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Abstract: In the recently introduced Relativistic Quantum Geometry (RQG) formalism, the
possibility was explored that the variation of the tensor metric can be done in a Weylian integrable
manifold using a geometric displacement, from a Riemannian to a Weylian integrable manifold,
described by the dynamics of an auxiliary geometrical scalar field 6, in order that the Einstein tensor
(and the Einstein equations) can be represented on a Weyl-like manifold. In this framework we
study jointly the dynamics of electromagnetic fields produced by quantum complex vector fields,
which describes charges without charges. We demonstrate that complex fields act as a source of
tetra-vector fields which describe an extended Maxwell dynamics.
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1. Introduction

The consequences of non-trivial topology for the laws of physics has been a topic
of perennial interest for theoretical physicists [1], with applications to non-trivial spatial
topologies [2] like Einstein-Rosen bridges, wormholes, non-orientable spacetimes, and
quantum-mechanical entanglements.

Geometrodynamics [3,4] is a picture of general relativity that studies the evolution of the
spacetime geometry. The key notion of the Geometrodynamics was the idea of charge without charge.
The Maxwell field was taken to be source free, and so a non-vanishing charge could only arise
from an electric flux line trapped in the topology of spacetime. With the construction of ungauged
supergravity theories it was realised that the Abelian gauge fields in such theories were source-free,
and so the charges arising therein were therefore central charges [5] and as consequence satisfied a
BPS bound [6] where the embedding of Einstein-Maxwell theory into N = 2 supergravity theory was
used. The significant advantages of geometrodynamics, usually come at the expense of manifest local
Lorentz symmetry [7]. During the 70s and 80s decades a method of quantization was developed in
order to deal with some unresolved problems of quantum field theory in curved spacetimes [8-10].

In a previous work [11] the possibility was explored that the variation of the tensor metric must
be done in a Weylian integrable manifold using a geometric displacement, from a Riemannian to a
Weylian integrable manifold, described by the dynamics of an auxiliary geometrical scalar field 6, in
order that the Einstein tensor (and the Einstein equations) can be represented on a Weyl-like manifold.
An important fact is that the Einstein tensor complies with the gauge-invariant transformations
studied in a previous work [12]. This method is very useful because can be used to describe, for
instance, nonperturbative back-reaction effects during inflation [13]. Furthermore, the relativistic
quantum dynamics of § was introduced by using the fact that the cosmological constant A is a
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relativistic invariant. In this letter, we extend our study to complex charged fields that act as the
source of vector fields A¥.

2. RQG Revisited

The first variation of the Einstein-Hilbert (EH) action Z (Here, g is the determinant of the
covariant background tensor metric g, R = ¢" Ry is the scalar curvature, R’;‘wa = Ryy is the
covariant Ricci tensor and £, is an arbitrary Lagrangian density which describes matter. If we
deal with an orthogonal base, the curvature tensor will be written in terms of the connections:

RE5 = s = T + sl ey =I5, T%0)-

R
I:/Vd‘*x\/*g[z}ﬁcm] )

is given by
5T = / dx\/=g (08" (Gap + KTup) + 8"P0R g ?)

where x = 87G, G is the gravitational constant and g"‘ﬁ(SR,X/g = Vi 6W*#, where 6W* = (51"%7g/57 -

51’; 8P = grB"YV"‘é‘I’,gT When the flux of SW* that cross the Gaussian-like hypersurface defined in
an arbitrary region of the spacetime, is nonzero, one obtains in the last term of Equation (2), that
VoW = 5®(x*), such that 6P (x*) is an arbitrary scalar field that takes into account the flux
of JW* across the Gaussian-like hypersurface. This flux becomes zero when there are no sources
inside this hypersurface. Hence, in order to make 0Z = 0 in Equation (2), we must consider
the condition: Gup + kTup = N Qap, where A is the cosmological constant. Additionally, we must
require the constriction 6g,sA = 0P g,5. Then, we propose the existence of a tensor field 0%,
such that 6R,g = VéWy — 0P gp = LY — 6P gup = —K6S,p (We have introduced the tensor
Sup = Tup — %T gup, Which takes into account matter as a source of the Ricci tensor R,g), and
hence dW* = g/}"YV“(S‘I’m, with V”‘(S‘Pm = 51"%7 — (5%51"26. Notice that the fields 0W, and 5%5 are
gauge-invariant under transformations:

Wy = 0W, — V469, 0¥ap = 0¥ap — 0D gup (3)
where the scalar field & complies [J6P = 0. On the other hand, we can make the transformation

Gaﬁ = Guc‘B - Agtxﬁ 4)

and the transformed Einstein equations with the equation of motion for the transformed gravitational
waves, hold

GD(,B =K Tacﬁr (5)
(0%, = —K 65,5 ©)

with (6®(x%) = 0 and 0@ (x*) g4p = AJgup- The Equation (5) provides us the Einstein equations
with cosmological constant included, and Equation (6) describes the exact equation of motion for
gravitational waves with an arbitrary source 65,5 on a closed and curved space-time. A very
important fact is that the scalar field é®(x*) appears as a scalar flux of the tetra-vector with
components JW* through the closed hypersurface d M. This arbitrary hypersurface encloses the
manifold by down and must be viewed as a 3D Gaussian-like hipersurface situated in any region of
space-time. This scalar flux is a gravitodynamic potential related to the gauge-invariance of JW* and
the gravitational waves 0¥ 3. Another important fact is that since d®(x*) g, = A 6g4p, the existence
of the Hubble horizon is related to the existence of the Gaussian-like hypersurface. The variation of
the metric tensor must be done in a Weylian integrable manifold [11] using an auxiliary geometrical
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scalar field 6, in order to the Einstein tensor (and the Einstein equations) can be represented on
a Weyl-like manifold, in agreement with the gauge-invariant transformations Equation (3). If we
consider a zero covariant derivative of the metric tensor in the Riemannian manifold (we denote
with ”;” the Riemannian-covariant derivative): Agyg = gup;, dx7 = 0, hence the Weylian covariant
derivative g,5, = 0 gup, described with respect to the Weylian connections (To simplify the notation

we shall denote 0, = 6,).
n
By = { By }+gm6“ 7)

08up = 8aply X" = — [0pgay +6a8py] dx” ®)

will be nonzero

2.1. Gauge-Invariance and Quantum Dynamics

From the action’s point of view, the scalar field 6(x*) is a generic geometrical transformation that
leads invariant the action

7= /d4x\/fg {2117%} — /d4x (V=g {[211+£] e29} )

where we shall denote with a hat, ", the quantities represented on the Riemannian manifold. Hence,
Weylian quantities will be varied over these quantities in a Riemannian manifold so that the dynamics
of the system preserves the action: 7 = 0, and we obtain

sv  O|R+Z
Ead

where 60 = —0,dx" is an exact differential and V = |/—¢ is the volume of the Riemannian manifold.
Of course, all the variations are in the Weylian geometrical representation, and assure us gauge
invariance because 0Z = 0. Using the fact that the tetra-length is given by S = %xvlfll’ and the

Weylian velocities are given by
ut = U + 0" (xcU°) (11)

can be demonstrated that s
utu, =1+4S (eym - §A s) (12)

The components u/ are the relativistic quantum velocities, given by the geodesic equations

duh
% + Fzﬁu“uﬁ =0 (13)

such that the Weylian connections FZ‘B are described by Equation (7). In other words, the

quantum velocities u# are transported with parallelism on the Weylian manifold, meanwhile U*
are transported with parallelism on the Riemann manifold. The quantum velocities u* (given by
Equation (11)), must be considered as nondeterministic because they depend on 6%, so that the
only quantity that has classical sense is its quantum expectation value on the classical Riemannian
background manifold:

(Blu"|B) = U" + (B|6"|B) (xcU°) (14)

If we require that u"u;, = 1, we obtain the gauge

. dd 2
NV, AF = 42— = ZA? 1z
pAl =4 = ZA2S(x") (15)
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where AV is given by [11,12]

swe  oIg ore

Hence, we obtain the important result

AP = %AZ Sds (17)
or, after integrating
AZ
D(xt) = = §*(x") (18)
12
such that d®(x#) = —4d6(x"). Hence, from Equation (9) we obtain that the quantum volume is

given by

Vy=V=ge ¥ =gt (19)
where AS? > 0. This means that V;, > /—§, for S > 0, A > 0 and 6 < 0. This implies a signature
for the metric: (—,+,+,+) in order for the cosmological constant to be positive and a signature
(+,—,—,—) in order to have A < 0. Finally, the action Equation (9) can be rewritten in terms of both

quantum volume and the quantum Lagrangian density £, = [% + ﬁ] e
T-— / d*x vV, L, 20)
As was demonstrated in [11] the Einstein tensor can be written as
- A 1
Gap = Gy + O + 0u0 + 5 8uap | (01),,, + 0," (21)
and we can obtain the invariant cosmological constant A
A3 [0,60% + 130 (22)
4 o
so that we can define a geometrical Weylian quantum action W = [d*x,/—¢ A, such that the

dynamics of the geometrical field, after imposing 6W = 0, is described by the Euler-Lagrange
equations which take the form

Voll*=0, or [#=0 (23)
where the momentum components are IT* = —36% and the relativistic quantum algebra is given
by [11]

[0(x), 0% ()] = —i@*6W(x —y),  [0(x),0u(y)] = 1O W (x —y) (24)

with ©* = ih U* and ©? = ©,0" = > U, U* for the Riemannian components of velocities ae.

2.2. Charged Geometry and Vector Field Dynamics

In order to extend the previous study we shall consider that the scalar field 6 is given by
0(x*) = Pp(x*) e 00", or  O(x%) = ¢*(x%) Y (25)

where ¢(x*) is a complex field and ¢*(x*) its complex conjugate. In this case, since
0% = ¢ (W”‘ +i6") ¢*, the Weylian connections hold

%7:{ ;7 }Jreiegm (@“—i—i@‘x) 47* E{ ﬁ“,y }-i-g/heie (Da(p*) (26)
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where we use the notation D*¢* = (V% +i6*) ¢*. The Weylian components of the velocity u# and
the Riemannian ones U¥, are related by
uf = U" + ¢ (D'¢*) (xU°) (27)
Furthermore, using the fact that
0gap = ¢ 0 [(Vp —ifp) Un + (Vo — i) Ug] ¢3S (28)

we can obtain from the constriction Adg,s = g,pd®, that

A
00 = §"P 634 (29)
so that, using Equation (28), the flux of A* across the Gaussian-like hypersurface can be expressed in

terms of the quantum derivative of the complex field:

50 _do A

5= o = ¢l (D) (30)

Using the fact that Vi 6W? = 6, it is easy to obtain

. A - i}
VAl = Eel"ua (D%¢*) (31)
where we have defined A¥ = %. Notice that the velocity components U* of the Riemannian

observer define the gauge of the system. Furthermore, due to the fact that SW* = ¢gf7 V"(S‘I’m, hence

we obtain that
oW

0S

where ), are the components of the gravitational waves:

=AY = ng"‘Xﬁ,y = V% (32)

VA" = gPTV, V' xg,

Il
(3
=

(33)

3. Quantum Field Dynamics

In this section we shall study the dynamics of charged and vector fields, in order to obtain their
dynamical equations.

3.1. Dynamics of the Complex Fields

The cosmological constant Equation (22) can be rewritten in terms of ¢ = 0 ¢® and ¢* = e~

A= 2 [(909) (99°) + 00 )" @

where the current due to the charged fields is
J' =i [0 (V) 9" = (V') g —ib" (997)] (35)

The important fact in Equation (34) is that the geometrical current [# interacts with the
geometrical Weylian manifold. In other words, the cosmological constant can be viewed in this
context as due to a purely quantum excitation (of charged fields), of the Riemannian (classical)
background.
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As can be demonstrated, V, IV = —% f de = (%A S)z, so that we obtain the condition
prel (0-3) = pei(0-3) (36)
The zeroth-component of the current is
J0 =i [82(Vp) g7 — (V0p*) 9 — it (99")] (37)
which represents the density of electric charge, so that the charge is

Q= [ dxy/|detlg,]| (38)

once we require that V; J' = (3A S)z, and consequently VoQ = 0.
The second equation in Equation (23) results in two different equations

(m +i6,VF + Z;A) ¢* =0 (39)
A s 4
where the gauge equations are
e 3 3. _ifo—x
— {ZGP‘V}‘+4A] ¢t = ZAE i(6-%) (41)
RN 3 3. i(g_=
|:19VVH _ 4/\} o = ZAgl(" 7) (42)

so that finally we obtain the equations of motion for both fields

gt = SAe i) 43)
Pl — ZAEZ‘(G—%) (44)

Notice that the functions e+~ %) are invariant under 8 = 217t (n- integer) rotations, so that the
complex fields are vector fields of spin 1. Using the expressions Equation (26) to find the commutators
for the complex fields, we obtain that

4, 4.
070, DI ()] = 25—y, 90 Dupl)] = — i@V —y) @)
where DF¢* = (VI +i0M) ¢* and Dup = (V —i6,) ¢.

3.2. Dynamics of the Vector Fields

On the other hand, if we define F*¥ = V# AV — V¥ A¥, such that A* is given by Equation (32), we
obtain the equations of motion for the components of the electromagnetic potentials A": va wW=7pv

CAY — VY (V,AF) = ¥ (46)

where [V being given by the expression Equation (35) and from Equation (15) we obtain that
@HA?‘ = —%QH ur = %Az S(xt) = 4‘% determines the gauge that depends on the Riemannian frame
adopted by the relativistic observer. Notice that for massless particles the Lorentz gauge is fulfilled,
but it does not work for massive particles, where S # 0.
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4. Final Remarks

We have studied charged and electromagnetic fields from relativistic quantum geometry. In this
formalism, the Einstein tensor complies with gauge-invariant transformations studied in a previous
work [12]. The quantum dynamics of the fields is described on a Weylian manifold which comes
from a geometric extension of the Riemannian manifold, on which is defined the classical geometrical
background. The connection that describes the Weylian manifold is given in Equation (26) in terms
of the quantum derivative of the complex vector field with a Lagrangian density described by
the cosmological constant Equation (34). We have demonstrated that vector fields A* describe an
extended Maxwell dynamics (see Equation (46)), where the source is provided by the charged fields
current density ¥, with a nonzero tetra-divergence. Furthermore, the gauge of A¥ is determined
by the relativistic observer: @MAV = AQM U*. Finally, it is important to notice that the cosmological
constant appears as a Riemannian invariant, but not a Weylian one. It can be viewed in this context
as due to a purely quantum excitation. In this paper these excitations of a Riemannian (classical)
background, are driven by charged complex fields.
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