MC-CDMA 

Sarath et al. [51] proposed the Selective Subcarrier MC CDMA (SS-MC-CDMA) scheme which 

identifies the spectral holes and selects subcarriers in order to utilize them without interfering with the 

transmission of the primary user. In NC-MC-CDMA systems, adaptive subcarrier deactivation 

degrades the BER performance of the system, because the data in subcarriers are not independent as a 

result of the spreading operation. In the SS-MC-CDMA system, the data allocation to bins takes place 

only after the subcarriers are selected based on the channel state information and spectrum occupancy. 

3.3. CI/MC-CDMA 

In [52–54], the use of MC-CDMA with novel carrier interferometry (CI) complex spreading codes 

was proposed. The carrier interferometry MC-CDMA (CI/MC-CDMA) method, applied to cognitive 

radio systems, offers enhanced performance and flexibility compared to conventional MC-CDMA with 

WH spreading codes. In conventional MC CDMA systems with N Walsh-Hadamard spreading codes, 

N orthogonal users can be supported. If more than N users are to be supported, pseudo-orthogonal 

codes must be employed. This results in high multiuser interference and degradation in bit-error rate 

(BER) performance due to cross correlation between pseudo-orthogonal codes. CI codes were 

introduced to overcome the above limitations of MC-CDMA. The advantages of CI codes include the 

availability of CI codes for any integer length and flexibility in adding additional number of users 

without much degradation in BER performance, which make CI/MC-CDMA more suitable for dynamic 

spectrum access environment. 
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3.4. MC-DS-CDMA 

Multicarrier direct sequence CDMA (MC-DS-CDMA) transmitter spreads the serial to parallel 

converted data streams in time domain using a spreading code [46], as shown in Figure 7. Thus,  

MC-DS-CDMA exploits time diversity in wireless channel to improve the BER performance of the 

system. Chang [55] proposed an interference avoidance code assignment strategy for the hierarchical 

2-D spread MC-DS-CDMA based cognitive femtocell system. It was shown that, the proposed 

interference management scheme associated with the hierarchical system architecture can be a 

potential prototype of the CR-based femtocell system. 

Figure 7. Reconfigurable MC-DS-CDMA transmitter. 
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trade-off with the complexity of the system due to the increased S, Figure 8 suggests that S need not be 

larger than 4. Table 1 shows the comparison of various MCM schemes for CR systems. 
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Table 1. Summary of the MCM Schemes for CR Systems: Their Advantages and Limitations. 

Technique Advantages Limitations 

OFDM and 

its variants 

1. Easy implementation using FFT & IFFT.  

2. Reconfigurability of parameters.  

3. Cyclic prefix allows simple one-tap channel equalization. 

4. Can be extended to a multiple access scheme  

called OFDMA.  

5. Non contiguous blocks of subcarriers can be used for 

transmission in NC-OFDM.  

6. NC-OFDM supports subcarrier deactivation without any 

degradation in its error robustness.  

7. Interoperability with current wireless standards. 

1. Spectral leakage due to large side lobes.  

2. Large PAPR except in Spread OFDM systems where PAPR is 

reduced at the cost of increased computational complexity.  

3. Sensitive to frequency offsets.  

4. Loss in spectral efficiency due to cyclic prefix and guard bands. 

5. FFT does not provide sufficient spectral dynamic range for 

spectrum sensing and hence may not be used for detecting low 

power users.  

6. Hard to synchronize when the subcarriers are shared among 

primary and secondary users. 

FBMC and 

its variants 

1. No spectral leakage problem and hence there is no 

adjacent carrier interference.  

2. Better spectral efficiency because of the elimination of 

guard bands and cyclic prefix.  

3. More immune to narrowband interference.  

4. Filter bank-based spectral analyzer can provide high 

spectral dynamic range for spectrum sensing. 

1. Need for improved filter design.  

2. Increased latency.  

3. Increased computational complexity (equalizer and filters).  

4. MIMO-FBMC implementation is non-trivial compared to 

MIMO-OFDM implementation. 

MC-CDMA 

and its 

variants 

1. Reduced PAPR compared to OFDM.  

2. Increased number of users supported through pseudo-

orthogonal codes.  

3. Improved BER performance using diversity gain in a 

wireless channel.  

4. Suitable for underlay cognitive radio systems where 

distributed spectrum sensing is not required.  

5. It can support variable data rate cognitive radio users 

through variable spreading factor. 

1. Subcarrier deactivation causes loss of orthogonality among 

Walsh-Hadamard spreading codes and hence it causes degradation 

in its error robustness.  

2. Requires synchronization in both time and frequency domains. 

3. Overcrowding of the spectrum due to spreading of each bit 

using a spreading code.  

4. Increased complexity compared to OFDM.  

5. Requires multi user detection techniques in the uplink 

transmission, because the code orthogonality among users will be 

distorted in a frequency selective fading channel. 

Figure 8. Bit error rate (BER) performance of the MC-DS-CDMA system. 

 
0 2 4 6 8 10 12 14 16 18 20

10
-5

10
-4

10
-3

10
-2

10
-1

Eb/No, dB

B
it 

E
rr

o
r 

R
a

te

BER Vs Eb/No with SF=8 and 8-QAM modulation

 

 

S=1 and T=1
S=1 and T=2
S=2 and T=1
S=2 and T=2
S=3 and T=2
S=4 and T=2



Electronics 2014, 3 431 

 

4. Efficient FFT Algorithms 

As discussed in the Sections 2.1 and 3.1, non-contiguous OFDM and non-contiguous MC-CDMA 

schemes are used in a DSA network to utilize non-contiguous blocks of subcarriers for the 

opportunistic transmission of secondary users. The CR transceivers deactivate some of the subcarriers 

in order to avoid interference with primary user’s signal. Subcarriers are deactivated by assigning zero 

values to these subcarriers. Active subcarriers are assigned with data symbols. Thus, there are zero 

valued inputs for the IFFT and zero valued outputs for the FFT of the transceiver. When the number of 

zero valued inputs/outputs is more than the number of non-zero inputs/outputs, the conventional 

FFT/IFFT algorithms will not be efficient because of the unwanted operations on zero values. 

Therefore, the cognitive radio transceivers need some efficient FFT/IFFT algorithms that dynamically 

eliminate the multiplication and addition operations associated with deactivated subcarriers. Also, 

there are various efficient FFT algorithms that combine spreading and FFT operations. This section 

elaborates the efficient FFT algorithms proposed in the literature for cognitive radio systems. 

4.1. FFT Pruning 

The FFT pruning method was first proposed by Markel [58] for eliminating operations on zero 

input and output values which are not required. Later, several improved FFT pruning algorithms were 

proposed [59–63]. Sreenivas et al. [60] proposed an FFT algorithm for both input and output pruning. 

Since the computational structures of FFT and IFFT are same, most of these algorithms deal with FFT 

pruning. In all the pruning algorithms, the basic concept is to determine the index of the butterflies to 

be chosen for computations and those to be discarded. Thus, FFT computation time can be 

significantly reduced by pruning the operations on zero values in the discarded butterflies. Most of 

these algorithms are suitable for applications with specific zero-input or zero-output pattern distributions. 

He et al. [63] applied the concept of FFT pruning to a multichannel OFDM system in order to 

achieve significant reduction of complexity. FFT pruning algorithm with frequency shift was proposed 

for the evaluation of comb spectrum in OFDM systems. As the comb spectrum shows considerable 

regularity, the proposed algorithm exploits the regularity for high efficiency. Also, the implementation 

of the proposed algorithm in a dedicated processor takes the advantage of the modularity of the 

algorithm. The assumption of zero values with a considerable regularity is not true for cognitive radio 

systems where subcarriers are switched off at random positions, based on the spectrum occupancy 

information and the sub channel condition. Alves et al. [64] proposed a general FFT pruning algorithm 

that operates on any zero-valued input distribution. An index matrix Mi is generated based on the input 

values to the FFT. For a radix-2 FFT algorithm with N levels (2N FFT points), the matrix Mi has N 

columns and 2N rows. Each element of the matrix corresponds to an addition/multiplication node of the 

FFT flow graph. If an element in the matrix is non-zero, the corresponding node has to be computed 

and if the element is zero, the corresponding node need not be computed. Thus, using the matrix the 

number of computations can be reduced. The reduction in computational complexity depends on the 

distribution of the non-zero inputs/outputs.  
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4.2. Modified FFT Pruning 

The FFT pruning algorithm proposed in [64] uses conditional statements. The time taken to execute 

these conditional statements often exceeds the time saved in reduction of computations. Thus, the 

algorithm does not yield an efficient FFT implementation in terms of computational time.  

Rajbanshi et al. [65] proposed a re-indexing algorithm and modified FFT pruning algorithm to avoid 

using the conditional statements and to reduce the computation time. 

The modified FFT pruning algorithm is based on Cooley-Tukey divide-and-conquer algorithm [66]. 

The proposed modified pruning algorithm adds the pruning of unnecessary multiplication and addition 

operations, to the Cooley-Tukey algorithm in order to reduce the execution time. In this algorithm, first 

the matrix Mi similar to the one in [64] is generated and based on which another matrix Mindex is 

constructed. The matrix Mindex consists of indices and the total number of nonzero elements in each 

column of matrix Mi. The proposed algorithm uses the information provided by Mindex to prune 

unnecessary computations. Using the simulation results it was shown that, the modified FFT pruning 

algorithm results in significant reduction in the mean execution time for calculating the FFT as 

compared to the conventional Cooley-Tukey algorithm for the sparseness factor of 60% or higher. 

4.3. Partial FFT Pruning 

Airoldi et al. [67] proposed an energy-efficient partial FFT pruning algorithm that allows for 

pruning of FFT inputs for cognitive radio systems. The proposed algorithm is based on modified FFT 

pruning algorithm [65], with reduction in the size of configuration matrix Mindex in order to lower the 

memory requirement for its storage. In the proposed algorithm, the size of the configuration matrix is 

reduced by a factor of 2 by storing only the identifier of the butterfly operations that must be 

performed, instead of storing the index of every non-zero input. Moreover, for a radix-2 N-point FFT 

computation, by limiting the pruning operation to the first log2(N) − 3 stages, the configuration matrix 

size can be further reduced. Thus, the proposed partial pruning FFT algorithm offers an optimal  

trade-off between performance in terms of computation time and memory requirement. In a dynamic 

spectrum access scenario, whenever there is a change in the indices of active subcarriers, the 

configuration matrix is re-evaluated and FFT computation is restarted. Figure 9 shows an example of 

8-point decimation in frequency (DIF) FFT butterfly structure with complete and partial pruning. 

Considering a subset of L non-zero input values, it was shown in [67] that the number of total 

multiplications and additions for executing a pruned N point FFT can be reduced to = 	2	 × 	 	 × 	 ( ) + 2 × − 4 × + (2 × 	 	 × 	 )2( ( ))  (1)

= 3	 × 	 	 × 	 ( ) + 3 × − 6 × + (3 × 	 	 × 	 )2 ( )  (2)

If L is contiguous and is power of two, then the number of multiplications and additions can be further 

reduced to = 2 × × ( ) (3)= 3 × × ( ) (4)
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Figure 9. An example FFT butterfly structure with pruning. 

 

4.4. Traced FFT Pruning 
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In the TD method, the N-point DFT with L nonzero outputs is decomposed into two parts: N2 

number of N1-point DFTs and the multiplications with twiddle factors and recombination of the 

products. Since only L output values are nonzero, only L twiddle factors are multiplied with each of the 

N1-point DFTs. The total number of multiplications for TD method is given by =	 2 × ( ) + × ( − 1) (5)

Thus, there is a reduction of number of multiplications and the computational complexity. In a 

similar way, the transform decomposition algorithm can be applied for zero inputs. The advantage of 

transform decomposition is that, it does not need conditional statements to choose the butterfly for 

calculations as opposed to FFT pruning. Transform decomposition method exhibits considerable 

regularity which facilitates its hardware implementation. 

Zhang et al. [70] proposed a computational structure of the transform decomposition algorithm for 

cognitive radio systems. In this method, efficient computation of the power-of-two FFT is considered 

for OFDM systems with only a subset of subcarriers being active. If there are L active subcarriers, then 

there will be L non-zero inputs/outputs for the IFFT/FFT blocks. Considering N point FFT 

computation, N1 is chosen to be the nearest power-of-two integer larger than L and as a factor of N.  

As in [69], the computation is divided into two stages where, in the first stage N1 point FFTs are 

computed and in the second stage multiplication with twiddle factors and recombination are 

performed. The computational structure shows a considerable regularity in memory addressing. Using 

simulation results it was shown that, the algorithm is more efficient for small number of non-zero 

output values (L) and the complexity increases with the number of non-zero values. 

Zhang et al. [71] proposed an efficient multi-resolution spectrum sensing method based on 

transform decomposition. The TD algorithm can be used to perform spectral analysis with finer 

resolutions in the frequency bands of interest, at low computational cost. Cui et al. [72] proposed a 

computationally efficient method for sparse input points DFT based on TD method and the method 

was shown to be more efficient than the conventional TD. 

In [73], the authors have proposed a transform decomposition scheme based on two dimensional  

(2-D) systolic arrays for IDFT/DFT and IDCT/DCT, in order to achieve an efficient computation for 

OFDM in Cognitive Radio system. The authors have also developed a fast hybrid DFT and DCT 

architecture for OFDM systems. 

4.6. Split-radix FFT Pruning 

Xu et al. [74] proposed Split-radix FFT (SRFFT) pruning algorithm to reduce the computational 

complexity in the OFDM based cognitive radio, where zero valued inputs/outputs outnumber the  

non-zero inputs/outputs. The SRFFT pruning algorithm was shown to be more efficient than other 

pruning algorithms and Transform decomposition method in computational complexity. In this method, 

pruning is applied to split-radix FFT algorithm proposed in [75] instead of normal radix 2 FFT. 

In split-radix FFT algorithm, an N-point DFT is decomposed into one N/2-point DFT and two N/4-point 

DFTs with twiddle factors. The decomposition is repeated for half- and quarter-length DFTs, until 

scalars result. The signal flow graph for SRFFT looks similar to that of radix-2 FFT except for the 

location of the twiddle factors. SRFFT offers reduction in complex multiplications compared to normal 
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radix-2 FFT. Pruning the SRFFT corresponds to eliminating the computations that produce zero 

outputs. The general pruning proposed in [64], was applied in pruning the SRFFT with arbitrary 

length-L nonzero outputs. 

For an N-point DFT computation with N = 2r, a matrix of size (N × r) is generated with each 

element of the matrix corresponding to a node of the SRFFT flow graph. The elements determine 

whether a node value has to be computed or not. When the number of non-zero output is L and is 

arbitrarily distributed, then total number of complex multiplications using SRFFT pruning is given by, =	 × 3 × ( ) − 89 × ( − 1)  (6)

Whereas, the number of multiplications for N-point radix-2 FFT and Split Radix FFT are given by = 2 × ( ) (7)= 3 × ( ) − 89 × ( − 1) (8)

4.7. Fast Walsh-Hadamard-Fourier Transform 

Hamood et al. [76] proposed an efficient low computational complexity algorithm called Fast 

Walsh-Hadamard-Fourier Transform (FWFT) that combines the calculation of the Walsh–Hadamard 

transform (WHT) and the discrete Fourier transform (DFT). The FWFT algorithm can be used in 

Walsh–Hadamard spread orthogonal frequency division multiplexing systems (WHT-SOFDM) in 

order to increase the computational speed and to reduce the implementation cost. In conventional 

WHT-SOFDM systems the WHT and DFT are computed successively. However, the method is not 

efficient, because it requires the calculation of two transforms separately. 

In the proposed method, both the transforms are combined into a single transform using a unified 

butterfly, so that the number of arithmetic operations, delays and indexing are reduced. The proposed 

algorithm is based on the sparse matrices factorization method using the Kronecker product technique. 

The radix-4 FWFT algorithm is used for the fast calculation of a WHT-DFT sequence whose length 

equals to a power of four. By comparing the simulation results of the proposed algorithm with 

conventional radix-4 WHT-FFT algorithm, it was shown that radix-4 FWFT achieves a significant 

reduction in the number of arithmetic operations and computer run time. 

4.8. T-Transform 

Ahmed et al. [77] proposed a multicarrier system using low computational complexity transform 

called T-Transform that combines WHT and DFT into a single fast orthonormal unitary transform. The 

proposed algorithm offers a significant improvement in BER and reasonable reduction in the PAPR. 

Through the proposed algorithm, OFDM systems can achieve high frequency diversity gain by 

combining all the data samples resulting in the transmission over many subcarriers. The frequency 

diversity of the proposed T-OFDM system results in increased resilience over multipath fading 

channels. The proposed transform reduces PAPR by reducing the high peak power, while preserving 

the average transmitted power and data rate. 
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T-transform is based on the factorization of the DFT and WHT matrices using the Kronecker 

product technique. Advantages of the T-transform include simple structure and low computational 

complexity. For example in radix-2, 16-point FFT butterfly diagram the number of stages will be four. 

However, the proposed T-transform butterfly diagram has only three stages and in each stage many of 

the butterflies are zero and do not need to be calculated. Unlike FWFT, the T-transform can be scaled 

up or down to any transform length. 

4.9. Sparse FFT 

Schneider [78] proposed a new FFT algorithm called sparse FFT that is applicable for sparse signals 

which contain only a relatively small number of frequency components of significant size. In spectral 

analysis most of the Fourier coefficients of a signal are small or equal to zero, i.e., the output of the 

DFT is sparse. When the output of the DFT is sparse or approximately sparse, it is desired to have an 

output-sensitive algorithm, whose runtime depends on the number of significant coefficients 

computed. The disadvantage with conventional FFT is that it takes the same amount of computational 

time for any input signal. The proposed sparse FFT algorithm can reduce much of the computational 

complexity for sparse signals compared to conventional FFT, especially when the number of frequency 

components is a single-digit percentage of the number of samples. 

In cognitive radio systems spectrum sensing is done for a wide bandwidth typically in GHz. 

Sampling becomes expensive and analysis require heavy computations, when the bandwidth is large. 

Spectral compressive sensing techniques based on the proposed sparse FFT [79] can achieve low cost 

and high speed sensing of spectrum by leveraging the sparsity of the spectrum. The proposed 

algorithm is not iterative unlike other typical approaches in which large coefficients are first estimated 

and are subtracted from ori the k largest coefficients simultaneously. In addition, ginal signal and the 

remainder are processed recursively. The proposed algorithm identifies and estimates whether the 

algorithm does not need interpolation of sample points. Thus, the algorithm has been proven to be 

efficient by avoiding both iteration and interpolation. The algorithm is structurally simpler than other 

algorithms and as a consequence the algorithm is faster in computing FFT for sparse signals. 

For an input signal of length N, which has K non-zero entries in the Fourier transform of the signal, 

sparse FFT costs O(K log N) instead of O(N log N) in FFT. In [80], a fast sparse FFT algorithm has 

been proposed, that costs O(K log K) averagely. In the proposed method, the original input signal is 

downsampled at the beginning and the Fourier transform of the downsampled signal is used to locate 

and estimate K non-zero entries of the Fourier transform of the original signal. 

5. Summary of Efficient FFT Algorithms 

The pruning algorithms proposed in [58–63], work for specific zero-input/output distributions. A 

more generic algorithm that works for any zero valued input distribution was proposed in [64]. The 

conditional statements were used for deciding whether a node in the signal flow graph has to be 

computed or not. The time taken to execute the conditional statements reduces the efficiency of the 

FFT. Thus, modified pruning algorithm was proposed to avoid using conditional statements [65]. The 

configuration matrix used in [65] requires high data storage capabilities for large size FFTs. The 

configuration matrix size used for defining the nodes to be executed is reduced by introducing butterfly 
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identifier and using partial FFT pruning in [67]. Thus, there was a trade-off between complexity 

reduction and memory requirement. 

Split Radix FFT pruning algorithm [74] is able to reduce the computational complexity by applying 

pruning to split radix FFT instead of radix-2 FFT. It was shown in [74] that, the SRFFT pruning 

technique has the least computational complexity for any arbitrary distributions of the zero 

inputs/outputs. However, all these FFT pruning algorithms require some preprocessing operational 

overhead. In Traced FFT Pruning algorithm [68], the preprocessing operation is made simple and 

recursive. In the application of OFDM based cognitive radio systems, the hardware implementation of 

FFT pruning algorithms become complex due to arbitrary distributions of the zero inputs/outputs. 

Hence, Transform decomposition method was proposed in [69,70], which is more efficient and flexible 

than FFT pruning algorithms in the view point of hardware implementation. 

Algorithms proposed in [76,77], are used for WHT-spread OFDM systems. These algorithms 

combine WHT and DFT computations into a single transform. While FWFT is applicable for 

computing transforms of length in power of four, T-transform can be applied for the computation of 

transforms of any length. Sparse FFT algorithm proposed in [78–80] is suitable for any signal that is 

sparse in frequency domain and hence, the algorithm is much suitable for compressive spectrum sensing. 

6. Conclusions 

In the first part of this contribution, advantages and limitations of the variants of spread spectrum 

schemes and multicarrier modulation techniques are discussed. Based on the type of cognitive radio 

system, the modulation scheme is selected. Generally, for spectrum interweave cognitive radio 

systems, variants of MCM schemes are preferred and for spectrum underlay cognitive radio systems, 

variants of SS techniques are preferred. MCSSM schemes are used in both interweave and underlay 

CR systems. The second part of this contribution gives an elaborate survey of various modified FFT 

algorithms proposed in the literature for cognitive radio applications. These algorithms offer efficiency 

in terms of energy consumption and time taken for execution when there are zero valued inputs/outputs 

for the IFFT/FFT of the modem. The pruning algorithms were able to achieve much reduction in 

computational complexity but in the view point of hardware implementation transform decomposition 

technique is more efficient and flexible. The modified FFT algorithms require efficient hardware 

implementation methods. Hence, in recent years much research has been carried out in designing 

parallel, pipelined and reconfigurable FFT architectures for multi-standard cognitive radio systems. 
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