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Abstract

:

The ΛCDM paradigm, characterised by a constant equation of state    w = − 1    for dark energy, is the model that better fits observations. However, the same observations strongly support the possibility of a dark energy content where the corresponding equation of state is close to but slightly smaller than    − 1   . In this regard, we focus on three different models where the dark energy content is described by a perfect fluid with an equation of state    w ≲ − 1    which can evolve or not. The three proposals show very similar behaviour at present, while the asymptotic evolution of each model drives the Universe to different abrupt events known as (i) Big Rip; (ii) Little Rip (LR); and (iii) Little Sibling of the Big Rip. With the aim of comparing these models and finding possible imprints in their predicted matter distribution, we compute the matter power spectrum and the growth rate    f  σ 8    . We conclude that the model which induces a LR seems to be favoured by observations.
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1. Introduction


Since the recent acceleration of the Universe was discovered by SNeIa observations around twenty years ago [1,2], and later corroborated by cosmological and astrophysical observations [3], the current acceleration of the Universe represents one of the most intriguing open problems on cosmology. Many of the models that can describe the accelerated Universe propose a new and hidden component in the Universe known as dark energy (DE) [4,5]. Alternatively, there have been attempts to amend GR in a suitable way in order to explain the recent speed-up (e.g., [6,7] and references therein).



Nowadays, the model that best fits the observational data is ΛCDM, where—apart from Cold Dark Matter (CDM)—a cosmological constant Λ is assumed. Within this framework, it is the presence of Λ with an equation of state (EoS) parameter    w = − 1    that drives the current acceleration of the Universe, leading it to a future de Sitter expansion. However, the tiniest deviation in the EoS parameter from this value might induce totally different fates; in particular, for values    w < − 1   , the Universe could face a cosmic doomsday. Curiously, this phantom-like behaviour seems to be favoured by the latest observational data [3] when the condition    w = − 1    is relaxed, despite the fact that it violates the null energy condition.



In this work, we have focused on three phantom DE models that can describe our current Universe, presenting only minimal deviations from ΛCDM up to the present time but which induce particular abrupt events in the future evolution of the Universe. The three events we analysed correspond to the cases that occur if and only if a phantom DE is present, and are characterised by:

	i

	
Big Rip (BR) singularity: It happens at a finite cosmic time where the scale factor, the Hubble parameter, and its cosmic time derivatives blow up [8,9,10].




	ii

	
Little Rip (LR): In this abrupt event, the scale factor, the Hubble parameter, and its cosmic time derivatives diverge at infinite cosmic time [11,12,13].




	iii

	
Little Sibling of the Big Rip (LSBR): This event occurs at infinite cosmic time, where the scale factor and the Hubble parameter diverge; however, the cosmic time derivative of Hubble parameter remains finite [14,15].









Of these three scenarios, only the BR should be regarded as a true cosmological singularity, since it occurs at a finite cosmic time, while the LR and LSBR could be understood as a BR somehow driven to an infinite cosmic time; therefore, we will refer to them as abrupt events. Nonetheless, in all these cases, the Universe ends unavoidably in a classical cosmological doomsday, with all bound structures being ripped apart [12,13,14].



Here, we point out that such conclusions were based on a classical analysis of the models. However, as energy density diverges in all the cases presented, one might expect that quantum effects become important at some point in the future evolution. In fact, a quantum analysis shows that in all cases, the classical abrupt event can be avoided from a quantum point of view [16,17,18,19].



Given the serious cosmological implications of these models and their ability to mimic ΛCDM background up to the present time, we proceeded to study their profiles at first-order perturbations. Using the full linear perturbation theory, we have computed the evolution of the gravitational potentials and matter perturbations, and analysed the theoretical predictions for the matter power spectrum and growth rate    f  σ 8    . Other works that study the evolution of linear perturbations in doomsday scenarios with various degrees of approximation include [20,21,22], where a kinematical approach is assumed, and [23], where (like in our work) a dynamical model with a specific EoS is employed.




2. Background Models


Assuming a spatially flat Friedmann–Lemaître–Robertson–Walker (FLRW) Universe, the line element is:


      d  s 2  = − d  t 2  + a   ( t )  2   δ  i j   d  x i  d  x j   ,      



(1)




where    a ( t )    is the scale factor, t is the cosmic time, and a latin index denotes spatial coordinates. The Friedmann and Raychaudhuri equations in such Universe read


       H 2  =   8 π G  3  ρ  ,   H ˙  = − 4 π G  ρ + p   ,      



(2)




respectively. Here, H is the Hubble parameter, ρ and p the total energy density and pressure, G is the gravitational constant, and a dot stands for a derivative with respect to the cosmic time. In addition, we consider the Universe to be filled by radiation, matter, and DE, and that the conservation equation is fulfilled separately for each individual component; i.e.,      ρ ˙  A  + 3 H   ρ A  +  p A   = 0   , where    A = r   ,   m  ,   d   representing radiation, matter, and DE, respectively. In what follows, we define for each constituent the fractional energy density,     Ω A  =  ρ A  / ρ   , and EoS parameter,     w A  =  p A  /  ρ A    , and consider that     w r  = 1 / 3    and     w m  = 0   . Additionally, a 0-subscript denotes the present value of a given quantity, and we set     a 0  = 1   .



We now introduce the three models studied in this work. In each case, we present an equation of state that leads to the corresponding abrupt event in the future, as well as the evolution of     ρ d   a    , which was obtained by solving the conservation equation:

	i

	
The BR singularity model: a singularity of the type BR [8,9,10] can be induced by a perfect fluid whose EoS parameter is constant and smaller than    − 1   .


      p d     =  w d   ρ d   ,      ρ d   a      =  ρ  d 0     a  − 3  1 +  w d      ,     w d     < − 1  .      



(3)







The values of the free parameters for this model are taken from the Planck data for wCDM model [24]:     w d  = − 1.019   ,     Ω  m 0   = 0.306    and     H 0  = 68.1  Km ·   Mpc   − 1   ·   s   − 1      (cf. page 687 of [24]).




	ii

	
The LR abrupt event model: an event of the type LR [11,12,13] can be caused by a perfect fluid whose EoS and energy density can be written as [12]


      p d     = −   ρ d  + B  ρ  d   1 / 2     ,      ρ d   a      =  ρ  d 0      3 2     Ω  d 0    Ω *    ln   a  a 0    + 1  2   ,    B    > 0  ,      



(4)




where     Ω *  ≡ 8 π G  B 2  /  ( 3  H 0 2  )    . In order to fix the free parameters of this model, we use the results obtained in [12], where the authors use the data given by the Supernova Cosmology Project [25,26] to constrain the parameters:     Ω  m 0   = 0.274   ,     H 0  = 70.1  Km ·   Mpc   − 1   ·   s   − 1     , and     Ω *  = 7.7637 ×  10  − 4     .




	iii

	
The LSBR abrupt event model: the event denominated as LSBR can be induced by a perfect fluid whose EoS deviates from that of a cosmological constant by adding a constant parameter [14]. Therefore, the corresponding EoS and energy density in terms of the scale factor can be written as


      p d     = −   ρ d  +  A 3    ,      ρ d   a      =  ρ  d 0   + A ln   a  a 0     ,    A    > 0  .      



(5)







Note that    ρ  d 0     plays the role of a cosmological constant. In this case, we have chosen the numerical value taken in [14]:    A =  10  − 3    3  H 0 2  / 8 π G    , while for    Ω  m 0     and    H 0   , we have used the same values as in the case for the BR.










3. Perturbed Equations


In the Newtonian gauge, the FLRW perturbed line element is [27]


      d  s 2  =  a 2   −  1 + 2 Φ  d  η 2  +  1 − 2 Ψ   δ  i j   d  x i  d  x j    ,      



(6)




where η is the comoving time defined as    d η = ( 1 / a ) d t   , and    Ψ ( η ,  x i  )    and    Φ ( η ,  x i  )    are the gauge-invariant Bardeen potentials [28]1. For each fluid, the individual components of the perturbed energy momentum tensor,    δ  T  A ν  μ    , read


      δ  T  A  0  0      = − δ  ρ A   ,     δ  T  A  0  i      = − δ  T  A  i  0  = −  p + ρ   ∂ i   v A   ,     δ  T  A  j  i      =  δ  p A    δ  j  i   ,      



(7)




where    δ  ρ A     is the energy density perturbation,    δ  p A     is the pressure perturbation, and    v A    is the velocity potential. Following [29,30], we decompose the pressure perturbation as


      δ  p A  =  c  s A  2  δ  ρ A  − 3 H  1 +  w A     c  s A  2  −  c  a A  2    ρ A   v A   .      



(8)




where    H =  ∂ a / ∂ η  / a    is the comoving Hubble rate,     c  s A  2  =    δ  p A  / δ  ρ A     r . f .      is the effective speed of sound in the rest frame (r.f.), and     c  a A  2  =   p ˙  A  /   ρ ˙  A     is the adiabatic speed of sound where A stands for the radiation, matter, and DE perturbations. While we consider both radiation and matter as adiabatic fluids (    c  s A  2  =  c  a A  2    ), for DE we take     c  s A  2  = 1    in order to avoid the instabilities related with imaginary values of the speed of sound [29]. Implicit in this choice is the assumption that the EoS of the three models is an effective description of a more fundamental and unknown matter description.



In Fourier space, the evolution equations of the perturbations of the three fluids 2 can be obtained from the perturbed conservation equations, and read


        δ r   x     =  4 3     k 2  H   v r  + 3  Ψ x    ,       v r   x     = −  1 H    1 4   δ r  + Ψ   ,      



(9)






        δ m   x     =    k 2  H   v r  + 3  Ψ x    ,       v m   x     = −   v m  +  Ψ H    ,      



(10)






            δ d   x  =  1 +  w d       k 2  H  + 9 H  1 −  c  a d  2     v d  + 3  Ψ x   + 3   w d  − 1   δ d   ,          v d   x  = −  1 H    1  1 +  w d     δ d  + Ψ  + 2  v d   ,         



(11)




where k is the wave-number and a subscript x indicates a derivative with respect to    x ≡ ln  a /  a 0     . Using the perturbed Einstein equations, we can relate the metric potential and its derivative with the energy density perturbations and the peculiar velocities


       Ψ x  +  1 +   k 2   3  H 2     Ψ     = −  1 2  ∑  Ω A   δ A   ,      Ψ x  + Ψ     = −  3 2  H ∑  Ω A   1 +  w A    v A   .      



(12)







In order to obtain the imprints of each model at the perturbative level, Equations (9)–(11)—in combination with Equation (12)—need to be integrated numerically. The initial conditions for such integration are obtained by considering that—initially—the Universe is well inside the radiation epoch (   a /  a 0  =  10  − 6     ) with all the relevant modes inside the Hubble horizon (   k ≪ H   ). In this regime, the gravitational potential is constant,     Ψ x  = 0   , which in conjunction with initial adiabatic conditions leads to [5,31]


       δ r   1 +  w r       =   δ m   1 +  w m    =   δ d   1 +  w d    = −  δ  1 + w    ,     v r     =  v m  =  v d  ≈ −  δ  4 H    .      



(13)







Here, δ is the total fractional energy density perturbation and the total EoS parameter is assumed to be    w ≃ 1 / 3    in the radiation epoch. From Equation (13), we find that all the initial conditions to be defined in terms of the initial value of δ. Using single field inflation standard results, we find [3]


      δ  ( k )  =   8 π  3    2  A s       k  k *       n s  − 1  2    k  −  3 2     ,      



(14)




where     A s  = 2.143 ×  10  − 9      and     n s  = 0.9681    are the observational values of the amplitude and spectral index of the primordial inflationary power spectrum corresponding to the pivot scale     k *  = 0.05    Mpc   − 1      [3].




4. Results


In Figure 1, we present the evolution of the perturbations    δ m   ,    δ d   , and Ψ from the radiation epoch (   x ≃ − 13.81   , which corresponds to    a /  a 0  =  10  − 6     ) until the future time (   x = 5   ) for different wave-numbers k ranging from    k = 3.33 ×  10  − 4    h ·   Mpc   − 1      (purple) to    k = 0.30  h ·   Mpc   − 1      (red). The first and second row represent , respectively, the evolution of fractional energy density corresponding to DM,    δ m   , and DE,    δ d   , while the third row presents the evolution of the gravitational potential. Finally, the results for the three studied models are separated by columns, where the first, second, and third columns correspond to the model (i), the model (ii) and the model (iii), respectively.



As can be seen in the first row of Figure 1, the evolution of the matter perturbations for different models are almost indistinguishable among them. At the initial radiation-dominated epoch, all modes remain constant until they enter their Hubble horizon; then, during the matter-dominated epoch, the growth of    δ m    becomes exponential on x. Finally, when DE dominates over the other components, the growth of the matter perturbations reach a constant value.



Similarly, in the DE perturbations, the evolution of each mode is quite similar for the three models; the exception in this case lies on the amplitude of    δ d   , where the amplitude can be up to two orders of magnitude. These deviations do not depend on the wave-number, but on the value of the corresponding    w d    at the beginning, where the tiniest deviation from    − 1    can induce large variations in the initial conditions (13) which are propagated over the whole evolution.



The third row of Figure 1 shows the evolution of the normalised gravitational potential    Ψ /  Ψ *    , where    Ψ *    corresponds to the initial value of Ψ. Once again, the models exhibit almost indistinguishable behaviours without any particular imprint. During the initial radiation-dominated epoch, all the modes start with a constant value, then decay during the matter era to finally vanish when DE totally dominates the future.



As we have shown, the models studied in this work show very similar behaviours; consequently, the matter power spectrum predicted by each model is almost indistinguishable. In order to give an account of the difference between the models, we have computed the relative deviation of the matter power spectrum in comparison with the ΛCDM model.



Using the results of the numerical integration, we were able to determine the theoretical prediction for the matter power spectrum,    P   δ ^  m    , which is defined in the comoving gauge as     P   δ ^  m   =   |  δ  m   ( c o m )   |  2  =    δ m  − 3 H  v m   2   .   



In Figure 2, we present the relative deviation of the power spectrum of each model with respect to the predictions of ΛCDM. As can be seen, the difference remains constant for almost all modes, and decreases for very small wave-numbers. Model (i) shows the largest difference (less than    0.02   ), while model (iii) deviates less from ΛCDM. Notice that model (iii) has not been observationally constrained, and we took suitable values for the model parameter in order to deviate as little as possible from ΛCDM in the past.



Finally, we have obtained the observational quantity    f  σ 8    , where    f =  ( 1 /  δ m  )   ( ∂  δ m  / ∂ x )     is the growth rate of structure and    σ 8    is the root mean square mass fluctuation amplitude in spheres of radius    8    h   − 1   · Mpc   , which is used to normalise the matter power spectrum [32]. The theoretical prediction of    f  σ 8     can be computed as


      f  σ 8   ( x )  =  σ 8   0 ,   k  σ 8       δ m   x ,   k  σ 8       δ m   0 ,   k  σ 8        d  ln  δ m     d x    .      



(15)







In Figure 3, we present the evolution of    f  σ 8     for the three models (black curve) and the corresponding ΛCDM model (red curve) against several observational points in the range    z ∈ ( 0 ,  1.4 )   , ( please, see [33] and references therein).



As can be seen, all models are within the error bars for practically all the points and show almost indistinguishable behaviour in comparison with the ΛCDM model. In order to quantify the deviation between the theoretical prediction and observational data, we compute the value of    χ 2    for each model [33], and we find the following results:       χ 2    ( i )   = 27.63   ,       χ 2    ( i i )   = 16.53   , and       χ 2    ( i i i )   = 26.30   . Model (ii) has the smaller    χ 2   , while models (i) and (iii) have higher but similar values; consequently, we can argue that model (ii) is favoured by observations. The high tension between the theoretical predictions and the data in models (i) and (iii) seems to come from the fact that we used Planck data for those models, which have a higher value of    Ω  m 0     than the Supernova Cosmology Project data used for model (ii).




5. Discussion


In this work, we analyse the cosmological perturbations for three possible phantom DE scenarios where each of them induces a unique future abrupt event: Big Rip (BR), Little Rip (LR), and Little Sibling of the Big Rip (LSBR). Despite their catastrophic implications for the future of the Universe, each of these models present small deviations from the widely-accepted ΛCDM model, and therefore could scope the current observational constraints. After numerically computing the evolution of all perturbed quantities (the integrations are performed from well inside the radiation era until the far future), we compare the results for each model by looking at the profile of the gravitational potential Ψ, the perturbations of DM (which grow linearly during the matter era), and the DE perturbations, which remain small during the whole history of the Universe (cf. Figure 1). We find that the theoretical outcomes given for each model are very similar to each other—in particular for    δ m    and    δ d   . While each model leaves some identifying imprints on    δ d   , in practice, the small amplitude of the perturbations weakens them as identifiers of the model. In order to look for observational fingerprints of the models, we compute the matter power spectrum at present, which we compare with the one of ΛCDM (Figure 2), and the evolution of    f  σ 8    , which we compare with ΛCDM predictions and the observational data points at low redshift (   z < 1.4   ) (Figure 3). We find that for all models, the deviations from the ΛCDM results are    ≲ 2 %   , and that model (iii)—which induces the LSBR—presents less deviations from ΛCDM at the level of the matter power spectrum. However, this result must be taken carefully, considering that the parameter A was not constrained observationally; instead, its value was chosen to deviate as little as possible from the ΛCDM at the present. For    f  σ 8     we, once again find a great similarity between the studied models and ΛCDM. However, a    χ 2    analysis shows that model (ii)—which induces an LR event—is the most favoured by observations.



We conclude that the obtained results are in agreement with the observational data, and therefore, even if ΛCDM model gives the best fit, there is no reason to exclude these models that can suitably describe the current Universe. However, we stress that as we did not make an observational fit of these models at the background level, all our results should be taken as a guideline for a more accurate study that we hope to carry out in the future.
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1.In this work we disregard any anisotropy at the linear level of the scalar perturbations, therefore, from this point onward we will set    Ψ = Φ    [27].



	
2.From now on, all perturbed quantities referred to in the manuscript represent the Fourier transform action of such perturbations, even though no specific notation is used, e.g.,    Ψ = Ψ ( x , k )   , where k is the wave-number.










[image: Universe 03 00022 g001 550] 





Figure 1. The first, second, and third row of this figure presents the evolution of dark matter (DM), dark energy (DE), and the gravitational potential perturbations, respectively. Each column belongs to a particular model, while each colour represents a mode where the values of the corresponding wave-number are:    k =  3.33 ×  10  − 4    h ·   Mpc   − 1      (purple);    k = 7.93 ×  10  − 4    h ·   Mpc   − 1      (dark blue);    k = 3.50 ×  10  − 3    h ·   Mpc   − 1      (light blue);    k = 1.54 ×  10  − 2    h ·   Mpc   − 1      (green);    k = 6.80 ×  10  − 2    h ·   Mpc   − 1      (orange);    k = 0.30  h ·   Mpc   − 1      (red). 
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Figure 2. The relative deviation of the matter power spectrum of: model (i) in red; model (ii) in blue; and model (iii) in black; with regards to the predictions of ΛCDM (CDM: cold dark matter). The model that induces a Big Rip (BR) singularity shows the highest deviation, while the model that induces a Little Sibling of the Big Rip (LSBR) abrupt event presents the smallest deviation with respect to the ΛCDM model. 
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Figure 3. The evolution of    f  σ 8     in terms of the redshift for each model (black curve) together with the corresponding ΛCDM model (red curve). The blue dots and corresponding error bars indicate observational values ( please, see [33] and references therein). 
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