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Abstract: Conformal symmetry always played an important role in field theory (both quantum
and classical) and in gravity. We present construction of quantum conformal gravity and discuss
its features regarding scattering amplitudes and quantum effective action. First, the long and
complicated story of UV-divergences is recalled. With the development of UV-finite higher derivative
(or non-local) gravitational theory, all problems with infinities and spacetime singularities might be
completely solved. Moreover, the non-local quantum conformal theory reveals itself to be ghost-free,
so the unitarity of the theory should be safe. After the construction of UV-finite theory, we focused on
making it manifestly conformally invariant using the dilaton trick. We also argue that in this class of
theories conformal anomaly can be taken to vanish by fine-tuning the couplings. As applications
of this theory, the constraints of the conformal symmetry on the form of the effective action and
on the scattering amplitudes are shown. We also remark about the preservation of the unitarity
bound for scattering. Finally, the old model of conformal supergravity by Fradkin and Tseytlin is
briefly presented.

Keywords: quantum gravity; conformal gravity; quantum field theory; non-local gravity;
super- renormalizable gravity; UV-finite gravity; conformal anomaly; scattering amplitudes;
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1. Introduction

From the beginning of research on theories enjoying invariance under local spacetime-dependent
transformations, conformal symmetry played a pivotal role—first introduced by Weyl related changes
of meters to measure distances (and also due to relativity changes of periods of clocks to measure time
intervals). Weyl thought of transformations changing the scale and quite boldly he considered them
not only in global version (where the parameters of the transformations are constant), but also in local
(where the parameters depend both on space location and time). Then, he also understood that just
rescaling transformations

ds→ ds′ = eλds (1)

(which form abelian group) after making them local gives rise to full conformal group of
transformations, where only angles remain invariant, but the sizes, magnitudes and scalar products
between vectors change. These primordial considerations were done within a set of ideas that
conformal transformations are the symmetries of fully relativistic consistent classical theory of
gravitation. However, Einstein beat the Weyl theory with his famous second argument about
radiating atoms in various gravitational fields. With the triumph of Einsteinian relativistic theory of
gravitation (confirmed by the measurements done during the solar eclipse in 1917), which includes only
symmetries with respect to diffeomorphism transformations, Weyl’s conformal theory of gravitation
was relegated and treated as non-physical. However, the ideas of scale transformations seeded by
Weyl were revealed to be very fruitful in the development of local gauge theories. The change was that
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the transformations were done in the internal space, not in spacetime, and that they were imaginary
rescalings or simply complex phase transformations compared to the ones in Equation (1). This with
London equations started a revolution leading to U(1) gauge theory known as electrodynamics and
even to non-abelian generalizations as embodied by Yang–Mills (YM) theories. However, the origin
of the German word “gauge” used now so often in field theory is clear and undoubtedly points
to different real scales used for measurement of distances, like for example between two rails in
rail transport.

It seemed that in the classical world conformal symmetry had to play a rather small role and
was not used in relation to classical gravity. The time for conformal methods in general relativity
(GR) had to come later, for example when the research on black holes and their spacetime causal
structure culminated in the golden age of classical gravitation in the 1960s and 1970s. In a different vein,
conformal invariance and conformal symmetry started to become appreciated a lot also in the era of
modern quantum field theories. With the development of the renormalization methods in perturbative
quantum field theory models, conformal symmetry became an indispensable tool for every particle
physicist. Moreover, the relation between Renormalization Group (RG) flow and Conformal Field
Theories (CFT) and conformal anomalies was found to be even more tight due to the understanding of
physics at and near a fixed point of RG. The application of conformal considerations in field theory
was also beautifully unified with gravitational (spacetime) considerations through AdS/CFT duality.
Now, every modern theoretician knows that conformal tools are both useful and enlightening for
investigations both in gravity and in field theory. In the advent of bigger understanding of conformal
symmetry, we could come back and refresh interest in the original Weyl gravity, where the original
conformal symmetry is taken as a basis for the theory of gravitational interactions. However, on the
quantum level, we meet several serious obstacles. Actually, one can find that there is a very special
relation between quantum physics and conformal symmetry, which is not enjoyed by any other known
symmetries of Nature, nor by other gauge symmetries used in Nature.

To get effective field theories (EFT), we typically need to perform a very abstract mathematical
procedure called quantization. It takes a classical action of a theory and enforces the rules of
quantum mechanics. In all perturbative approaches, the result of this artificial procedure done
only by theoreticians (because the Nature is already always quantum!) is expressed as a perturbative
series in some small parameter. Typically, this is a Planck constant h̄ multiplying some couplings of
the theory and this is equivalent to the loop expansion. It is necessary here to distinguish the two
possible meanings of EFT: they appear either as a low-energy effective description (in powers of a small
length scale) or as a quantum effective description (in powers of Planck constant). Now, the question
arises of how to find effective actions of a given model at any loop order. By the knowledge and
experience gained in some ordinary QFT, this is a very complicated process and the effective actions at
higher loops are non-local functionals of fields, and of covariant differential operators and typically
with infinite number of terms hence almost impossible to handle exactly without employing any
approximations. One may think that the gauge symmetries of the theory (if they are non-anomalous
on the quantum level) may help in constraining the number of terms in the effective action. However,
since in EFT, we do not have to obey the renormalizability conditions at loop orders, the number
of terms is still infinite, and all of them can be written in a gauge covariant fashion. In the act of
resignation, we may contemplate the details of the procedure of quantization transforming some
classical action functionals into much more complicated non-local functionals at one-loop, two-loop
and higher loop levels. Someone may think about taking some shortcuts and for example considering
two-loop effective action as a result of quantization applied to one-loop level of already quantized
one-loop level effective action. This is not fully correct and such one-loop RG-improved actions are
valid only approximately. However, one shall focus on the possibility of an existence of some fixed
point action functional of such procedure of obtaining higher loop corrections.

In addition, here is the place, where the conformal symmetry enters for the first time in QFT.
It happens that, when the conformal symmetry is present and non-anomalous on the quantum level,
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then the above procedure is at the fixed point, or, in more mathematical words, the quantization
procedure is here idempotent and the full effective action (with all perturbative orders resummed and
also with non-perturbative contributions) is here identical to the classical action of the theory that we
started with. This is a very luxurious situation, when the quantum theory looks exactly the same as
the classical one. Such examples are difficult to find, but one is already known for a long time. This is
an N = 4 super-Yang–Mills theory (SYM), which is very symmetric and moreover conformal on both
classical and quantum level in d = 4 spacetime dimensions. The other models result as deformations
to the gauge structure of N = 4 SYM theory and therefore this theory can be viewed as a “harmonic
oscillator” of the theoretical physics in the 21st century. All other theories may look more realistic, but
their theoretical description and understanding that we have about them is only a direct consequence
of what we understand about this conformal theory and a simple afterward application of a conformal
perturbation theory to some operators which deform the original structure. The explanation why
conformal symmetry is essential here for having very nice form of the effective can be found below.

There is possible a question why theories, which are conformally invariant on the classical level,
cease to be such on the quantum level. One may blame the fact that the quantization procedure of
classical field theories does not preserve conformal symmetry, but the situation can be in general more
complicated. If the symmetry is not present on the quantum level, but it was present on the classical
one, then we say that the theory is anomalous. There could be three distinct reasons why the absence
of some symmetry may appear at quantum level:

1. First, the obvious reason is if the classical Lagrangian of a field theory model does not possess the
original symmetry and this is also inherited by quantum dynamics.

2. The second reason is related to that, in the definition of quantum theory via path integral, we
have to integrate over field space with some specific measure. In addition, this measure may lead
to anomalies as explained in the Fujikawa method of deriving, for example, a chiral anomaly.

3. The last reason is that, in the process of defining the quantum theories and absorbing ubiquitous
UV-divergences, we need to specify a renormalization procedure to give physical meaning
to all infinite results of the theory. This procedure also leads to anomalies, if the scheme of
renormalization is not chosen adequately for the symmetries present in the classical theory.

In the last two cases, one says that the quantum anomaly shows up. Generally speaking,
the presence of the quantum anomaly may be disastrous for the definition of quantum theory,
if, for example, in the proof of renormalizability, this symmetry is used via Ward–Takahashi or
Slavnov–Taylor identities. Therefore, gauge or gravitational (and also mixed gauge-gravitational)
anomalies should be all cancelled in consistent models of QFT. This is done by careful examining the
spectrum of all particles of the theory, their quantum numbers and the structure of their interactions.
In addition, for example, the standard model of particle physics (SM) coupled to Einsteinian gravity is
anomaly-free theory but not all of its extensions are. Finally, the requirement for anomaly cancellation
is a strong condition for model building. Furthermore, we notice that the absence of anomalies
is a condition pertaining to loop orders in expansion of quantum dynamics and, at tree-level,
such requirement does not seem essential. This means that we can freely and correctly construct
all tree-level n-point functions for the theory (which correspond all to classical level) without bothering
about the problems of invariance of the measure in path integral or a renormalization scheme which
could preserve all symmetries. There the output is simple and classical: if the theory is with symmetry
classically, then all n-point Green functions will enjoy this symmetry and there is no issue of anomaly.
On the contrary, on the quantum level, the anomaly may show up (and does indeed in anomalous
theories) and this can be seen for example by evaluating famous one-loop triangle diagrams.

What about conformal anomaly? How does this show up in the models of QFT? The short
answer is that it shows in UV-divergences of the theory [1–4]. They are quite common in QFTs so the
immediate conclusion is that many QFTs are with conformal anomalies. However, most of the time,
this is not crucial for features of quantum theories since physicists got used to dealing with infinities via
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a renormalization programme. In addition, since typically for matter (e.g., non-gravitational) theories
on the classical level, conformal symmetry was not gauged (was not made fully local), then this was
not a gauge symmetry of these models and was not essential on the quantum level in proving Ward
identities, for example. For matter theories, conformal invariance was some feature of the classical
theory generically not enjoyed any more by the quantum dynamics, which is in turn based on quantum
non-anomalous matter gauge symmetries. The notable exception here is mentioned aboveN = 4 SYM
theory, which is not only quite highly supersymmetric (eight generators of supersymmetry) but also
conformal on both classical and quantum level. However, here in such superconformal theories on flat
Minkowski spacetime background, the conformal symmetry is not gauged.

It is quite easy and intuitive to understand why conformal symmetry has to do with divergences
of the theory, when the upper UV limit of loop integrations is taken to infinity. First, we noted
that, in a very popular dimensional regularization scheme (DR) of renormalization, it is customary
to change the dimensionality of spacetime by a small amount. However, conformal invariance of
the theory is very sensible to such even small manipulations and a theory which was originally on
the classical level conformally invariant in d = 4 spacetime dimensions behaves as not conformally
invariant in other dimensions (typically in d = 4− ε). This is related to particular constraints that the
conformal invariance puts on the terms in the Lagrangian and we write more about this also below.
Simply, if we do not have divergences, then in DR scheme, we do not have to leave d = 4 dimensions
and the theory if conformal remains such also on the quantum level. Another advantage of using
DR is that some infamous UV-divergences which are not scheme-independent (we mean power-law
divergences) do not beset our renormalization programme in this approach and we have to deal,
and renormalize, and absorb only logarithmic divergences in the cut-off Λ (put as the upper limit of
integrations over loop momenta).

There exists also another argument which links conformal invariance and the absence of
UV-divergences (which is also called UV-finiteness of the theory). If the theory is truly scale-invariant
(which is the first step towards conformal invariance), then the upper limit of loop integrals can be
freely rescaled so the result of the integration is independent on Λ. If it is really independent, then it
means that it is not divergent because the actual value of the integral can be taken in the case, when the
regulator Λ is still finite. In such conditions, there are no divergent parts of the integrals and only
finite parts are computed in the way described above. The theory is finite, without divergences, all the
beta functions vanish and the conformal symmetry is present on the quantum level, if the classical
Lagrangian of the theory was conformally invariant too.

Another point of view is to relate divergent parts of the Green functions computed at loop levels to
the divergence of the conformal current. This gauge current jµ describes how the theory changes when
the scales of momenta of all particles of the theory are rescaled. If the theory possesses a conformal
anomaly on the quantum level, then this current is not conserved in the operatorial sense in Hilbert
space and even in the sense of quantum expectation values. This has also to do with the trace of the
effective energy-momentum tensor of matter fields considered as a quantum operator. If this tensor
with quantum corrections is trace-free (in the sense of quantum vacuum expectation values of the
corresponding operator), then we have conformal symmetry present on the quantum level as well.

The last thing that we would like to discuss here is the issue of conformally invariant regularization
of some QFT models. As emphasized above, if the theory produces UV-divergences at the quantum level,
then it cannot be conformally invariant. However, there do exist conformally invariant regularizations
and conformally invariant forms of the divergent parts of the effective actions. (They can be obtained by
applying a trick with conformal compensator to any generally covariant terms in the action). However,
as mentioned above, it is only one of three needed conditions that is satisfied here. The three conditions
are needed in order to have full conformal invariance on the quantum level. The other two were the
conformal invariance of the classical action and of the field measure in the path integral. Only all three
conditions together secure the conformal symmetry on the quantum level. If the conformally invariant
regularization is used and even if the divergent parts of the effective action are written in the conformal
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way, still the theory is not conformal on the quantum level because still it contains UV-divergences. This
basically means that the integration measure of the path integral in such models is not preserved by the
conformal transformations. We can give here a simple example of one-loop situation in the ordinary
four-dimensional YM theory. The divergences are there and they can be nicely collected into a divergent
part of the effective action taking the gauge-invariant form

Γdiv =
c
ε

∫
d4x trF2 , (2)

where c is some non-zero constant coefficient depending on the precise structure of the gauge group
and ε is the regulator in DR. Actually, here we notice that, due to the renormalizability of YM theories
in d = 4 spacetime dimensions, this action takes the same structural form as the classical action of YM
theory. We remind readers that, from the time of Bateman and Cunningham, it is known that in d = 4
(and only there) the F2 action is classically conformally invariant. This endorses that also our procedure
of renormalization of one-loop quantum divergences is conformally invariant, since the action Γdiv is.
(Here, we do not even need a conformal compensator to achieve this). However, everyone agrees that
pure YM theory is not conformal on the quantum level and this can be traced back to the fact that the
divergences are indeed present, even if written in a conformally invariant manner! The appearance of
UV-divergences (regularized in whatever way, even in the conformal one) shows that conformality is
broken and this is another side of the same coin. If we carefully look at the other side, we see problems
with the conformal invariance of the measure in the path integral. The absence of UV-divergences
or vanishing of the beta functions (or in the language of the RG community the condition of being
at a fixed point of RG) are all signals that we are dealing with conformally invariant theories on the
quantum level. These all are different sides of the same coin that can be investigated also from the
technical point of view by the analysis of invariance of the measure, of the quantum renormalization
procedure and of the classical action of a theory.

The first prerequisite for conformal theory on the quantum level is to have a classically conformally
invariant theory. In addition, for this, the very simple requirement is classical scale-invariance. This
means in turn that, in the classical Lagrangian of the theory, we cannot have any dimensionful
parameters, like masses of fields or dimensionful coupling constants (like the Fermi coupling of weak
interactions). If in the theory we have one mass scale, then this is equivalent to having many of them
because we can always rescale it to get any other energy scale at our wish. We will also comment later
that classical scale invariance is quite restrictive and can determine the form of the action of a theory
to some big extent. For example, the requirement of the absence of dimensionful couplings in any
dimension d first gives rise to renormalizable models. However, the situation with conformal symmetry
on the classical level puts even more constraints and the renormalizability on the quantum level may
not be achieved. Classical scale-invariance of the theory requires no mass for fields or any other scales
in parameters needed for the definition of the theory. One may think that the same should roughly
happen on the quantum level, where in the definition of the theory we may have addition of new
scales (related to renormalization µ). The whole point about quantum conformal theories is to avoid
the introduction of this new scale µ and then we have exactly the same situation as on the classical
tree-level—no mass parameters in the definition of the theory. This situation with enhancement of
symmetries on the quantum level is the reason for miracles and simplicity of quantum CFT.

After discussing at length the issues related to the conformal anomaly and its effects on the
quantum dynamics, now we come back to the situation with conformal symmetry in quantum gravity.
As any symmetry in quantum gravity, this invariance has to be gauged on the quantum level [5,6].
If someone tries to marry conformal symmetry in gravitation with quantum mechanics, then one
encounters very serious problems with consistency of a such framework. Not only merging of
relativistic gravitation with quantum field theory is difficult, but on top of problems there, we also
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have to make the full theory consistent with local conformal symmetry (invariance with respect to
Weyl rescalings of the metric tensor:

gµν → g′µν = Ω2gµν , (3)

where Ω is an arbitrary function of spacetime points Ω = Ω(x)). In the language of anomalies, we must
ensure that, in a consistent quantum theory, all gravitational and conformal anomalies are precisely
cancelled. This regarding the conformal part of the full symmetry group (which will consist here of
diffeomorphism and local conformal transformations) means that, in such theory, on the quantum
level, there are no UV-divergences at any loop order. This is a very strong constraint, almost impossible
to be achieved in models of quantum gravity often considered in the literature. It is desirable to find a
theory, in which all beta functions (perturbative as well as non-perturbative contributions) are exactly
zero and such theory can be viewed as a gravitational gauged analogue of the famous and very well
behaved on the quantum level N = 4 SYM theory. The fact that all beta functions are tuned to zero
is an expression of very high fine-tuning but also all superconformal theories are highly fine-tuned.
In the quest for quantum conformal gravity theory, the consistency requirement of the absence of
conformal anomaly is very crucial since this symmetry is gauged. Moreover, it constrains quite a lot
of possible searches for candidate conformal quantum gravity. This local symmetry is instrumental
in proving Ward identities (here conformal Ward identities) and they are very important elements
in the description of a quantum dynamics of such a system. If we do not have conformal anomaly
of precisely zero, then all features and advantages of conformal symmetry on the quantum level are
inaccessible and lost.

We need conformal invariance preserved at the quantum level of the theory because this is the
level which decides about very important features of the theory, its renormalizability, control of the
divergences and unitarity. As it is known for particle physics, it is desirable to have very nice properties
of the theory per se, while the specific choice of the vacuum, asymptotic states or background solutions
of the theory may not respect all of them and may lead to breaking of some symmetries of the theory.
However, for theoretical considerations about the situation in a theory, it is better to have as many
symmetries as possible since the symmetries constrain the dynamics, lead to integrability or even to
solvability of some models.

In the search for a conformal quantum gravity, we may take various attitudes and various
directions. First, we may desire to analyze the situation with standard Einsteinian gravity as described
by Einstein–Hilbert action in d = 4 spacetime dimensions:

SE−H =
∫

d4x
√
|g|κ4R . (4)

However, such theory (with or without a cosmological constant term which could be possibly
added here) reveals itself to be non-renormalizable so the problems here with UV-divergences are even
more severe. We write a detailed account on UV-divergences and their history in this theory in the
section about infinities. Although it is known that in d = 4 spacetime dimensions this theory on the
classical level is not scale-invariant, because of the presence of a dimensionful coupling constant κ4

related to the Newton’s constant, the situation can be improved a bit by using a trick with a dilaton field.
Such dilatonic Einsteinian gravitation is indeed scale-invariant classically, but the UV-divergences are
inevitable on the quantum level and they destroy the conformal symmetry. We consider more about
the dilaton trick also in Section 3.

This review is organized in the following way. In the next section, we review the long
story of infinities which at the end led to the first construction of UV-finite gravitational theory.
Then, we comment on the conformal quantum gravity, its situation at the one-loop level and also its
scattering amplitudes (both at the quantum and classical levels). Finally, in tight relation to previous
topics, we discuss some virtues of the Fradkin–Tseytlin conformal gravity models in four dimensions.



Universe 2018, 4, 125 7 of 44

2. Long Story of Infinities

Interacting QFTs were always plagued by divergences. They appear both in the UV as well as
in the IR limit of integration over loop momenta. Here, we will consider only infinities showing
up in the UV limit of the theory. They are present in almost any model of QFT, with the notable
exceptions of UV-finite theories, which are convergent in the UV regime. Original hope was that, in
fully consistent QFT, we will be able to avoid all these divergences and the theory will give us only
finite convergent results. However, soon after the development of first interacting models of QFT,
such an idea was abandoned as too naive. The problem of infinities motivated and strongly shaped
the research in particle physics and field theory in the last 70 years. They led to introduction of new
research directions of renormalization and renormalization group flows. The understanding of them
forced us to change our views on the parameters of the physical theory and on how to distinguish
between bare (theoretical and unobservable) parameters and effective and measurable (physical)
parameters. Moreover, new tools had to be introduced to describe quantum physics, like regularization
methods and beta functions. Actually, a particular area of research in theoretical physics evolved into
a whole new field of quantum RG flows. These developments also gave a little help to our big quest of
classification of quantum field theories and, thanks to various problems with UV-divergences, we were
able to distinguish two classes of theories: renormalizable and non-renormalizable as first discussed
by Pauli. Since the first distinction was based on simple analysis of the energy dimension of couplings,
the further progress led to refined notions of renormalizability and also non-renormalizability.

Before we get to the UV-finite gravitational theories (so theories completely without divergences),
let us first briefly review the situation with divergences in other theories of gravitational interactions
on the quantum level. These theories were arising due to historical reasons in the following order.
First, gravitational theory based on Einstein–Hilbert (E–H) action

SE–H =
∫

ddx
√
|g|R (5)

was quantized and the situation with divergences was analyzed. Since the conclusions were very
pessimistic, this motivated many researchers to change and modify the classical theory and start with
a quantization of some modified gravity models. The big promise arouse with four-derivative theories
in four-dimensional spacetimes since they were the first models to be proven to be power-counting
and multiplicatively renormalizable. Indeed, the modifications of gravity, which includes terms with
higher number of derivatives revealed to be fruitful in gaining control over infinities at the UV limit.
For example, gravitational theories with ten derivatives in four spacetime dimensions revealed to be
one-loop super-renormalizable meaning that the control over divergences was highly strengthened.
In such models, the divergences appear only at the one-loop level, while at higher loops the results
of all integrals are convergent. Theories with higher derivatives (HD theories in short) are typically
beset by the problem of ghosts and to solve this issue non-locality was invoked. In non-local theories,
the problem of ghosts does not show up, but at the same time good control over divergences can be still
kept. Actually, it is possible to construct such non-local gravitational theories for which the behaviour
of the theory in the UV limit coincides exactly with the behaviour of one-loop super-renormalizable
theories. Then, the final step in the construction of UV-finite theories is to add some operators called
“killers” to “kill” completely the remaining beta functions at one-loop level. Actually, we will see that,
in UV-finite theories, the non-locality is not a must and the theory can solve all the problems of higher
derivative formulation, if it is conformal on the quantum level. However, this is the chronological path
and we will follow such in the presentation here.

First, we consider UV-divergences in E–H theory in d = 4 four dimensions. This theory can be
quantized in a standard way using the Faddeev–Popov methods on the path integral. The result of
such covariant quantization is a QFT with one coupling, which is a mass parameter (MPl), which
is the square root of the inverse of the gravitational Newton’s constant GN (up to some numerical
coefficients). As such, it is a dimensionful parameter in the theory, which may signal a forthcoming
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problem with infinities and renormalizability. This is verified and confirmed by the careful analysis of
perturbation calculus in such a theory, which is actually a series in κ4 = M−1

Pl , which in turn has the
inverse mass dimension. According to the criterion by Pauli, such theory is non-renormalizable (at least
on the perturbative level) since this series reminds a series one gets if perturbatively study Fermi’s
theory of weak interactions. The E–H quantum gravity has serious problems with divergences—at
least this is what the naive power-counting analysis is telling us. However, maybe we should be more
careful and do not always trust the worst behaviour given by the power-counting.

Indeed, in 1974, ’t Hooft and Veltman were more careful and with a big effort [7] computed
explicitly the form of divergences at one-loop in quantum gravity. Their divergent part of the off-shell
effective action takes the form:

Γ(1)
div =

1
8π2(4− d)

∫
d4x
√
|g|
(

1
120

R2 +
7

20
R2

µν

)
. (6)

Their setup was the following. Their theory was quantum Einstein–Hilbert without matter
(pure gravity) treated perturbatively at one-loop in four dimensions. They also analyzed the situation
for both on-shell and off-shell Green functions of the theory. What they found is that, contrary to the
expectations expressed above, such model was completely convergent for everything that regarded
the on-shell (using classical vacuum equations of motion of the theory) n-point functions. This is truly
a “miracle” since, at one-loop, this theory is UV-finite. (It is not merely a non-renormalizable one, it is
one-loop finite!) Thus, ’t Hooft and Veltman achieved finiteness of E–H theory already in 1974. This is
not true because the “miracle” does not always happen, especially if we want to move in any direction
away from the setup considered by these authors. Moreover, the reasons (mathematical and physical)
can be understood for the “miracle” to happen and a deeper analysis shows that, in a more general
situation, we should not expect anything like this to happen again.

Now, thanks to ’t Hooft and Veltman, we can explain the result with a complete absence of
divergences at one loop. This is due to two facts. The first is the possibility of performing gravitational
field redefinitions for on-shell Green functions on the backgrounds, which are gravitational vacua
(that is are Ricci-flat in E–H theory not coupled to any matter). The second fact is that, in d = 4, we are
lucky and a variation of a celebrated Gauss–Bonnet term

GB = Riem2 − 4Ric2 + R2 (7)

is a total derivative, and hence can be neglected under spacetime volume integral (if the proper
boundary conditions are used or the fields of the theory fall off sufficiently fast at asymptotic infinity).
We use the GB density in the action integral of the theory at the one-loop effective level and, by
variation of the last object, we derive equations of motion (EOM) and two- and higher n-point Green
functions. For such purposes, if something is a total derivative, then it can be safely ignored. This last
fact has to do really with the number of dimensions because another way of writing the Gauss–Bonnet
term is

GB =
1
4

εµνρσεκλτωRµνκλRρστω (8)

and there we explicitly see the use of the completely anti-symmetric Levi–Civita tensor ε. Such tensor
with four indices can only be defined in four dimensions and in other dimensions we have a mismatch
between the number of indices on two Riemann tensors (eight indices) and on two epsilon tensors
(in general case 2d indices). This explains why four dimensions are special regarding the properties of
the Gauss–Bonnet term. Altogether, these two facts make the on-shell part of the divergent action at
one-loop level in pure E–H quantum gravity vanishing, so there is no a problem of divergences there.

However, the “miracle” is gone, if we try to consider more general setup. If we change the number
of dimensions to d 6= 4 (typically to d > 4), then in such new dimensions there is nothing like GB
identity and there is no reason to expect absence of divergences. If we couple matter to pure E–H
gravity, then Ricci-flat manifolds are not background exact solutions of the theory and we cannot use



Universe 2018, 4, 125 9 of 44

vacuum field redefinitions any more. Similarly, if we go off-shell and study amplitudes for virtual
external particles, again we cannot redefine the metric field there. Finally, the situation needs to be
investigated at the two-loop order. First, naive power-counting analyses suggested that we should
expect divergences with energy dimension 6, so a corresponding term in the divergent part of the
effective actions would contain six derivatives on the metric tensor.

Algebraic considerations by Nieuwenhuizen [8] and others showed that, in vacuum (Ricci-flat)
solutions, all algebraic tensors that can be constructed with six derivatives reduce to tensors, which
are cubic in gravitational curvatures and moreover, due to assumed Ricci-flatness, they all can
be written as cubes of the Riemann tensor (various contractions). Actually, the usage of some
dimensionally dependent identities reduces this algebraic space to only one element, which is
conveniently represented using a traceless Weyl tensor. (Since we get the Weyl tensor from Riemann by
subtracting some Ricci tensors or scalars, this change on Ricci-flat backgrounds amounts to nothing).
This one scalar cubic invariant in Weyl tensor we denote schematically by C3 and its explicit form

C3 = Cµν
ρσCρσ

κλCκλ
µν (9)

shows some kind of cyclicity and symmetry of it. (This invariant looks like a trace of Weyl cube tensor
treated as a matrix in its pairs of indices. Moreover, the contractions of indices occur exclusively
parallely in pairs). Hence, the question was whether such term could appear in the on-shell part
of the divergent effective action at the two-loop order in pure quantum gravitation based on E–H
action. By a very tedious computation, Goroff and Sagnotti in 1985 showed that the coefficient of the
counterterm needed to absorb divergences appearing at this level is non-vanishing [9–11]. We just
quote the exact figure for the reference here (but important is only the fact that it is non-zero):

Γ2-loop, on-shell =
209

2880(4π)4
1

4− d

∫
d4x
√
|g|C3 , (10)

where this result was obtained in a dimensional regularization (that is why the factor d− 4 appears
above). This shows that also at two-loop level the “miracle” is gone. This is to be expected since we do
not have any strong reason to exclude UV-divergences of this form at this level. All facts about field
redefinition and speciality of four dimensions cannot help in reducing algebraically the invariant C3

and, since it is algebraically possible, then it will be generated by quantum corrections. (This is some
kind of a Murphy’s law of QFTs: if some divergent term is not excluded by the symmetry or algebraic
considerations, then sooner or later it will appear in quantum computation).

In the renormalization of the E–H theory at the two-loop order, we have to be prepared to
absorb any divergence, which appears due to quantum corrections and this divergence requires quite
exotic covariant counterterm (with six derivatives)—compare this one with the original E–H action
containing two derivatives. The non-zero coefficient above signifies that the pure E–H theory is
non-renormalizable at the two-loop order and the naive expectations from power-counting analysis
hold true. To renormalize such theory, even on-shell, we need a counterterm of the covariant form C3

and such was not present in the original action.
We also note that, from the two-loop level, the expectations based on schematic power-counting

analysis are true and the theory behaves quite badly regarding the control of UV-infinities. When we
increase the loop level, the terms arising as divergences have higher powers of energies, so we need
more derivatives to absorb them in covariant counterterms. The control over divergences is here
completely lost and the original hope for a consistent QFT of gravity drifts very far away. We cannot
take E–H action as a basis for quantum field theory of gravitational interactions. This theory behaves
very badly on the loop levels, although it can do well as an effective theory (in the first approximation).
Besides the very theoretical problems of non-renormalizability, the real physical problem is mentioned
above non-predictiveness and this has to do a lot with experiments. Actually, a careful reader can
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notice that, due to the renormalization, such theory on higher loop levels makes the same predictions
as a sufficiently complicated theory with higher derivatives.

The situation with divergences is very bad in the initial gravitational theory. What could help
us to overcome these problems? First, a bit conservative solution is to add more symmetries to the
theory. This is fruitful, when symmetries joining fermions and bosons are added because they are
known from playing a crucial role in cancelling divergences as a result of fine-tuning of interactions
between different fields, but now residing in the same symmetry multiplets. For the case of gravitation,
the addition of supersymmetry (here in local version) leads to supergravitation theories. These theories
on the quantum level indeed behave better than their just pure gravity counterparts. The situation
is improved a little due to gravitinos and their gravitational interactions. Since they are fermions,
loops with them contribute with minus signs and this opposite sign reveals to be important for
cancellation of some divergences. However, not all divergences are cancelled. What is worse: not
all divergences are even under control. In original supergravity models with two or four local
supersymmetries, we know that, at a sufficiently high number of loops, the divergences show up and
they are not possible to be absorbed in the original two-derivative action, due to the arguments pretty
much the same like elucidated above. Hence, the theory reveals to be non-renormalizable, not only
non-finite, so original hopes are gone.

In turn, the situation in supergravities with high number of supercharges, like in N = 8 in d = 4
is still not settled down, due to the very complicacy of the theory and it is not known, if the theory
is with divergences at five loops, for example [12–15]. The quite high level of loops is, of course,
another tremendous difficulty here. Original and old conjectures were that such theory may reveal
to be UV-finite; however, if the divergences are present, then it will be non-renormalizable like any
other (super-) gravity theory in d = 4 based on two-derivative action in pure graviton sector. Indeed,
this is true, that all supergravities theories discussed so far in this paper in the gravitons sector
coincide with a theory based on E–H action, since they all have two derivatives. The logic as laid
down above will apply to them too, since in their actions they have two derivatives only, and in four
dimensions this is too little. We think that right now it is likely that even very highly constrained by
local supersymmetries (and other hidden symmetries) models of supergravity with two-derivative
actions will show at sufficiently high level of loops divergences, which cannot be absorbed in the
existing terms of two-derivative theory. Actually, the problems there are formulated in a form of
questions, whether the counterterms can exist or not at all, due to the all existing and constraining
symmetries. The miracles at one- and two-loop levels are due to the facts that some counterterms
(like C3) in supergravity cannot be written in a (super-)symmetric way, so they cannot show up and in
the result there are no divergences coming with them. However, the superspace formulation does not
exist for theories with N > 1 supersymmetries, so it is also very difficult to use such covariant formal
arguments. We leave the path of highly constrained two-derivative supergravity theories, since now
they do not offer very convincing and satisfactory answer for the problems of UV-divergences.

Another option is to try to employ conformal symmetry already on the classical level in
gravitational theory. However, since E–H is a theory with only diffeomorphism symmetry which is
gauged, this is difficult. Some attempts can be done with a dilaton field (treated like a dynamical
conformal compensator), but generally the situation with infinities is not improved. In addition,
this can be traced back to the fact that the gravitational coupling constant has dimension of mass or
equivalently the dilaton field takes a vacuum expectation value (v.e.v.). If we have a theory with a
mass parameter, it cannot be on the classical level scale-invariant. Strictly speaking, here we have a
vacuum state of the theory, which is not scale-invariant, but the full theory is scale-invariant. Hence,
we do not start with a setup for a conformal gravity theory on the classical level. If we manage to have
such a theory as the starting point, then another pending question is whether it remains conformal
also on the quantum level. This question is even more important than the original one, since we have
examples of classically conformally invariant theories, which are not any more scale- and conformally
invariant on the quantum level, like the standard two-derivative YM theories in four dimensions.
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There could be also a possibility that a theory, which is not classically conformally invariant,
becomes such after inclusion of all quantum corrections, but, until recently, we have not known
any example of such a behaviour. Such quantum enhancement of symmetries actually appears
in the quantum gravitational setup that we are going to consider in this paper. The examples of
such enhancement of symmetries on the quantum level are already known in the theory of critical
phenomena. There, due to quantum RG effects, the special point at sufficiently high energies is
met. The symmetry of the theory at this conformal fixed point of RG flow is bigger than the original
classical theory at small energies. The quantum effective action at this critical point can be viewed
as a resummation of perturbative quantum contributions with all effects of RG taken into account.
This effect can be clearly seen as the non-perturbative one (or as we want to phrase it as arising from
resummation). The situation with the theories of quantum gravity that we analyze in this review is
such that already at the one-loop level all contributions of perturbative loops are summed up (at least
regarding UV-divergences). This amazing feature is due to the super-renormalizability property of
higher derivatives theories that we are concerned with in this paper. The quantum enhancement of
symmetries could be also realized, if the dilaton field dynamically decouples and drops out from the
effective action of the theory. In a sense, this would be the reverse of a dimensional transmutation
process, which in some theories without scales produces new scale, which arises dynamically, like the
famous ΛQCD scale arising in the theory of strong interactions.

It is clear from the preceding discussion that we must modify the gravitational theory on the
quantum level, and by this we do not mean adding more symmetries, but change completely the
underlying dynamical principles governing quantum gravitational field. Below, we stipulate conditions
that we want to preserve, when putting modifications to gravitational theory on the quantum level.
First, we want to use and accept standard rules of Quantum Mechanics (QM) and, as a consequence,
we will modify gravity part, keeping the quantum mechanical part untouched. Following these
rules, we want to cast the quantum theory of the gravitational field in a framework of very successful
(so far) QFT. To quantize a classical system with gauge (here diffeomorphism) symmetries, we will use
standard covariant rules of quantization of gauge theories. We can use, for example, a path integral
approach to quantize the theory and to obtain generating functionals for Green functions. For dealing
with gauge symmetries, we will use a standard Faddeev–Popov trick of quantization of gauge
symmetries. In this way, we hope to get a standard version of QFT of gravitational interactions.
As marked above, we will use covariant treatment, which manifestly preserves Lorentz symmetries
and, moreover, is background-independent—this is why we will use a formalism of background field
theory. Additionally, we want to exploit the power of perturbative framework of QFTs. At the end,
what we want to get is a consistent QFT framework for gravitational interactions.

From the point of view of particle physics, we propose a QFT, whose particle excitations
correspond to structureless and point-like massless gravitons with two helicities and with the spin 2.
Setting the rules above, now we take the step to modify classical gravitational theory, which is later
quantized according to the stipulated rules. We modify the gravitational theory by changing its action,
since the action defines completely the dynamics for field theory systems. We decide to take this step
as an act of desperation, since all other attempts failed to give us satisfactory answers for the problem
of UV-divergences in quantum gravity theory. We know that, in the EFT framework, Einsteinian
gravity is a good physical theory, but we are also aware of its limited range of applicability. It works
very well on the classical macroscopic level (like the distances within our solar system). However,
it does not describe the dynamics very well at the very small scales (microworld) and at very large
scale (cosmology). Therefore, it is not surprising that we must modify this theory at those scales and
that a more general theory should be used for quantization programme, while the Einsteinian gravity
should be recovered only in the classical macroscopic limit and for low energies.

We desire the following modifications done to the gravitational theory. We modify the
gravitational action of a theory in order to satisfy many different requirements (some of them really
sound like perfect wishes). Namely, we want a self-consistent theory of massless spin-2 interactions
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on the quantum level, so the theory must be written using covariant language, using gravitational
curvatures and covariant derivatives only. Such theory should be defined at any energy scale, so we
should not find any problems, neither in UV, nor in the IR limit of the theory. This theory should be
possible to be formulated in four-dimensional spacetime. This does not preclude that we will not
accept an idea of extra dimension(s). We just want to say that the theory should be first defined in four
dimensions with the possibility for extension, it should not be only constrained to d = 4.

As for the construction of a gravitational theory, we want to use only metric degrees of freedom
and we will not allow for dynamical torsion or non-metricity. However, in the gravitational spectrum
of the theory, we may want to accept spin-0 and spin-1 particles as well, together with a dominant
massless spin-2 contribution from gravitons. Regarding the strictly quantum properties, we want a
theory written in a QFT language, which will lead to unitary S-matrix for scattering processes between
on-shell asymptotic states of the theory. Since Lorentz-invariance is well tested experimentally and
holds true to very high energies, we also want to preserve this symmetry of Nature in our construction.
Lorentz or more generally Poincaré symmetry is a symmetry of asymptotically flat spacetimes, hence
this symmetry pertains to the definition of asymptotic states, which are used for the construction
of the S-matrix. We do not want to break this good and useful symmetry either. Moreover, in the
same spirit, but on general backgrounds, we do not want to single out any particular geometrical
structure, hence in the middle of our manifold (in not asymptotic regions) we have to be able to write
our theory in a generally covariant and background-independent fashion. As motivated extensively
above, we must write a new gravitational theory using terms with higher derivatives added to the E–H
action. We will also soon give another arguments, why higher derivatives are inevitable in quantum
gravitational theory. In addition, finally we express our desire that the situation of this theory in the
UV is much more improved compared to the original E–H theory. We want to build a theory, which
is UV-complete in the high energy regime, where the full control over UV-divergences is gained and
which is renormalizable, super-renormalizable, and finally the most difficult wish is to require from
such theory to be UV-finite. In the next pages, we will show that it is indeed possible to increase the
control of infinities and eliminate them completely in a sequence of steps as mentioned above.

The final argument, which will be used for the inclusion of terms with higher derivatives in
the gravitational action, has to do with maybe less ambitious situations than fully-fledged quantum
gravity. Before constructing such theory of quantum gravity on a general background, we should
maybe study the situation of quantum matter fields on some fixed spacetime geometry, which may not
be flat, but curved due to the gravitational effects. For the moment, we can freeze the gravitation and
consider it as a non-dynamical external field present in the system of QFT of matter fields. The theory
of quantum fields on curved backgrounds is well studied and well understood. This is that less
ambitious idea: let us first quantize matter and put it on a classical background, and for the moment
do not attempt to quantize gravity. This situation has its physical importance and significance as well,
since all the quantum matter fields have to be treated like, for example, when they are studied on
cosmological backgrounds. The Friedmann–Robertson–Walker (FRW) classical background spacetime
is a very good approximation to gravitational physics happening some time after the cosmological
Planck era. There with good accuracy we can describe effects of the existing gravitational field by
putting the quantum theory on curved background. To give an example, we can mention that to
get the correct results for big bang nucleosynthesis, which produces all known chemical elements,
we must consider effects of cosmological gravitational field, but it suffices that this field be considered
completely classical. This approach and motivations first appeared in works on gravitational field by
Utiyama and were also repeated recently by Shapiro.

What can quantum field theory of matter fields on curved backgrounds teach us regarding
quantum gravity? We may consider the issue with UV-divergences there, when we do not have
gravitons on internal lines of Feynman diagrams, but we can have them on external lines emanating
from the diagrams. Such semi-classical approach to quantum gravity signifies that we are in a fixed
classical external background (external graviton legs correspond to classical interactions with smooth
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external geometry), but at the same time we do not allow gravitons to propagate (not yet) and therefore
there are no virtual gravitons in any part of the diagrams. The moral of QFT on curved background is
that gravitationally interacting matter fields will generate divergences, for which absorption we will
need purely gravitational counterterms constructed with the help of the background external metric
field. Of course, these divergences are besides UV-divergences to be found in matter sector, which are
roughly the same as the ones we could find in a matter sector, when this one is considered on flat
Minkowski spacetime background. (The UV-divergences of the theory probe the coincident limit of
two points on the manifold, and the spacetime and internal space too are effectively flat for them in this
limit). Thus, let us analyze these new divergences, which have to be absorbed by generally covariant
expressions constructed with the background metric. Let us consider a situation, in which the original
matter theory is a renormalizable two-derivative theory and without any dimensionful coupling, if it
was studied around flat spacetime. For simplicity, we will below focus on the situation at the one-loop
level, but the same can be generalized to any loop order. For the case of one-loop off-shell divergences,
we find using the formalism of QFT on curved background that the “gravitational” divergences are
proportional to the Lagrangian densities:√

|g|R2 and
√
|g|C2 , (11)

where R denotes the Ricci scalar and C the Weyl tensor. We have the explicit expression for the second
counterterm in four spacetime dimensions (using other more common curvature tensors):

C2 = RµνρσRµνρσ − 2RµνRµν +
1
3

R2 . (12)

Of course, these two counterterms are non-vanishing only on non-trivial gravitational
backgrounds and that is why in flat spacetime theory of matter sector we never had to worry
about them. They, however, arise on a curved background (like this one given by the cosmological
setup earlier, but there we have C = 0 on FRW). These are divergences, which should be absorbed
by the terms constructed with the external metric, and we see explicitly that they contain four
derivatives of the external metric tensor. This is easy to understand since, if the matter theory is
without any dimensionful coupling and it is renormalizable in d = 4 spacetime dimensions, then
these “gravitational” divergences must come with dimensionless coefficients and this means that
they must multiply terms, which are constructed with precisely d derivatives of the dimensionless
metric tensor. In addition, such tensors in four dimensions are precisely R2 and C2 (when, for the
moment, we neglect the third one: Gauss–Bonnet term (GB) and the fourth one: �R, which is a total
derivative). Only in this way can we construct necessary counterterms to absorb divergences, which
generically show up there in matter theory. We conclude here that, in general, if we are in d dimensions,
the divergences generated by the matter sector on a curved background contain exactly d metric
derivatives, even if the original action that we would like to use to study propagation of gravitational
field contains only two derivatives (and then it is a simple generalization of the Einstein–Hilbert action
in general dimension). To absorb these divergences, we need gravitational counterterms with precisely
d derivatives. We notice also that these new divergences with d derivatives are induced due to the
quantum matter corrections, even if the matter theory contains only two derivatives (or generally less
than d derivatives).

Let us recapitulate how to construct higher derivative theories in general dimensions (d > 2).
The reason why the physical theories have to be higher derivative (HD) theories is simple: the observed
dimensionality of spacetime is not 2. If this was exactly the case seen for macroscopic spacetimes,
then two-derivative E–H theory would be enough (and such theory is renormalizable in d = 2
dimensions). Instead, we see higher dimensionality of physical spacetimes and with the above
motivations this leads us to considerations of HD theories. The proper HD theories in d dimensions must
be constructed from terms with precisely d derivatives on the metric tensor. For this, we can use various
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curvature tensors (Riemann, Ricci tensors or Ricci scalars) and we can act with covariant derivatives
on them. The construction is not restricted only to the d

2 powers of the Weyl tensors, like it was above
for the on-shell divergent parts of the effective action at higher loop orders in the non-renormalizable
E–H theory. In the result, we get some new actions with some new HD terms. Moreover, the coupling
parameters in front of these terms are all dimensionless in a general dimension d.

The first example of a higher derivative gravitational theory was the theory proposed in 1977 by
Stelle [16,17]. Its action (in four dimensions) reads:

Sgrav =
∫

d4x
√
|g|
(

κ−2
4 R + αR2 R2 + αC2 C2

)
, (13)

where the coefficients αR2 and αC2 are dimensionless. This last fact is peculiar to spacetime of
dimensionality four, but the structure of the fundamental four-derivative action in general dimension
is only modified by one additional term according to

Sgrav, d =
∫

ddx
√
|g|
(

κ−2
d R + αR2 R2 + αC2 C2 + αGBGB

)
, (14)

where GB denotes the Gauss–Bonnet term, and again αGB has the same energy dimensions as αR2 and
αC2 . In four dimensions, the last added term contributes nothing to the dynamics since its variation
(to any order) is a total derivative, hence it has no impact on the equations of motion (EOM), nor on the
propagator, etc. In higher dimensions, this term contributes to the variations (for example in Lovelock
gravitational theories); however, it still contributes nothing to the propagator of graviton around
flat spacetime in any dimension. This theory is a first example of a multiplicatively renormalizable
gravitational theory in d = 4 spacetime dimensions. This is an effect due to an improved behaviour of
the propagator, which now falls in the UV limit not like k−2 (which was the case for the E–H theory
with two derivatives), but like k−4 and this is really the consequence of having more derivatives in
the gravitational action. The increased power exponent on the propagator is essential for having
renormalizability because now the energy scaling in the diagram of every internal line is decreased,
so we have lower bounds on the superficial degree of divergence of any graph (more about this
also later). However, we remark here that this theory is only renormalizable in four dimensions
because only there the coefficients αR2 , αC2 and αGB are dimensionless. (In higher dimensions, the first
renormalizable theory must contain terms with more derivatives). Due to renormalizability, the UV
behaviour of Green functions is improved, but still there are infinities and the theory is merely
renormalizable (similar like F2 gauge theory in d = 4 is renormalizable), but our goal is to find a
candidate for UV-finite gravitational theory (similar to N = 4 SYM theory in d = 4). This is a step in a
good direction and with it we write gravitational theory in a very similar way to the theories of other
interactions present in the SM of particle physics. Now, both the matter and gravitational theory are
put on the same footing as theories quadratic in corresponding field strengths or curvatures. We add
that the term κ−2

d R in the action Equation (14) was left there in purpose, although it contains only one
power of the gravitational curvature. We keep it for the correspondence with Einstein’s gravity in the
low energy (that is in the IR) limit of the theory. This is not only a limiting theory, when the derivatives
of the metric tensor are small in some sense, but also when the gravitational curvatures are small.
We could also include a cosmological constant term λ in the action, which contains no derivatives
and no curvatures, and hence it would be the first one we have to write in the EFT paradigm for
gravitational theories. For completeness, in a theory in d dimensions, we should include, in principle,
all terms with up to d derivatives of the metric, if they are not excluded by any symmetry of the theory.
They are needed for good IR limits of HD theories. Einstein–Hilbert and the cosmological term are
therefore often necessary for a HD gravitational theories in d = 4.

However, with the advantages of four-derivative theories, we are also meeting some drawbacks
here. On the classical level, there are new solutions compared to solutions in standard two-derivative
theory. The closer look at them shows that they are typically runaway solutions, hence quite unwanted
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(but compare with an eternal cosmological inflation, which is actually a runaway solution in R + R2

Starobinsky theory). On the other side, we remark that in the first four-dimensional renormalizable
theory Equation (13), all Ricci-flat spacetimes are also exact vacuum solutions, similarly to the
situation of vacuum in the E–H theory. The presence of higher derivatives signifies also the so-called
Ostrogradsky instabilities of the theory. This has to do with instabilities of the classical exact solutions
of the theory, when written in the Hamiltonian formalism.

The negative sign of the “massive” term testifies to the negative energy of the corresponding state
(due to these negative energies these fields are also called phantoms). Of course, we can reformulate the
theory (to change the vectors of state) to provide positive energy for the ghosts, but then the massive
pole will have a negative residue and therefore the corresponding norm in the Fock space of states
will be negative. Hence, the massive spin-2 particles have negative energy or a negative norm and are
therefore non-physical. They cannot appear on external on-shell legs of any diagram. The negative
norm states cannot be removed from the physical spectrum and hence unitarity in HD theory is
violated. Unlike the Faddeev–Popov (FP) ghost, which cancels with non-physical components of the
gauge fields and hence preserves unitarity, the appearance of the massive spin-two ghosts contradicts
unitarity. Note that the problem of unitarity is the most difficult in higher-derivative gravity. We
noticed that in such model we find a presence of massive ghost states with a negative sign of the
residuum in the spectrum. This can be interpreted in another way that the putative state of the
gravitational vacuum is very unstable and immediately decays (by quantum corrections this is not
immediate, but still very rapid decay) and massive ghosts with negative energies are instead produced.
Therefore, this argument we may take as a sign that the putative vacuum that we use in the definition
of Fock space for HD theories is not the true gravitational vacuum of the theory and we should look
for another vacuum state, which is stable. These are all sides of the same coin, which is the violation
of unitarity in such class of theories. Lack of unitarity is the general reason why we do not consider
this higher-derivative gravity as the first and the best candidate for the quantum gravity description.
At the same time, this theory is a very attractive “toy model” for the “true and fundamental quantum
theory of gravity”. Of course, the problem with unitarity appears in almost any higher derivative
theory, whether in gravitational, gauge, or scalar sector.

It is required that we comment here on the interesting situation regarding the renormalizability in
the Weyl square gravity. In d = 4, the theory is non-renormalizable from two loops on [18–20]. However,
at the one-loop level and exploiting conformal background gauge, the theory is renormalizable.

We mentioned that in the search for UV-finite theory the next step is a construction of a
super-renormalizable theory. We simply get there by considering the following generalization of
the four-derivative Stelle theory (where we understand � = gµν∇µ∇ν):

Sgrav =
∫

d4x
√
|g|
(

λ + κ−2
4 R +

N

∑
n=0

αR,nR�nR +
N

∑
n=0

αC,nC�nC

)
. (15)

(In principle, we could also add here the higher order generalization of the Gauss–Bonnet term:

GBn = Rµνρσ�nRµνρσ − 4Rµν�nRµν + R�nR , (16)

but we notice right away here that it does not contribute to the propagator of graviton around flat
spacetime in any dimension, so it will not have any impact on the (super-) renormalizability properties).
Such theory was proposed for the first time and studied by Asorey, Lopez and Shapiro in 1996 [21].
The feature of its super-renormalizability we discuss in some details below. Here, we would like
to say that this theory enjoys even higher suppression of the graviton propagator in the UV, so the
loop integrals are made even faster convergent, hence this super-renormalizability property is not
unexpected here. We will see that, for a sufficiently high natural exponent N, the UV-divergences only
remain at the one-loop level. In such theory, the graviton propagator (and also for all other fields in
the gravitational sector, like FP ghosts) scales like k−(2n+4) in the UV regime. Again here, we find the
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same drawbacks of higher derivative theories, related to “bad” ghosts on the quantum level (not to
confuse them with “good” FP ghosts). Now, due to the number of derivatives higher than four in the
action, we have the situation that the sign of the mass terms for ghosts alternate and we have some set
of massive spin-2 normal particles and massive spin-2 ghostly particles, respectively. Now, we can
also understand the meaning of monomial or polynomial behaviour of the theory, since the sums in
Equation (15) define two general polynomials in the box (that is a covariant d’Alembertian) variable.
The comments about the structure of the perturbative spectrum around flat spacetime apply here as
well. The problem of unitarity is still present here and it is not alleviated by using gravitational actions
with higher than four derivatives, for any fixed natural N.

The unitarity, instead, does not depend on the question of dimension, provided that we are in
d > 3 (to have all the characteristics of the relativistic gravitational field turned on). In principle,
one could tell about the unitarity by analyzing the perturbative spectrum of the theory around any
background. However, the more refined analysis, which also counts the number of degrees of freedom
and their linear stability requires the usage of Hamiltonian formulation of the model [22,23]. Therefore,
the latter one can be viewed as a non-perturbative and a fully nonlinear analysis. In Weyl gravity, such
perturbative analysis points towards non-unitarity; however, some non-perturbative results seem to
support opposite conclusions [24–30], which show that either ghosts do not show up or that they are
rather innocent, if present.

The final resolution of the problem with unitarity is given by the next upgrade of theories to
fully non-local, so to theories containing an infinite number of derivatives (N = ∞ schematically).
All terms in the action of such theories could be collected in a form of non-local form-factors, which
can be viewed simply as an analytic functions of the covariant differential operator, for example of the
covariant box operator (� = gµν∇µ∇ν). Such theories are called weakly non-local because, in their
presentation in the action of a theory, all fields and derivatives in the Lagrangians are taken in the
same spacetime point. This is to distinguish them from truly non-local (strongly non-local) theories
for which descriptions we would have to use kernel operators and the fields depending on different
points of spacetime under the same spacetime volume integral. To handle the latter types of theories is
more difficult but possible as well. However, the non-local gravitational theories presented in a weakly
non-local form suffice to solve the problem with massive unwanted ghost states. The first non-local
theories were constructed by Efimov, Kuzmin, Tomboulis and Krasnikov. For the purpose of studying
the most general propagator around flat spacetime, it is enough for us to study the following general
theory, given by the following gravitational action:

Sgrav =
∫

d4x
√
|g|
(

λ + κ−2
4 R + RFR(�)R + CFC(�)C

)
, (17)

where there are present two form-factors of the covariant box operator �, namely FR(�) and FC(�).
(Again, we can here neglect the non-local Gauss–Bonnet term, which contributes nothing to the
propagator around flat spacetime). We want to emphasize that, for the issue of power-counting of
UV-divergences, which we are going to discuss soon, we can restrict ourselves to the case of flat
Minkowski spacetime background because UV-divergences are independent of the background used
to evaluate them, due to the background independence of the theory. In the UV limit, any manifold,
which is a background, is viewed effectively as a flat one (UV limit is a coincidence limit of two points).
Therefore, the power-counting analysis we will perform on flat spacetime and for this purpose we
need the most general expression for the gravitational propagator there. Such expression one can
easily obtain from the action above, which is indeed the most general one on the flat spacetime.

The action above Equation (17) is an action of a weakly non-local theory, due to the presence
of two non-local functions of the box operator. In general, they should be analytic functions of the
box operator, but in principle the case of polynomials is also covered here. Moreover, as proven by
Tomboulis [31–33], there exist analytic functions such that around real axis on the complex plane they
tend in the UV limit (regime, where the argument of the form-factor is real and takes large values) to
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polynomials. These polynomials we would call UV polynomials of the form-factors. This is a very
important discovery in mathematical physics, since it gives rise to theories that can completely avoid
the problem of ghosts in the perturbative spectrum, but at the same time take all advantages of the HD
theories regarding the control over UV-divergences. Indeed, as can be easily checked on particular
examples in such non-local theories, we can have no massive ghosts in the spectrum. The structure of
the form-factors is due to this being a bit constrained, but they can be still quite general and in a large
class of non-local theories. If we use form-factors due to Tomboulis, we indeed avoid the problems
with ghosts, but at the UV limit we get back to HD theories described by polynomial functions, not by
general analytic functions. The poles of the propagator giving rise to unwanted massive ghosts would
show up, if the expression for polynomial HD theories would be valid at all energy scales. However,
this polynomial behaviour is valid only in the UV limit. At all ranges of energies, the exact expression
is given by the non-local form-factor, which does not develop any pole on the complex plane, besides
the massless spin-2 pole of the standard transverse graviton. Hence, these dangerous poles of the
HD limit of the theory are completely avoided, due to the usage of interpolating form-factors. In this
way, the unitarity of the theory is explicitly preserved and there is no any problem with violation of
it, which was present in almost any truncation of the non-local theory to local HD theories. We saw
that in HD theories the occurrence of unwanted massive ghost states is often inevitable. However,
in non-local theories, we can easily avoid them. Using non-local theories, which in the UV take back
the form of HD theories, we omit ghosts and at the same time we can still have a very good situation
regarding UV-divergences. A form-factor, which in the UV regime takes the form of any HD theory is
always possible. We emphasize here that, about the UV-divergences, only the UV physics (so the UV
limit of the theory) decide, so we could completely separate the two issues: of the renormalizability
(control over UV-divergences) and of the unitarity (presence of massive ghosts). That thing was not
possible for HD theories and this is the real advantage of non-local gravitational theories. As it is
well known, the issue of the spectrum and the presence of massive ghost modes in it is an issue for
all energy scales, not only in the UV physics. That is why it was possible to disentangle these two
problems of renormalizability and unitarity. In the class of non-local theories, we are able to solve both
of them at the same time. We add that, in these theories, not only the spectrum is ghost-free, but also
the optical theorem is satisfied and unitarity of the S-matrix is proven rigorously to all loop orders
too [34–36]. In the perturbative spectrum of the theory, we find only physical transverse massless
graviton with two helicities and this is true for both the propagator around flat spacetime as well as
around any maximally symmetric spacetimes (MSS). The detailed exposition of non-local theories can
be found in the papers [37–55].

In the theories, which in the UV limit are described by some HD theory, we observe the following
interesting behaviours in the UV regime. First, the theory is asymptotically free in d = 4 dimensions
similarly to the situation with Yang–Mills theories, therefore this opens a possibility for a unification of
gravitational and gauge interactions, since they both have very similar UV behaviour. In such case of
HD theories, we also have very good fall-off of the propagator in the UV limit, very good control over
UV-divergences and we are on a good path towards UV-finite theories. The quantum loops simply
behave very well and in a controllable way.

Now, let us consider in more detail the situation with power-counting of UV-divergences in a
theory, which in the UV limit takes the following schematic form:

SUV =
∫

ddx
√
|g|R�γR , (18)

where by R we denote a general gravitational curvature (this could be Ricci scalar, Ricci tensor,
Riemann tensor or even a Weyl tensor). We noticed that with this choice in the UV the theory has a
monomial asymptotics with the exponent γ + 2 on the box in Fourier space as the kinetic operator
between gravitational fluctuations (however, γ can be here any positive real number; it does not have to
be an integer). If the theory has as UV behaviour the general polynomial or even a finite Puiseux series
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form, then still for the superficial and the worst behaviour of UV-divergences we can take the situation,
which is given by the highest monomial (with the biggest exponent) and this exponent is what we
above called γ. Such circumstances we can easily achieve, if all the two form-factors in Equation (17)
have the same UV asymptotics. Then, the propagator of all modes of the theory (of gravitons and also
of FP ghosts) has the same scaling in the UV, as the first time showed by Modesto [56], and this is
given by

Π ∼ k−(4+2γ) . (19)

In the analysis below, we assume that the graviton field hµν and a Faddeev–Popov ghost field Cµ

(and Cµ for a FP anti-ghost field) are dimensionless and this signifies that for these two propagating
fields of the theory we will have the same maximal number of derivatives in vertices as well as
in propagators of the theory in the UV limit. This also shows that the power-counting analysis of
divergences for the case of quantum gravity in any dimension is much easier than the same analysis
attempted at a higher derivative gauge or matter theories. As a direct consequence of what was said
above, we see that the maximal scaling in the UV of any vertex of the gravitational theory (which may
also contain precisely one FP ghost and one anti-ghost field) is

V ∼ k4+2γ , (20)

which is exactly the inverse of the scaling of the propagator Π from the formula Equation (19) above.
Collecting all above facts, we derive the general expression for the superficial degree of divergence

∆(G) of any Feynman graph G in the theory. Let us imagine that such a diagram contains precisely L
loops (so L integrations over momenta are to be done), V vertices (of any type: gravitational with any
integer number of legs bigger than two, or also vertices with precisely two FP ghost fields and any
number of graviton legs attached) and precisely I internal lines (which correspond to virtual gravitons
or FP ghosts). Actually, here we can simplify discussion considerably by considering only gravitons,
since, for all that regards FP ghosts, they are very similar to virtual gravitons. Their energy dimensions
are the same and they have the same UV scaling of the propagator and the same scaling of any vertex.
Let us then, from now on, write only about gravitons, since adding FP ghosts to this analysis will not
change anything. For any graph G, we have the following expression for ∆(G):

∆ = dL + V[vertex] + I[propagators] . (21)

Since, as emphasized above, we have

[vertex] = −[propagator] = 4 + 2γ (22)

and taking also the topological relation for any diagram (I −V = L− 1) into account, we can write the
final bound for the superficial degree of divergence, derived in any dimension d, as

∆ 6 d− (2γ + 4− d)(L− 1) . (23)

Now, let us particularize to the case of d = 4. There, we get the following expression for the
bound on the superficial degree:

∆(G) 6 4− 2γ(L− 1) . (24)

Some immediate observations based on this power-counting are here in order. When we tend to
increase the exponent γ on the box in the action Equation (17), then we see that the UV behaviour given
by ∆(G) is better and better regarding higher loops with L > 1. We see that, for some sufficiently high
value of the parameter γ, we have the degree ∆(G), which is negative and this signifies by the token of
power-counting analysis in the cut-off Λ that there are no divergences in the theory at the given loop
order. However, we see that always at the one-loop level we find divergences, no matter how high
we increase the exponent γ. Moreover, we also noticed here that at the one-loop level the superficial
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degree (so the worst situation) of divergences is equal to the dimensionality d of the spacetime, at least
when we use the cut-off regularization scheme. Being in d = 4 spacetime dimensions, we find that,
for γ > 3, there are no divergences at two loops and onwards. In this situation, we say that the theory
is one-loop super-renormalizable, since the one-loop level is the last one at which we see divergences
at all. In the same way, the theory for γ = 1 we call 3-loop super-renormalizable in d = 4 dimensions.
If we have UV-divergences only at the one-loop level, then we are in a much better situation in hoping
for cancellation of them in a some model of UV-finite theory.

There is already a known approach to QFT, which gives the desired result of QFT without any
beta functions. Actually, the condition of vanishing of beta functions is equivalent in the parlance
of exact RG (or functional RG termed also as FRG) community to the existence of a fixed point of
Renormalization Group flow (RG), which is true at all energy scales. This means that the Wilsonian
effective action of a theory should always stay at the fixed point, not only in the UV regime. We look for
UV-finite theories such that in the UV regime they meet a non-trivial fixed point (meeting a trivial fixed
point is quite of boring, because this is a free theory without any gravitational interactions). This is
one of the conditions present in the asymptotic safety programme (AS) for quantum gravitational
interactions [57–60].

One of the first papers with explicit construction of UV-finite quantum gravitation with higher
derivatives appeared in 1989 by Kuzmin [61]. The idea by Kuzmin was the pioneer one and is still
very interesting. It has moreover some relations to models with fractional derivatives [62–64].

As a first element in the last step of construction of UV-finite quantum gravitational theory,
we remind how the general structure of perturbative UV-divergences looks at the one-loop level.
The divergent part of the effective action at this level can be written in a form:

Γdiv =
∫

d4x
√
|g|
(

βR2 R2 + βC2 C2 + βEE
)
+ (β�R�R) , (25)

where E above is another notation for the Gauss–Bonnet scalar (since it gives rise to Euler invariant of
the four-dimensional manifold) and we have included also an additional term �R, which is clearly a
total derivative. One may ask why we need to include that Gauss–Bonnet term and the last one to the
divergent effective action at the one-loop level. Actually, it is perfectly true that they do contribute
nothing to the EOM of the effective theory (to their divergent part at one loop); however, the inclusion
of such two terms, which after variations are total derivatives, is useful, when we want to discuss the
general symmetry properties of the theory. This is important because, when we want to perform some
symmetry transformations to check the invariance of the action, then these terms may be essential in
providing the correct answer as it is, for example, in some cases in supersymmetric theories. However,
here we will be mainly interested in conformal symmetries of the theory and for them the expression
above gives rise also to the correct and complete expression for the conformal anomaly of the theory,
which we will discuss here in short. All terms in the action above contributes to the conformal anomaly
and forgetting about one of them would spoil the derivation related to conformal symmetry at all.

To kill these divergences, we will use killers. What are killers? In the construction of a higher
derivative theory (which could be understood as a viable UV limit of some non-local theory with
form-factors) so far we have considered only operators, which were quadratic in field strengths
(gravitational curvatures). However, it is possible to add also other operators, if they do not change
the renormalizability and super-renormalizability properties of the theory. For this to be true, we need
the number of derivatives on the metric in additional operators to be smaller or equal to the number
of derivatives, which are in terms quadratic in curvatures, which completely determine the form of
the propagator on flat spacetime. Then, the renormalizability (and super-renormalizability too) is safe
and moreover we know, which operators in the action contribute to the flat spacetime propagator.
(Of course, in the full non-local theory, we can add non-local killer terms to the action that only in the
UV regime attain the form of higher-derivative terms, which respect the renormalizability, and only in
this limit have the number of derivatives bounded by the one appearing in the inverse of the graviton
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propagator in the UV limit). The killer operators have an impact on the beta functions of the theory,
but not on the graviton propagator around flat spacetime. They are among the other group of terms,
which still could be added to the action and this change does not modify super-renormalizability
properties of the theory. One can also speak about terminators and spectators. The terminators
participate in killing the beta functions of the theory, but they also modify the propagator; however,
the way they are written hides their true nature because they do not look like terms obviously quadratic
in gravitational curvatures. The last criminals, which appear at the crime place (of killing the beta
functions), are spectators. These operators, still allowed by super-renormalizability, do not contribute
neither to the propagator, nor to the beta functions of the operators considered above. They will surely
contribute to the finite terms of the effective action at one-loop, but for study of divergences we do not
see any effect of them.

Focusing on killers, now we can easily understand that they can be at most quartic in curvatures
in four dimensions. This is a corollary of the fact, how the expression of the effective action at one loop
looks in an abstract way

Γ(1) =
i
2

Tr ln
δ2S
δφ2 , (26)

where an important fact is that the functional trace denoted above by Tr is a linear operation and we
will expand the natural logarithm according to the power series:

ln(1 + x) =
+∞

∑
i=0

(−1)i+1 xi

i
. (27)

Since we know that the ansatz for the divergent part of the effective action in four dimensions
has the structure of terms, which are at most quadratic in gravitational curvatures Equation (25),
then we easily understand by the argument presented above that the terms which are quintic and
higher in curvatures will not contribute anything to this divergent action Γ(1)

div. The killers can be at
most quartic in curvatures. (This result depends on the dimensionality of spacetime and in general
dimension d the killers for one-loop beta functions may contain up to d+ 2 covariant curvature tensors).
Therefore, they can be cubic or quartic in curvatures, while at the same time they may contain any even
number of covariant derivatives acting on these curvatures (but these terms as whole must respect the
renormalizability criterion from the above).

Due to the mentioned linearity, let us choose to use quartic killers only and use the following
addition to the original action:

Skill = s1R2�γ−2R2 + s2C2�γ−2R2 + s3E�γ−2R2+

+
(
s4(�R)�γ−2R2) .

(28)

It is easy to understand how our three (four) killers are constructed. We took each term in the
ansatz for the divergent part of the effective action at the one-loop level in Equation (25) and simply
multiplied them by the scalar expression �γ−2R2, where the box operator is understood to act on the
square of the Ricci scalar on the right. We also multiply each term by a suitable coefficient si, whose
energy dimension is the same of the coefficients α’s with the highest N appearing in the quadratic part
of the higher derivative action Equation (15). This also ensures that the killers in Equation (28) are not
in conflict with renormalizability of the whole theory. There is a mentioned advantage of using quartic
over cubic killers in four spacetime dimensions because in the final contributions for beta functions the
coefficients si appear only linearly.

Indeed, in bigger generality, the expressions for all beta functions of the theory we write in the
following form:

βi = vi + aijsj . (29)
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This displays a linear structure of the system of the beta functions of the theory. The matrix aij
is some real constant matrix. The contributions collectively put in vi denote all contributions to the
beta functions from all other terms different than four selected killers in the action (from possibly
other killers, possibly also cubic and also from terms quadratic in curvature in the action). These
are all contributions independent on the coefficients si of our four chosen killer terms Equation (28).
The second term in the above sum in Equation (29) is obviously linear in the coefficients si. Now,
the question arises, but it is simple to answer: how we can make our theory so special that it will have
no beta functions at all? This is equivalent to demanding from the theory to be so fine-tuned that it is
conformal on the quantum level. The condition for UV-finiteness is simply

βi = 0 . (30)

The answer is a matter of simple algebra, since we can always find solutions for unknown si
coefficients, if the vi contributions are all given and if the matrix aij is non-degenerate. This is after all
a system of linear equations and, provided that the matrix aij is non-degenerate, we can always find a
real solution for the unknowns. The non-degeneracy of the matrix aij can be easily grasped as follows.
This is the result of the detailed computation of the second variation of these terms with respect to
gravitational fluctuations. As from the structure of what is left after stripping R2 from these terms, one
can see that there is a contribution to each of the terms present in the divergent part of the effective
action Equation (25).

Now, the solutions to the linear system of equations Equation (29) always exist and we denote it
collectively as coefficients s∗i . According to what was said above the HD theory:

SUV−fin =
∫

d4x
√
|g|
{

αRR�γR + αCC�γC+

+s∗1 R2�γ−2R2 + s∗2C2�γ−2R2 + s∗3 E�γ−2R2 +
(
s∗4(�R)�γ−2R2)} (31)

is completely UV-finite in four dimensions for γ > 3 and for precisely tuned values of the coefficients
s∗i , which are the results of solving the system of equations from above Equation (29).

In the example above, we have found a candidate theory for fundamental Quantum Gravity,
which is a UV-finite theory. Hence, it is also conformal on the quantum level. Since there are no
divergences beyond the one-loop level, in the theory, there are no divergences at all and conformality
is completely preserved by quantum corrections. The achievement above is equivalent to finding a
theory, in which conformal anomaly to all loop orders is completely absent. We showed explicitly that,
at the one-loop level, there are no UV-divergences and the theory is with all beta functions set to zero.
In QFT, the trace of the energy-momentum (pseudo-)tensor of the system derived from the effective
action is proportional to the beta functions of the theory, or in other words to the conformal anomaly
of the theory. We have explicitly in formulas:

T = gµνTµν = ∑
i

βiOi , (32)

where the full action of a system we write as

S =
∫

ddx
√
|g|∑

i
αiOi (33)

and the beta functions βi are the logarithmic derivatives with respect to energy scale k of the running
coupling coefficients αi = αi(k) (some of them run, not necessarily all). The set of operators Oi consists
of all generally and gauge covariant operators that we want to add in the Lagrangian of the theory.
They have to respect all symmetries assumed from the theory on the classical level. The non-vanishing
of the trace on the quantum level of the energy-momentum tensor is called a quantum trace or
conformal anomaly. It arises in theories which are conformally-invariant on the classical level and for
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which the process of quantization produces scale-dependence of couplings and in the result quantum
trace is non-zero. It is well known that, for normal theories, conformal invariance on the classical level
is just an accident and it is generically removed by quantum corrections, which force couplings to
run (like for example in YM theory). The theory must be very special to avoid conformal anomaly.
However, since in the standard framework of QFT we know how to live with theories that predict and
indeed exhibit RG running, then typically this non-vanishing anomaly is not problematic.

For gravity, the situation is diametrically different, since we want to gauge this symmetry
(make it in a local version). Therefore, making conformal symmetry non-anomalous is very
crucial in construction of a good quantum gravity model. In our case, the physical system is a
quantum self-interacting gravitational field. Hence, we cannot truly speak about the energy and
momentum of gravitational field here, since they are not generally covariant notions in E–H general
relativity. However, some covariant parts of the energy-momentum pseudo-tensor of relativistic
gravitational field could be still defined and transform well in some higher derivative gravitational
theories [65]. This is why in the pure gravitational setup we should speak only about the trace of the
energy-momentum pseudo-tensor.

The trace of the energy-momentum pseudo-tensor of the gravitational field at one-loop level in
the gravitational theory in four dimensions off-shell [1–3,66,67] takes the following simple form:

T = β̃C2 C2 + β̃EE + β̃�R�R , (34)

where all three coefficients β̃i are linear combinations of the original beta functions βi of the theory as
expressed in the divergent part of the effective action in Equation (25).

Here, we eventually see why it is important to keep the last two terms in the divergent part of the
effective action Equation (25). The expression for the trace anomaly is not under a spacetime integral;
hence, we cannot integrate by parts and we cannot neglect terms with total derivatives here. The last
two terms are generally non-vanishing on curved background manifolds and should be included for
the proper account of the conformal anomaly. However, in our finite theory, we took care of them
too (by adding two suitable killers for βE and β�R). By killing all four beta functions in Equation (25),
we also set to zero any linear combination of these coefficients, so, in particular, the combinations
appearing in Equation (34). In the result, the total trace of the gravitational pseudo-tensor vanishes in
finite theories. This is another check of conformal consistency achieved on the quantum level.

Finally, it is necessary here to mention the following situation happening in UV-finite theories
based on super-renormalizable gravitational theories. Such theories, as exemplified by the action
Equation (15), contain dimensionful parameters in their higher derivative parts (we neglect here the
issue with the presence of the Newton’s and the cosmological constant, although they are obviously
dimensionful too). This signifies that on the classical level such theory cannot be scale-invariant
and exhibits a classical contribution to the trace anomaly Tcl of the gravitational energy-momentum
pseudo-tensor. This contribution Tcl is related to the presence of all these dimensionful couplings, and not
to their RG running, since there is no RG running on the classical level of the theory. Now, inclusion of
quantum corrections adds a new quantum contribution to the anomaly Tq. What we denote in the formula
Equation (34) is a total contribution to the conformal anomaly T = Tcl + Tq. We see that in UV-finite
gravitational theories, the total trace vanishes, or in other words the contributions from quantum loops
(which are true RG effects) Tq cancel classical contributions Tcl spoiling scale-invariance on the classical
level of the theory. This interplay between classical and quantum effects is a characteristic feature of HD
UV-finite gravitational theories. Moreover, here we have a cancellation of tree-level classical features not
only by one-loop quantum effects but by all loop quantum effects, since the theory for γ > 3 is one-loop
super-renormalizable. That is, this effect and the virtue of UV-finiteness cannot be reverted by a situation
at the two-loop level.

Concluding, we are able to write local conformal symmetry as a consistent symmetry of the
gravitational interactions on the quantum level. The fact that all the beta functions vanish we can see
as a reason for scale-invariance of all Green functions (for any number of legs, on-shell and off-shell,
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as well as for any number of loops). This determines that the dynamics of the theory is indeed governed
by the conformal symmetry on the quantum level. Just obtained Conformal Quantum Gravity stays
always at the non-trivial fixed point of the RG. In addition, on the other hand, in this Quantum Gravity,
there are completely no divergences, so the problem with infinities is finally solved and the theory
fulfills old expectations from the old time, when QFT was born. The long story of infinities is finished.

3. Conformal Quantum Gravity

Having constructed a first viable candidate theory for higher derivative UV-finite quantum gravity,
we can now come back and analyze in short the question of why we need a conformal field theory
(CFT) of quantum gravity. Besides the obvious enhancement of symmetries of the theory and their
preservation on the quantum level, we notice that now this model of UV-finite theory is amenable for
answering any problem previously associated with quantum gravity. This theory possesses a very
good behaviour at the high energy scales (UV limit) and, due to the non-local structure of the theory,
this good behaviour is extended to any other scale, and for example the theory is ghost-free. As such,
this CFT is a basis for doing conformal perturbation theory, when some operator(s), which is not
conformally invariant, is added to the theory and causes the RG running. We know that, in the real
world, conformal symmetry must be broken and this is one way that this breaking can be achieved:
by adding some non-trivial operator constructed from CFT data as a perturbation to the fixed point
behaviour. The symmetric phase of the theory with unbroken conformal symmetry is the basis for
studying of various deformations.

The problem of coupling matter to CQG is also interesting. We would like to shortly remark
here that quantum aspects of conformal higher derivative quantum gravity coupled to conformally
invariant matter were studied in [68,69]. In addition to this, the generalization of conformal higher
derivative gravitational theories for the presence of scalar was done in [70]. Finally, the 4− ε expansion
RG technique was applied to conformal C2 gravity with conformal matter in [71].

Moreover, in conformal field theory, we have also (trivial) solutions to the unitarity problem
because, in such theory, the scattering matrices are not defined and there is no any problem of unitarity
violation. This is, when we insist that the situation with asymptotic states must be conformally
invariant too. We remind readers here that, by unitarity of the physical theory, we really mean the
unitarity of the S-matrix in such theory. Hence, in theories, where we are unable to properly formulate
the problem of scattering, we cannot speak about the unitarity of scattering. This is, for example,
a situation met on non-trivial spacetime backgrounds (like in cosmology), which do not possess
asymptotically flat regions. Basically, in the unbroken (symmetric) phase of the conformal symmetry,
we similarly cannot properly define asymptotic states. Every trial to define them leads to inevitable
breaking of conformal symmetry and this is a breaking by exact solution of the classical theory. If there
are no problems with unitarity and the scattering matrix is trivial, then this also signifies that there is
no putative breaking of the unitarity bound for the scattering amplitudes. This is, of course, related to
the preservation of the full unitarity in the theory. We also discuss the issues with scattering amplitudes
in CFT below in the next section.

On the other hand, the condition on the theory to be conformal puts very strong constraints on
the theory and the effective action of it. We can say that, for example in d = 4, this determines the
conformal theory uniquely, if there are no mass scales in the theory. In other cases, the constraints
enforced by conformal symmetry are so strong that they restrict the possible form of the form-factor in
non-local theories. The constraints are not only put on the terms in the effective action, but also on the
anomalous quantum dimensions of the operators. Since Green functions of the theory do not show
any scale-dependence, then the only non-trivial elements of QFT are these anomalous dimensions of
the operators here, since couplings in front of operators cannot run. There is no RG running, which
could be read from the divergences of the effective action. On the quantum level of the theory, we only
have finite renormalization of couplings and no scale dependence. The bare values of the couplings
that we put in the original classical Lagrangian of the theory generically are not the same as constant
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values, which appear in the effective action. This is the only difference between classical and quantum
effective action for conformal theories, which are without any massive parameter on the classical level.
However, this finite renormalization of couplings has nothing to do with UV-divergences of the theory
and it is just a requirement that our theory takes the values of the couplings from the experiment to
make a relation to reality. In principle, the bare action with bare couplings has no relation a priori to
couplings that we meet in Nature.

Moreover, since there are no divergences in the theory, we do not need to put and add any
renormalization scale (typically denoted by µ), which is an optional parameter with one mass
dimension, which is typically introduced in non-conformal theories on the quantum level for the
purpose of renormalization of infinities in the effective action. This is very great news, since the number
and the character of the classical parameters of the theory is preserved and there is no addition of this
scale µ. Actually, one can look back and easily understand that the big diversity and complicacy of the
effective actions that are found at any loop level in non-conformal theories is due to the appearance of
this scale µ and the possibility to construct infinitely many various terms with it in the effective action.
When µ is not needed, then we do not use it for the construction of a quantum effective theory and the
effective action must look much simpler. Finally, as mentioned in the introduction, the presence of the
conformal symmetry on the quantum level signifies that the quantization procedure is idempotent
and that the quantum effective action is uniquely determined and takes the same structural form as
the original classical action of a theory.

Let us also make some detour here and analyze and describe a different model (with conformal
dilaton field), which explicitly shows that the conformal symmetry is present both on the quantum
as well as on the classical level of the action of UV-finite quantum theory. This way, we can make
any UV-finite theory manifestly conformally invariant even on the classical level [72]. We need to
add a spurious (that is a non-dynamical) additional field to theory, which we can technically call a
conformal compensator field φ. The more common name for this field is dilaton, although, for example,
in string theory, it plays a slightly different role and there it is a dynamical field. We can achieve this
by performing the following substitution in the gravitational part of the effective action, which we
treat as a functional of the metric tensor gµν in general dimension d:

gµν =
(

φ2κ2
d

) 2
2−d ĝµν . (35)

This is reminiscent of how we can perform conformal transformations on the metric tensor
(gµν → Ω2(x)gµν) and what is the energy dimension of the parameter κd. We want the field φ to
have the single energy dimension in spacetime of any dimensionality d. Moreover, in the formula
above, we denote by κ2

d the inverse of the square of the d-dimensional gravitational Newton’s constant.
The dilaton compensates over the conformal transformations of the metric, if itself it transforms under
conformal transformations according to the following rule:

φ→ Ω(x)
2−D

2 φ , (36)

where here Ω2(x) is a general parameter of the conformal transformations. The factor Ω2 appears also
when the conformal transformation acts on the metric tensor gµν with both indices covariant. An action
for a UV-finite theory with the metric gµν substituted by ĝµν as in Equation (35) is not only conformal on
the quantum level because all of the beta functions vanish, but also is manifestly conformally-invariant,
if written entirely in terms of the metric ĝµν. This is because the metric tensor ĝµν is invariant under
conformal transformations. Of course, the first condition here is that all perturbative beta functions of
the theory vanish at any energy scale. Only under this condition can we perform and only then the
dilaton trick works.

In such theory, we have algebraically ”9 + 1” degrees of freedom in the metric field ĝµν, since the
last tenth degree of freedom is taken by the dilaton field φ. This is regarding the algebraic counting of



Universe 2018, 4, 125 25 of 44

degrees of freedom, while the dynamics of the theory is, of course, very different and the total number
of degrees of freedom and their character (and spin) is typically lower and maybe different from these
algebraic considerations. (To give a basic example: in E–H theory algebraically, we also have 10 degrees
of freedom in a symmetric metric field in d = 4; however, there are less physical degrees of freedom in
the dynamics, and they could be identified with only two helicities of the massless graviton particle).

Moreover, as emphasized extensively in other papers on the series of conformal symmetry,
this symmetry is crucial in solving the problem of classical singularities of classical gravitational
theories. A proper choice of the conformal scale factor Ω2(x) makes the GR-like singularities
gauge-dependent on the conformal gauge. In addition, as we know, in the true physical description of
the system, we cannot use information (like invariants, etc.), which do depend on the gauge choice,
and which would kill the gauge symmetry transformation of the theory. Since about some singularities
of classical gravity theories we conclude by analyzing the classical non-conformal invariants, then these
statements have no meaning in truly conformal gravity. In addition, this regards the singularities
appearing in the exact solutions of the classical theory, as well as in solutions of the effective theory
arising on the quantum level. Conformal symmetry is crucial in making the theory free of any classical
pathologies, not only singularities, but, for example, of closed time-like curves (CTC’s), which do
appear in such vacuum solutions of Einstein equations as for example found by Gödel. This pathology
is resolved by conformal scale factors, which make the time lapse of such curve not a conformal
gauge-independent observable and hence it effectively means that any causality breaking effect related
to such loop does not appear. Effectively, we can say that the conformal factor rescales the time lapse
to zero on such curve and being on it we cannot run into any problem. Similarly, use of conformal
transformation resolves various topological singular objects and regions of spacetime, like for a
singular ring of Kerr classical spacetime. As it was emphasized earlier, the issue of UV-divergences of
a theory is intimately, but non-intuitively, related to the issue of classical small-distance singularities
of the theory. This correspondence is also very non-trivial because it links perturbative phenomena
of quantum theory with highly non-perturbative strong coupling regime phenomena of the classical
theory. In its rough structure, this scheme resembles by now very famous gauge/gravity duality.

We also would like to remind readers that, in the real world, the conformal symmetry must
be present in the broken phase and this we can achieve in different ways. One of them was
previously introduced with adding some non-conformal operator to the action of CFT and therefore
causing a non-trivial RG flow. Another possibility is to exploit, so popular in particle physics,
spontaneous breaking (SSB) of conformal symmetry. Since here the conformal symmetry is in the local
(gauged phase), then the proper mechanism to achieve this is a conformal gravitational analogue of
the Higgs mechanism. In this way, we assume that vacuum expectation value of the dilaton field in
the state of the true vacuum of the theory is non-zero and this secretly breaks conformal symmetry.
Although it is known that the symmetry, which is local is never truly broken, since it is exact and not
approximate, just the Fock state of the vacuum of the theory hides some of all possible symmetries of
the theory. We achieve this, if we require that in the physical phase we have: 〈φ2〉 6= 0. This condition
for the dilaton field introduces a new mass scale to the theory, since the field φ has the single power
of the energy dimension. Such scale was not present in the original action of the theory. It is in all
computations regarding the theory in the broken phase because it comes with the choice of the vacuum
state. These issues of the breaking of the conformal symmetry are strictly related to the question about
the vacuum state in conformal gravitational theories.

Finally, we would like to admit that conformal gravity (both on the quantum as well as the
classical level) is a theory, which fully realizes Mach ideas about the spacetime and matter and their
interrelations. We remind that Einstein was influenced by Mach; however, in his standard GR theory,
he did not include Mach’s profound ideas completely. In Einstein’s theory, the inertia of particle
(and in bigger generality its energy content) does not depend on the constitution and configuration of
spacetime out there, away from the point of the actual location of the particle. Conformal gravity is on
the contrary very Machian and this idea is fully embodied by the study of conformal transformations of
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the metric. The possibility of freely doing them, since they are symmetry transformations of the theory,
is the link which relates actual location of the particle (here) with global structure of the spacetime
(out there). Moreover, the ideas of conformal and Machian origin of mass are very influential for the
understanding of the Higgs mechanism and the gravitational origin of mass in the SM of particle
physics. It is another virtue that conformal symmetry may help in unifying a well defined UV-finite
theory of quantum gravitational field with a particle physics and in providing the same theoretical
grounds for origin of both gravitational mass (related to gravitational interactions) and inertial mass
(related to other interactions in particle physics, and to Higgs phenomena especially). We are hoping
that (probably) a full unification of all fundamental interactions due to conformal symmetry is within
our reach.

4. Conformal Symmetry of the (One-Loop) Effective Action

As we know in quantum field theory, if there are no divergences of the perturbation theory,
then there are no perturbative beta functions of running couplings. We want to discuss the situation at
the one-loop level only, since at higher loops the super-renormalizability properties of some theories
are only conjectured and they are based on power-counting analysis of UV-divergences. Such overall
(or naive) analysis may be hampered by the fact that two or more loop integrals have to be done, even in
the Euclidean signature. In addition, as it is known from the studies for the Minkowskian signature case,
new UV-divergences may show up after doing the second integral and the analysis of powers for these
divergences may not give the expected results. However, there is a rescue for super-renormalizability
of higher derivatives theories at higher loop orders in Euclidean signature and the general proof
(not based on power-counting analysis) can be done using, for example, Batalin–Vilkovisky formalism
of quantization. We also remark that the whole notion of super-renormalizability is tightly related to
power-counting and, beyond this, it does not make any sense. Therefore, we will focus on the situation
at the one-loop level, treating this first term in the expansion in powers of coupling constant as a
physically meaningful one. This is also an expansion in h̄—the quantum physics constant. Of course,
since we will not have typically an access to a full resummation of all perturbative contributions or
even to non-perturbative contributions, such terms in the expansion still provide us with a very useful
information about the quantum physics of some quantum field theory models.

In UV-finite theories, we have a special situation. The question is how special. The analysis here
will be independent from the particular regularization scheme used to handle with UV-divergences.
We can obtain beta functions using dimensional regularization, cut-off regularization or even
ζ-regularization on curved spacetimes. Maybe this analysis here will not apply only to exact beta
functions obtainable, for example, in Exact Renormalization Group approaches to QFT (because we do
not know how to make all such beta functions vanish by our standard tools). Here, we will consider
other examples of theories, which are UV-finite at the one-loop quantum level. However, as described
in Section 2, the UV-finite gravitational theories that we found there are finite with all loop orders
accuracy because they are one-loop super-renormalizable. However, for the sake of simplicity, here we
will also study theories of different types, which firmly shows finiteness at the one-loop level. We know
that, in these models, there are no divergences and beta functions are zero. What does this imply for
one-loop effective action? The answer for the divergent part of this object is very simple. This is zero
in finite theories. Again, we emphasize that there is no divergent part of the effective action at one
loop. This we can achieve for sure and this is what we have seen so far.

Since beta functions are zero, we can conclude that the conformal symmetry is somewhere there
at the one-loop level. We may say very modestly that it is in the divergent part of the effective
action, but this is a trivial fact, since this part of the action is identically zero. Thus, of course, it is
there and infinitely many of other symmetries are also enjoyed by the divergent part because zero
homogeneously always transforms back to zero. What does it mean and what is the significance of
this for the full quantum theory at the one loop? Does this mean that the effective action (finite terms)
possesses the conformal symmetry or any other symmetry? Such conclusion is obviously too fast and
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seems to be an absurd one. We know that there is also a finite part of the effective action and this part
often will not enjoy symmetries in question.

Let us be a bit more clear about this point. There is a lore of QFT that all the symmetries of
the divergent action must be also enjoyed by the finite terms of the effective action. However, since
there is no a rigorous proof of such assertion, we are here in position to question it. Does it happen
always? What if the divergent action is zero, like above? We cannot derive from this that effective
action enjoys any symmetry, which may come to our mind. This is not true, as far as we know, for
some effective actions in some QFT models. We think that the significance behind this not rigorously
stated lore is that, in good QFT models, quantum anomalies should not arise exclusively due to finite
parts only. If there is anomaly of some symmetry, which is by the way enjoyed by the classical original
action, then it should show up already in the divergent part and cannot be only visible in the finite
part. However, this regards the anomaly of the symmetry of the classical action and not a symmetry
of the quantum action! Typically, the quantum theory cannot enhance its symmetries beyond the
level which was seen classically. Now, with UV-finite theories, the symmetry seems to be enhanced at
the quantum level. For sure, there is some enhancement and some new properties of such UV-finite
theories, but, for the moment, it is too much to say that there is a conformal symmetry there. We will
argue about this also below. However, at least from this paragraph, it is clear that we cannot use
the wisdom of QFT blindly, saying that any symmetry enjoyed by the divergent action must be also
respected in finite terms.

Having no divergences is quite a special property of the effective action. However, conformal
symmetry of the full effective action at one loop seems to be even more special. Here are the arguments.
Let us consider first the situation in those higher derivative theories of gravitation, where there are
many tensorial terms that we can construct and add to the gravitational action not changing at all very
good UV properties of theories.

Let us consider first the term like R5 in four spacetime dimensions added to a first one-loop
super-renormalizable theory (with γ = 3). The action of a main theory we schematically write as

Sgrav,4D =
∫

d4x
√
|g|aR�3R . (37)

It is obvious (due to Barvinsky–Vilkovisky formalism [73]) that the termR5 does not contribute
to divergences of the theory at the one-loop level. This happens, provided that the number of
derivatives on metric in such term is not higher than the number of derivatives on metric in the term
in Equation (37) that shapes the UV behaviour of the gravitational propagator, so the renormalizability
of the theory is not spoiled. If the original theory (without thisR5 term) was finite, then adding this
term with whatever front coefficient to the Lagrangian does not change this fact about divergences.
In addition, for terms containing also covariant derivatives or higher terms in curvature, this the same
(in a situation, when also the exponent γ is bigger than the minimal γ = 3). Simply, such terms are
spectators from the point of view of killing the beta functions. Do we really think that the putative
conformal symmetry of the effective action could be so robustly independent on values of so many
(in principle very many, only constrained by renormalizability requirements) couplings in front of
terms likeR5 and higher in curvatures? Then, this would not be a very special symmetry but a robust
feature! Such is the UV-finiteness though.

We think that conformal symmetry should be more constraining, like it is on the classical level.
There are only few examples of classical actions with conformal symmetry and they are constructed
only with a really small number of terms of lower order in curvatures. Coming back to the impact
of such after-killer operator, it cannot have any influence on the finite terms of the effective action
of the form RF2(�)R either. (This is because of the trace of the second variation, which gives the
effective action at one loop). However, it can influence the terms of the typeR3F3(�)R and higher in
the effective action. These last terms are not in any way linked to the UV-finiteness, but they could be
important for a construction of an effective action enjoying full conformal symmetry.
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Actually, following some ideas suggested in FRG framework for RG flows in QFT, we can think
of the finite pieces of the effective action as of a series that we have started to build for a conformal
theory. The divergences are not there, but this fact is linked to the specific forms of terms of the
types RF2(�)R = O(R2), O(R3) and O(R4). However, then, when we include the R5 term to
the original action, some terms in the effective action of order R3 and higher have to be modified
accordingly because there is an impact of such operator on these parts of the effective action. In addition,
now, if originally the effective action (finite pieces) was conformal, then addition of such operator
(of the typeR5) may change something in this series, in order to recover the conformality we may need
to readjust (or even to determine) the coefficients in front ofR5 terms. In this way, we construct step
by step a series giving the finite parts of the effective action, possibly enjoying conformal symmetry,
when new higher in curvature operators are added. We cannot exclude now the possibility that this
will lead to conformally invariant effective action. However, we are sure that, for the divergent parts
in the UV regime (with beta functions), the series truncates after few initial terms and we do not
need to go to the next step in reconstructing full UV-finite theory. If the theory is a minimal UV-finite
one (without operators of the type R5), then for the finite pieces of the effective action at one-loop,
we nonetheless have a series of operators O(R2), O(R3), . . .—the so called curvature power expansion
of the effective action. The coefficients in this series have to be computed sequentially, so again we can
think that the series for conformal theory is possible to be constructed, but at the same time it is very
uniquely determined.

Now, still in the super-renormalizable theory Equation (37) at one loop, let us concentrate this
time on the impact of the operator R2 (here precisely without covariant derivatives), when added
to the original action Equation (37). Again, this does not contribute anything to the UV-divergences.
However, this time, because it has too few derivatives on the metric, but not because of too big number
of curvatures (like it was in the previous case), it does not influence completely UV-finiteness and
perturbative beta functions. However, still it influences the effective action (finite terms) at one loop.
We can even say to which term it contributes to the termRF2(�)R and possibly higher in curvature
too. Again, it can come with whatever coefficient, but finiteness is very robust and independent of it.
Do we think that the supposed conformal symmetry will also be so insensitive and will allow for such
a big parameter space? Actually, here there is a finite number of operators with such small number
of derivatives on metric and small powers of curvatures (for example, the E–H term is in such a set).
However, if the conformal symmetry would let this happen, then we do have very little constraints
on the form of the conformal action. We think it is not the case and conformal symmetry cannot be
so robust. Moreover, the term R2 with any coefficient contributing to the effective action will spoil
the series of supposed conformal action, that we described and constructed above. (We remind that
this series starts with a term of the typeR�3R in the original classical action of a theory). If there is a
conformal symmetry there, it should constrain the impact of the termR2 somehow, but we do not see
any constraint like this on the level of the perturbative beta functions.

Finally, we want to bring the last argument, why the UV-finiteness is so robust, but conformality
should not be. This is when we view higher derivative theories only as UV limits and asymptotics
of truly non-local theories with some form-factors. For UV-finiteness, only the behaviour in the
UV regime matters, so we concentrate on higher derivatives only, like we did in the two previous
paragraphs. This UV-finiteness is again completely independent from the structure of form-factors at
finite energies. If we achieve UV-finiteness for one asymptotics of form-factors, then this is a robust
feature enjoyed by all form-factors with the same UV behaviour. However, still form-factors at the
middle energies may be very different and the effective actions (finite pieces) must depend on these
differences. However, we notice that there exist some gravitational observables, which completely do
not depend on the precise analytic form of form-factors. These are, for example, tree-level gravitational
scattering amplitudes [37]. Conformal symmetry should be very special, but it does not constrain
form-factors and in this case the possible parameter space is extremely huge because of the choice of
possible interpolating form-factors as analytic functions. The UV-finiteness is a very robust and easy to
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achieve property of some higher derivative or non-local models, but conformality should be a very
special property, so it still should be very different from UV-finiteness, but should require the former
as the first necessary step. In other words, it is very improbable and unlikely that the theory, which is
UV-finite, so from quite a huge class, will reveal itself to be a conformal one, which must be a very
restricted and a special theory. For general UV-finite theories, this is like a miracle to also already be
conformal. These arguments of robustness of finiteness and speciality of conformality should convince
us that the two things are very different and that our UV-finite theories are just a first step on the way
towards full conformality at the quantum level. In finite theories, a divergent part of the effective
action disappears, but the finite terms generically do not enjoy conformal symmetry. They have to be
much more constrained to be called conformal effective actions on the quantum level.

Thus, what is the speciality on the level of finite terms behind the UV-finite theories, theories
without divergences, theories without beta functions? There is some physically very interesting feature
of these theories—there is no running of couplings in these theories, the couplings are always like
bare ones. We do not need to do any infinite renormalization of couplings. However, in the theories
(typically finite), we have different energy dimensions of couplings. They could be both dimensionless
and dimensionful. The lack of RG running is quite special compared to other QFT models, and we
are here at a fixed point of RG. However, what is the impact of these conditions on the finite terms
in the effective action? In addition, here comes the basic information about ingredients of infinite
renormalization in QFT. If there is a running, then we have to use some renormalization conditions
and fix some couplings’ values at some physical scale µ. For the construction of the effective action,
this means that we have at our disposal one more dimensionful parameter—this scale µ. If we do not
have RG flow, we do not have this complicacy.

Now, how do we construct various terms of the effective action (finite terms)? We have to compensate
the dimensions of various operators (constructed with curvatures and covariant derivatives) by the
dimensions of other parameters present in the quantum theory. For example, due to the RG flow,
we need to include terms of the type log� or even more non-local terms like�−1 in the effective action.
As the parameters for our use, we have couplings in front of all operators and here in finite theories we
do not have a scale µ, because of finiteness. Is this very constraining? The answer is no. Still, we can
construct operators of the typeRF2(�)R orR2F2(�)R and higher in curvature too, by compensating the
dimension of various operators with ratios of various couplings of various dimensions. This is a general
situation in higher derivative theories or in non-local theories, where there is a scale of non-locality at
our disposal to construct such dimensionally viable terms in the effective action. We conclude that a lot
of different terms can still appear in the effective action (in finite terms) and UV-finiteness here does not
constrain them at all. This is the situation where we have both dimensionful and dimensionless couplings.
It is to be emphasized that the operator additions that we had in the examples considered above (R5 and
R or similar ones) come with front coefficients, which are dimensionful in d = 4. Moreover, the front
coefficients in the main action Equation (37) are also such. Thus, for these higher derivative UV-finite
theories, we are precisely in the situation described above.

However, let us imagine now that one-loop UV-finiteness is obtained in QFT models, where
there are only dimensionless parameters. How then we can construct terms in the effective action
(finite pieces)? We do not have µ at our disposal, and we do not have any other dimensionful parameter
at the quantum level because the classical couplings of the theory are all dimensionless. Thus, we can
really construct only very few operators in the effective action—only those that have the energy
dimension equal to the dimension of the spacetime, really very few. We know what this would
mean on the classical level: only scale-invariant classical actions are acceptable (a first step towards
conformality). In addition, the same would be repeated for the effective action at one-loop—the same
construction, but maybe with different coefficients, but always finite number of terms. Comparing
the two actions (the original classical and the quantum effective), we see that here we have only a
finite renormalizations of couplings, of dimensionless not RG-running coupling constants. This is
really constraining an effective action very strongly. For example, for gauge theory in d = 4, we could
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have only in the one-loop effective action term of the form 1
g′2 F2, if the theory is one-loop UV-finite,

while in the classical action we started with, a term precisely of the form 1
g2

0
F2, where F is the gauge

field strength.
There is a known example of such finite quantum theory (and not only at one loop, but to all loop

orders, and also non-perturbatively) called an N = 4 SYM. However, at the one-loop level, there are
many more examples of theories scale-invariant classically, which are also UV-finite, so their effective
action at one-loop is very constrained and simple. To mention one candidate here: simple bosonic
gauge theory (YM) with precisely tuned number of charged massless fermions. It is done as a textbook
exercise in QFT to find a condition for one-loop beta function of the gauge coupling to vanish in
such model, and the solution is simple, and the resulting theory is one-loop UV-finite and one-loop
conformal [74]. We remind readers here that the scale-invariance (so no dimensionful parameters and
no mass or energy scales) of the action is a necessary condition for classical conformal invariance of
such theory, so on a tree-level. Now, we also understand how this works at the loop levels, if the theory
is very special like UV-finite, so not possessing any divergences. Since we want to have a conformal
symmetry preserved also on the quantum level, then it seems that the necessary condition is to have it
also on the classical level in the first place.

For the moment, here we have considered theories without conformal compensators (dilatons).
However, if we include it in the construction of the action, then we may not have any dimensionful
coupling or parameter in the theory. This would be good news, since this is the first step towards
conformality. However, then during the construction of the effective action, we can use various
combinations of operators containing this dilaton field, like in the denominators, in form-factors, in
logarithms, etc. We remind readers here that the dilaton carries an energy dimension. Thus, again
in this situation, the form of the effective action is not very constrained because how can the dilaton
which plays the role of the energy compensator be constrained? We are back to the same case of a
theory with dimensionful couplings!

We see that we can obtain conformality on the quantum level, only if we start with a classically
scale-invariant theory and without dilaton (or when the dilaton field completely decouples
dynamically). Only when we have fine-tuning to get UV-finite theories at loop levels can we have this
property of conformality preserved at the quantum level. If we have terms with higher derivatives,
then generically we do not deal with conformal theories at a one-loop level, despite the fact that we
may have UV-finite theories quite easily (with a small level of fine-tuning of only few parameters in
the action) because still we have many dimensionful couplings and parameters in the theory. Hence,
the one-loop effective action in such theories is not very constrained and this is not a feature exhibited
by conformality. Only for theories already scale-invariant on the classical level, UV-finiteness on the
quantum loop level implies conformality on these loop levels. In addition, then the effective action is
really very constrained by the power of conformal symmetry there.

It seems that only matter theories with a small number of derivatives (like two) can be conformally
invariant at the one-loop level. The examples mentioned above support this claim and in d = 4 we
know all classically conformally invariant actions for all fields with a spin s 6 2. To have scale-invariant
(or conformal) theories on the classical level (tree-level), a two-derivative massless scalar field theory
is sufficient, but it can be also with a quartic potential φ4 (like the Higgs potential) and when we
want to couple it to curved geometry, we should also add a term of non-minimal conformal coupling
1
6 Rφ2. Fermions should be massless and without potential (so no Fermi interactions). The standard
two-derivative YM action F2 is enough to get the classical conformality too. Finally, we can couple all
these matter species in the gauge invariant way using only dimensionless couplings (Yukawa couplings
are possible). The total gauge theory can be made one-loop conformal by the construction described
above (to add fermions in the precise number). To make it two-loop conformal, one also needs to
add scalars. In addition, from this level, one discovers that the spectrum is basically the same like
in N = 4 SYM theory, and since there interactions are also highly constrained (like the spectrum is),
then only the (kinematical) spectrum is enough and it decides about finiteness and conformality to all
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loop levels. Actually, in N = 4 SYM theory, the conformal symmetry is preserved on the quantum
level by the token that the conformal current appears in the super-algebra of the theory, hence it must
be conserved perturbatively and also non-perturbatively, and by both classical and quantum dynamics.
The condition of conservation of the conformal current is equivalent to the vanishing of conformal
anomaly, hence, in this theory, we have conformality all the time.

However, the situation with gravity is not so fortunate in d = 4, since only C2 gravitational
action is classically conformally invariant in d = 4. We can also add R2 term, since it is classically
scale-invariant, but this term is not conformally invariant though. However, even with this arbitrary
addition, it was found that, in pure gravitational theory, we are not able to cancel the beta functions for
all gravitational couplings at one-loop, so the theory is not one-loop conformal. Based on Equation (25),
we need to cancel all four structures for quantum one-loop conformality. This is clearly improbable,
since, after removing the overall rescaling of the schematic action R2 + C2, we have only one
dimensionless ratio parameter and four beta functions to kill. However, when some matter multiplets
are added (motivated by supergravity), within the procedure similar to the one described above for
the N = 4 SYM, then, according to Fradkin and Tseytlin, it can be made UV-finite, so also one-loop
conformal because then such theory contains only dimensionless coupling constants. Maybe this can
be extended to higher loops and non-perturbatively also. However, then, which supergravity theory is
it? What is its symmetry algebra? Is there a place in the super-algebra for local conformal current?
Will it be also covariantly conserved whether the conformal symmetry can be understood on the level
of this super-algebra, like in the case of N = 4 SYM theory? We can leave these questions aside, since
this is a domain of higher derivative conformal supergravity. We only discuss the Fradkin–Tseytlin
conformal supergravity briefly in Section 6.

Instead, here we propose a gravitational theory without matter, which still may be one-loop
conformal, but it must be defined in a dimension higher than four. Let us be in d = 6-dimensional
spacetime and then consider the following schematic gravitational action

Sgrav,6D =
∫

d6x
√
|g|
(

aR�R+ bR3
)

. (38)

This action, as it stands, is classically scale-invariant (it may contain not only Weyl tensor here,
but other curvature tensors as well) because, in d = 6, the coefficients a and b are dimensionless.
It does not need to be here an example of classically conformal action, since only scale-invariance
of the classical action is a prerequisite for quantum conformal invariance. In d = 6, this is not
a super-renormalizable theory, but merely a renormalizable gravitational one. However, let us
concentrate on the one-loop level only. The divergences are there, but they can be cancelled in
DR by adjusting the coefficients b of cubic killers schematically denoted by the terms of the typeR3

above. The beta functions for divergent covariant terms of the formsR�R, R3 depend quadratically
on the b coefficients. However, maybe it is still possible to solve for them, get real values as solutions
and adjust them in such a way that the theory at one-loop becomes finite. Then, this is an example
of one-loop quantum conformally invariant gravitational theory in d = 6 spacetime dimensions.
For a similar situation, we may have it in eight-dimensional spacetime with the similar action

Sgrav,8D =
∫

d8x
√
|g|
(

aR�2R+ b
(
R3,∇2

)
+ cR4

)
. (39)

Here, all the beta functions are linear in the dimensionless parameters c. However, naively, the
number of the beta functions to cancel is the same as the number of all terms in the above action, and
this number is simply greater than the number of possible mutually irreducible terms of the type
R4. Hence, it is quite unlikely to find non-zero solutions for the algebraic system of equations for a,
b and c coefficients. The dependence on b coefficients is quadratic and on a even more complicated,
expressed through some rational functions. However, then maybe also this system can be solved for
the c coefficients to get one-loop UV-finiteness and hence one-loop conformality.
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Let us here describe the general philosophy behind the construction of minimal conformal
theories in any dimension d. In a general dimension, scalars and fermions (spin 1

2 fields) still have
to be described by two-derivative actions to be classically scale-invariant. This means that also their
conformal dimensions depend on d. However, the gauge field potentials always have the energy
dimension one (because of the structure of the covariant derivative). Hence, the construction of
scale-invariant classical actions for gauge fields is more involved. Basically, in a general dimension,
we have to include all terms that are constructed in a covariant way with gauge-covariant field strengths
and with covariant derivatives acting on them, with front coefficients that are dimensionless in given
dimension d. We couple all these fields by using only dimensionless coefficients. The requirement of
scale-invariance is the prerequisite for quantum conformality. Of course, in this way, in the gauge sector,
we will inevitably have a dynamics described by HD theories. The conformality on the quantum level
(recursively at one-loop, two-loop level etc.). we gain by adjusting some values of the dimensionless
coefficients present in the action. With some level of fine-tuning we can reach theories, which will
be UV-finite and hence also conformal. Probably, the addition of supersymmetries will also help in
this task.

The situation with gravitational theories is a bit similar, but there are also some significant
differences. As the basis, we again need to use all terms that are with precisely d derivatives on
the metric in general dimension d. Therefore, the starting point is the action for first renormalizable
gravitational theory. All coefficients are dimensionless and we have classical scale-invariance. In the
action for d > 4, typically we also have some killers. If we hope for one-loop conformality, then we
need to fine-tune their coefficients. The counting of free parameters and the beta functions is the
following. In beta functions, we need to take care of all terms, also of terms which are total derivatives
or become such after variation (like the famous GB terms). However, these terms are not important
as killers; they are not even spectators because they do not contribute at all to the effective action
(even not to finite pieces), since their general variations vanish. Hence, we have more beta functions
to kill than the operators that we can use as killers. Moreover, the last argument, referred to also
earlier, decreases the number of killers by one because of overall rescaling of the action. This counting
explains, why, in d = 4, we would need to kill four beta functions with only one free coefficient.
As we see, unfortunately, it is quite improbable to kill all the necessary beta functions, and only in the
highly symmetric cases can we hope for full cancellation. That is why the study of symmetries of the
gravitational action is very important.

As a last remark here, we want to put a comment about conformal theories with dilaton. Then,
with the conformal compensator, any theory that is UV-finite can be made explicitly conformally
invariant. This trick with using compensators is known for any symmetry. As explained above,
finiteness is a necessary condition for getting a conformal theory on the quantum level. Now, by adding
a dilaton, we check that the effective action (finite terms) transforms covariantly under conformal
transformations, and actually the spacetime integral of this action is a conformal invariant. Technically
speaking, we have conformal symmetry there. However, what are the physical consequences of such
theory with a dilaton, which appears in many places to cancel the energy dimension?

If the theory is conformally invariant (even in the technical way using the dilaton field), then we
are entitled to use conformal transformations of the theory and, in this way, for example, we can
succeed with the programme of desingularization of classical gravitational field solutions. With dilaton,
we can transfer all singular behaviour to an unobservable conformal factor (dilaton field) in such a way
that the (conformal) geometry is completely regular. The non-regular behaviour is now shifted to
a conformal gauge-dependent quantity (dilaton field) and in the spacetime all particles feel a regular
conformal spacetime, and move in it never reaching a tentative singularity. We emphasize that it
was important in this programme first to achieve a construction of UV-finite gravitational theory.
Then, using the trick with a dilaton, we made the theory manifestly conformally invariant. This let us
conformally desingularize all previously singular solutions. For the theory, which is only classically
conformally invariant, we cannot succeed with such a programme. The problem with consistency lies
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on the quantum level. Namely, if some putative theory has non-vanishing beta functions, then we
cannot consistently introduce the dilaton field and in this way we can never achieve conformality on
the quantum level (even in the technical mode, when we exploit the dilaton field). The advantage
of our theory is that we can desingularize full quantum gravitational solutions (that is solutions for
the EOM coming from the quantum effective action), because we have the theory conformal on the
quantum level. Instead, in theories, only classically conformally-invariant (but with a conformal
anomaly on the quantum level), we can remove singularities only from exact classical solutions of the
theory. However, then one can argue that quantum effects can bring back “bad” singular solutions and
destroy the resolution of singularities, which was achieved only on the classical level. In our UV-finite
gravitational theory, this is not a problem (because we have a very good control over quantum effects),
and we have a theory showing that all solutions are singularity-free.

However, we believe that, unfortunately, in this disguise for the UV-finite gravitational theories
with dilaton field, conformal symmetry does not constrain too strongly the physical observables.
We saw already that, on the level of finite terms of the effective action, we may have many (infinitely
many, in principle) terms with dilaton fields. They are not constrained at all, conversely to the case of
quantum conformal theories without dilatons. However, let us speak about more physical quantities,
like the S-matrix elements.

5. Scattering Amplitudes in Scale-Invariant Theories at the Tree-Level

We have the canonical energy dimensions of fields of various spins and in general dimension d:

• scalar [φ] = E(d−2)/2, so ds =
d−2

2 ,
• fermion (spin 1/2) [ψ] = E(d−1)/2, so d f =

d−1
2 ,

• vector [A] = E1, so dv = 1 and
• two-rank tensor [h] = E0, so dt = 0.

These di are equal to conformal dimensions used for construction of scale-invariant actions with
the fields in question in general dimension d, as this was done in the previous section. In scale-invariant
theory on-shell amplitudes of generalized scattering processes, in which participates precisely ns

scalars, n f fermions, nv vectors and nt tensors are denoted by

S
(

p1 . . . pns , q1 . . . qn f , r1 . . . rnv , s1 . . . snt , ε1 . . . εn f , κ1 . . . κnv , λ1 . . . λnt

)
, (40)

where p, q, r, and s are momenta of respectively scalars, fermions, vectors and tensors participating.
By ε, κ, and λ, we denote the polarization spinors, vectors and tensors. (We must have n f to be an even
number). Since in the scale-invariant theory there is no any dimensionful parameter (at the tree-level),
we have the following asymptotic scaling property of the above amplitude under a uniform rescaling
of all momenta: pi → αpi

S
(

αp1 . . . αpns , αq1 . . . αqn f , αr1 . . . αrnv , αs1 . . . αsnt , ε1 . . . εn f , κ1 . . . κnv , λ1 . . . λnt

)
=

=
α→+∞

αd−nsds−n f d f−nvdv−ntdt×

×S
(

p1 . . . pns , q1 . . . qn f , r1 . . . rnv , s1 . . . snt , ε1 . . . εn f , κ1 . . . κnv , λ1 . . . λnt

)
+

+ O
(

αd−nsds−n f d f−nvdv−ntdt−1
)
= (41)

= αd−nsds−n f d f−nvdv×

×S
(

p1 . . . pns , q1 . . . qn f , r1 . . . rnv , s1 . . . snt , ε1 . . . εn f , κ1 . . . κnv , λ1 . . . λnt

)
+

+O
(

αd−nsds−n f d f−nvdv−1
)

,
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where in the last equality we used the fact that, for tensors (metric field–gravitons), we have dt = 0.
This is a result based on dimensional analysis only. Moreover, this is an asymptotics for the UV
regime of the scattering amplitude. Of course, the coefficient in front of this leading term in the UV
asymptotics depends on the particular theory. However, there are no more constraints even if the
theory has classical conformal invariance. The only constraint on scattering amplitudes comes from
scale-invariance, which is of course a prerequisite for the latter. By asking for Green functions with
states, which carry energy-momentum in form of pi (so they carry an energy scale), we explicitly break
the conformal invariance of the problem. We warn, however, that this is a breaking “by solution”,
not spontaneous. The asymptotic states correspond here to solutions of linearized EOM because
asymptotically all fields are very weak and are there in the form of plane waves solutions eipix

multiplied by proper polarizations tensors. These are genuine asymptotic states in the scattering
problem. These solutions, as in- and out-states, break the conformal symmetry of the vacuum (or the
hidden conformal symmetry of the vacuum, if the last theory was in the spontaneously broken phase).
For the S-matrix, we analyze Green functions with only such asymptotic states, so we cannot have full
conformal symmetry in non-vacuum solutions (plane waves).

Instead, if we consider Green functions of vacuum only (like vacuum to vacuum transitions
on curved spacetime or on non-trivial non-flat gauge connection backgrounds), then we should
still expect the presence of the full conformal symmetry. Conformality should not to be broken
there to scale-invariance, and the constraints on such Green functions should be the consequences
of the full conformal symmetry of the theory. Here, the token of scale-invariance is the same as
doing dimensional analysis. Finally, we want to emphasize that on-shell scattering amplitudes are
different than n-point functions in any CFT. The latter are constrained strongly by the conformal
symmetry. The former depend on the on-shell conditions, so the plane wave solutions necessarily
enter, and that is why conformal symmetry is broken “by solution” and only scale-invariance remains
and constrains amplitudes. Additionally, we remark that the problems with asymptotic states are the
problems with field configurations localized at spatial and temporal infinity, so very far away from
the center, where collisions and interactions take place. This long distance means that they are related
to IR configurations. It is, moreover, not surprising that the breaking of conformal symmetry by the
introduction of in- and out- states is equivalent to the problem of IR (infrared) singularities of the
conformal theory.

Therefore, if the theory is tree-level (that is classically) conformally invariant, then there is no
further constraints on scattering amplitudes besides those coming from dimensional analysis, and the
amplitudes take the general form described above. Of course, the coefficients of the leading term in the
UV are very specific, but none can conclude that these coefficients must vanish. In general, even for
conformal theories, this does not occur. These facts are confirmed by the study of scattering amplitudes
in tree-level scale-invariant theories or even fully conformal on the quantum level, like N = 4 SYM
theory in d = 4. Actually, the fact that the theory is quantum conformal does not influence anything
on the tree-level scattering amplitudes, since the loops never appeared there. The coefficients are
very special, but they do not vanish as we know for the cases of 6-gluon (6-particle) scattering in
such theory. The result for this scattering is non-zero at tree-level for just pure YM theory (classically
scale- and conformally invariant, but not on the quantum level) and also for N = 4 SYM theory
(fully quantum conformal). Therefore, conformal symmetry does not trivialize scattering amplitudes
at the tree-level. They are sufficiently constrained by scale-invariance of the tree-level action. We want
to emphasize that, despite the fact that in the consideration of scattering amplitudes we focus on the
tree-level here, the same results can be immediately applied to the scattering on the quantum level
in conformal theories on the quantum level. This means that the same conclusions apply to the full
quantum scattering amplitudes in N = 4 SYM theory and also to scattering in UV-finite models of
quantum gravity.

There could be some exceptions to the general UV asymptotics as presented above in a big formula
Equation (41) for the scattering amplitudes. However, they come because of some other particular
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conditions and are not related to conformal symmetry. Typically, this says that the asymptotics is
softer in UV than the one in the general formula (the exponent on α is smaller than the generic one).
For example, for scattering of 3 gluons the result is zero, but this is because of parity symmetry of the
amplitude (asymptotics smaller than the naive α1 in d = 4, which is based on the formula Equation (41)
applied to the pure YM theory). Here, α is proportional to the energy E, so we really speak about
energy-scaling of UV amplitudes. Another example is a scattering of gravitons in d = 4 in Stelle theory
(with Einstein–Hilbert term), where the amplitude goes like α2, not like expected from the general
formula α4. This is a consequence of the redefinition theorem and the Gauss–Bonnet identity, which
are true together only in d = 4 [37]. The fact that in pure Stelle quadratic theory in four dimensions

Sgrav,4D =
∫

d4x
√
|g|
(

aR2 + bR2
µν

)
, (42)

there is no scattering at all on the tree-level is not a consequence of scale-invariance of this theory.
It is similarly not a consequence of classical conformal invariance the more particular fact, that in
Weyl square gravity, there is no graviton scattering at the tree-level in d = 4. These facts are simply
consequences of the speciality of four dimensions because only there we have together field redefinition
and the GB identity at work. As we see, the conformal enhancement of the symmetries of the classical
action (to Weyl square theory possessing conformal invariance) completely does not improve the UV
behaviour of scattering amplitudes in this class of theories.

To continue with a similar example, but in d = 6, let us consider a theory schematically written as

Sgrav,6D =
∫

d6x
√
|g|
(

aR�R+ bR3
)

. (43)

In such theory, any tree-level scattering amplitude with an even number of gravitons
(bigger than 2) will go asymptotically in UV generically like α6. Due to the Furry’s theorem for
quantum gravity (which is motivated by parity symmetry preserved in such theory), we decided not
to consider amplitudes with an odd number of gravitons. A classically conformally invariant action in
this dimension is given schematically by

Sgrav,6D =
∫

d6x
√
|g|ci

(
C3
)

i
(44)

(various contractions of three Weyl tensors; algebra of indices says that there are only two such
contraction possibilities). However, in the theory Equation (44), there is no propagator around flat
spacetime, only vertices and all the Green functions are already 1PI diagrams (vertices) at the tree-level.
This signifies that, for computation of tree-level scattering amplitudes, we do not need to consider
Feynman diagrams here with propagators and internal lines. All amplitudes seem to be read from
the vertices of the theory only. A naive, and moreover incorrect, application of the token of conformal
symmetry here could say that the scattering amplitudes with gravitons at the tree-level should not
contain any power of the energy E of gravitons, regardless of the actual number of them participating
in the scattering. However, it would be very strange to say that all scattering amplitudes with gravitons
are zero, while the vertices are there non-vanishing on flat spacetime, which is why again the conformal
symmetry does not constrain anything regarding the scattering amplitudes here. Actually, we cannot
speak about on-shell perturbative states here, so there is no S-matrix! (If the “naive” argumentation
is accepted that some supposed amplitudes cannot be proportional to α6, then conformal symmetry
would require all of them to vanish; moreover, all vertices should vanish, so there would be no theory
at all at the tree-level).

Instead, in this theory, we have non-trivial classical Green functions with n > 3 (due to vertices)
even on flat spacetime, but we do not have any perturbative scattering amplitudes, since there is no
propagation of gravitational perturbations. Here, we do not have at our disposal the redefinition
theorem, neither GB identity. What we have instead is the fact that theory is higher than second in
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curvature, so there are no well-defined perturbative asymptotic states. There are no asymptotic states
because we cannot define a propagator around flat spacetime. Even some attempts with defining
asymptotic states of this theory around maximally symmetric backgrounds MSS (like de Sitter and
anti-de Sitter) will fail either because the theory is higher than quadratic in Weyl tensor and again
the propagator does not exist on any conformal background, which MSS manifolds are example of.
Hence, we know that generic amplitudes in such tree-level (classically) conformally invariant theory
vanish, but again this is not a direct consequence of conformality, but of other special circumstances.
The similar conclusion can be derived for any theory with the gravitational LagrangianR3 or higher.
The same happens for gauge theories higher in field strengths than quadratic, which are respectively
conformal in higher dimensions.

It is now obvious that in such conformal theories on the classical level there is no any problem
with the unitarity bound, since the amplitudes are very well-behaved in the UV regime. In the theory
above Equation (44), there are no amplitudes, in the theory C2 in four dimensions amplitudes could
be defined, but they also vanish. In Fradkin–Tseytlin, conformal supergravity based on the bosonic
gravitational sector in four-dimensional spacetime on the same C2 term, the scattering amplitudes of
any number of gravitons have very mild UV-dependence. As we know, the results in such theory are
valid both on the classical tree-level, as well as on the quantum level, because the theory is quantum
conformal. The channels with graviton exchange contribute nothing and we have only Feynman
diagrams with mediation of scalars and gluons of N = 4 SYM theory. It is well known that the
scattering of gravitons due to only virtual gluons and scalars gives rise to the amplitude, which in the
UV limit tend to a constant, which is related to the SYM gauge coupling constant. In addition, of course,
such a gauge coupling constant does not put a unitarity bound in danger at all. Hence, we see that,
in all examples considered here of conformally invariant gravitational theories, the unitarity bound is
always satisfied.

The last remark is about the theory with dilaton (conformal compensator). Then, the theory is
without any dimensionful parameter, so it is at tree-level scale-invariant. The amplitudes should
follow the general formula Equation (41) presented above. However, the dilaton takes the vacuum
expectation value (v.e.v.). Thus, this means that in the vacuum of the theory there is a new energy
scale, or simply this vacuum is not scale-invariant. We cannot have dilaton on external on-shell legs,
but its v.e.v. can be a new parameter, that amplitudes may depend upon. Since the scale-invariance
is broken even by the vacuum choice (dilaton v.e.v.), then here the scale invariance is not broken
only by solutions, and the derivation above for the general formula Equation (41) does not hold.
The UV asymptotics of physical amplitudes is not constrained by scale-invariance and it could be quite
complicated. If the dilaton is frozen in its v.e.v. and we cannot have it on external legs, then this is like
a theory with many mass scales, so there is no constraint on scattering amplitudes besides the proper
energy dimension, that they should have (indeed, this is what the dilaton checks). The dilaton can be
also a virtual dynamical excitation, but not the physical one. However, this still does not reintroduce
scale-invariance or the conformal invariance constraints on the scattering amplitudes.

In conformal theories without dilaton (these are highly constrained theories too), the scattering
matrix elements can depend only in a very precise way on the energy of colliding particles
Equation (41). This way is dictated by scale-invariance of the theory. Otherwise, this would violate
assumed conformality, which implies scale-invariance. This is the case of one-loop conformal theories,
where scattering amplitudes at one-loop are the same (up to a finite renormalization of coupling
constants) as the tree-level ones. Thus, indeed, they are very simple and all effects of quantum
dynamics are washed away in the structure of these amplitudes.

What about scattering of physical excitations in conformal theories on the quantum level with
dilatons? Looking at the effective actions, which generate such amplitudes, we notice that they are not
very constrained. They are quite general and have many terms. Thus, what is the role of conformal
symmetries embodied here in the form of dilaton? We think, that its effect is quite simple. Basically,
it constrains the amplitudes in such a way that they have the correct energy dimensions. No more
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constraints—only the constraint of overall energy dimensions, which we could derive by ourselves
easily earlier by dimensional analysis, without the need to employ dilatons and conformal symmetry.
This is because the dilaton stays there, where it is needed to compensate for unbalanced energy
dimension for some operators. Like emphasized above, the true power of conformal symmetry is to
be seen, when the dilaton field dynamically decouples. Moreover, for such scattering amplitudes of
physical particles, we cannot have a dilaton as external particle because, by using conformal symmetry,
we can always gauge it away. Thus, its presence on the external legs is conformal gauge-dependent.
In addition, as a physical excitation, we cannot allow it because it depends on a gauge. This concludes
the part about scattering amplitudes in conformal theories with dilatons.

The following part contains some new arguments and understanding of the issues, which were
discussed for a long time about finite terms,N = 4 SYM theory, effective actions, scattering amplitudes,
dilatons and conformal symmetry.

Before, we put two statements about the S-matrix in conformally invariant theories. It could be
possible to reconcile the two, despite the fact that naively they seem to be contradictory. The first
claim was that the S-matrix does not exist because one cannot speak about any asymptotic state.
The second one is that, when one does computation, there is a formula for scattering amplitude, which
is constrained only by scale-invariance. These statements could be both true at the same time and
below we explain how this happens.

One must think operationally how one would check the statements above. In both cases,
one would have to compute the scattering amplitudes. Imagine that we could do it, for example,
with a computer. Then, there is a unique well-defined result, but to do this we had to pick up some form
of the asymptotic states. In addition, this act of picking up solutions breaks conformal invariance, while
in the conformal theory in question there should be no asymptotic states at all, if there is conformal
invariance unbroken, which means that it is unbroken also by solutions, or, in other words, how would
one operationally prove that the S-matrix does not exist? There could not be any explicit proof of
the calculation even for some specific theory. Why?—because then one uses some asymptotic states,
so one has broken (maybe accidentally and unawarely) conformal symmetry. Thus, this is a fact, which
is not provable by any analytic computation. It is a statement that is to be proven only by asking for
the absence of asymptotic states due to the symmetries of the theory.

Now, for our purposes, for energies above the Planck energy, we can think of the phase in which
conformal symmetry is in the unbroken state. In addition, then use the second statement that one
cannot speak about asymptotic states and that there is no problem with a unitarity bound of the
S-matrix. There is no S-matrix there for E > MPl! One can say that, if someone tries to insist on
computing the S-matrix in such a phase, then he will break the conformal invariance by the introduction
of asymptotic states, so the symmetry is gone, but in the symmetric phase we surely do not want this
to happen.

One can ask, in the light of previous comments, what is the meaning of this whole industry of
computing amplitudes inN = 4 SYM theory—because, if from the beginning the conformal symmetry
is used, then the answer should be trivial—there are no asymptotic states, no scattering matrix.
In our opinion, the situation is as follows. The N = 4 SYM is indeed a very special, conformal theory,
without any doubts. However, when people insist on computing tree-level amplitudes, then they
reduce its speciality and the conformal symmetry is gone. In addition, they find amplitudes like in any
local two-derivative gauge theory with the fermionic and scalar matter. We mean that the result for the
structure of these amplitudes is not constrained by conformal symmetry. Of course, for a particular
theory, the coefficients in amplitudes are precisely and uniquely defined; however, there is nothing of
conformal symmetry there. It is like a scattering in any scale-invariant gauge+fermions+scalars system
at the tree-level. The conformal symmetry of N = 4 SYM does not kill any term in the amplitudes
and likely all possible terms in such a situation are generated. The coefficients in the amplitudes are
only special because the coefficients in the Lagrangian of N = 4 SYM are very special, but they are
not zero. The true power of the conformal symmetry comes only because of the loop level. As we
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know, the total quantum effective action is there identical to the original action with an only finite
shift of the YM gauge coupling, there is no divergent part, etc. In addition, to prove this by explicit
one-loop computation is quite tedious. However, knowing all tree-level results now in the industry of
amplitudes the results of quantum amplitudes could be also firmly and easily predicted. We also note
an interesting correspondence between scattering amplitudes in conformal gravity based on C2 action
and similar amplitudes in YM theories in d = 6 [75,76].

If in the conformally invariant theory we cannot define S-matrix, by construction, then all
problems of non-unitary higher derivative theories disappear because the question of unitarity can be
only asked, if we can speak about the S-matrix. Then, higher derivative quantum conformal theories
satisfy all the requirements of the consistent theories for quantum gravity.

6. Conformal Supergravity

In the quest for a conformal quantum gravity, we must note that the first successful model was
formulated in the framework of extended Weyl square supergravity theory by Fradkin and Tseytlin
in 1984 [20,77–81]. The authors used N = 4 supergravity theory based on higher derivative action
coupled to two copies of N = 4 SYM theory. However, they were not able to find full symmetries of
the coupled system and they stated that this system was with eight explicitly visible supercharges.
One may think that the possible theory with more supercharges would put even stronger constraints,
like an N = 8 E–H supergravity puts on the dynamics in the gravitational supermultiplets there.
The crucial thing in the construction by Fradkin and Tseytlin was the usage of C2 action in four
dimensions as the action in purely gravitational bosonic sector. This is in distinction to the case of other
supergravity models, which were based on two-derivative dynamics given by E–H action. The obvious
advantage is that such theory is naturally, at a classical level, conformally invariant, while the E–H
supergravity is not. The latter contains a dimensionful parameter—Planck’s mass. In the former
theory (Weyl square gravity), the effective Newton’s constant arises at the solution level because all
the solutions (except conformally flat manifolds) break the conformal invariance. This is similar to the
situation in classically conformally invariant four-dimensional electrodynamics, where the Coulomb
potential solution comes with a scale and this solution explicitly breaks conformal invariance of the
theory. Since in C2 gravity we have conformal invariance at the beginning, it is not difficult to keep it
also at the quantum level after coupling it to a sufficient amount of matter, which is superconformal by
itself (but on the flat background).

This conformal supergravity theory comes in four dimensions without any mass scale. This is
not surprising since scale invariance (absence of mass scales) is a first condition towards conformal
invariance on the classical level. It seems that only in four dimensions we are very lucky that we can
study scattering processes in conformal theory. Moreover, with Fradkin–Tseytlin theory, in opposition
to quantum conformal gravity presented in Section 3, we have the luxurious situation that the couplings
of the theory are dimensionless, so the theory is scale-invariant also on the classical level. In this very
interesting theory, the symmetry algebra is so big that the considerations about the effective action
from the Section 4 are all true. Basically, the quantum effective action at any loop order coincides in
the structure with the classical action (and we could have only finite renormalizations of couplings).
This means that this theory is very simple, very beautiful and very constrained on the quantum level.

Fradkin and Tseytlin explicitly computed and showed that all beta functions in such theory vanish
to perturbative and also to non-perturbative level as the result of very high symmetry of the theory
and precisely chosen spectrum of matter fields coupled to conformal supergravity. In their approach,
the conformal symmetry is another gauge symmetry of gravitation, together with diffeomorphism
symmetry and with SU(N) gauge symmetries of the matter sector. All these symmetries are local as
they should be in a consistent quantum gravity theory. The only apparent problem as the proponents of
this revolutionary theory had noticed, was that this theory treated perturbatively to compute scattering
matrix elements gives naively non-unitary results. However, the resolution to this puzzle can be also
found above in this article. First, as emphasized in Section 2, pure monomial supergravity theory based
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on C2 action in the gravitational sector exhibits a propagator with only one pole, but with multiplicity
2, before a splitting. This is a pole in a spin-2 sector and without a mass. The ghosts appear when one
insists on doing a splitting and a resolution of this double pole into single poles.

On the other hand, since the quantum theory of F–T supergravity is conformal (all quantum
beta functions vanish), then strictly speaking and according to arguments presented in the previous
section, we should not speak about scattering processes in this conformal theory at all. Thus, all the
results obtained by insisting on using asymptotic states bring with them the artifacts of breaking
the conformal symmetry. This could explain the first initial observations made by the authors about
apparent violation of unitarity in scattering processes. Additionally, we should remind readers that
precisely in d = 4 dimensions we do not have any scattering in the graviton sector, since there we
could use the redefinition theorem and GB identity, like this was done already in Section 5 for a general
four-dimensional Stelle’s quadratic theory. We think that, if supersymmetry is powerful enough,
then this result can be also transferred to the matter sector, or could constrain the mutual interactions
between matter and gravitation. Furthermore, if the supersymmetry in the local version is powerful
enough, then it could transmit the preservation of the unitarity from the gauge sector (where it is
clearly there for YM gauge fields) to the graviton sector. Then, the issue with unitarity in this theory
would be completely explained and we could view this model as a fully viable candidate for conformal
quantum gravity.

There is one additional thing that could be expected from the highly supersymmetric and
conformal theory of supergravitation. This is the question of grand unification of gravity and matter
fundamental interactions. Unfortunately, in N = 4 supergravity as introduced by Fradkin and
Tseytlin, the number of supercharges and related supersymmetries is too small to relate matter
and gravity sector in a very tight way, which would constitute a true unification of all interactions.
Instead, such strong tights are known to exist for N > 4 supergravities based on E–H action,
where the matter sector and interactions in it are strictly related to what happens in gravity. In the
language of algebraic classification of particle representations, the supermultiplet, which contains
gravity in such higher supersymmetric theories contains also parts (or whole, like in the N = 8
supergravity case) of the coupled supersymmetric matter sector supermultiplets. It is known that in
d = 4 the number of conformal supercharges is constrained and cannot exceed 16, even for higher
derivative supergravitational theories [82]. In the theory by Fradkin and Tseytlin, we have eight
conformal supercharges. If somehow miraculously the N = 8 E–H supergravity is a UV-finite theory,
then we should expect there this maximal number of 16 superconformal supercharges (maybe not all of
them will be explicit, some maybe realized as hidden symmetries of this theory). This would suggest
that we could also try to extend the F–T supergravity for a bigger number of conformal supercharges,
like for the situation in N = 8 theory. However, such extension is at the moment beyond our reach.
We see that, in principle, there is a space for further development of the model originally constructed
by Fradkin and Tseytlin.

Finally, we can mention that, in the Fradkin–Tseytlin conformal supergravity, there are two
dimensionless coupling constants: the coupling in front of the Weyl square gravitational term
αC2 and the coupling in front of gauge fields gYM. In principle, they are completely independent
constants. In a theory where the unification is successful, there should be a very strict algebraic relation
between these two couplings. We could expect such relation as a consequence of supersymmetry
transformations mixing matter and gravitational degrees of freedom. In the bigger supermultiplet,
we should expect both matter and gravitational fields, and this is also another expression of the
unification idea: to put all interacting fields in the same multiplets of the same symmetry group
(this may not be a bosonic symmetry, but could be a fermionic one, like a supersymmetry is). However,
this is not a situation in Fradkin–Tseytlin supergravity. We expect that a higher conformal supergravity
should be able to give clues for such unification of couplings, and matter with gravitation in the same
symmetry supermultiplets.
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7. Conclusions

In this review, we showed explicitly what were the main problems of quantum gravity formulated
in the language of quantum field theory. We also presented a construction of a theory that overcomes
all these problems. The final theory is without divergences in the UV regime and without classical
singularities for small distances (coincident limits). It was essential to employ conformal symmetry
in the local version in the gravitational framework to succeed with these goals. The conformal
symmetry of the final theory is present both on the classical and on the quantum level. Technically, we
see it manifest, when we use a dilaton field. The theory presents a very controllable behaviour
on the quantum level, which is equivalent to vanishing of conformal anomaly. The version of
a theory, in which all couplings are dimensionless, was also discussed. Furthermore, we mentioned
Fradkin–Tseytlin theory with increased level of supersymmetries in a local version. We presented
some new understanding related to the form of the effective actions and scattering amplitudes in
classical and quantum conformal field theories. We advocated the virtues and specialities of the known
quantum CFT models. It is remarkable that quantum gravity is now among them.

It is obvious that, in the real world, conformal symmetry is broken. However, this does not mean
that the formulation of the fundamental theory does not enjoy conformal symmetry on the theory level.
It is not known if in the real world the conformal symmetry is broken by the vacuum choice (v.e.v. of
the dilaton) or by solutions, which necessarily break it, or it is just an approximate symmetry and it was
never exact, or maybe there exists and is realized a still different method of its breaking. In this former
case, the world can experience scale-dependence and RG flows due to some operator added to the CFT,
which describes an UV fixed point. This perfect CFT with gravitational interactions is a starting point
for the conformal perturbation theory. To push forward such a programme, all the CFT data should
be known about the operators present in the CFT. We will compute in future the anomalous scaling
dimensions of primary (and also of higher generation) operators in this gravitational CFT model.
Another point is about the detailed study of SSB of conformal symmetry and the choice of the profile
for the dilaton field. We just remark that, contrary to the case of scalars in particle physics, which
in the vacuum state can only take constant values; here, the dilaton field can take some spacetime
dependent profiles. Besides the issue of breaking of conformal symmetry, we shall also investigate in
the future the role of conformal symmetry for the form of exact gravitational solutions. We believe
that conformal symmetry constrains them too in a similar way like it constrained effective actions and
scattering amplitudes. Moreover, this last issue is related to the possible ways of breaking of conformal
symmetry in the real world.

Having constructed the basis and the frame for quantum conformal gravitational interactions,
we can now start studies of the issues related to breaking of conformal symmetry and its impact on the
gravitational theory. The research on conformal gravity is quite popular and its various aspects are
already being investigated. We refer the interested reader for the literature in Refs. [83–90]. It is also of
great interest to focus on a possibility of experimental or observational verification of the conformal
gravitational theory. Some studies in this direction were already performed in [91–93]. We believe
that, due to the high symmetry of the theory and the mathematical beauty present in its construction,
the verification that this is the correct theoretical framework for quantum gravitational interactions
will come soon.
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