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Abstract: In this paper, a simple active-model-based control scheme is developed for the quadrotor
slung load (QSL) system. The scheme works to improve the rejection of the influences caused
by the abruptly changed load as a complementary enhancement while maintaining the structure
and parameters of the original controller. A linearized model is first constructed with respect to
the hovering state of a quadrotor. Modeling error is then introduced to describe the uncertainties
caused by the load change and the simplified model. The modeling error is actively estimated by
a Kalman filter (KF), while the estimation is further integrated into a normal controller, to enhance
its performance of disturbance rejection. Experiments are conducted on a quadrotor controlled by
the Pixhawk, which is one of the most popular controllers commercially available on the market.
The improvements of the proposed scheme are shown by the comparisons between the controls
with and without the active-model-based enhancement. The experiments also indicate that, with its
simple structure and less computational algorithm, this active-model-based enhancement would be a
feasible approach to enhance the commercial UAV controller to handle more uncertainties.

Keywords: quadrotor slung load system; modeling error; active estimation; rapidly-changed load;
compensation control; cable-suspended

1. Introduction

A quadrotor carrying a cable-suspended load is usually called a quadrotor slung load (QSL)
system. There are distinct advantages for using a QSL system to transport cargos [1–3]. A QSL
system can freely pass complex terrains and access the locations which are hard for the ground vehicle
transportation. Also, the QSL system has better tolerance with respect to the shape and size of the cargo,
while the suspended cargo can be easily loaded and unloaded even without landing the quadrotor.
However, in spite of the benefits the QSL system could provide, the swing load will seriously influence
the dynamics of the QSL system [4] and increase its degrees of freedom [5]. The dynamics of a QSL
system are strongly nonlinear, coupled, and underactuated, remaining many challenging problems
in the controller design [1–5]. Generally, there are two ways to improve the performance of a QSL
system, namely: (1) trying to construct a more accurate model that meets the QSL dynamics so that
the controller can use it to compensate the complex dynamics; and (2) designing a controller that
could reject the unmodeled uncertainties effectively, while achieving good control performance at the
same time.
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Recently, extensive studies have been carried out for modeling the QSL system [4–13]. Researchers
used Euler–Lagrange method [6,7], Udwadia-Kalaba Equations [8,9], Newton-Euler method [10] and
Kane’s method [11], to model the QSL system. For examples, in [4], the QSL dynamics were described
as a second-order Euler–Lagrange model while ignoring the aerodynamic effects. In [12], a planar
scenario was considered by using Euler–Lagrange method. Theoretically, we probably could obtain a
high-fidelity model if the load of the QSL system and its motion states were exactly known. However,
in most of the real applications, either the motion of the load or its influence to the aerodynamics is
time-varying and unknown.

Besides the modeling techniques, control strategies were also proposed to improve the
performance of the QSL system [2–23]. Xu et al. used both PD and sliding mode controller for
the QSL system, and showed that the sliding mode control exhibited a strong robustness against
the effects of the cable-suspended load [13]. A nested saturation controller was proposed in [12]
by decomposing the nonlinear system into several independent plants. In [2,14,15], input shaping
techniques were utilized, and Ivler et al. in [16] used the measurements of the slung load motions
as well as the conventional fuselage feedback to improve the control performance for hovering and
low speed flights. Other input shaping controllers [17–20], adaptive controllers [21,22], as well as
vision based controllers [20,22,23] were also proposed for the QSL or helicopter slung load system.
Specifically, in [21], a state estimator was used to estimate the oscillation frequency of the suspended
load, and the estimated results were further utilized to adaptively update an input shaping controller
to reject the disturbances.

In this paper, we develop a simple active-model-based control scheme for the QSL system.
The scheme works to improve the rejection of the influences caused by the abruptly changed load
as a complementary enhancement while maintaining the structure and parameters of the original
controller. Experiments are conducted on a quadrotor to demonstrate that the proposed scheme
can be easily implemented on the cascade PID controller of Pixhawk, which is one of the most
popular controllers commercially available on the market. The improvements of the proposed
scheme are shown by the comparisons between the controls with and without the active-model-based
enhancement, while indicating that, with its simple structure and less computational algorithm, this
active-model-based enhancement would be a feasible way to upgrade a commercial UAV controller to
handle more uncertainties.

The rest of this paper is organized as follows. In Section 2, the linearized model of a quadrotor
is formulated as pre-knowledge. In Section 3, the modeling error is introduced and the KF-based
active estimation method is described. The active-model-based complementary control is designed in
Section 4. Experiments and the relative results are demonstrated and analyzed in Section 5, followed
by the concluding remarks in Section 6.

2. Pre-Knowledge: Quadrotor Dynamics

The dynamics of a quadrotor can be described by the following nonlinear differential
equations [24]: 

ẍ = (sϕsψ + sθcψcϕ) u1/M
ÿ = (−sϕcψ + sθsψcϕ) u1/M
z̈ = (cθcϕ) u1/M− g
ϕ̈ =

(
u2 + Iyy θ̇ψ̇− Izz θ̇ψ̇

)
/Ixx

θ̈ = (u3 + Izz ϕ̇ψ̇− Ixx ϕ̇ψ̇) /Iyy

ψ̈ =
(
u4 + Ixx ϕ̇θ̇ − Iyy ϕ̇θ̇

)
/Izz

, (1)

where x, y, z are the quadrotor positions in inertial frame; M is the mass of quadrotor; Ixx, Iyy and Izz

are the inertia with respect to x, y, z-axis, respectively; ϕ, θ and ψ represent the roll, pitch, yaw angles,
respectively; g is the gravitational acceleration; u1, u2, u3 and u4 are control inputs, which are defined
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as:

u =
[

u1 u2 u3 u4

]T
=
[

f1 τ1 τ2 τ3

]T
, (2)

f1 = k f
(
v1

2 + v2
2 + v3

2 + v4
2)

τ1 = k f
(
v1

2 − v2
2 − v3

2 + v4
2) l sin (π/2)

τ2 = k f
(
−v1

2 − v2
2 + v3

2 + v4
2) l sin (π/2)

τ3 = kτ

[(
v1

2 + v3
2)− (v2

2 + v4
2)] , (3)

where k f and kτ are, respectively, the coefficient of thrust and torque; l is the length between the motor
and the center of gravity; f1 is the total thrust provided by the four motors; τ1, τ2, τ3 represent the
torques of the roll, pitch, yaw directions, respectively; vi is the propeller rotation speed and i = 1, 2, 3, 4;
cθ = cos θ; sθ = sin θ; cϕ = cos ϕ; sϕ = sin ϕ; cψ = cos ψ; sψ = sin ψ.

In this paper, the state vector is defined as: x =
[

x ẋ y ẏ z ż ϕ ϕ̇ θ θ̇ ψ ψ̇
]T

y = x
.

For the purpose of simplicity, we make the following definitions:

s1 = 1/M
s2 = sϕsψ + sθcψcϕ

s3 = −sϕcψ + sθsψcϕ

s4 = cθcϕ

s5 =
(

Iyy − Izz
)

/Ixx

s6 = (Izz − Ixx) /Iyy

s7 =
(

Ixx − Iyy
)

/Izz

s8 = 1/Ixx

s9 = 1/Iyy

s10 = 1/Izz

. (4)

When the quadrotor is hovering, ϕ and θ tend to 0, and ψ is close to π/2. So, by assuming
sin ϕ = ϕ, cos ϕ = 1, sin θ = θ, cos θ = 1, sin ψ = 1, cos ψ = π

2 − ψ, ϕ̇ = 0, θ̇ = 0, ψ̇ = 0, the following
equations can be yielded from Equation (4):

s2 = sϕsψ + sθcψcϕ = ϕ + π
2 θ − ψθ

s3 = −sϕcψ + sθsψcϕ = ϕψ−π
2 ϕ + θ

s4 = cθcϕ = 1
. (5)

Therefore, substituting Equations (4) and (5) into (1), we get the nominal model of the quadrotor
in state space form: {

ẋ (t) = F0x(t) + G0un (t) + S
y (t) = H0x(t)

, (6)

where the matrices F0, G0, S, and H0 are given as:
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F0 =



0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0



,

G0 =



0 0 0 0
s1s2 0 0 0

0 0 0 0
s1s3 0 0 0

0 0 0 0
s1s4 0 0 0

0 0 0 0
0 s8 0 0
0 0 0 0
0 0 s9 0
0 0 0 0
0 0 0 s10



, S =



0
0
0
0
0
−g
0
0
0
0
0
0



, H0 = I12×12,

and Im×n is a m× n unit matrix.

3. Modeling Error and Its Estimation

In order to describe the disturbances caused by the slung load, we define the modeling error
as [25,26]:

f (t) = ˙̃x (t)− ẋ (t) (7)

where f (t) is the modeling error; x̃ (t) represents the real states of the QSL system; x (t) is the model
states of Equation (6). And we further assume that f (t) is driven by a white noise, i.e.,

ḟ (t) = r (t) (8)

where r (t) is a noise vector, and {
E {rk} = 0
Cov(rk, rj) = Dkδk,j

, (9)

Combining Equations (6) and (7), we get the dynamics of “the real QSL system”:{
˙̃x (t) = F0x (t) + G0u (t) + S + f (t) + w (t)
ỹ (t) = H0 x̃ (t) + v (t)

, (10)

where w (t) is the process noise vector; and v (t) is the measurement noise vector.
In this paper, we use Kalman filter to estimate the modeling error of f (t) actively. To do this, we

put the modeling error into the state vector, and define the extended state as:

xa
k =

(
xk fk

T
)

. (11)
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Then we have the discrete state-space equation of Equation (10),{
xa

k = Fa
d

xa
k−1 + Ga

d
uk−1 + Sa

k−1 + wa
k−1

yk = Ha
dxa

k + vk
, (12)

where Fa
d =

[
Fd E f d

012×12 I12×12

]
; Ga

d =

[
Gd

012×4

]
; Sa

k =

[
Sd

012×1

]
; wa

k =

[
wk
rk

]
; Ha

d =[
Hd 012×12

]
; E f d = TsE f ; E f is the matrix related to modeling error; 0m×n is a m× n zero matrix;

Im×n is a m × n unit matrix; {Fd, Gd, Sd, Hd} is the discrete expression of {F0, G0, S, H0}; k is the
sampling point; and Ts is the sampling time.

We further assume that wk and vk are white Gaussian noises, i.e.,
E {wk} = E {vk} = 0
Cov(wk, wj) = Qkδk,j
Cov(vk, vj) = Rkδk,j
Cov(wk, vj) = 0

, (13)

and 
E {x0} = u0

Var x0 = E
{
(x0 − u0)(x0 − u0)

T} = P0

Cov(x0, wk) = Cov(x0, vk) = 0
, (14)

where E {.}, Cov(.) and Var(.) represent related mean, covariance and variance values, respectively.
Then, the KF estimator can be described as [26]:

x̂k|k−1 = Fa
d

x̂k−1

ŷk|k−1 = Ha
d
Fa

d
x̂k−1

ỹk|k−1 = yk − Ha
d
Fa

d
x̂k−1

x̂k = Fa
d

x̂k−1 + Kk(yk − Ha
d
Fa

d
x̂k−1)

Kk = Pk|k−1 Ha
d

T
(

Ha
d Pk|k−1 Ha

d
T + Rk

)−1

Pk = (I − Kk Ha
d)Pk|k−1 (I − Kk Ha

d)
T + KkRkKk

T

Pk|k−1 = Fa
d Pk−1Fa

d
T + Qk−1

, (15)

where Qk is the covariance matrix of process noise wa
k ; Rk is the covariance matrix of measurement

noise vk; x̂k|k−1 is the estimation of extended state x̂k; Pk|k−1 is the estimation of covariance matrix Pk;
and I is an identity matrix. Thus, we can use Equation (15) to estimate the modeling error of fk in
Equation (11) iteratively.

4. Design of Active Model Based Control

Shown as Figure 1, the active model based control is designed as a complementary enhancement
of the normal controller, i.e.,

u = un + ue (16)

where u is the control input of Equation (12); un is the nominal control; and ue is the
compensation control.
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Input

’

State

Compensation 

Controller

OutputNominal 

Controller

QSL 

system

Nominal Model Active Estimation

Active Model

Modeling Error

unu

eu

Figure 1. Scheme of the active-model-enhanced control

The nominal control is designed according to the reference model of Equation (6), or any other
controller which the quadrotor uses already. The compensation control, on the other hand, is designed
based on the estimated model error fk. The purpose of the compensation control is to achieve

‖ f (t) ‖ = ‖ ˙̃x− ẋ‖ = 0. (17)

Substituting Equations (6) and (10) into Equation (17), we have

‖G0u + f − G0un‖ = 0. (18)

Substituting Equation (16) into Equation (18) yields

‖G0ue + f‖ = 0. (19)

To solve Equation (19), the following optimization method [26], i.e., the following cost function
with a quadratic form is considered: ue∗ = arg min

ue

Γkue

Γkue =(G0ue + f̂ )T L1(G0ue + f̂ ) + ue
T L2ue

, (20)

where Γk is the defined cost function; L1, L2 are positive definite weight matrices, which are set
previously; and f̂ is the estimated value of f . In particular, L1 is an identity matrix. To minimize Γkue,
we can derive

∂Γkue

∂ue
= 0. (21)

Combing Equations (20) and (21), we can yield

∂Γkue

∂ue
= 2(G0

T L1G0 + L2)ue + 2G0
T L1 f̂ . (22)

Therefore, the compensation control input is chosen as:

ue = −(G0
T L1G0 + L2)

−1G0
T L1 f̂ . (23)

5. Experiments

The quadrotor we use to test the proposed scheme is shown in Figure 2. It has the cross X
configuration, and a Pixhawk flight controller where the original PID algorithm of Equation (24) is



Electronics 2019, 8, 461 7 of 12

embedded as the normal control [27,28]. The proposed active estimation and enhancement control are
implemented on the added controller, i.e., Odroid XU4. The motion states of the quadrotor, shown in
Figure 3, are measured by the Qualisys motion capture system [29], and the sampling rate is 200 Hz.

un = Kpe(kT) + Ki

k

∑
j=0

e(jT) + Kd[e(kT)− e((k− 1)T)] (24)

Payload

Pixhawk

Odroid-XU4

Symmetric  cables

Figure 2. The experimental testbed

Shown in Figure 3, we use a counterweight as the slung load. Initially, the counterweight is
attached to the quadrotor by two symmetrical cables, so the load is aligned along the center of
gravity (CoG) of the quadrotor (Figure 3a). The length of each cable is 0.39 m and the mass of the
load is 0.5 kg. During the hovering flight, one of the cables is cut abruptly so that the load become
asymmetrically attached and will influence the weight balance of the quadrotor (Figure 3b). The
active modeling error estimation, the nominal PID control, the active estimation of modeling error, as
well as the active-model-based compensation control, are respectively tested with respect to this load
change scenario. And the experimental video is available as supplementary material.

Before the experiments, the nominal model of the quadrotor with respect to hovering mode is
identified offline by least square method [30,31], and we get the parameters of Equations (3)–(6), i.e.,

M̂ = 1.473 kg
ĝ = 9.8 m/s2

l̂ = 0.225 m
Îxx = 17.195 g ·m2

Îyy = 18.648 g ·m2

Îzz = 22.853 g ·m2

k̂τ = 1.39× 10−2 g f /(rad/ms)2

k̂ f = 9.02× 10−3 Nm/(rad/ms)2

. (25)
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Cut

(a) The QSL system with symmetrical load (b) The QSL system with asymmetrical load

Figure 3. The experimental scenario. (a) The quadrotor slung load (QSL) system with symmetrical
load; (b) The QSL system with asymmetrical load.

5.1. Experimental Results on Modeling Error Estimation

The experiment is conducted to verify the modeling error estimation technique. The QSL system
is in the hovering state controlled by the nominal controller only, while one of the cables is cut abruptly
to generate the load change (Figure 3). The experimental results are shown in Figure 4, where the cable
is cut at the sampling point of 200.

There are 3 plots in each of the figures of Figure 4a which are, respectively, the desired value, the
measurements of the quadrotor motion state, and the nominal model outputs. We can see that the
nominal model outputs meet the measurements well before the cut occurring, which indicates that
the offline-identified model matched the quadrotor well in the hovering state. After the cutting, the
nominal model outputs deviate significantly from the corresponding measurements, which means
the model can not describe the load change. Therefore, the real measurements of the quadrotor bias
the desire values significantly, which means the quadrotor vibrates clearly after the abrupt change of
the load.

Figure 4b demonstrates the performance of the active estimation of modeling error. There are
also 3 plots in each figure of Figure 4b, which are the measurements of the motion state, modeling
error estimation, and the nominal output + modeling error. We can see that the deviation of the model
outputs from the corresponding measurements has been effectively rejected by the proposed active
modeling technique.

In order to demonstrate the effectiveness of the active estimation in quantify, we propose the
following index [32] to calculate the average errors between two states:

Ē = 1
N

N

∑
j=1

∣∣∣qa
j
− qb

j

∣∣∣, (26)

where j represents sampling point and j = 1, 2, 3, · · · , N; Ē is the average error between qa
j

and

qb
j
. While qa

j
are the “normal model output” and the “normal model output + the modeling error”

respectively, and qb
j

is the corresponding measurement, the average errors calculated by Equation (26)
are listed in Table 1. We can see that the average position errors have been rejected more than 80% by
the active modeling method, and the attitude errors have been rejected more than 58%.
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(a) Nominal model output 

Cutting point 

Nominal model output Measurement 

Desired value 

 

 

 

  (b) Nominal model output + Modeling error 

Cutting point 

Nominal model output+ modeling error 

Measurement 

Modeling error 

Figure 4. The performance of the active model error estimation (The measurements (black dashed), the
nominal model outputs (red dashdot), the desired values (blue solid), or estimated model errors (red
dashdot), and the nominal model + modeling errors (green solid) before and after the load change).
(a) Nominal model output; (b) Nominal model output + Modeling error.

Table 1. The Ē of modeling.

State Ē of Nominal Model Ē of Nominal Model + Active Estimation Improvement

x 0.3276 m 0.0620 m 81.07%
y 0.2724 m 0.0507 m 81.39%
z 0.0504 m 0.0045 m 91.07%
ϕ 0.0345 rad 0.0092 rad 73.33%
θ 0.0151 rad 0.0063 rad 58.28%
ψ 0.0136 rad 0.0033 rad 75.7%

5.2. Experimental Results on the Active-Model-Enhanced Control

Figure 5 demonstrates the control performance with and without the active-model-based
enhancement. The compensation control is designed according to Equation (24). There are 2 plots in
each figure of Figure 5, which are, respectively, the measurements by “the normal cascade PID control”
only, and the measurements by “the normal cascade PID + active-model-based enhancement”. From
Figure 5 we can see that after the cable-cutting, the deviations of the measurements by enhanced PID
control are much smaller than those by the normal PID control.
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Sampling point 
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Cutting point 
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Measurement (PID + Compensation control) 

Measurement (PID) 

Sampling point 

Figure 5. The experimental results. (a) The position; (b) The attitude angles.

While qa
j

are the motion states under the “normal PID control” and the “enhanced PID control”

respectively, and qb
j

is the corresponding measurement, the average errors of Equation (26) are listed
in Table 2. We can see that after the active-modeling-error-based enhancement, the position tracking
errors caused by the abrupt load change have been rejected more than 40%, and the attitude errors
more than 27%, while being compared with the normal PID control.

Table 2. The Ē of control.

State Ē of Nominal Control Ē of Nominal Control + Compensation Control Improvement

x 0.3304 m 0.1693 m 48.76%
y 0.3656 m 0.2062 m 43.6%
z 0.2308 m 0.0426 m 81.54%
ϕ 0.0509 rad 0.0336 rad 34%
θ 0.0530 rad 0.0387 rad 27%
ψ 0.0297 rad 0.0122 rad 58.9%

6. Conclusions

Active modeling error estimation and the corresponding compensation control scheme have been
proposed in this paper. The performance of both the active estimation and enhancement control are
verified by experimental flight tests. One of the advantages of this scheme is that the compensation
enhances the rejection of the modeling errors in a “decoupled way” with the normal control, namely,
the compensation based on the active estimation is completely decoupled with the nominal control, so
it may be combined with any normal controls as an enhancement. With its simple structure and less
computational algorithm, the proposed scheme may be feasible for a commercial quadrotor to handle
payload uncertainties during some real applications.
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