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Abstract: Antenna array-based multi-dimensional infinite-impulse response (IIR) digital beamformers
are employed in a multitude of radio frequency (RF) applications ranging from electronically-scanned
radar, radio telescopes, long-range detection and target tracking. A method to design 3D IIR beam
filters using 2D IIR beam filters is described. A cascaded 2D IIR beam filter architecture is proposed
based on systolic array architecture as an alternative for an existing radar application. Differential-form
transfer function and polyphase structures are employed in the design to gain an increase in the speed
of operation to gigahertz range. The feasibility of practical implementation of a 4-phase polyphase
2D IIR beam filter is explored. A digital hardware prototype is designed, implemented and tested
using a ROACH-2 Field Programmable Gate Array (FPGA) platform fitted with a Xilinx Virtex-6
SX475T FPGA chip and multi-input analog-to-digital converters (ADC) boards set to a maximum
sampling rate of 960 MHz. The article describes a method to build a 3D IIR beamformer using
polyphase structures. A comparison of technical specifications of an existing radar application based
on phased-array and the proposed 3D IIR beamformer is also explained to illustrate the proposed
method to be a better alternative for such applications.

Keywords: antenna arrays; beamforming; beam filter; multirate; polyphase; FPGA; ROACH-2;
multi-dimensional; radar

1. Introduction

Applications of antenna array-based electronically steerable directional beamformers can be
found in a range of areas such as mobile communications, radar [1,2], microwave sensing, long-range
detection and target tracking, cognitive radio and radio telescope arrays [3–5]. Ultra-wideband (UWB)
beamforming on a uniform linear array (ULA) of broadband antennas [6,7] enables directional-selective
enhancement of propagating far-field uniform plane wave signals having a given direction of arrival
(DOA). Processing of wideband signals at multi-GHz frequencies in the microwave and mm-wave
spectrum require highly efficient signal processing algorithms combined with circuits capable of
parallel processing to support massive real-time data throughput.

In the context of digital filter realization, IIR beam filters are low in computational complexity [8]
compared to typical interpolating finite-impulse response (FIR) filters that are based on the well-known
delay-and-sum approach [9]. Multi-dimensional (MD) IIR digital beam filters can be modeled using
the concept of network resonance [10], leading to beam filters that have exciting new applications in
real-time digital smart antenna array beamforming. Thus, IIR based MD space-time frequency-planar
digital beam filters [11,12] are likely to be efficient in power consumption in comparison with FIR MD
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beam filters. It has been shown that IIR beam filters have a significantly low multiplier count over FIR
beam filters [13].

Recently, it has been shown that the “Reconfigurable open architecture computing
hardware-version 2 (ROACH-2)” [14,15] FPGA platform is suitable for digital RF beamformer
realizations [16]. The ROACH-2 is an open-source platform for high-performance RF digital signal
processing. Ref. [16] shows a recent study on the potential of realizing 2D IIR beam filters in ROACH-2
at a ceiling frequency of 200 MHz. The uniqueness of ROACH-2 is that it provides integration
of multi-input ADC cards [17,18] and high-speed networking interfaces. However, ROACH-2
multi-channel ADC cards have restrictions in maximum achievable sampling frequencies with an upper
bound of 240 MSamples/s when all 16 inputs are enabled, thus limiting the maximum beamformer
operating frequency at 240 MHz. In order to overcome these limitations, the authors in [19] proposed
the use of multirate signal processing [20–22] to increase the real-time computational throughput
at the cost of circuit complexity by parallel processing [23]. By using polyphase structures [21] in
the temporal feedback loop in the IIR beam filter, it is possible to achieve an increase in operating
frequency by a factor of the number of M polyphases. The authors in [19] describe a multirate 2D IIR RF
beamformer realized on ROACH-2 with two polyphases that can operate at a frequency of 480 MHz.

This paper concentrates on an extended design of the multirate wideband beamformer stated
earlier that can operate close to 1 GHz and developed further to achieve 3D beamforming for planar
antenna arrays. The novelty of this research is that this is the first study of its kind that involves
building a 3D IIR beamformer using polyphase structures. The content of this paper is organized as
follows: this section provides a review of the MD theoretical concepts related to the underlying research
work and polyphase structures. The next section will introduce cascaded beam filter structures for 3D
beamforming along with the design methodology. The simulation and results section will provide
graphical and quantitative outcomes to elaborate the performance of the proposed beam filter. Lastly,
we will discuss the potential for practical realization by comparing this design with an existing real
world application and probable future work related to this research.

2. MD Frequency-Planar IIR Beam Filters

2.1. 2D Plane Wave Signals

A 2D plane wave received from a DOA ψ on a ULA in the 2D space (x,y) plane can be
mathematically represented as follows as shown in Figure 1):

ω(x, ct) = ωPW(−x sin ψ + ct) (1)

where |ψ| ≤ 90◦ measured from the broadside direction. The region of support (ROS) in the 2D
frequency domain is confined into a line-shaped passband [13,24] oriented at an angle |θ| ≤ 45◦ from
the ωct-axis passing thorough the origin ω(x, ct) ∈ R, where ωx and ωct are spatial and temporal
frequencies, respectively in Figure 1b. Here, θ = tan−1(sin ψ) [25,26].

2.2. Defining 3D Plane Wave Signals from 2D Analogy

The idea of interpreting 3D plane waves [27] using 2D plane wave signals is based on filtering the
signal from two orthogonal spatial dimensions. Since, x, y, and ct dimensions are orthogonal to each
other, it is possible to design 3D beamfomers using two 2D beam filters placed in series. Hence, the
view of the signal in (x, ct) and (y, ct) are totally different as shown in Figure 2. The ROSs for each
plane can be defined as:

θx = sin−1(sin θ cos φ), (2)

θy = sin−1(sin θ sin φ), (3)

in 3D space-time ω(x, y, z, ct) ∈ R [25,26].
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The 3D plane-wave is uniformly sampled by a planar antenna array. The distance between two
antenna array elements is given by, ∆d ≤ c

2FMax
, where the highest temporal frequency of the 2D plane

wave is FMax and c ≈ 3× 108 ms−1 is the speed of light in a vacuum.
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Figure 1. Plane wave received at a uniform linear array of antennas with spacing ∆x in (a) 2-D space
(x,y) domain and (b) 2-D space-time (x,ct) domain.
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Figure 2. The graphical analogy of an incident plane wave. (a) Incident plane wave in 3-D space
domain used to derive the cascaded 2-D beam filters and (b) 3-D space-time domain.
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each other, it is possible to design 3-D beamfomers using two 2-D beam filters placed in series. Hence,
the view of the signal in (x, ct) and (y, ct) are totally different as shown in Figure 2. The ROSs for each
plane can be defined as,

θx = sin−1(sin θ cos φ) (2)

θy = sin−1(sin θ sin φ) (3)

in 3-D space-time ω(x, y, z, ct) ∈ R [25,26].
The 3-D plane-wave is uniformly sampled by a planar antenna array. The distance between two

antenna array elements is given by, ∆d ≤ c
2FMax

. Where the highest temporal frequency of the 2-D
plane wave is FMax and c ≈ 3× 108ms−1 is the speed of light in a vacuum.

Figure 1. Plane wave received at a uniform linear array of antennas with spacing ∆x in (a) 2D space
(x, y) domain and (b) 2D space-time (x, ct) domain.
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Figure 2. The graphical analogy of an incident plane wave. (a) incident plane wave in 3D space domain
used to derive the cascaded 2D beam filters and (b) 3D space-time domain.

2.3. Network Resonant 2D IIR Digital Beam Filters

The differential form transfer function [28] of the first-order 2D IIR beam filter directionally
enhancing plane waves received from a DOA 0◦ ≤ |ψ| ≤ 90◦ is given by [29]:

H(z1, z2) =
1

1− α1
z−1

1
1+z−1

1
− α2

z−1
2

1+z−1
2

=
Y(z1, z2)

W(z1, z2)
, (4)

where the filter coefficients α1,2 are given by

α1 =
2 cos θ

R + cos θ + sin θ
and α2 =

2 sin θ

R + cos θ + sin θ
. (5)

The selectivity parameter R > 0 and 0 ≤ θ ≤ 45◦.

3. Polyphase Differential-Form Transfer-Function

We propose a systolic-array architecture to realize each digital beam filter consisting of a pipelined
mesh interconnection of identical parallel processing core modules (PPCMs) [30]. In general, systolic
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array designs [31] are considered to be low in complexity and have high speed. The multirate design of
the PPCM is derived by applying look-ahead (LA) optimization techniques [32]. Polyphase structures
are applied on the temporal feedback loop of the transfer function in IIR digital filters. The M-phase
polyphase architecture [33] with LA optimization can be written in the form:

Y(n1, z2) =
Vn1(z2)

1− βMz−M
2

(
1 +

M−1

∑
k=1

γkz−k
2 + βM−1z−M

2

)
, (6)

where
Vn1 = W(n1, z2) + α1Y′(n1, z2), (7)

Y′(n1, z2) = Y((n1 − 1), z2)−Y′((n1 − 1), z2). (8)

Here, Equation (8) represents the discrete-domain spatial differential operator. The filter
coefficients are given by β = α2 − 1 and γk = βk−1(1 + β) for k = 1, 2, ..., M defined in terms of
β [19]. The polynomial term in the numerator represents the LA optimized terms for pre-defined
number of polyphases. Here, note that each polyphase operates at the FPGA fabric rate resulting a
combined frame rate of FS = M× FCLK. From Equation (8), it is evident that when the number of
polyphases increases, the number of required multipliers and adders to implement a PPCM increases
exponentially.

4. Cascaded Beam Filters for 3D Beamformers

By referring to the 3D plane wave theory described earlier, a 3D beamformer can be realized
in hardware by cascading two 2D beam filters directionally enhancing signals in (x, ct) and (y, ct)
planes [34]. Thus, the transfer function of the 3D beam filter can be represented using 2D beam filters
as follows:

H(x, y, ct) = H1(x, ct)H2(y, ct). (9)

The filter co-efficients of H1(x, ct) and H2(y, ct) take the form of Equation (5) using the relevant
θx,y value from Equations (2) and (3).

The intersected region of the two beam filters represents the frequency response of the 3D beam
filter as in Figure 3, thus resulting in a beam-shaped passband with the warping effect at higher
frequencies.

(b)(a)

ωy

(-π, π, 0)

(π, -π, 0)

ωy

(π, π, 0)(π, π, 0)

ωx

(π, -π, 0)
(π, -π, 0)
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Figure 3. Frequency response of cascading of two 2D IIR beam filters to obtain the 3D IIR beam filter.
(a) frequency response of H1(x, ct) and (b) responses of two filters before intersecting the beam filters.

5. System Architecture

We propose a systolic array-based design because it is considered to be highly efficient for parallel
processing of signals for homogeneous networks of tightly coupled data processing units is shown in
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Figure 4. The systolic array digital computation unit consists of an array of interconnected identical
PPCMs within the Virtex-6 SX475T FPGA on the ROACH-2 processing platform. For our scope, we
consider an antenna array of 32 elements (n = 32). Thus, the ADC front end of the beamformer would
consist of 32 ADC chips [17,35]. Each ADC input can sample signals at a rate of 960 MSamples/s at
the highest demux setting of 4. However, for our simulations, we feed in the data to the beam filter
using ROACH-2 memory blocks (Shared BRAM) for the polyphased inputs using a similar technique
as described in [19]. A single HMCAD1520 ADC chip [35] is capable of operating at multiple sampling
rates depending on the number of ADC inputs used. The ADC should be clocked at 960 MHz to achieve
the highest sampling rate of 960 MSamples/s, while limiting the FPGA design operating frequency to
240 MHz. Here, the ADC produces four time-interleaved samples of the analog signal through the
four output channels resulting in four-phase polyphase samples, making it ideal to suit the beam filter
requirements. The design of digital realizations was done within a MATLAB environment using a
Matlab/Simulink/System Generator/Embedded Development Kit (EDK) (MSSGE) toolflow [36] for
Casper ROACH-2.
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Figure 4. Proposed systolic array architecture of the four phase 2D IIR beam filter with RF front-ends
in a ROACH-2 FPGA platform.

5.1. PPCM Block

The complex architecture of the four-phase PPCM architecture is shown in Figure 5. The final
PPCM module was obtained by applying third-order LA optimization techniques, resulting in a more
complex design with lower resource consumption than single polyphase designs. The four-phase
PPCM module requires a minimum of 24 multipliers, 28 adder/subtractors, and 11 delay elements.
Each block has eight inputs and eight outputs.
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Figure 5. The time-interleaved polyphase PPCM block of the systolic array based four-phase 2D IIR
beam filter.

6. Simulation and Results

6.1. Filter Response of Four-Phase Polyphase 2D IIR Beam Filter

The frequency domain response of the 4-phase 2D IIR beam filter simulation results is shown in
Figure 6. The beamformed output results of the interpolated signal as well as the individual phases
were also determined for 16- and 32-bit input vectors. The directional selectivity parameter was
assumed to be R = 0.005 for all simulations. The filter was tuned to directionally enhance signals
arriving at a DOA of ψ = 35◦. The pipelining latency was set to 16 clock cycles. The filter was set to
sample the received signal at a frequency of Fs = 960 MHz. The beam filter performance was also
determined by feeding in three Gaussian modulated pulses with DOAs ψ1 = 15◦, ψ2 = 35◦, ψ3 = 75◦

as shown in Figure 7a. The beam filter successfully filtered out the desired signal with DOA ψ = 35◦

while suppressing the undesired plane-wave signals. The decomposed output in the frequency domain
of the filtered signal that has a DOA of ψ2 = 35◦ is illustrated in Figure 7b,c.
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Figure 6. Frequency response of four-phase 2D IIR beam filter tuned to enhance RF signals arriving at
a DOA of ψ = 35◦. (a) response after interpolating the beamformed output of four phases; decomposed
polyphase response of (b) two phases illustrating the temporal domain aliasing effect and (c) frequency
response of a single phase.
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Figure 7. Directional enhancement simulation of the four-phase polyphased 2D IIR beam filter using
three Gaussian modulated pulses in frequency domain. (a) wideband input signals with DOAs
(15◦, 35◦, 70◦); (b) interpolated output signal with directional enhancement and (c) decomposed output
of one phase with a temporal aliasing effect.

6.2. PPCM Digital Design Complexity

We can obtain a clear insight of the design complexity and the variation in resource consumption
from Table 1. We can clearly observe a gradual increase in the chip area for both the direct form and
the differential form version. However, the rate of increase in resource consumption in the differential
form version design is comparatively less. The number of multiplier and adder/subtractor count has
increased by 300% and 280%, respectively, in the four-phase scenario compared with the two-phase 2D
IIR beam filter.

Table 1. Computational complexity of the proposed low-complexity architectures with LA optimization [33]
(DRF = Direct form, DFF = Differential form).

M-Phases Multipliers (DRF) Multipliers (DFF) Relative Reduction Frame Rate

1 3 2 33% FCLK
2 10 8 20% 2FCLK
3 21 15 28.6% 3FCLK
4 36 24 33.3% 4FCLK

6.3. Frequency Response of the 3D IIR Beam Filter

The beam-shaped pass-band (frequency response) obtained for the 3D IIR beam filter using the
proposed method is shown in Figure 8 for 32 antenna element arrays. The filter was tuned to a DOA
of ψ = 30◦ and φ = 40◦ in this scenario with a selectivity parameter of R = 0.005.
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Figure 8. (a) Frequency response of the 3D IIR beam filter in (x, y, ct) 3D space-time domain and
directional enhancement of plane wave signals using the 3D IIR beam filter; (b) input signal and
(c) filtered signal.

6.4. Directional Enhancement Properties

Three raised cosine Gaussian modulated signals with three distinct DOA pairs—(35◦, 20◦),
(40◦, 55◦) and (80◦, 110◦)—were fed to the filter to observe the performance of the filter as illustrated
in Figure 8b with the desired signal being (80◦, 110◦). The selectivity parameter was assumed to be
R = 0.00005. The filter successfully filtered out the desired signal as shown in Figure 8c.

6.5. FPGA Implementation

Table 2 shows the evaluation of hardware complexity and real-time performance considered the
following metrics: the number of used configurable logic blocks (CLB), flip-flop (FF) count, critical
path delay (Tcpd), and the maximum operating frequency (Fmax) in MHz.

Table 2. Comparison of FPGA resource consumption for a 32-element differential form polyphased 2D
IIR beam filter at 16-bit and 32-bit inputs. (FF = Flip-flop, LUT = Look-Up Table)

Resources 16-Bits 32-Bits

Slice registers 13,957 28,167
Slice LUTs 30,132 69,220
Occupied slices 9586 21,565
LUT-FF pairs 9089 11,005
Tcpd (ns) 1.137 1.169
Max. frequency (MHz) 879.51 855.43

7. Military Radar Application Based on 3D IIR Beam Filters

The state-of-the-art radar tracking systems used in the military are based on phased-arrays and
operate at≈ 3.5 GHz frequency range [37]. Phased arrays are based on FIR beam filters, which consume
more hardware resources in comparison with IIR beamformers. We propose to use an IIR beamformer
in place of the phased array to take advantage of smaller chip area and reduced cost. This section details
a technical analysis of a 3D radar based on IIR beamformers designed using polyphase structures,
cascaded MD IIR beam filters and ROACH-2 hardware platform and compares its features with
technical specifications for an advanced military radar system [37]. The key goal is to elaborate on the
relevance of this study as a better alternative than the existing designs.

We consider an octagonal-shaped symmetrical planar array with 4572 antenna elements as shown
in Figure 9. Hence, the planar array will consist of systolic array based ULAs of different sizes ranging
from 36 to 72 antenna elements. The inter antenna spacing and the size of the antennas will vary
depending on the operating frequency of the beam filter. By using multirate 2D IIR beam filters
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(with four polyphases), it is possible to have the FPGA fabric rate reduced by a factor of 4. A beam
filter operating at 3.5 GHz requires polyphases to operate at 1.75 GHz ( 2F

M ).

planar array

ROACH−2 ADC inputs

Octogonal shaped

Nx = 36

Ny = 36

N′x = 18

N′y = 18

Figure 9. Proposed octogonal shaped 2D planar antenna array front end of the 3D radar.

For our analysis, we selected three ADC boards that can be interfaced with ROACH-2 to sample
RF signals in the GHz range [17,38,39] as stated in Table 3. The overall resource requirement varies
depending on the ADC board of interest. We consider ADC16x250-8 RJ45 rev-1 [17], the 16-input
ADC board used for realizations described in this research as the main reference. ADC1x5000-8 [38]
and KatADC [39] are two-input ADC boards that can sample signals at 2.5 and 1.5 GHz, respectively.
All three ADC boards considered here sample the signal with 8-bit quantization levels. KatADC is a
popular ADC developed by Texas Instruments Inc. that is widely used in radio telescopes such as the
Square Kilometer Array (SKA) [40].

Table 3. Achievable operating speeds of the proposed 3D radar at different ADC sampling rates.

ADC Board
ADC

Inputs
Polyphase Freq.,

Fpoly (GHz)
Sampling Freq.,

Fs (GHz)
Operating Freq.,

Fradar (GHz)
Antenna Space,

∆d (mm)

ADC16x250-8 4 0.96 3.84 1.98 75.76
Kat-7 ADC 2 1.5 6 3.00 50

ADC1x5000-8 2 2.5 10 5.00 30

This 3D IIR beamformer is a complex design that requires a large chip area. Both cascaded
2D IIR beamformers require the same number of multipliers and adder/subtractors; they require
(24 × 4572 × 2 =) 219,456 multipliers and (28 × 4572 × 2 =) 256,032 adders, respectively. Table 4
illustrates the approximate number of ROACH-2 boards required and the size or the planar array for
each ADC board in consideration. The calculation for array size is based on the minimum antenna
distance [41–43] multiplied by the maximum number of antenna elements per row/column for each
ADC in consideration. The area of the planar array is based on the octagonal shape stated above.
The required number of ROACH-2 boards is calculated based on the ADC cards required for the two
2D beam filters placed in cascade. The proposed deployment requires a large number of ROACH-2
boards (Table 4). The number of ROACH-2 boards required for second-stage beam filter arrays are
governed by the maximum throughput of Small form-factor pluggable (SFP)+ 10 Gigabit Ethernet
(GbE) interfaces. Each ROACH-2 can transmit and receive data at a maximum rate of 80 Gbps. At high
operating fabric rates, the throughput of produced samples for Kat-7 ADC and ADC1x5000-8 exceeds
80 Gbps. This limits the ability to optimally use ROACH-2 resources resulting in having only one
ADC card instead of two per ROACH-2 FPGA boards to ensure that the networking throughout is
manageable. Thus, more ROACH-2 boards are required to build the beamformer resulting in increase
in cost. It is also important to note that an intermediate subsystem should be placed at the end of
each beamformer to perform networking and switching operations as needed. However, using a
customized processing board design will ensure efficient use of ADC front ends, FPGA chips and GbE
interfaces for a better cost-effective design.
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Use of 16-input ADC boards does not suit a practical scenario due to the large area (≈25 m2)
required to accommodate the antenna array; arrays of this size would be easy targets in warships.
Moreover, the achievable maximum operating frequency is limited at ≈2 GHz. However, when the
radar is designed using the other two ADC boards, the required area is significantly reduced.
ADC1x5000-8 requires only ≈4 m2 area and can operate at 5 GHz, making it a better match. However,
this comes with a trade-off in power consumption and cost for the increased hardware resources
(Table 4).

Table 4. Hardware resource consumption, complexity and planar array sizes at different ADC
sampling rates.

ADC Board Total No. of ROACH-2 Boards Array Size (m2)

ADC16x250-8 1032 5.23× 5.23
Kat-7 ADC 1829 3.45× 3.45

ADC1x5000-8 2286 2.07× 2.07

8. Conclusions

This study was focused on a method to build a wideband beamformer operating in the gigahertz
range that has practical implications in RF applications. Such plane-wave filters have emerging
applications in broadband beamforming using antenna arrays in areas such as radar, microwave
imaging and radio astronomy. The differential form IIR beam filters together with multirate structures
help to overcome the limitations in operating frequencies in ADCs and FPGA clock rates. We prove
the successful realization of a systolic array–based wideband beamformer that can operate at 1 GHz
from the 2D IIR multirate digital filter with four-polyphases described. However, during the research,
it was also noticed that this improvement comes with an increase in hardware resource consumption
and power consumption when compared with non-polyphased designs. The differential form version
is efficient in chip area in comparison with the direct form beam filter design. This design can be of use
as long as the application can tolerate this excessive resource requirement. The article also highlights
the design of a 3D IIR beamformer by cascading two polyphased 2D IIR beamformers. The ROACH-2
hardware platform provides a sophisticated test bed to implement complete end-to-end systems and
generate processed signals to do real-time analysis.

One probable application is a 3D radar to detect and track targets. From the analysis, we can
clearly see that the hardware chip area and the computational complexity is on the high side for a
planar array with a large number of antenna elements. Thus, bulky and heavy power sources are
needed to meet the power requirements of these designs. The limitations in maximum fabric rate
and 10 GbE networking interfaces in a ROACH-2 hardware platform affect the hardware resource
consumption. Another key influencing factor is the type of ADCs used and their maximum sampling
rate. Most of the ADC chips are limited to no more than a few GSamples/s with the current technology.
It is possible to build beamformers with better performance if ADC boards are able to sample in
the 10 GSamples/s range with more ADC inputs and FPGAs that can support required fabric rates.
However, since IIR beamformers are more computationally efficient than FIR beamformers in general,
we believe that this method would be a suitable alternative for a sensitive target tracking and detection
application [37].

In the future, it is expected to expand the study to include methods to address the disadvantages
in polyphase structure designs of increased complexity and resource consumption using more efficient
algorithms. A further exploration of methods to improve the critical path delay may yield better
performance in terms of speed-power-latency-area.
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