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Abstract: This paper reviews the recent research of carbon nanotubes (CNTs) used as nanomechanical
sensing elements based mainly on theoretical models. CNTs have demonstrated considerable
potential as nanomechanical mass sensor and atomic force microscope (AFM) tips. The mechanical
and vibrational characteristics of CNTs are introduced to the readers. The effects of main parameters of
CNTs, such as dimensions, layer number, and boundary conditions on the performance characteristics
are investigated and discussed. It is hoped that this review provides knowledge on the application
of CNTs as nanomechanical sensors and computational methods for predicting their properties.
Their theoretical studies based on the mechanical properties such as buckling strength and vibration
frequency would give a useful reference for designing CNTs as nanomechanical mass sensor and
AFM probes.
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1. Introduction

Since the discovery of carbon nanotubes (CNTs) in 1991 by Iijima [1], they have been recognized
as one of the most promising nanomaterials and attracted great interest among researchers around the
world because of the superior mechanical and physical properties. CNTs have diverse applications
in various fields of science and engineering, such as electrical and electronic components, materials
engineering, nano-sensor, energy storage and environment [2–6]. Many studies have revealed that
the Young’s modulus of single-walled CNTs (SWCNTs) were about 1 TPa and multi-walled CNTs
(MWCNTs) were tested to have a tensile strength ranged from 11 to 63 GPa, which are stronger
and stiffer than any known substance [7–9]. Wei et al [10] reported that CNTs could carry high
current densities up to 109–1010 A/cm2 and remained stable for extended periods of time at high
temperature. CNTs are the smallest scale nanomaterials that can be observed only by a transmission
electron microscope (TEM). The excellent structural characteristics and the mechanical and physical
properties make CNTs potential candidates for the next generation of nanoelectromechanical systems
(NEMS) [11–15].

At present, many methods have been developed to synthesize CNTs, including arc-discharge,
laser ablation, and chemical processes [16,17]. Chemical vapor deposition (CVD) is the most common
chemical method, and is widely used for fabricating CNTs. This method is capable of controlling
growth directions on a substrate and synthesizing a large quantity of carbon nanotubes. In the
experimental operation, it is very difficult to operate and control a single CNT because of an extremely
small size. Since the advanced CVD technology was developed, the CVD synthesis allowed CNT
growth directly on desired substrates, and growth in a variety of forms such as powders or films,
aligned or coiled, including to control the diameter and length of CNTs. New electronic products
and the developments can be expected based on the fabrication and characterization of novel nano
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carbon materials. Many studies on using CNTs as high-frequency circuit elements, rotary actuators,
nanosensors, transistors, etc. have been reported up to now [18–22]. Specifically, in CNT-based
resonators, the state-of-the-art highest mass sensing resolution was achieved by using CNTs as the
resonating mass detector [23].

Research and development on application of CNTs used in nanosensors is now an important
subject for nano measurement. As shown in Figure 1, the research of NEMS is a collection of
various technologies that include nano-materials and micro/nano processing, nanomechanics and
nanoelectronic devices, and computational simulation and analysis. With the enormous development
of NEMS based nanosensors, the miniaturization and integration of electronic elements can be realized
using structural design and manufacturing processes. Thus, nano-force and mass measurement
become possible, using resonant nanosensor based systems.
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Figure 1. Components of nanoelectromechanical system.

At present, many studies on the nanomechanical sensors using CNTs and their various
applications have been reported. In the review, we focus on the design of CNT-based sensors including
the nano-mass sensor and the sensor used as probe for atomic force microscope (AFM), especially on
the studies of their working mechanisms based on the available theoretical model.

2. CNT-Based Mass Sensor

2.1. Background of Nanomechanical Sensor Research

Conventionally, silicon based materials can be used for detecting a tiny amount of mass at the
nano-level. Professor Roukes of the California Institute of Technology (Caltech) and his colleagues
used silicon carbide beam for the nanomechanical resonator and made it possible to measure the
minimum mass at zeptogram (10−21 g) level [24]. Ten years ago, the Caltech research group developed
a mass sensor by using silicon instead of silicon carbide, and achieved its high mass resolution with
attogram (10−18 g) sensitivity [25]. The new device was developed, essentially in the same way as
the previous, but its smaller size and higher resonant frequency gave it a greater sensitively to added
mass. In their research, the device consisted of a nanomechanical resonator with tiny silicon or silicon
carbide beams about a micron long and 100 nm wide. The flat beam was clamped at both ends, and set
oscillating at a frequency of 100 MHz or more. The principle of mass detection is based on frequency
shift when a tiny mass is attached to the beam. In the mechanical mass sensor consisting of silicon
beam, it is important to know the sensitivity of vibration frequency shift for the attached nanomass.
However, since the CNTs have very small diameter, higher stiffness and strength than silicon or silicon
dioxide, the CNT-based resonator can maintain high resonance frequencies to measure extremely tiny
mass. The group of Professor Heer (Georgia Institute of Technology) initially proposed an idea of using
a single CNT as highly sensitive nanobalances [26]. As shown in Figure 2, they succeeded in attaching
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a carbon particle to the end of a nanotube and setting the nanotube to a special electron microscope
stage. The methods developed were well studied to measure masses in the picogram-to-femtogram
range. The mass of this nanoparticle was determined from the resonance frequency shift of a CNT
nanocantilever under a transmission electron microscope (TEM) after the mass was attached to the tip
of the CNT, and was measured to be about 22 fg (Femtogram: 10−15 g) [26,27].
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Figure 2. Resonance vibrations of a nanotube loaded with a carbon nanoparticle. Adapted with
permission from [26], Copyright AAAS, 1999.

Subsequently, the research on an atomic-resolution nanomechanical mass sensor that can measure
atomic mass level was reported [28]. Figure 3 shows the entire nanomechanical mass spectrometer
apparatus. A TEM image of a nanomechanical mass spectrometer device constructed from a
double-walled CNT (DWCNT) is shown in Figure 3a. The nanotube device was placed at one end
of an ultra-high vacuum (UHV) chamber as shown in Figure 3b. In the UHV chamber, gold atoms
were evaporated from a tungsten filament away from the nanotube device. To control the number of
loaded atoms onto the device, a shutter was inserted between the evaporation source and the nanotube
to interrupt the gold mass loading. A water-cooled quartz crystal microbalance (QCM) provided
an alternate means of calibrating the system through measurement of mass flux. Figure 3c shows a
schematic of the nanomechanical resonance detection circuit, which was used to measure the resonant
frequency of the nanotubes. The detection technique was based on a nanotube radio receiver design
and relied on the unique field emission properties of CNTs. There existed a strong coupling between
the field emission current from CNTs and their mechanical vibrations. Briefly, an amplitude modulated
(AM), sweep generator were coupled to the nanotube, via a voltage-controlled oscillator (VCO), RF
signal, forcing it to resonate, and consequently modulating the field emission current. The modulated
field emission current was recovered by a lock-in amplifier and the resonance peak was detected.

Li and Zhu [29] proposed an optical detection technique for weighing a single-atom by using
surface plasmon and CNT resonator. The mass of a single atom could be determined by vibrational
frequency shift of CNTs while the atom attached to the nanotube surface. Figure 4 shows schematic
of a mass sensor based on a doubly clamped CNT illuminated by a strong pump beam and a weak
signal beam. A single gold metal nanoparticle (MNP) was attached to the tip of a sharp optical fiber
and positioned at a distance R away from the CNT. Moreover, a single xenon atom was deposited
onto the CNT surface. The inset of Figure 4 shows the energy levels of a localized exciton in CNTs
while dressing the surface plasmon and the vibration of the CNT. AFM was used to probe the tip
and stabilize its distance to the CNT [30,31]. The mass of atoms attached to the CNT surface could
be measured conveniently and precisely through frequency shift in the absorption spectrum. Owing
to the ultralight mass and higher stiffness of the CNT, and spectral enhancement by using surface
plasmon, this method resulted in a narrow linewidth with kHz and higher sensitivity, which was more
sensitive than traditional electromechanical mass detection techniques. Especially, heating and energy
loss characteristics for electrical detection could be avoided in all-optical technique.
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Figure 3. Nanomechanical mass spectrometer device and schematics. (a) TEM image of a
nanomechanical mass spectrometer device constructed from a double-walled CNT (DWCNT), (b) The
nanotube device was placed at one end of an ultra-high vacuum (UHV) chamber, (c) Schematic of the
nanomechanical resonance detection circuit. Adapted with permission from [28], Copyright Nature
Publishing Group, 2008.
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Figure 4. Schematic of a mass sensor based on a doubly clamped carbon nanotube. Adapted with
permission from [29], Copyright IOP, 2012.

Lassagne et al. [32] used extremely tiny CNT with 1 nm diameter as a nanomechanical resonator
for mass sensing. The performances, which were tested by measuring the mass of evaporated
chromium atoms, were exceptional. Figure 5 shows diagrams of (a) experimental setup and (b)
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the measurement circuitry. Nanomechanical CNT resonators were fabricated by means of standard
nanofabrication techniques, and nanomass sensing experiments were carried out by evaporating
chromium atoms onto the CNT resonators. As shown in Figure 5b, to track the high-frequency charge
modulation, a mixing technique was employed by applying voltage Vac

g cos(2π f t) on the gate and
VSD cos[2π( f + δ f ) t] on the source. Based on measurement of a mixing current Imix on the drain at
frequency change δ f , the shifts of resonance frequency were obtained as a function of the deposited
mass. The results found that the mass responsivity was 11 Hz/yg

(
1 yg = 10−24 g

)
and the mass

resolution is 25 zg
(

1 zg = 10−21 g
)

at room temperature. When the CNT was cooled down to 5 K in a
cryostat, the mass resolution increased and corresponded to a resolution of 1.4 zg because the signal
for the detection of mechanical vibrations was improved.
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permission from [32], Copyright ACS, 2008.

2.2. Theoretical Approach of Vibration Characteristics

As described above, the detection principle of a CNT-based mass sensor is based on the fact that
the resonant frequency is sensitive to the resonator mass, which includes the mass of the resonator
itself and the mass attached on the CNT resonator. A change in the resonant frequency occurs when
an additional mass is attached on the resonator. However, one of main problems on mass detection is
how to accurately quantify the tiny change in the resonant frequency due to the added mass. Some
theoretical investigation, such as the molecular dynamics (MD) method and continuum mechanics, on
mass sensing characteristics has been reported so far. Although MD is widely used in nanomaterial
science and is a good method for analyzing properties of CNT structure, the requested computational
power is limited to a fast computer with a high capacity hard disk. Moreover, the analysis using the
MD method is a cost-intensive and time-consuming process. In response to the issues, well established
continuum mechanics model on a nanoscale is a challenging task. At present, the continuum mechanics
has been successfully used to simulate static and dynamic properties of carbon nanotubes [33–36].

The research group of Prof. Chou [37] reported initially that the CNT resonators were assumed to
be either cantilevered or bridged and were simulated based on the molecular structural mechanics
method. In the research, the fundamental frequency of the CNT was obtained by simulating a SWCNT
as an equivalent space frame-like structure and solving the motion equation of the system. For free
vibration of the nanotube in its fundamental modes, the governing equation of motions was given by:

[M]
{ ..

y
}
+ [K]{y} = {0}, (1)

where [M] and [K] were the global mass and stiffness matrices, respectively, and
{ ..

y
}

and {y} were the
nodal displacement vector and acceleration vector, respectively. After condensation of the mass and
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stiffness matrices, applying the static condensation method, the fundamental frequencies and mode
shapes were obtained from the solution of the eigenproblem(

[K]s −ω2[M]s

){
yp
}
= {0}, (2)

where [K]s and [M]s were the condensed stiffness matrix and mass matrix, respectively.
{

yp
}

was the
displacement of carbon atoms, and ω(ω = 2π f ) was the angular frequency.

Based on the method of molecular structural mechanics, the changes in resonant frequency due to
the attached mass were calculated. Figure 6 shows the variation of frequency shift with the attached
mass on the cantilevered nanotube resonators. The frequency shifts were defined as the difference
between the fundamental frequencies of a nanotube with and without attached mass. The effects
of length and diameter of CNTs on the frequency shifts were investigated in detail. It was clear
that the frequency shift increased with the increase of attached mass, and the sensitivity of resonant
frequency shifts to both tube length and diameter had been demonstrated. The mass sensitivity
of CNT-based nanobalances could reach 10−21 g, and a logarithmically linear relationship existed
between the resonant frequency and the attached mass when the mass was larger than 10−20 g.
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Figure 6. Resonant frequency shifts of cantilevered nanotubes with different lengths (a) and tube
diameter (b) vs. attached mass. Adapted with permission from [37], Copyright AIP Publishing
LLC, 2004.

Since DWCNTs have higher stiffness and strength, thermal and chemical stability than
single-walled CNTs, the potential of DWCNTs as a nano mass sensor was also explored [38–40].
The inner and outer walls of the DWCNT were modelled as finite elements [38] or elastic beams [39,40],
and the interaction force between the two walls was considered as a spring element connecting the two
layers by van der Waals (vdW) interaction. The interlayer interaction is described by the vdW potential.
The most common expression of Lennard–Jones potential is utilized to express the interaction of carbon
atoms located on the two walls, given by

U(R) = 4ε

[( ρ

R

)12
−
( ρ

R

)6
]

, (3)

where R is the inter atomic distance, ε is the depth of the potential, and σ is the finite distance at which
the interatomic potential is zero. The pressure caused by the vdW interaction can be described by

p = c(u2 − u1), (4)
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where u1 and u2 are the vibrational deflection of inner and outer walls of DWCNTs, respectively. c is
the vdW interaction coefficient between the walls. The vdW interaction coefficients can be estimated
using Equation (5) [41]

c =
320×

(
2Rj
)

erg/cm2

0.16∆2 , ∆ = 0.142 nm, (5)

where Rj is the center line radius of the jth nanotube, and ∆ is the length of carbon–carbon (C–C) bond.
In the finite element model (FEM) [38], the element equation constructed by the global stiffness and

mass matrices can be assembled. The governing coupled equations for the displacement are given by

K1u1 + M1
..
u1 = c(u2 − u1), (6)

K2u2 + M2
..
u2 = c(u1 − u2), (7)

where K1, K2 are stiffness matrices, M1, M2 are mass matrices, and the wall deflections of DWCNT are
given as

uj = Yjeiωt, (8)

and Yj, j = 1, 2, are the vibrational amplitudes and ω is the vibrational frequency.
According to Equations (6)–(8), the element equation for global system can be written as[

K1 + c −c
−c K2 + c

]{
Y1

Y2

}
−ω2

[
M1 0
0 M2

]{
Y1

Y2

}
= 0. (9)

The vibrational frequency of DWCNTs can be obtained by a nontrivial solution of Equation (9).
For the continuum mechanics, Patel and Joshi [39] derived a second order governing differential

equation of Euler beam model and considered nonlinear vdW interaction between nanotubes, by using
a single-mode Galerkin approximation. The dynamic response of the DWCNT-based mass sensor was
analyzed based on time response, Poincaré maps, and fast Fourier transformation. The results showed
that the appearance of regions of periodic, subharmonic and chaotic behavior were strongly dependent
on mass, inner and outer nanotubes and the geometric imperfections of DWCNTs. Shen et al. [40]
analyzed the vibration frequency of DWCNT-based mass sensor using nonlocal Timoshenko beam
theory. The natural frequencies of a nonlocal cantilever beam attached to a tip mass were computed
using the transfer function method. They assumed that the inner and outer walls of DWCNTs had
different lengths, and the atom-resolution mass was attached to the free end of the inner nanotube.
Effects of the attached mass and outer-to-inner tube length ratio on the natural frequencies were
discussed. The results showed that the mass sensor based on DWCNTs with different wall lengths had
a noticeable advantage over that based on SWCNTs. The mass sensitivity of DWCNT-based sensor
could be enhanced when short DWCNTs were used, especially for larger attached mass. The nonlocal
Timoshenko beam model was more adequate than the nonlocal Euler–Bernoulli beam model for short
DWCNT sensors. The mass sensing characteristics of DWCNT based nanobalances can reach up to 0.1
Zeptograms [37].

It is obvious that mass sensitivity of nano-mass detection system can be improved by using
smaller sized CNTs since CNT-based resonator results high oscillation frequency. In order to increase
sensitivity of the resonators, the author Natsuki and co-workers proposed using a double end fixed
CNT with applied tensile loads and investigated the possibility of application [42,43]. Figure 7 shows
a schematic diagram of the clamped CNT beam, subjected to an axial force and carrying an attached
concentrated mass mc. Based on the continuum model with the Euler–Bernoulli beam, the motion
equations of a freely vibrating CNT under the axial tensile load N can be given as [42]
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∂4Y1(x, t)
∂x4 − N

EI
∂2Y1(x, t)

∂x2 − ρAω2

EI
∂2Y1(x, t)

∂t2 = 0 0 ≤ x ≤ a, (10)

∂4Y2(x, t)
∂x4 − N

EI
∂2Y2(x, t)

∂x2 − ρAω2

EI
∂2Y2(x, t)

∂t2 = 0 a ≤ x ≤ L, (11)

where Yj (j = 1, 2) are the vibration amplitudes of the flexural deflection, ω is the circular frequency,
EI is the flexural stiffness of CNT, A is the cross-sectional area, ρ is the mass density, L is the length of
CNT, a is the position in which concentrated mass is attached, x is the axial coordinate and t is the time.

According to corresponding boundary conditions such as bound states and continuum states, the
resonant frequency (ω) of the CNT resonators with an attached concentrated mass can be derived
from Equations (10) and (11), and given by the following matrix equation:

|M(mc, ω)|8×8 = 0. (12)

Based on Rayleigh’s energy method [42], the differential equation of CNT bending moment can
be given by

y(x) = A cosh(αx) + Bsinh(αx) +
Px
2N

+
M0

N
, (13)

where P is mass load acted on the middle of the CNT, and M0 is the moment at the left clamped end.
The moment M0, the integration constants of A and B, can be determined from the clamped boundary
conditions:

y(0) = y′(0) = y′(L/2) = 0. (14)

Moreover, the maximum kinetic energy of the CNT beam can accordingly be given by

Tmax =
1
2

L/2∫
0

2mCNT
L

{ .
y(x)

}2dx, (15)

where mCNT (mCNT = ρAL) is the mass of the CNT resonator.
Substituting Equation (13) into Equation (15) and according to the relationship between force and

deflection, the equivalent stiffness of CNT beam can be obtained

keq =
P

ymax
=

2Nα

2tanh αL
4 sinh2 αL

4 +
(

αL
2 − sinh αL

2

) (16)

and α =
√

N
EI .

Thus, the resonant frequency of the CNT resonators carrying concentrated mass (mc) yields

ω =
1

2π

√
keq

φρAL + mc
, (17)
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where
φ = 3β2

2 −
αβγL

2 + α2γ2L2

12 +
(

2βγ + 4γ2−4β2

αL

)
sinh αL

2

− 2γ2 cosh αL
2 + β2+γ2

2αL sinhαl − 2βγ
αL sinh2 αL

2 −
γ2

2

(18)

and

β =
tanh αl

4

2tanh αL
4 sinh2 αL

4 +
(

αL
2 − sinh αL

2

) , γ =
1

2tanh αL
4 sinh2 αL

4 +
(

αL
2 − sinh αL

2

) . (19)

Figure 8 shows a comparison of the resonant frequency between the Euler–Bernoulli beam model
and the Rayleigh’s energy method as a function of attached mass. The result obtained using Rayleigh’s
energy method was a little higher than that obtained by the continuum elastic method when the mass
of the sensor was less than 10−3 zg (the error range being within 2.4%). It was observed that the two
results were very consistent with each other for increasing attached mass. The error range was within
only 0.06% when the attached mass reached to 10−1 zg. The two analytical models were proven to be
successful and effective owing to a good agreement between them.

Based on the Euler–Bernoulli beam model, Figure 9 shows the resonant frequency shifts vs.
attached concentrated mass for the CNT beam with axial force and without axial force. The results
show that the frequency shift of the CNT resonator was increased by axial tensile loads, and the
difference in the frequency shifts increased with the increase of attached mass. The high tensile strength
of CNT (up to 63 GP [44]) suggested that higher mass sensitivity could be obtained by increasing
tensile force acting on the CNTs. The frequency shift of the CNT resonator for an attached mass larger
than 10−1 zg was found to increase up to 28% when an axial tensile load of 20 nN, corresponding to
the tensile stress of about 19 GPa, was applied on the CNTs. The results showed that the sensitivity
of CNT-based sensor under the tensile load can reach at least 10−1 zg, which demonstrates higher
accuracy than the 1 zg sensitivity reported by Li and Chou [37].
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Raleigh’s energy method. Adapted with permission from [42], Copyright Springer, 2014.

Furthermore, in Ref. [43], Natsuki et al. proposed using the nonlocal Euler–Bernoulli beam
model for investigating the resonant frequency of CNT resonators. The nonlocal elasticity theory
was developed to incorporate the size effect by introducing an intrinsic length scale, which gave
the information about the forces between atoms. Nonlocal beam theory has been widely used to
study the vibration properties of CNTs and has been proven to be more effective than other theoretical
approaches such as the Euler beam model. In the case of nanostructures, the nonlocal effects considered
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in the nonlocal elasticity theory played an important role in the vibration analysis and determined by
the magnitude of nonlocal parameters [45].

For the theoretical approach considering nonlocal parameter e0a/L (e0 is material constant, a the
internal characteristic length and L is the external characteristic length), the resonant frequency of the
CNT resonators based on Rayleigh’s energy method can be obtained as the following:

ω =
1

2π

√
keq

(φ + µ)ρAL + mc
, (20)

where keq is defined as Equation (16), and φ defined as Equation (18). The parameter µ is given by

µ =

 α(β2+γ2)L
2 sinhαL− cosh αL + 4αβγL cosh αL

2

− 4αγ2Lsinh αL
2 +

3α2L2(γ2−β2)
2 − 3αβγL

( e0a
L

)2
. (21)

Figure 10 shows the variation of the resonant frequency of the clamped CNT with the attached
mass. The influence of the nonlocal parameter e0a/L on the frequency shift was investigated, showing
increase with increasing attached mass, especially for larger than 1.0 zg. The mass sensitivity of CNT
resonator usually depends on the variation of the frequency shift with attached mass. Therefore,
the results indicated that the nanomass in the order of 0.001–1.0 zg had higher sensitivity to the
CNT resonator.
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Figure 10. Effect of the nonlocal coefficient on the resonant frequency of the CNTs under attached
different nanomasses. Adapted with permission from [43], Copyright Springer, 2015.

3. CNT Probes for Atomic Force Microscope

3.1. Fabrication and Structures of CNT Tip

Atomic Force Microscope (AFM) was a very useful instrument for imaging, measuring and
characterizing nanoscale features [46]. However, the poorly characterized silicon and nitride probe
tips currently employed in AFM limit some applications since conventional silicon tips can easily
break during an impact on the scanned surface. CNTs are potentially ideal materials for AFM probe
application due to their robust mechanical properties and well-defined geometry such as a small
diameter and high aspect ratio [47–49]. There were some reports on the use of CNT probes tip increase
the sensitivity and the resolution in the AFM. The research group of Prof. Dai first attached individual
CNTs with several micrometers to the silicon microcantilever sensing tips of an AFM [50]. They
demonstrated that the CNT tips were resistant to damage from tip crashes because of their flexibility
and stiffness. Figure 11 shows the SEM image of a CNT scanning probe (a), and a schematic showing
the ability of the CNT tip to trace the profile of trenches with deep and narrow features (b). Due to the
large aspect ratio of CNT, AFM, coupled with a high-aspect-ratio CNT scanning probe, exhibited the
ability to resolve features. Their exceptional mechanical strength and the ability to buckle reversibly
enabled the resolution of steep and deep nanoscale features.
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Figure 11. SEM image of a multi-walled CNT (MWCNT) tip and schematic of the CNT tip to trace the
profile of trenches. (a) SEM image of a CNT scanning probe, (b) the ability of the CNT tip to trace the
profile of trenches with deep and narrow features. Adapted with permission from [51], Copyright AIP
Publishing LLC, 2002.
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The investigation and development of CNT AFM probes includes the fabrication process of CNT
probes and their mechanical stability in structures. CNT probes can be provided by manual attachment
of a CNT to the tip of the AFM cantilever or by growing a CNT from the ends of the silicon tip of the
AFM probe based on chemical vapor deposition (CVD) process. The welding method was developed
for fixing CNT to the silicon probe end [52,53]. CVD methods reported by Prof. Hafner et al. [54,55]
allowed aligned growth of CNTs on the silicon probe surface, and the diameter and length of CNT
could be controlled by adjusting the growth time and its growth temperatures (Figure 12) [56]. Hafner
et al. successfully fabricated CNT AFM tips using ethylene and iron catalysis deposited on commercial
silicon-cantilever-tip assemblies. Individual CNTs grew from the pores etched in the flattened area at
the tip after reaction of the electrodeposited iron catalytic tips with ethylene at elevated temperature.
SEM images demonstrated that these nanotube tips grew in an ideal orientation for AFM imaging
(see Figure 12a). Cumings and Zettl [57] fabricated and demonstrated the controlled and reversible
telescopic extension of CNTs. Figure 13 shows TEM images of a telescoped nanotube, which has nine
shells and a four-shell core was extracted upon telescoping. Their results suggested that MWCNTs had
great promise for the nanomechanical or NEMS applications. The preparation of DWCNTs with a short
outer wall could be carried out by the method of burning the outer wall using an electric current [58].
Compared to SWCNTs, DWCNTs or MWCNT with a protruding inner tube as AFM probes would be
better due to the high spatial resolution. Using DWCNT, with a shorter outer wall, the CNT probes were
expected to have high resolution and high stability due to thick-walled structures and small probe tips.

The resolution of AFM is mainly determined by the probe’s shape and mechanical properties,
especially the dimension of the probe end tip. A fundamental issue of the application for CNTs as AFM
probes is to how design and obtain the buckling stability of CNTs with a small tip diameter. By now,
there are several methods to investigate the instability properties of CNTs when subjected to an axial
force. The instability phenomenon of CNTs under compressive loading was observed experimentally
by TEM [59–62]. Figure 14 shows the direct observation of nanotube buckling characterization by in
situ transmission TEM. The TEM images of Figure 14a–f clarified a series of deformation processes for
CNTs under compression force.
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with permission from [55], Copyright PNAS, 2000.
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However, the dynamics experiments of nanotube buckling remains a major challenge because of
the nanometric scale of CNTs. Until now, the experimental investigation is very difficult to accurately
measure the buckling load. Thus, the theoretical study is mainly used for predicting the buckling loads
and buckling modes of CNT structures.
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3.2. Theoretical Mode and Approach of Buckling Properties

Under axial compression, CNTs are not so strong compared with tension loads due to the high
aspect ratio. Therefore, the buckling property of CNTs is very important in order to understand
the strength and failure of CNTs used as CNT probes of AFM. To investigate buckling behavior
of the CNTs, some theoretical research of buckling analysis, such as compression buckling [63–65],
torsional buckling [66], bending buckling [67], and radial buckling [68], has been carried out in the
last decade. The first detailed analysis on the buckling of SWCNTs under axial compression was
reported by Yakobson et al. [69] based on both MD method and continuum shell model. They found
that CNTs could be reversibly switched into different morphological patterns when subjected to large
deformations. As shown in Figure 15, the buckling phenomenon of CNT subjected to axial compression
was simulated. Figure 15a displays four singularities corresponding to shape changes of the CNT with
a length of 6 nm and diameter of 1 nm. The presence of four singularities at higher strains was quite a
striking feature, and the patterns shown in Figure 15b–e illustrate the corresponding morphological
changes. The results showed that CNTs were remarkably resilient, sustaining extreme strain without
brittleness, plasticity, or atomic rearrangement. They also indicated that the peculiar behavior beyond
Hooke’s law could be well described by a continuum shell model. Comparing the results obtained by
continuum shell model with those from MD simulations, Yakobson et al. found that the results were in
good agreement with one another.
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Figure 15. Series of TEM images of deformation processes for MWNTs initiated by applying
compressive force in the sample direction. Adapted with permission from [69], Copyright American
Physical Society, 1996.

The Donnell shell models (DSM) has been widely used to evaluate the buckling properties of CNTs
under compression, bending and torsion. Silvestre [70] presented a study on the buckling behaviors of
SWCNTs under torsion by using DSM. Straightforward analytical expressions to calculate the critical
angle of twist for CNTs were derived. Despite its simplicity, the procedure presented was shown to give
accurate simulation results for a wide range of CNT length and diameter. Hu et al. [71] investigated
the effects of CNT microstructure on the wave propagation of both SWCNTs and DWCNTs, based on a
nonlocal shell model. The nonlocal elastic shell theory was showed to provide better results for the wave
dispersion than the classical shell theory. There is good agreement between the elastic shell theory and
the MD method. The nonlocal parameters could be suggested by MD-based estimation.

Based on the successful application of the cylindrical shell model for SWCNT [69], the
multiple-shell model [70–74] and the beam model [75,76] were proposed and developed for simulating
buckling properties of MWCNTs under axial compression. The adjacent nanotubes for MWCNTs were
coupled to each other by the vdW interaction. The vdW interaction force pk(k+1) between tube k and
k + 1 of an N-walled CNT (k = 1, 2, · · · , N − 1) is proportional to the radial deflection (wk+1 − wk)

between the two neighboring nanotubes, given as

pk(k+1) = ck(k+1) · (wk+1 − wk), (22)

where the vdW interaction coefficient is given by [74]

ck(k+1) =
πε RkRk+1σ6

∆4

[
1001σ6

3
H7

k(k+1) −
1120

9
H13

k(k+1)

]
(23)

and

Hm
k(k+1) = (Rk + Rk+1)

−m
∫ π/2

0

dθ(
1− Kk(k+1) cos2 θ

)m/2 (m = 7, 13), Kk(k+1) =
4Rk Rk+1

(Rk + Rk+1)
2 , (24)
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where ∆ is the carbon–carbon bond length, and Rk is the radius of nanotube k, σ and ε are the vdW
radius and the well depth of the Lennard–Jones potential, respectively.

Based on continuum models, the author Natsuki and co-investigators proposed DWCNT tips
with shorter outer wall [77]. The CNT structures are able to increase the stability of AFM nanoprobes
and to obtain higher resolution due to small tip diameter. This makes the buckling investigation of
DWCNTs with different wall lengths more significant from both theoretical and practical perspectives.
Figure 16 shows an analytical model of cantilevered DWCNTs with different inner and outer nanotube
lengths, and L2 and L1 are the inner and outer lengths, respectively.

Electronics 2017, 6, 56 15 of 20 

 

where   is the carbon–carbon bond length, and kR  is the radius of nanotube k,   and   are the 

vdW radius and the well depth of the Lennard–Jones potential, respectively. 

Based on continuum models, the author Natsuki and co-investigators proposed DWCNT tips 

with shorter outer wall [77]. The CNT structures are able to increase the stability of AFM nanoprobes 

and to obtain higher resolution due to small tip diameter. This makes the buckling investigation of 

DWCNTs with different wall lengths more significant from both theoretical and practical 

perspectives. Figure 16 shows an analytical model of cantilevered DWCNTs with different inner and 

outer nanotube lengths, and 2L  and 1L  are the inner and outer lengths, respectively. 

 

Figure 16. Schematic diagram of clamped CNT with different tube length. 

As shown in Figure 16, the governing differential equations of the inner and outer nanotubes, in 

which adjacent walls are coupled to each other by the vdW interaction forces, can be given by 

   12122
1

2

4
1

4

1 wwc
dx

wd
P

dx

wd
EI   10 Lx  , (25) 

   21214

2
4

2 wwc
dx

wd
EI   10 Lx  , (26) 

  0
2

3
2

3

3
4

3 
dx

wd
P

dx

wd
EI  21 LxL  , (27) 

where  2,1jw j
 are the transverse deflections of the inner and outer nanotubes, respectively, 3w  is 

the transverse deflection of the inner nanotube between 1L  and 2L , and   jEI  3,2,1j  is the 

flexural stiffness of the nanotubes. 

In order to obtain the solution of Equations (25)–(26), the corresponding boundary conditions, 

considering a cantilevered DWCNT subjected to an axial loading P, are given as follows: 

(a) For the inner and outer nanotubes with fixed ends: 

 
 

 
 

000
0

2
2

0

1
1 

 xx dx

xdw
w

dx

xdw
w

;

 (28) 

(b) For the inner and outer nanotubes with free ends: 

     
0

211

2

3
2

3

2
3

2

2
2



 LxLxLx
dx

xwd

dx

xwd

dx

xwd
,  

   
0

22

3

3

3
3

3 
 LxLx

dx

xdw
P

dx

xwd
EI

;

 (269

) 

(c) For the continuous conditions at position 1L , the relationships of displacement and force 

between the transverse deflections 1w  and 3w  are given as: 

1L

2L

Outer tube

Inner tube

vdW force

P

Figure 16. Schematic diagram of clamped CNT with different tube length.

As shown in Figure 16, the governing differential equations of the inner and outer nanotubes, in
which adjacent walls are coupled to each other by the vdW interaction forces, can be given by

(EI)1
d4w1

dx4 + P
d2w1

dx2 = c12 · (w2 − w1) 0 ≤ x ≤ L1, (25)

(EI)2
d4w2

dx4 = c21 · (w1 − w2) 0 ≤ x ≤ L1, (26)

(EI)3
d4w3

dx3 + P
d2w3

dx2 = 0 L1 ≤ x ≤ L2, (27)

where wj(j = 1, 2) are the transverse deflections of the inner and outer nanotubes, respectively, w3

is the transverse deflection of the inner nanotube between L1 and L2, and (EI)j (j = 1, 2, 3) is the
flexural stiffness of the nanotubes.

In order to obtain the solution of Equations (25)–(26), the corresponding boundary conditions,
considering a cantilevered DWCNT subjected to an axial loading P, are given as follows:

(a) For the inner and outer nanotubes with fixed ends:

w1(0) =
dw1(x)

dx

∣∣∣∣
x=0

= w2(0) =
dw2(x)

dx

∣∣∣∣
x=0

= 0; (28)

(b) For the inner and outer nanotubes with free ends:

d2w2(x)
dx2

∣∣∣
x=L1

= d3w2(x)
dx3

∣∣∣
x=L1

= d2w3(x)
dx2

∣∣∣
x=L2

= 0, (EI)3
d3w3(x)

dx3

∣∣∣
x=L2

+ P dw3(x)
dx

∣∣∣
x=L2

= 0; (29)

(c) For the continuous conditions at position L1, the relationships of displacement and force between
the transverse deflections w1 and w3 are given as:
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w1(L1) = w3(L1),
dw1(x)

dx

∣∣∣
x=L1

= dw3(x)
dx

∣∣∣
x=L1

, d2w1(x)
dx2

∣∣∣
x=L1

= d2w3(x)
dx2

∣∣∣
x=L1

,

(EI)1
d3w1(x)

dx3

∣∣∣
x=L1

+ P dw1(x)
dx

∣∣∣
x=L1

= (EI)3
d3w3(x)

dx3

∣∣∣
x=L1

+ P dw3(x)
dx

∣∣∣
x=L1

.
(30)

Substituting the deflection functions of the inner and outer nanotubes, w1, w2 and w3, into the
above boundary conditions, the buckling load Pc can be obtained from eigenvalue analysis.

As shown in Figure 17, the buckling instability of CNTs can occur in different mode shapes based
on the proposed theoretical model. The fundamental mode 1, among three modes, has the maximum
instability, whose critical buckling strain was 0.0051. The buckling strains of CNTs with the mode 2 and
3 were 0.024 and 0.07, respectively. Although the only inner nanotube was subjected to an axial load,
the deflection of the outer nanotube happens similar to that of the inner nanotubes through the vdW
interaction force between adjacent nanotubes. Figure 18 shows the buckling stress of the DWCNT as a
function of length ratio LOuter/LInner for the fundamental mode, associated with the lowest buckling
load. In the Figure 18, the curve (A) stands for the fixed inner tube and variable outer tube, and the
curve (B) for the fixed outer tube and variable inner tube. The influences of structural parameter of
the length aspect on the buckling stress of DWCNT AFM probes were significant based on the length
mismatch between inner and outer nanotubes. It was found that the DWCNT AFM probe with type (A)
showed increasing buckling stability as the outer nanotube elongates. The buckling stress of the CNT
probe was about three times larger than the curve (B), where the SWCNT or the inner nanotube was
fixed. Due to the reinforcement effect of the outer nanotube, it was possible to obtain better stability
when using the CNT structure covered with the outer layer for the probe.
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Figure 17. Schematic diagram describing the buckling instability of cantilevered (16, 0)@(26, 0)
DWCNTs, with the inner tube of 20 nm and the length ratio of outer to inner tubes of 20. Adapted with
permission from [77], Copyright Elsevier, 2011.
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4. Conclusions

The discovery of CNTs in the early 1990s has stimulated ever-broader science and engineering
devoted to production and application of various CNTs. Due to their special structures, exceptional
mechanical and physical properties, CNTs hold many potential applications in the nanotechnology
industry. Among the mechanical behaviors, the vibration and buckling instability have a significant
impact on the performance of CNT-based nanosensor or nanodevices. Thus, it is crucial for us to
understand the mechanical behaviors of the unique CNTs. The review discusses the application of
CNTs used as nanomechanical sensors, and their performance predicted by theoretical model and
analysis. Actually, the technology and experimental work on CNT-based sensor is still in its infancy
stage. Owing to a lack of an efficient or accurate characterization technique, a quantitative experimental
study is not feasible for controlling extremely small size of CNTs. With the development of CNT
materials with specific structures and the micro processing technology [78,79], it is expected that
high-performance of CNT-based sensors and nanodevices will be realized in the near future.
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