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Abstract: Driven by technological advances and economic gain, society’s electronic systems are
becoming larger, faster, more decentralized and autonomous, and yet with increasing global
reach. A prime example are the networks of financial markets which—in contrast to popular
perception—are largely all-electronic and decentralized with no top-down real-time controller.
This prototypical system generates complex subsecond dynamics that emerge from a decentralized
network comprising heterogeneous hardware and software components, communications links,
and a diverse ecology of trading algorithms that operate and compete within this all-electronics
environment. Indeed, these same technological and economic drivers are likely to generate
a similarly competitive all-electronic ecology in a variety of future cyberphysical domains such
as e-commerce, defense and the transportation system, including the likely appearance of large
numbers of autonomous vehicles on the streets of many cities. Hence there is an urgent need
to deepen our understanding of stability, safety and security across a wide range of ultrafast,
large, decentralized all-electronic systems—in short, society will eventually need to understand
what extreme behaviors can occur, why, and what might be the impact of both intentional and
unintentional system perturbations. Here we set out a framework for addressing this issue, using
a generic model of heterogeneous, adaptive, autonomous components where each has a realistic limit
on the amount of information and processing power available to it. We focus on the specific impact of
delayed information, possibly through an accidental shift in the latency of information transmission,
or an intentional attack from the outside. While much remains to be done in terms of developing
formal mathematical results for this system, our preliminary results indicate the type of impact that
can occur and the structure of a mathematical theory which may eventually describe it.

Keywords: electronics; complex systems; computation; ultra-fast networks; competition; modeling;
latency

1. Introduction

The recent technological advances in the speed and processing power of electronic components,
are fueling a drive towards increased automation and global reach of society’s cyberphysical
systems [1,2]. Since these systems operate in a free market economy in most countries, and each
component almost by definition is looking to win, this means that such systems can be regarded as
a heterogeneous collection of competitive components that operate as an ecology driven by survival of
the fittest [1–9]. This leaves regulators with the significant problem of understanding what might go
wrong at the system level, and how to prevent it. An ideal example of such a system is the decentralized
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network of electronic financial exchanges that has grown up across the globe. The resulting system
comprises a heterogeneous, decentralized collection of adaptive, autonomous components (e.g., trading
platforms and hard-wired logic gates) where each has limited information about the overall system
and limited processing power [10–13]. Such financial market systems operate down to the microsecond
timescale beyond human reaction times, and hence may serve as a proxy for any other all-electronic,
decentralized system comprising an ecology of hardware and software components, network links, and
underlying algorithms which compete to make a profit [10–13]. Figure 1 shows two examples of the
type of subsecond tsunami (i.e., extreme behaviors) that have been observed in the real all-electronic
exchange data (see Ref. [14] for more details). Both are more than 30 standard deviations larger than
the average price movement either side of an event and so are very unlikely to have arisen by chance.
During the period of study of approximately five years, we found 18,520 such ultrafast dips and spikes.
Figure 2 shows a plot of their sizes and durations. There is therefore an urgent need to deepen our
understanding of the stability of such decentralized electronic systems. In particular, the stability and
safety of such systems will rely on understanding what extreme behaviors can occur, why, and what
might be the impact of both intentional and unintentional system perturbations.
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Figure 1. Subsecond tsunamis from a real-world decentralized, all-electronic system. The data comes
from the U.S. network of market exchanges. (A) an example of an extreme spike in the price of
a particular stock. The points are discrete since each corresponds to a specific event (i.e., a new trade).
This is consistent with our decision to focus on discrete-time models in this paper. The number
of sequential up ticks is 31, and the price change is +2.75. The duration is 25 ms (i.e., 0.025 s).
The percentage price change upwards is 26% (i.e., spike size is 0.26 expressed as a fraction). The size of
the dots in price chart are proportional to volume of trade; (B) an example of an extreme dip in the price
of a particular stock. The number of sequential down ticks is 20, and the change in output (i.e., price
change) is −0.22. The duration is 25 ms (i.e., 0.025 s). The percentage price change downwards is 14%
(i.e., dip size is 0.14 expressed as a fraction).
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Figure 2. Size and duration for the ultrafast tsunamis that we observed in the 5-year period of data.
There is no well-defined relationship between their size and duration. The fact that their size and
duration are not trivially linked helps confirm their surprising nature.

In this paper, we present a discussion of this topic based on a combination of a generic, binary
model of heterogeneous, adaptive, autonomous objects with limited information and processing power,
and recent subsecond data from these decentralized, all-electronic financial market exchanges. We
focus on the important problem of how delayed information in such systems impacts their overall
stability, in particular the appearance of sudden large changes at the system level akin to subsecond
tsunamis. Such delayed information can arise either through poor individual information processing,
an accidental shift in the latency of information transmission, or an intentional attack from the
outside [10–13]. Much remains to be done in terms of developing formal mathematical results for this
system, hence this paper should be seen as laying out a framework as opposed to solving this problem.
However our preliminary results already show the type of impacts that can occur—in particular,
in relation to the extreme subsecond shifts (tsunamis) which have been observed in financial market
data. Such subsecond tsunamis are relatively frequent (Figures 1 and 2) and yet are still not well
understood. More generally, this topic of decentralized societal networks, in particular those based on
financial activity, touches on a wide range of areas of interest to the electronics community, including
communications and information processing, microwave and electronic system engineering, systems
and control engineering.

The current work builds on the introduction provided by Ref. [15], but goes well beyond Ref. [15]
by providing (1) analysis of the magnitude (i.e., severity) of an extreme event under the influence of
information delays (i.e., latency); (2) analysis of the role of the confidence threshold in enhancing or
suppressing latency effects on single-node extreme events; (3) inclusion of results from a null model in
which each agent uses an uncorrelated decision-making mechanism, and an analysis of how the actual
effects differ from the results of this null model; (4) the setting up of an analytic framework to study
the system using a quasi-deterministic approach; and (5) the presentation of actual stock trade data
that illustrate the extraordinary variety of subsecond extreme events that arise in the real world.

We start by giving some background to the problem (Section 2). Then we present the generic
model which, we stress, is a first attempt to conceptualize the problem and open it up to quantitative
analysis (Section 3). Section 4 contains results from the simulation of the model, while Section 5 gives
some analytical analysis of the model. In Section 6 we provide real world examples of subsecond
extreme events in stock trade data. Section 7 provides Conclusions.
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2. Background

The practical problem of having a large-scale system upon which society depends, but which
operates down to microsecond timescales and beyond, is trivial to deduce but has highly non-trivial
implications: specifically, it becomes impossible for any human to be able to detect extreme unwanted
behavior on that timescale in real time, and then step in to stop it. This is because the human response
time for taking in information and then taking an action, is of the order of a second [12] and there
are one million microseconds in one second. Modern financial markets only have one physical
limitation in principle: the finite speed of light. Hence any technological advantages that enable one
component (e.g., financial entity, and hence their electronic hardware and connectivity) to gain access
to information more quickly, will be exploited. This has driven a race toward zero latency, limited only
by the finite speed of light and the finite duration of the underlying physical processes in the various
electronic components [10–13]. High-speed servers, and ultimately algorithms, continually take in and
process information on the scale of microseconds. Most importantly, this is predicted to be reduced
even further in the near future due to new hard-wired semiconductor technology [10].

Figure 3 illustrates the problem more explicitly. There is a broad range of timescales between the
nanosecond scale during which any form of electromagnetic radiation, including light and microwaves,
will travel 1 foot in free space, and the second scale on which humans can operate. With typical
electronic hardware therefore in principle operating down toward the nanosecond scale, and software
systems operating down toward the microsecond scale, there is a huge regime of timescales (10−6–100 s)
in which rules, regulations and hence laws need to be applied but where the basic dynamics of collective
behavior is little understood. Specifically, though each component and algorithm may be reasonably
well calibrated, the collective behavior can show emergent properties, just as the collective behavior of
cars (e.g., traffic jams) does not follow directly from understanding the mechanics of any single vehicle
[16].

10−9 10−6 10−3 10−1 1 101 

humans 

software 

hardware 

light  
travels 1 ft 

timescale (sec) 

Figure 3. Schematic shows the typical timescales for human action (i.e., intervention), electronic
hardware operations, and for running software including trading algorithms. The limits of electronic
hardware coincide with the lower limit set by the phonon scattering time. Switching processes in
typical electronic circuits determine the operating time of software algorithms. As a result, the relevant
regulatory bodies face a daunting task of how to ensure system safety and (in a market setting) fairness
to all participants in terms of when they receive relevant information. Moreover, regulatory bodies
need to provide this reassurance without relying on any real-time human intervention during moments
of potential subsecond-scale instability.

This interest in such complex systems is not just academic. Indeed, the question of what
happens when for example a delay is added to the information (i.e., latency) has taken on high
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commercial, legal and political importance following regulators allowing a 350 microsecond delay
to be intentionally introduced into one these financial exchanges. The difficulty that regulators had
in taking such a decision, rests on the fact that this is a complex dynamical network system and
there is a lack of mathematically tractable models for such a population of competing, heterogeneous,
adaptive components. To make matters worse for regulators, substantial amounts of money and
engineering effort are being put into increasing data acquisition speeds, e.g., through the building of
transatlantic cables to shave milliseconds from the transfer time of financial data between London
and New York [11]; through new global networks of microwave communication towers; and through
new hard-wired semiconductor technology to reduce decision-making times toward the nanosecond
scale [10]. Indeed, this decision by U.S. regulators to allow the Investors Exchange (IEX) group to add
this intentional 350 microsecond delay (3.5× 10−4 s), has spawned similar request by other nodes
in the exchange network. The IEX speed-bump is implemented by means of an additional 38 m
coil of fiber-optic cable that has been added within the electronics of their exchange network [13].
While 350 microsecond seems insignificant when compared to the 2010 ‘Flash Crash’ which lasted
∼103 s [17], current market conditions regularly see hundreds of orders executed electronically within
one millisecond. Furthermore, there is now a looming need to quantify the impact of such systematic
delays in more general complex systems. e.g., the swarms of self-driving cars that are likely to be on the
streets of many cities within a decade, with each competing for bandwidth [18,19]. Similar competitive,
decentralized scenarios are also likely for autonomous drones at some stage in the future [20] as well
as other sociotechnical systems [21]. These considerations raise the following important questions that
we explore in this paper, regarding what extreme behaviors emerge from such systems; what will the
effect be of intended but also accidental delays; and what steps could be taken to mitigate such effects.
By way of note, it does not seem to be a coincidence that similar issues surround our current limited
understanding of the human brain which is arguably the most complex decentralized network that
exists [22].

3. Model

The model that we consider in this paper is shown in schematic form in Figure 4. It is of course
incomplete; it makes multiple assumptions; and there are many possible variants. However it captures
some of the essential features that are of interest in complex, decentralized electronic systems: there
is a population of heterogeneous, autonomous components (agents) who repeatedly act based on
some limited global information that is fed back to them, where this information is the recent history
of system outcomes that they collectively produced in previous recent timesteps. Each component
(agent) has only limited information processing capabilities and there is no inter-agent communication.
At the very least, this gives us a well-defined system for simulating and also for mathematical analysis.
Of particular interest in this paper, it allows us to add a temporal perturbation in terms of a delay in the
common information which is fed to each component concerning prior global outcomes. The resulting
Delayed Grand Canonical Minority Game (DGCMG) therefore represents a non-trivial generalization
of the Grand Canonical Minority Game (GCMG) introduced in 1999 [23–26]. The GCMG itself is
a generalization of the basic Minority Game (MG) in which components (agents) only act on a given
timestep if they have a strategy above a certain threshold value—in contrast to the MG where all
agents act all the time [27–30]. One further technical detail in the DGCMG and GCMG is that in
both cases strategy scores are only recorded over a finite time-window T (e.g., T = 500 in our
simulations) in contrast to the MG where they are kept from the start of the game. This restriction to
a finite time-window is intended to mirror the finite memory capacity of each component. Though
obviously a simplified model system, it does seem to capture the crowding phenomena that emerges
in many complex systems in which members of a population of objects make decisions on a repeated
basis [31–33], including sub-second electronic markets [14,34–36].
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Figure 4. (A) The Delayed Grand Canonical Minority Game (DGCMG) that we study in this paper,
is a modification of the Grand Canonical Minority Game which was introduced in Ref. [23]. Specifically
it has an added temporal delay in the feedback of global information to the agents, as compared to
the GCMG. The N components (called here ’agents’) each have s strategies (labeled by R = 1, 2, . . . )
that are chosen randomly from the strategy space in order to mimic heterogeneity in the component
population. The global information, delayed by τ timesteps, µ(t− τ), and the scores of the strategies
SR(t) are used by each agent to decide whether to take the action +1 or the action −1. For all timesteps
t < 0, the delay τ = 0 for both the GCMG and the DGCMC. At any given timestep in both cases, only
agents who have a strategy with a score greater than a threshold value Rmin will take part in the game.
To mimic a highly competitive environment, we consider the winning action (i.e., global outcome) to
correspond to the action taken by the minority. At time t = t0, we change τ from zero to a positive
real number in the DGCMG introducing a temporal delay (i.e., latency). For t ≥ t0, all timesteps in
the DGCMG have this same delay value τ, while for the GCMG τ = 0; (B) Transitions of the global
information µ can be shown conveniently on a de Bruijn graph, with each possible transition shown by
an arrow. It is shown for m = 2 (upper panel) and m = 3 (lower panel). Each node carries a binary
bit-string denoting the most recent m global outcomes, and the equivalent integer representation shown
in red parenthesis, e.g., for m = 3 the nodal bit-string 010 ≡ 2

The rules governing the dynamics are shown in Figure 4 and so we will only briefly describe them
here. Agents choose between two actions +1 and −1 at each timestep. The decision by the smaller of
the two groups (i.e., the minority) is the winning one, which mimics the idea of a highly competitive
environment in which there are insufficient resources. One everyday example would be a collection
of autonomous vehicles choosing between two possible routes, and the winning decision is the one
with less components choosing it since it is the least congested. If most agents take action +1 then the
winning group is 1, while if most agents decide to take action −1 it is 0, though these labels 0 and 1 can
be reversed without any loss of generality. In the setting of a market scenario, it makes sense that the
excess demand D(t) at timestep t (and hence the change in price at timestep t) is the difference between
the number of agents taking action +1 (e.g., buy or take Route 1 in a communications network) and
the number taking action −1 (e.g., sell, or take Route 0):

D(t) = n+1(t)− n−1(t) . (1)
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At each timestep, each agent uses the global information about previous outcomes, in conjunction
with their highest-scoring strategy, to work out their next individual action. This global information of
previous outcomes, denoted µ(t), comprises a bit-string of length m of the global outcomes from the
previous m timesteps. Since there are two possible global outcomes 0 or 1, there are P = 2m possible
history bit-strings which can each be represented as an integer µ = {0, 1, ..., P− 1}. For m = 2, µ = 3
corresponds to bit-string 11, µ = 2 corresponds to 10, µ = 1 corresponds to 01, and µ = 0 corresponds
to 00. Since a strategy provides an action −1 or +1 for each possible history bit-string, there are 2P

possible strategies for a given m. In the simple implementation of the games that we consider here,
each agent is assigned s strategies randomly at the start of the game. Any strategy that predicts the
winning action at a given timestep, gets rewarded one point—otherwise they are penalized. Hence
each strategy has a score that updates every timestep, irrespective of whether it is used or not.

The system dynamics are conveniently shown as transitions on a de Bruijn graph [29]. Figure 4B
gives some examples for m = 2 (upper panel) which has P = 4 possible nodes, and m = 3 (lower panel)
which has P = 8 possible nodes. The arrows on the de Bruijn graph show the allowed transitions
of the system from one timestep to the next. In the case here that each agent has more than one
strategy (i.e., s > 1), the strategy with the highest score is selected. When a tie arises for a given pair
of strategies, then the agent flips a coin as to which one to use—which adds a source of stochasticity
into the game dynamics. In the GCMG and DGCMG (but not the MG), an agent is only active
at a given timestep if their highest-scoring strategy is above some minimum threshold value Rmin
which is set at the beginning of the game. This threshold feature helps generate fluctuations in the
number of participating agents at any given timestep, which is an essential feature for a realistic
market-like model [14,23,24]. The distinguishing feature of the DGCMG as compared to the GCMG,
is that at a timestep t0, the global information available to the agents starts being delayed by τ > 0
timesteps—hence it is the true global information from timestep t− τ instead of from t. This mimics
either an intentional or unintentional feedback delay.

4. Results: Simulation

As a result of the threshold for activity for each agent at each timestep, both the DGCMG and
GCMG can generate large fluctuations in the excess demand D(t) which mimics a price-change at
timestep t, and also in the number of agents who are active V(t) = n+1(t) + n−1(t) which mimics
a volume of trades at timestep t. An extreme change will likely arise when many agents suddenly use
the same strategy, possibly because it appeared above the threshold, and hence take the same action.
This will arise most frequently in the crowded regime (i.e., 22m � N) in which case many agents are
likely to hold the same strategy, and hence will take the same action when it appears as the highest
scoring strategy [26]. It turns out that there are multiple types of extreme change that can occur in
this model. The simplest is a fixed-node extreme event where the system remains at the same node
in the de Bruijn graph for multiple consecutive timesteps (Figure 4B) [24,25]. This in turn generates
successive system outputs (e.g., price changes) in the same direction and hence generates an extreme
behavior [24,25].

In the next section, we provide some more mathematical detail underlying these statements,
but for now we focus on the numerical results from simulations of the DGCMC and GCMG. These are
shown in Figures 5–7. In Figure 5A we show the output (i.e., price x(t)) of the GCMG and the DGCMG
for m = 3 with a small delay τ = 2 introduced at timestep t0 = 2193. The population size N = 101
and each agent has two strategies (s = 2). As in the basic MG, the GCMG and the DGCMG, the
dimension of the strategy space is 22m

, where the memory is m [24,29]. Figure 5B shows a magnified
version of Figure 5A focused around the time at which the delay is introduced t0. Figure 5C,D show
the weights associated with the specific nodes for the GCMG (i.e., no delay) and DGCMG (i.e., with
delay) respectively. A brief description will be given of the meaning of these weights in the next
section, but they are discussed in detail in Ref. [25]. Although the delay introduced is small, it is
interesting that the trajectories of the DGCMC (red) and GCMG (black) systems quickly diverge as
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a result (Figure 5A,B). This is likely because there are only 8 nodes in the de Bruijn graph for m = 3,
hence the system can be easily disrupted from its Eulerian trail around it. While the GCMG is following
a fixed-node behavior with persistence on a particular node (Figure 5C), by contrast the DGCMG
(Figure 5D) quickly cycles out of it. Higher m values (not shown) imply a higher dimension of the
strategy space, hence it might be guessed that the larger number of nodes will suppress the likelihood
of the system following highly-correlated pathways in the de Bruijn graph. However this is not
necessarily the case: we still find some unexpected extreme events generated by the system.
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Figure 5. (A) System output (e.g., price) for the GCMG (black line—no delay) and the DGCMG
(red line—delay τ = 2 introduced at timestep t0 = 2193). The population of components (i.e., agents)
has size N = 101: each inputs the system-wide reported information (see Figure 2) and can output
an action; (B) Panel A magnified around t0, the time of the delay implementation; (C) Dynamics of
GCMG shown in terms of the nodal weights (see main text); (D) Corresponding dynamics of DGCMG.
In (C,D), there are 2m nodal weights at each timestep, shown on the y-axis, corresponding to the 2m

possible nodes in the de Bruijn graph. The highest weight is red while lowest is purple.

Figure 6 turns to look at the impact of the delay on the duration and magnitude (i.e., severity) of
the extreme events generated by the the delay τ. Specifically, Figure 6 looks into single-node extreme
events for three cases: GCMG, DGCMG and null-GCMG. The null-GCMG consists of an analogous
set-up to the GCMG: however instead of using s strategies, agents use s coins to decide the action.
Since the agents use coins, there is no pre-determined action for a particular piece of global information
(i.e., a particular bit-string history length m). Instead, the coin-flip determines an equal probability for
each option +1 and −1. As in the GCMG, each strategy receives a score after each timestep according
to its performance. Figure 6A shows our results for a single-node crash duration while Figure 6B
shows the corresponding results for the magnitude. Both upper panels depict the distribution for these
three models when the threshold for participation is zero over a period of 104 timesteps (i.e., Rmin = 0,
noting that in principle Rmin = 0 can in general be set to be negative or positive). We find that although
the delay tends to increase the duration of such extreme events, it is not notably different from the
null version. However the magnitude shows that the DGCMG and the null-GCMG are indeed highly
contrasting models showing a much larger magnitude for the DGCMG that compares, on average,
to that of the GCMG. This can be explained with the fact that the null-GCMG is uncorrelated and hence
the excess demand on average tends to zero. On the other hand the GCMG and DGCMG experience
the crowding effect (see Section 5.1) and hence the resultant correlated excess demand contributes to
a much greater extreme event magnitude. The lower panels show that as the confidence threshold
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for participation Rmin increases, the outcomes for the three models tend toward the same behavior for
both duration and magnitude.

null 
𝜏𝜏 = 10 
𝜏𝜏 = 0 

null 
𝜏𝜏 = 10 
𝜏𝜏 = 0 

A B Duration Magnitude 
𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 = 0 𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 = 0 

Figure 6. (A) Simulation results for fixed-node extreme events in a system of N = 1001 agents with
s = 2 strategies per agent and m = 3. The DGCMG corresponds to a delay of τ = 10 timesteps
as compared to the GCMG where τ = 0 by definition. The null model (see text) is unchanged by
a delay, since it involves memoryless coins for strategies. Upper panel shows the distribution of
durations for a given threshold Rmin, while lower panel shows the mean duration as a function of Rmin;
(B) Analogous to A but for magnitude rather than duration. The magnitude is defined as the price
difference before and after the event.

Another way to investigate the impact of latency (i.e., delays) is by looking at the pattern formation
in the global information. As found in the MG, the global information frequently follows periodic
patterns whose lengths agree with the quasi-deterministic Eulerian trail of period 2 × 2m [24,29].
Figure 7 shows an example of this for the case of m = 3 and m = 4 where we explored latency values of
τ = 0, 10, 20, 50, and 100. Figure 7A illustrates a pattern of time-length equal to ` = 20 appearing four
times in an interval of 200 timesteps for the case of m = 3 (Eulerian trail period is equal to 16 for m = 2).
The top panel shows the output change while the middle panel shows the global information with the
shaded regions highlighting the pattern’s location. The bottom panel shows that, in a simplified way,
the diamonds point to the start of the pattern. Figure 7B builds on this simplification to compare the
pattern formation for the case when the latency is implemented. We find that the frequency as well as
the length of the pattern is drastically reduced. For m = 3 the top panel of Figure 7B illustrates that
while a specific 14 step-length pattern is found 13 times over a period of 2000 game repetitions in the
GCMG, it is only found once for DGCMG for the case of τ = 20. Other values of latency are not found
to contain this specific pattern for lengths larger than 10. For m = 4 (Eulerian trail period equal to 32)
a pattern of length 26 is found four times over a 2000 timestep interval, as shown in the bottom panel
of Figure 7B. By contrast, the DGCMG does not show this pattern for the τ values explored. However
a subset of length 10 of the original pattern is found only once for the case of τ = 20. We attribute
this pattern breaking to the systematic delay which breaks up the correspondence between the agents’
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strategy scores and the global outcome. Developing a full theory of these effects and observations is
currently an open question which we hope will be addressed in future work.

A B Pattern identification GCMG 

𝑚𝑚 = 3 

𝑚𝑚 = 4 𝜇𝜇(𝑡𝑡) 

𝑥𝑥(𝑡𝑡) 

start of pattern 

Pattern breaking DGCMG 

𝑡𝑡𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 

𝜏𝜏 = 20, ℓ = 14 
𝜏𝜏 = 0, ℓ = 14 

𝑡𝑡𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 

𝜏𝜏 = 20, ℓ = 10 
𝜏𝜏 = 0, ℓ = 26 

ℓ = 20 𝑡𝑡𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 

𝑚𝑚 = 3 

Figure 7. (A) Dynamical patterns in the GCMG for the case of m = 3. Top panel shows the price (x(t)),
middle panel shows the global information (µ(t)) and the bottom panel uses diamonds to signal the
start of a dynamical pattern. The 20 timestep length patterns are highlighted by the red shaded region;
(B) Pattern breaking effect of latency for m = 3 (top) and m = 4 (bottom). Symbols represent pattern
appearances of a given length `, for a delay τ.

5. Results: Analytics

A full theory of the simulation results for both the DGCMG and the GCMG represents a fascinating
open research challenge. Here we simply provide some elements of the analytics that we believe can
be used as building blocks toward this goal.

5.1. Crowding

The following simple explanation of why extreme behaviors can arise more frequently and with
bigger magnitude than for a system of independent stochastic components (like N coins), holds in
principle for the MG, the GCMG and the DGCMG. We start with an observation about the strategy
space, which then guides the argument. It turns out that the action output from two arbitrarily chosen
strategies can sometimes be approximated as being either perfectly correlated, perfectly anti-correlated,
or perfectly uncorrelated. While this is not typically the case for two arbitrary strategies in the full
implementation of the game, it is a good approximation for the game run with a reduced strategy
space. Most importantly, this reduced strategy space game produces essentially identical output to
the full strategy space game, but it is much easier to analyze. Specifically, the Full Strategy Space FSS
contains all possible permutations of the actions −1 and +1 for each history. As such there are 22m

strategies in this space. A 2m dimensional hypercube shows all 22m
strategies from the FSS at its vertices.

However one can choose a subset of strategies (i.e., Reduced Strategy Space RSS) such that any pair
within this subset is either perfectly correlated, ant-correlated or uncorrelated. For example, any two
agents using the same (m = 2) strategy −1− 1 + 1 + 1 would take the same action irrespective of the
sequence of previous outcomes and hence the dynamics of the game. Hence the two agents’ actions are
perfectly correlated. By contrast, any two agents using the strategies−1− 1+ 1+ 1 and +1+ 1− 1− 1
respectively, would take the opposite action irrespective of the sequence of previous outcomes. Hence
the two agents’ actions are perfectly anti-correlated. Meanwhile, any two agents using the strategies
−1− 1− 1− 1 and −1− 1 + 1 + 1 respectively, would take the opposite action for two of the four
sets of previous outcomes, while they would take the same action for the remaining two. Hence the
two agents’ actions are perfectly uncorrelated. Most importantly, running a given game simulation
within the RSS reproduces the main features obtained using the FSS. The RSS has a smaller number of
strategies 2.2m = 2P ≡ 2m+1 than the FSS which has 2P = 22m

. In short, the RSS provides a minimal
set of strategies which span the FSS and are hence representative of its full structure. It is this feature
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that helps us understand the size of the fluctuations to be expected. If we pair up these RSS strategies
into their correlated and anti-correlated pairs, each of these pairs will be uncorrelated with each other.
Given that a measure of the fluctuations in the output x(t) is given by the variance, we can therefore
write the variance of the output x(t) as the sum of the variances for each correlated-anticorrelated
strategy pair, i.e., the crowd and its anti-crowd. The average number of agents nK using strategy K
therefore do the opposite of the average number nK using the anticorrelated strategy K irrespective
of the global outcome bit-string. Hence the effective group-size for each crowd-anticrowd pair is
ne f f

K = nK − nK : this represents the net step-size d of the crowd-anticrowd pair in a random-walk
contribution to the total variance. Hence, the net contribution by this crowd-anticrowd pair to the
variance is given by

[σ2]KK = 4pqd2 = 4.
1
2

.
1
2
[ne f f

K ]2 =
[
nK − nK

]2 (2)

where p = q = 1/2 for a random walk. Since all the strong correlations have been removed (i.e.,
anti-correlations), the separate crowd-anticrowd pairs execute random walks which are uncorrelated
with respect to each other. Hence the total variance is given by the sum of the individual variances:

σ2 =
P

∑
K=1

[σ2]KK =
P

∑
K=1

[
nK − nK

]2 . (3)

The competitive nature of the game means that no single strategy is a priori better than any
other, and so the ordering of the strategies in terms of their scores will change continually and quickly.
Hence we can relabel the strategies by their ranking in terms of numbers of points. To evaluate the
above equation for σ2, we just need to work out how many agents hold the strategy that is ranked
the overall best at any moment. Hence we can simply sum up the number of agents who hold that
strategy. The fact that there are a small number of strategies compared to the number of components
(agents) means that there will be a similar number of agents holding each of the possible sets of s
strategies. This means that the number holding the best strategy at any time, given by nK=1, will tend
to scale like N. Since there is a threshold in the GCMG and DGCMG for playing, the number of agents
who will play the anti-correlated strategy is essentially zero, since it will by definition have the lowest
number of points (i.e., lowest ranking) and hence will likely be below the threshold. This means
that the fluctuations σ2 will scale as N2, or rather that the standard deviation of x(t) will scale as N.
By contrast for a system of N coins (i.e., N independent and hence uncorrelated agents), it is well
known from the physics of random walks that the standard deviation of x(t) will scale as

√
N. Hence

we have explained why the GCMG and DGCMG should show larger magnitude extreme behaviors
than both the MG (where the number of agents playing the anti-correlated strategy can be significant)
and a random null-model system comprising N independent coins.

5.2. GCMG Nodal Weighting Analysis

In the GCMG and DGCMG, the strategy score vector (with components SR[t]) is given by

S [t] = −
t−1

∑
j=t−T

aµ[t] sgn
[

D
[
(j + 1)−

]]
(4)

where the vector aµ[t] contains the respective actions +1 or −1 for the global information µ at time t.
Since a large fluctuation (i.e., extreme event) occurs when many agents take the same action, it will
tend to occur when many agents hold the same strategy, i.e., N is much larger than the number of
strategies and hence m is small. This is the regime in which the following discussion has validity.

Full details of the following discussion are given in Ref. [24] from which this material is adapted.
The GCMG (and hence the DGCMG at times prior to the added delay) are both highly competitive
games and hence tend to follow an anti-persistent path around the de Bruijn graph, with opposite



Electronics 2017, 6, 80 12 of 17

consecutive transitions for visits to any given node. At each transition, since it either adds or removes
a point to the scores according to the minority winning action, there is therefore an addition of
an increment to the score vector S. There are P orthogonal increment vectors aµ since there is one for
each node µ. If we choose the initial scores S(0) = 0, this means that the strategy score vector can be
expanded exactly in terms of these orthogonal components as follows:

S [t] = c0a0 + c1a1 + . . . + cP−1aP−1 =
P−1

∑
j=0

cjaj

where cj represents the ’nodal weight’ for global information node µ = j. It is these nodal weights
that are shown and referred to in the earlier figures. The nodal weights all fluctuate near a net score
of 0 because the strategy scores in the small m game are all highly mean-reverting. These nodal
weights are very useful for building a fuller theory because they count the difference between the
number of negative return transitions from node µ and the number of positive return transitions,
in the time window t− T → t− 1. A high value of the absolute nodal weight implies that there is
persistence in the transitions from that node and hence persistence in the excess demand—and hence
the system can appear over consecutive timesteps to be moving in one direction or another, i.e., up or
down, in a reasonably persistent way which is exactly what is required in order to have an episode of
extreme behavior. In short, such extremes in the output behavior x(t) will occur when connected nodes
become persistent. There are many possible forms for extreme behaviors based on the trajectories into
which they become locked as a result of these nodal weights. The simplest that shows perfect nodal
persistence is µ = 0, 0, 0, 0, . . . in which all successive changes are in the same direction (as in Figure 5C).
We refer to this as a fixed-node crash or dip (or, if upwards, spike), and in general fixed-node extreme
event. A slightly more complicated example can be understood by referring to the m = 3 de Bruijn
graph: the cycle µ = 0, 0, 1, 2, 4, 0, . . . which features four out of the five possible transitions yielding
changes of the same sign. In other words, it is anti-persistent on node µ = 0 but is persistent on nodes
µ = 1, 2, 4. We refer to this as a cyclic-node crash or dip (or, if upwards, spike). Extreme changes can
for example start as a fixed-node crash and then subsequently become a cyclic-node crash.

For the fixed-node crash, if the trajectory lands on any of the nodes with abnormally high nodal
weights, there will likely be a large change in the system. For the GCMG (and DGCMG) at small m,
whether a strategy is played is dictated by whether its score is above the threshold Rmin. The excess
demand and volume defined earlier, can then be written approximately as

D
[
(t + 1)−

]
=

N
4P

2P

∑
R=1

aµ(t)
R sgn [SR [t]− Rmin] (5)

V
[
(t + 1)−

]
=

N
2
+

N
4P

2P

∑
R=1

sgn [SR [t]− Rmin] . (6)

For a fixed node extreme event, we start by supposing that the persistence on node µ = 0 starts
at time t0. To calculate the duration of the resulting large change, we expand the contributions into
strategies with action +1 at µ = 0 (a0

R = 1), and those with action −1 (a0
R = −1). Suppose node µ = 0

was not visited during the previous T timesteps: Since aµ 6=0 and a0 are orthogonal, the loss of score
increment from time-step t− T does not then affect S [t] on average. During the large change, at any
later time t0 + λ, we hence have

D
[
(t0 + λ + 1)−

]
= − N

4P

(
∑R3aµ

R=−1 sgn [SR [t0]− Rmin − λ]−
∑R3aµ

R=1 sgn [SR [t0]− Rmin + λ]

)
(7)

V
[
(t0 + λ + 1)−

]
=

N
2
+

N
4P

(
∑R3aµ

R=−1 sgn [SR [t0]− Rmin − λ] +

∑R3aµ
R=1 sgn [SR [t0]− Rmin + λ]

)
. (8)
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The large change therefore ends at time t0 + λc when the right-hand side of Equation 7 changes
sign. since

∣∣∣D [(t0 + λ + 1)−
]∣∣∣ decreases as the persistence time λ increases. This yields an expression

for the persistence time or duration of the large change: λc = 〈SR [t0]〉R3aµ
R=−1. The calculation

proceeds in the following way:

〈SR [t0]〉R3aµ
R=−1 =

1
P

S [t0] ·
1
2

(
1− a0

)
=

1
2P

(
P−1

∑
j=0

cj [t0] aj

)
·
(

1− a0
)

= − 1
2P

c0 [t0] a0 · a0 = −c0 [t0] .

5.3. DGCMG Impact of Delays

In principle, a delay τ can be added into the above expressions and the resulting magnitude and
durations calculated and compared for the GCMG and DGCMG as a function of τ. In this paper,
however, we aim for the far more modest goal of simply stating in words the likely effect. One might
think that since the delay removes the coordination between the strategy score vector and the node
at which the system sits in the de Bruijn graph, it is essentially equivalent to adding more noise to
the system and hence makes it more likely to be closer to the null model of coin tosses. This would
suggest that the duration and magnitude of extreme changes would be smaller in the DGCMG than in
the GCMG. However this argument is clearly over-simplistic since there are many examples in the
simulations of the DGCMG where large events do occur – perhaps through some stochastic resonance
effect. We will leave this for future study.

6. Results: Real World Data

While it is too early to be able to match up patterns from the simulation, analytics, and actual
real-world extreme events, we provide here a glimpse of what arises in the actual sub-second market
system. The electronic financial exchanges are not only the largest and fastest societal networks, they
are the most data-rich. On a scale of microseconds, one-body and two-body interactions (quotes and
trades, respectively) are automatically recorded. Given the lack of possible real-time human activity on
the sub-second scale (Figure 3), it is not too surprising that the system output x(t) is often machine-like
in that it appears with short-term, deterministic behaviors which are far from a coin-toss random
walk [24]. Such a heavily deterministic system can drive x(t) can hence generate extreme sub-second
behaviors as a result of driving the system in definite directions. Latency can also naturally occur,
because of bottlenecks in communication etc.

Figure 8 provides an example of how small delays can have large unintended consequences in
terms of system-level output. We stress that the underlying machinery is not as simple as the DGCMG,
but it is interesting to note that delays in this real system do indeed feed back to drive the crowd of
algorithmic decision-makers in the same direction, just as Figure 4 might suggest. The example of
extreme sub-second system behavior that is shown in Figure 8A, arose recently from an otherwise
typical stock (Suncor) on an otherwise typical day, and within a time window of 500 milliseconds
(i.e., 0.5 s). Figure 8B shows how the delays accumulated like shockwaves, and hence effectively
provided delayed global information to the population of agents (i.e., trading algorithms) which
then produced a crowd-like response which drove the price up in an unexpected and unusual way.
Figure 8C provides further simulation output from the GCMG and DGCMG to show how it is not
too difficult to obtain similar results from the simulations with delay. It also however warns that the
question of when delays will enhance or suppress potential extreme events and behaviors, needs to be
explored in a more systematic way: specifically, large change labelled 1 is apparently suppressed by
the delay while large change 2 seems unchanged by it.
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Figure 8. (A) The network of networks of U.S. electronic exchanges produces multiple examples of
sub-second extreme behavior. In this example, the data-points show trades (i.e., prices of trade events)
for Suncor stock within a 500 millisecond (i.e., 0.5 s) time interval. Each color corresponds to a different
electronic exchange network within the larger network of U.S. exchange networks. They are physically
interconnected by communications channels. Data was kindly provided by NANEX; (B) Orange dots
show the delay τ (vertical axis) between the time at which a particular trade event was reported
system-wide and the time at which it actually occurred in a particular network exchange (which is
shown on the horizontal axis). These delays predate the intentional 350 microsecond delay added in
2016 [13], however the fact that they show such strong temporal correlations demonstrates the possible
effect of such an intentional (and hence highly temporally correlated) delay. The parallel diagonal
lines show the shockwaves of successive trades eventually getting reported system-wide. The fact
that these waves of system-wide reporting occur a few milliseconds ahead of significant dynamical
features in panel A, is likely due to each reporting shockwave driving the networks’ trading algorithms
(i.e., agents) to produce a sudden change in aggregate supply and demand, which the appears a few
milliseconds later as a new dynamical feature in panel A; (C) DGCMG system output (red line) showing
the price x(t) over time following a small delay τ = 20 introduced at t0 = 0. Black line shows same
system but with no delay, i.e., GCMG. Window 2 shows a future extreme behavior akin to panel A that
still occurs with the delay, while window 1 shows a future extreme behavior that effectively disappears
when the delay is added.

Figure 9, and the examples from Figure 1, show more generally that an extraordinarily wide
variety of extreme behaviors can occur on the sub-second scale in this all-electronic decentralized
system on an otherwise ordinary day. Figure 1 focused on dips and spikes, while Figure 9 shows that the
system output can suddenly rise to a much larger value over a few consecutive steps, and then flatten
out with no subsequent activity for a relatively long time (i.e., no participating agents). The system
corresponds to the trade price of the stock AAP trading on the NYSE exchange. The top panel shows
the delayed-time price which is openly available. The middle panel shows these same trades at the
actual times that they occurred: these true-time data require a significant fee to access and hence most
agents only have access to the delayed data. The bottom panel shows the time difference between each
trade event’s actual time of occurrence and the delayed time at which it was reported. Though we



Electronics 2017, 6, 80 15 of 17

cannot conclude that the large changes showed in Figures 1 or 9 are caused by delays, these curious
observations motivate further investigation of both the GCMG and the DGCMG.
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Figure 9. Example of a stock’s trades on the NYSE exchange within a 4 s interval on an otherwise
ordinary day. The top panel shows the price of each trade as a function of the delayed reporting time,
which is the time information that is publicly available. Middle panel shows the actual time of the trade
(i.e., without delay). Bottom panel shows the latency between the actual time and the delayed time.

We also stress that although a full theory and classification of such extreme behaviors awaits
further analysis, the fact that they emerge from a decentralized all-electronic system should make them
of interest to a far broader community than just the finance industry.

7. Conclusions

Many future electronic systems upon which society depends, will likely follow the same path
that financial trading has taken in terms of evolving into an effective all-electronic ecology in
which a centralized real-time controller is impractical. Even if a centralized real-time controller
could be created, it would likely contradict laws forbidding monopolies and data-sharing. Instead,
the individual components belonging to different companies will likely openly compete with each
other based on only limited global information [1,2]. They will also likely have limited processing
power and algorithmic complexity because of finite battery capacity and the need for speed. Even if
most societal cyber-physical systems are not yet at that level, this is indeed currently the case with
the financial exchanges in both the U.S. and Europe. Motivated by this, this paper has compared
two highly non-trivial generalizations of the Minority Game: the Grand Canonical Minority Game
(GCMG) and the Delayed Grand Canonical Minority Game (DGCMG) which adds delays in global
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information arrival. We have also tried to inspire future analytical work focused toward a full theory
of these systems.
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